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Ultrasonic Testing: Basics of Elasto-Dynamics
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UT BASICS
In the 1870s:

Lord Rayleigh: Theory of Sound
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Spring Model of Vibrating Particle Masses
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NDT&E Methods: UT
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SOUND WAVE
POPAGATION

Sound Generation by mechanical Impact
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NDT&E Methods: UT

Constitutive Equations of Sound Waves

In physics and engineering,
a constitutive equation or constitutive relation is
a relation between two physical quantities that is specific to a material,
and approximates the response of that material to external stimuli,
usually as applied fields or forces.
They are combined with other equations governing physical laws
to solve physical problems;

for example in fluid mechanics the flow of a fluid in a pipe,
in solid state physics the response of a crystal to an electric field,
or in structural analysis, the connection between applied stresses or forces
to strains or deformations.

Some constitutive equations are simply phenomenological;
others are derived from first principles
(From WIKIPEDIA)
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NDT&E Methods: UT
Constitutive Equations of Sound Waves

Stress and Strain - The roots for elastic waves

The stress-strain constitutive relation for linear materials
IS commonly known as Hooke's law.
In its simplest form, the law defines
the spring constant (or elasticity constant) k in a scalar equation,
stating the tensile/compressive force is proportional
to the extended (or contracted) displacement X:

F!; — —JE{.'I!;

meaning the material responds linearly.

Equivalently, in terms of
the stress o, Young's modulus E, and strain € (dimensionless):

g = Fe
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NDT&E Methods: UT
Constitutive Equations of Sound Waves

Stress and Strain
The roots for elastic waves

In general, forces which deform solids can be
normal to a surface of the material (normal forces),
or tangential (shear forces),
this can be described mathematically
using the stress tensor:

Tij = Cijkt €kl = €ij = Okl Tk

where C is the elasticity tensor
and S is the compliance tensor
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NDT&E Methods: UT — the spring model

Constitutive Equations of Sound Waves

A
Hook’s Law:

F = -kAX

K: stiffness
(positive constant)

v
>
S

<Y

X
>
Compression " Elongation Sim pli ﬁca tionS'
Hooke's law is only a 1-dimensional
first order linear approximation Linear

to the real response of springs
and other elastic bodies

to applied forces Newton’s Law:
F mdzx
| dt?
- m:. mass
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NDT&E Methods: UT — the spring model
Constitutive Equations of Sound Waves

Harmonic Oscillator:

Solving this differential equation,
we find that the motion
Is described by the function:

_' r(t) = Acos(wt + @),

l._l_.. o k _i;r.

Iri
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NDT&E Methods: UT — the spring model
Constitutive Equations of Sound Waves

Mass Displacement

It is already a
e 1-dimensional
* undamped
 harmonic wave

Michael Kroning

¢ )

Wave propagation

r(t) = Acos(wt + @),
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NDT&E Methods: Elastic Waves in Solids
Constitutive Equations of Sound Waves
ASSUMING:

Linear Hook’s Law, 1-dimensional case, isotropic material

F=EAL >AL=¢L > Tz%ng Hook’ Law: Stress = E * Strain
S T=FE¢

A Little Experiment

The stress created by the hammer o

blow, causes one side of the rod , s
to be displaced by an amount n, : r- == L T
and h,,,, on the right o o L
due to the wave taking time ! / 1)

to travel along dx and to the elastic —5 —_—

/7
properties of the material . v
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NDT&E Methods: Elastic Waves in Solids
Constitutive Equations of Sound Waves

* The force on the left face is given as (using the definition of stress):

F. —Ar = AEc=AE]

X

» While the force on the right side is:

Fogn = AT dl

X+dx

= AEe= AE—

right
X+dx

* The net force is the difference between the left and right sides and of course is
equal to the mass times the acceleration of the segment.

7n
AF = Fright — P = m—-
* Or, more explicitly
AE[@ _an J oAdx &1 o
é( X+dx @( X ét
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NDT&E Methods: Elastic Waves in Solids
Constitutive Equations of Sound Waves

* Rearranging the previous equation we have:

on  _on
Ky K

E X+dx X | =

dx Aa?

