Module 1. LINEAR ALGEBRA AND ANALYTICAL GEOMETRY

Lecture 4

Scalar product

The scalar product (or dot product) of two vectors a and b is a number denoted as 

 (or 

) determined from 

=

=

, where ( is the angle between these vectors.




Basic properties of scalar product

1. Commutativity: 

=

.

Proof. See Fig 2.20.



=



 EMBED Equation.2  
, since 

.

2.  Scalar multiplication is distributive over linear operations, i.e. 

 and 

.

3. When scalar product vanishes either one of the multiplicand vectors is zero or is a cosine of the angle between them. Conversely, when vectors are perpendicular the cosine of the angle between them vanishes and so does their scalar product.
4. The scalar square of a vector is equal to square of its length, for



.




The scalar product has a physical interpretation. Consider a body М moved straightforwardly from point С  to point В by force 

, the latter being a constant vector. Let 

 be the angle between the directions of force and movement. Using the definition of work we write down the expression for work of the force F through the segment СВ as

 

, 

or, condensing the scalar product, 

. 

The work done by a constant force moving its point of application straightforwardly is equal to the scalar product of the displacement and force vectors.

5. The scalar product is equal to the sum of products of the vectors’ corresponding coordinates. This means that the scalar product can be evaluated as 

 when the vector’s coordinates are known. 
Proof.

We evaluate the scalar product using the expressions 

 and 

. Then


=
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=

=
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,

since 

 and that all other scalar products in the last expression vanish due to the orthogonality of vectors of the Cartesian basis.



One can find cosine of the angle between two vectors using the definition of the scalar product. Since 

=

, for non-zero vectors the following is valid



.

Example. Find the interior angle at the vertex С of the triangle АВС, 

with vertices А((2, 3, 1), В((2, (1, 4), and С((2, (4, 0). 

Solution. Let us denote the desired angle as (. Let us find coordinates of the vectors 

 and 

.



, or, briefly, 

,



, or, briefly, 

,

whence 
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, and, consequently, 

.
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Cross product

By the cross product of vectors a and b we mean a vector c that 

1.  Its length is (c(=(a(((b(sin(.
2.  It is perpendicular to both cofactors, i.e. 

, and 

.
3.  The sequence of vectors a, b, and c conforms to the right screw rule, i.e. c sensed so that a right-handed screw turned from a towards b through the smaller of the angles between these vectors would advance in the direction of c. 

The cross product is denoted by either symbol a(b or [a,b]. One can easily see that the length of such a vector is equal to area of the parallelogram having a and b as adjacent sides. 

Basic properties of the cross product.
1. Anticommutativity, i.e. 

.

2. Distributivity over multiplication by a scalar 

.

3. Distributivity over addition, i.e.

.

4.  When the cross product is a zero-vector either at least one of the cofactors or the sine of angle between them vanishes in case of collinear vectors. Two non-zero vectors are collinear if and only if their cross product is zero-vector, i.e. when 

.
Expression of cross product in Cartesian coordinates

Let us find the cross product of the two vectors 

, and 

. The following speculations may prove useful to us.
Since the cross product of collinear vectors is zero-vector, we get 

i(i = j(j  = k(k  = 0.

The Cartesian basis is so defined that i, j, and k are mutually perpendicular unit vectors which in the above sequence conform the right screw rule. The sequences  j, k, i  and  k, i, j, evidently, conform to this rule too. Therefore, we get 

i(j=k,  j(k=i,  and  k(i=j.

Using the anticommutativity of cross multiplication we obtain three more identities

j(i=(k,  k(j=(i,  and  i(k=(j.

Now we can proceed expanding  a(b.

a(b=

(

 = 

+
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.

 One can recognize second-order determinants in the parentheses in the last expression. The latter can be thus condensed as below.



.

The above expression is, from other view, obtained by expanding the third-order determinant 

 in terms of its first row. Finally,

 a(b=





Area of triangle
Consider the triangle ABC shown in Fig. 2.24.

The length of the cross product of the vectors a and b is defined by the following identity 

(a(b(=(a(((b(sin(,

where 

is an angle between vectors.

We also know that the triangle’s area can be found from 

. The following two conclusions can be made. 



, 

and the area of a parallelogram having two vectors on adjacent sides is equal by value to length of the cross product of these vectors.
Example. Find area of the triangle АВС, with vertices А(1,(1,2), В(2,1,(3), and С(1,2,(1).

Solution. We use the formula 

 .



,



,






. 



; and, finally,     
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Scalar triple product

The scalar triple product of three vectors a, b, and c is defined as the dot product of the vector c and the cross product of vectors a and b, i.e. (a(b)(c. 

Note. The more common notation for the scalar triple product is abc. The multiplication signs are omitted because their order does not matter due to the identity (a(b)c = a(b(c), which the reader is encouraged to verify. 
Let us evaluate the scalar triple product of the three given vectors 

, 

, and 

 in Cartesian coordinates.

Let us find the vector 

. We have found that in the Cartesian basis the cross product expands as

 d=
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.

Further, 

 by definition. On combining the formulae we get





 EMBED Equation.2  
= abc.

Geometric interpretation of scalar triple product.




Let us consider any three non coplanar vectors, say a, b and c, starting at the same point, say О. A parallelepiped similar to that in Fig. 2.25 can be built. Consider vector d=a(b, whose length is same as area S of the parallelepiped’s base, the parallelogram ОВЕА. Then 

, where ( is the angle between the vectors d and c. 

To find the parallelepiped’s volume we shall use V=Sh, where h is its height, and 

.
Let 

. The height is found as 

. Then, 

.

 Now let 

. Then 

, 

 and we get that 

. Through primitive analysis we conclude 

, i.e.

The absolute value of the scalar triple product of three vectors is equal numerically to volume of the parallelepiped having them as concurrent edges. 

Corollaries.

1. Non-zero vectors are coplanar if and only if their scalar triple product vanishes. 
2. The volume of the tetrahedron having a, b, and c as side edges is equal to one sixth of the above built parallelepiped’s volume, and thus, 

.

Example. The vertices of a tetrahedron are А(2, 3, 1), В(4, 1,(2), С(6, 3, 7), S((5, (4, 8). Find its height passing through S (see Fig 2.26). 



Solution. From elementary geometry we know that 

.



; 

.

To complete the evaluation we need to know the vectors 

, and 

. One can see that



=

,



=

, 

and



=

.



.

We have found that 

;

We need to evaluate 

 to find that 
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, and, finally, 
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Fig. 2.24




_948221878.doc
 

  с



              b



             a 


Fig. 2.23


_948388314.unknown

_942395434.unknown

_942315566.unknown

_942319492.unknown

_942173174.unknown

_942173292.unknown

_942173400.unknown

_942175099.unknown

_942173199.unknown

_942173091.unknown

_926776417.unknown

_942163774.unknown

_942164825.unknown

_942163357.unknown

_926778145.unknown

_926768580.unknown

_926776416.unknown

_926768351.unknown

_916142916.doc
� 



                  b



                       (���    a



�����



                  2( ( (



Fig.2.20
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Fig. 2.22
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Fig. 2.26
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Fig. 2.25
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Fig. 2.21
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