* This represents a 1-dimensional wave equation for the propagation of a longitudinal
wave through an elastic homogeneous medium as a function of position and time.

In_pin
X&* E &°
 With v representing the wave speed through the medium and comparing this to the
standard form of the wave equation we have

@_ 1 éQ’?_ p 5’277 Remember: m& = -kx

X v2at E &° di?
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NDT&E Methods: Elastic Waves in Solids
Constitutive Equations of Sound Waves

* We’ve determined the speed of a sound wave in a 1-dimensional medium by applying
Newton’s laws of to a small segment of material and we find that that the speed of sound
depends further on its density, o and the elastic properties of the medium, or equivalently in
terms of the compressibility, K, through

E
V= |[—=

1
P ~Kp
* The compressibility is defined as the fractional change in volume of material per unit
Increase in pressure
1 dV

V dP

 Thus a large compressibility, K, means that it is easier to squeeze something.

* Again, E is called the elastic (or Young’s) modulus of the material and is a measure
of the stiffness of the material.
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NDT&E Methods: UT — Waves in Liquids
rarefaction

compression

!

")) _-_‘_-__“v~--‘;_7'> ----- .‘-~-‘—l~ ———————— ‘-—v'—°——.'.."-

v : _ |
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Direction of propagation

<«—o0o—>
<«—o0o—>
<«—o0o—>
“«—o—>
“«—o—>
Particle Motion
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NDT&E Methods: UT — Waves in Liquids

An acoustic wave is a traveling pressure disturbance
that produces alternating

« compressions

* rarefactions (expansions) of the propagation medium

The compressions and rarefactions displace incremental volumes
of the medium and the wave propagates via transfer of momentum
among incremental volumes

Each incremental volume of the medium undergoes small

oscillations about its original position but does not travel with the
pressure disturbance

i)} IAEA

Diagnostic Radiology Physics: a Handbook for Teachers and Students — chapter 12,7
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NDT&E Methods: UT — Waves in Liquids

A pressure plane wave, p (x,f), propagating along one
spatial dimension, x, through a homogeneous, non-
attenuating fluid medium can be formulated starting
from Euler’s equation and the equation of continuity :

74 N

~ -~ ~

%) O 1 O
x.t)+p,—ulx.t)=0 —plx.f)+——ulx.t)=0
= Pt )%&(.) mM)Kw()

P, 1s the undisturbed mass density of the medium
K is the compressibility of the medium (/.e., the fractional change in volume per
unit pressure in units of Pa')

u(x.r) is the particle velocity produced by the wave

) IAEA
: Diagnostic Radiology Physics: a Handbook for Teachers and Students — chapter 12,8
. o Nondestructive Testing & Evaluation fy RETD
Michael Kroning TPU Lecture Course 2015/16 ‘I‘."J'QM T



NDT&E Methods: UT — Waves in Liquids
Constitutive Equations of Sound Waves

e +1=0

Euler’s identity

is an equality found in mathematics
that has described as
"the most beautiful equation.”
It is a special case of a foundational equation
in complex arithmetic called Euler’s Formula

In Fluid Dynamics, the constitutive equation is a Euler equation

Michael Kroning
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NDT&E Methods: Elastic Waves in Solids
Constitutive Equations of Sound Waves

In fluid dynamics,
the Euler equations are a set of quasilinear hyperbolic
equations governing adiabatic and inviscid flow.

They are named after Leonhard Euler (St. Peterburg)

The equations represent Cauchy equations of
e conservation of mass (continuity), and
* balance of momentum and energy,

and can be seen as particular Navier—Stokes equations
with zero viscosity and zero thermal conductivity

Nondestructive Testing & Evaluation ,."]{; TOLMI
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NDT&E Methods: UT — Waves in Liquids

Euler’s equation, which can be Equation of continuity, which can be
derived starting from Newton’s derived by writing a mass balance for an
second law of motion: inc remental volume of the medium:

&) 0 0 1 &

— plx,7)+ p, —u(x,t)=0 —plx.t)+——ulx.t)=0

ox ot ot K Ox

Acoustic wave equation is obtained, combining both equations :

: p(x.r)—i, 5-, plx.t)=0 C'— 1/\/,007&‘ is the speed of sound
ox~ c- ot

%,

A monochromatic plane wave solution is:

- - = P is the amplitude of the wave
p(“\’ I) a PCOS(G)’ kx) @ =27 Is the radian frequency

k=2x/A1s the wave number

-

v

(L) 1AEA
- Diagnostic Radiology Physics: a Handbook for Teachers and Students — chapter 12.9
Nondestructive Testing & Evaluation 67
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NDT&E Methods: UT

The strength of an ultrasound wave can also be characterized by its

intensity, I, which is the average power per unit cross-sectional area
evaluated over a surface perpendicular to the propagation

I =—— direction. For acoustic plane waves, the intensity is
SAt  related to the pressure amplitude by:

= P is the pressure amplitude of the wave;

2/) C P, 1s the undisturbed mass density of the medium;
D c Is the speed of sound

I(W/m?) =

Diagnostic imaging is typically performed using peak pressures in the
range 0.1 — 4.0 MPa

When the acoustic intensity 7, is expressed in decibels, dB:

[,,(dB)= 1010g(1 /I ,,ef) I.ris the reference intensity

IAEA

~
LA
i\.-;.) .

Diagnostic Radiology Physics: a Handbook for Teachers and Students — chapter 12,10

Nondestructive Testing & Evaluation d.],'\,lQ_LM_l\i:‘; .fi

Michael Kroning TPU Lecture Course 2015/16



NDT&E Methods: Elastic Waves in Solids
Constitutive Equations of Sound Waves

However,

The World,
Material Properties and Applied Stresses
are
3-Dimensional

Makes it much more difficult
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NDT&E Methods: UT — Plane Body Waves

The 3-D Constitutive Equation for an infinite medium
containing a linear, elastic, homogeneous isotropic material

(Hook’s Law)
Cauchy STRESS-Tensor X:

Oxx Oxy Oy

I3
Oyx Oyy Oyz |

0) 0]

zx  Ozy Oz

The Stress tensor is symmetric due to the
conservation of linear and angular momentum

O.,.,— O
Xy yX
— ;l,'l
— :[."_
Oyz= Ozy )

Michael Kréni Nondestructive Testing & Evaluation .“' rounni %,
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NDT&E Methods: UT — Plane Body Waves

The 3-D Constitutive Equation for an infinite medium
containing a linear, elastic, homogeneous isotropic material

(Hook’s Law)
Cauchy STRESS-Tensor X:

Oxx Oxy Oy

I3
0] o) yy O A

yX yz

GZX GZy GZZ
The Stress tensor is symmetric due to the

conservation of linear and angular momentum
Euler—Cauchy stress principle

O,,— O
Xy yX
—_ I
GXZ— GZX /
— L9

Michael Kréni Nondestructive Testing & Evaluation :‘. TOLMh;: :
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NDT&E Methods: UT — Waves in Solids
Constitutive Equations of Sound Waves

Deformation and Strain

We distinguish
Displacement & Deformation

Deformation:
An alteration of shape, as by pressure or stress.

Displacement:
A vector or the magnitude of a vector
from the initial position to
a subsequent position assumed by a body

Nondestructive Testing & Evaluation
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Michael Kroning

NDT&E Methods: UT — Waves in Solids
Constitutive Equations of Sound Waves

Strain characterizes a deformation

Example:

1D strain g, = =

—
<.

r
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NDT&E Methods: Strain & Stress
Kinematics of Continuous Body

Time t

aQ, Time 0: Time t:
X |
a. Undeformed configuration Deformed configuration
Reference (mmtial) configuration Current configuration
Material configuration Spatial configuration
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NDT&E Methods: Strain & Stress
Kinematics of Continuous Body

THERE ARE TWO POSSIBLE DESCRIPTIONS:

LAGRANGIAN: X =X (ay.a,.0;5.1)

The motion is described by the material coordinate and time

EULERIAN: a. =a.(x;.x,.x;.1)

The motion is described by the spatial coordinate and time

Nondestructive Testing & Evaluation
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NDT&E Methods: Strain & Stress
Kinematics of Continuous Body

Lagrangian Eulerian
X; = x;(ay.a,.05.1) a; = a;(Xy.X5.X3.7)
(Tacking a matenial pont) (Momtoring a spatial pont)
a, X,
. =0
The spatial

coordinates of
this material
point change

\
7

with time.
Different material
points pass this
spatial point
X
a,

s P
o ‘l' i1,TOLM' \,“:; ;\‘f'
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NDT&E Methods: Strain & Stress
Kinematics of Continuous Body

Lagrangian Eulerian
Tracking a matenal point. Tracking a spatial point.
Material point is fixed but the spatial Spatial coordimates are fixed but
coordinates have to be updated. Matenal pomnts keep changing.
Good for constitutive model Not good for constitutive model.
Solid Mechames Fluid Mechanics
Solid Mechanics
) . Nondestructive Testing & Evaluation f L)
Michael Kroning TPU Lecture Course 2015/16 [ oTOLMING



NDT&E Methods: Strain & Stress
Kinematics of Continuous Body

Time t

Using undeformed configuration as reference:

u(ay,a,,a;) =x,(a,,a,.a;) - aq,

3 Using deformed configuration as reference:
0 X5;5X5) =X — 8,06, %5, %)
Nondestructive Testing & Evaluation f
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NDT&E Methods: Strain & Stress
Kinematics of Continuous Body

Measure the deformation

Time t
Time 0 u; Py
a, Po Q
Q

P f 1

0 — 14,.4,.045
4 0, ={a,+da,.a, +da,.a, +da,)

= ( )

'\3 P - '[.\°1. .X': A .\'_; )

as;

-

LS — Sy
O =X, +dx,. X, +dx,. X; + dx,

Nondestructive Testing & Evaluation
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NDT&E Methods: Strain & Stress
Kinematics of Continuous Body

Strain Tensor:

Green Strain

Almansi Strain

Nondestructive Testing & Evaluation
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NDT&E Methods: Strain & Stress
Kinematics of Continuous Body

Strain Tensor:

Green Strain

Almansi Strain

Applicable to both small and finite (large) deformation.

Nondestructive Testing & Evaluation
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NDT&E Methods: Strain & Stress
Kinematics of Continuous Body

= |

Cll. ClH. - :
If L <] Lo ] small deformation

ca oX,

The quadratic term in Green strain and Almansi strain can be neglected.

_— o 3 [ - = !
1| cue. Cit. 1| . CU;
2\ Ca; cCa; 2\ ox;  ox;

Also. in small deformation. the distinction between Lagrangian and
Eulerian disappears.

Cauchy’s infinitesimal strain tensor

Nondestructive Testing & Evaluation
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NDT&E Methods: Strain & Stress
Kinematics of Continuous Body

'-'_I =

Cll. Cl. i .
If ol L« ] small deformation

3 ~

ca; CX

The quadratic term in Green straimn and Almansi strain can be neglected.

- -', [ =

(D o cu
r 1 *i”a-_l_‘f”.r . 1 ou; M
2| ca; ca; | T2l cx; COX; |

Also. in small deformation, the distinction between Lagrangian and
Eulerian disappears.

Cauchy’s infinitesimal strain tensor

Nondestructive Testing & Evaluation 1,
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NDT&E Methods: UT — the spring model

Cauchv’s infinitesimal strain tensor

Su., Cu
P R L4+
¥ 2l ex, &
2\ ox; Ox
Cu 1(éu, ouy
e = En=— e =FE; =— 2 o
1 ' 12 1 ] e s
C‘.\l — .‘.- C‘.\l C:\: .'I
cu 1{ o 2
. D | Clly Cl
- BTSSRy e =E;=—| —+
25 ’ 2\ 0x; Ox;3 )
Cit; 1{ éu, Cu
e33_£33_-.- &y = Ey =— 4 <
G¥q 2\ Ox; Ox;

Nondestructive Testing & Evaluation
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NDT&E Methods: UT — the spring model

Engineering Strains

Coordinates: x,y,z Displacements: x,y,z
Normal Strains Shear Strains
ou ou Jdv
= — — Exy = + = 2e
u v N ow 5
E. = —= e < = — e
Y ey 9z ay 23
Ju u N ow
E,= —=212¢€ Epy = = 2e
T VEE W9z ox 13

Nondestructive Testing & Evaluation

Michael Kroning TPU Lecture Course 2015/16

[l TOLMIN, " s



NDT&E Methods: UT — the spring model

Integrability Condition related to Compatibility of Strain Fields:

A.-, - - -
duy, O, of _Cg

-

0x,0x, Ox,0x, Ox, OX;

il

Integration of Strain Fields Yields
Unique Displacement Components
Characteristic for Material Constants

Nondestructive Testing & Evaluation
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NDT&E Methods: UT — Material Constants

Oij = Cijki €kl T €5 = Dkl Tk

The strain tensor is a field tensor — it depends on external factors.
The compliance tensor is a matter tensor —
it is a property of the material and does not change with external factors.

Let us consider the material
by introducing the Lamé Constants:

Young Modulus Shear Modulus — Poisson’s Ratio
E — A(first parameter) G — p(second parameter)

The Lamé constants are material-dependent quantities
denoted by A and p that arise in strain-stress relationships.

Nondestructive Testing & Evaluation
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NDT&E Methods: UT — Material Constants

The Constitutive Equation between Stresses and Strains
for an Infinite Medium
containing a linear, homogeneous isotropic Material
(HOOK’S LAW)

O, = A+ 20e,, + A(eyy + szz) Oyz = Ozy = 2UEy, = 2UE,,,

Oyy = (A+20)€yy + A(Exx + £57)  Opy = Oyy = 2UE,, = 2UE,,

02 = (A+2W)e,, + AExy + €yy)  Oxy = Oyyx = 2UExy = 2UUEy,
g;j: Components of Strains; ¢;;: Components of Stresses

Nondestructive Testing & Evaluation
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NDT&E Methods: UT — Material Constants

Lamé’s Constants are related to
Young’s Modulus E and Poisson’s Ratio v

_ Ev _ E
= At+v)(1-2v) H= o ay

Governing Differential Equation of Motion for a Continuum:

0x dy 0z 0%t dx dy 0z 0%t
6O-XZ aO-J’Z ao'zz _ azuz u; : Components of the
ox + oy + 0z Y 02t Particle Displacement Vector

Nondestructive Testing & Evaluation "].'_v,TQLMl
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NDT&E Methods: UT — Material Constants
Some Mathematics Later:

4

The Three-Dimensional Wave Equation
for Linear, Elastic, Homogeneous Isotropic Material

(}\‘+H)a + MV l"IX - p aZt (}\‘-I_H)E + “V uy - p aZt
08 | \V2u. = ooz
(}\‘+u)az + I’LV uZ - p azt

Volume Dilation of the Displacement A:

A =g, + &yt €

Nondestructive Testing & Evaluation
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NDT&E Methods: UT — Modes & Velocities

For Isotropic Materials,

There are only two Distinct Values for Wave Velocities:

Oerecuan of
Paruce

[NRI

' .
lloll

- 1.|.t I
: X : Longrudnal Wave
Derecoon of
Particke Mooon

T g™

|—k—

Nondestructive Testing & Evaluation
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NDT&E Methods: UT
GROUP VELOCITY PHASE VELOCITY

!

For isotropic, homogeneous, linear materials
due to linearity and causality principles.

Speed of
Phase Propagation

Speed of
Energy Transport

A propagating medium is said to be dispersive
if the phase velocity is a function of frequency,
which is the case for attenuating materials, for example.
For dispersive and anisotropic materials
group and phase vectors are different

Nondestructive Testing & Evaluation
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NDT&E Methods: UT
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NDT&E Methods: Elastic Waves in Solids
Constitutive Equations of Sound Waves
The strain tensor is a field tensor — it depends on external factors.

The compliance tensor is a matter tensor —
it is a property of the material and does not change with external factors.
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