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Topics
-

e Basics
e Connectivity
e Paths



1. Basics
« "/ /7

e Graphs and related objects
e Adjacency and incidence

e Isomorphism

e Types of graphs

e Subgraphs



1.1. Graphs and related objects

Graphs are mathematical structures used to model pairwise
relations between objects.

----------------



Undirected graph (simple graph)
-

A simple graph G(V,E) is a pair of sets:
e V —the set of “vertices" or "nodes*,;
e E — the set of “edges” or “arcs” that connect pairs of nodes.

An edge (an undirected edge) is an unordered pair of different
vertices.

An edge e=(a,b) joins vertices a and b. The vertices a and b are
the end vertices or the ends of the edge e.



Undirected graph (simple graph)

Example G(V,E)
V={a,b,c,d,e,f}
@ @ @ E={(a,b).(a,d),(b.e),(b,c),
(b.).(c.i).(e,D)}

e Itis possible to write ab

O OO | EEE




Directed graph (digraph)

If edges are ordered pairs of different nodes, then edges are called
directed edges and a graph is called directed graph or
digraph.

For an edge e=(a,b) the vertex a is its head and the vertex b is its

tail.

Example



Mixed graph
S

If both undirected and directed edges are allowed, then a graph is
called mixed graph.

Example




Multigraph

Edges with the same ends (or with the same head and tail) are
multiple edges.

If multiple edges are allowed, then a graph is called multigraph.

Example
G
ONNO=C




Pseudograph

A loop is an edge whose endpoints are the same vertex (e=vv).
If loops are allowed, then a graph is called pseudograph.
Example

—&—c
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Combinations

Mixed multigraph
i (o) c
Undired grap
multipseudograph (graph)




Graph invariants

A graph invariant is a property of graphs that depends only on
the abstract structure, not on graph representations such as
particular labellings or drawings of the graph.

The number of vertices of a graph is its order (notation p=|V|).
The number of edges of a graph is its size (notation q=|E|).
Example

N O OO

O  O—0



1.2. Adjacency and incidence

Consider an edge e=ab of a graph (directed or undirected).

The vertices a and b are incident with the edge e. The edge e is
Incident with the vertices a and b.

The vertices a and b are adjacent.
Edges incident with the same vertex are adjacent.




Adjacency and incidence

Examples

The vertices a and b are
adjacent.

The vertices a and e are not
adjacent.

The edges ab and ad are not
adjacent.

The edges be and ad are not
adjacent.

The vertex a and the edge ab
are incident.

The vertex ¢ and the edge ab
are not incident.



Neighbours

Consider an undirected graph G(V,E) and a vertex aeV.
The set N(a)={b: abeE} is the set of neighbors of the vertex a.

Example

O OO

@O O

N(a)={b.d}



Neighbours

Consider a directed graph G(V,E) and a vertex aeV.
The set N*(a)={b: abeE} is the set of out-neighbors of the vertex a.
The set N-(a)={b: bacE} is the set of in-neighbors of the vertex a.

OO0

N*(a)={b}, N"(a)={d}



The degree of a vertex

For an undirected graph the degree of a vertex v (notation d(v)) is
the number of edges incident with v,

Examples

NN

d(a)=2, d(b)=4, d(f)=3 d(a)=3, d(b)=5, d(f)=5




The degree of a vertex

A loop vv adds 2 to the degree of a vertex v.

Example

® © W

d(a)=2, d(b)=6, d(f)=5




The degree of a vertex
S

For a directed graph there are three characteristics:

e the out-degree of a vertex v (notation d*(v)) is the number of
edges with the tail in v:

d*(v)=|{vu: ueV, vueEk}|;
e the in-degree of a vertex v (notation d=(v)) is the number of
edges with the head in v:
d-(v)=|{uv: ueV, uveE}|;
o« the degree of a vertex v (notation d(v)) is the sum of the out-
degree and the in-degree of v:

d(v)=d*(v)+d-(v).



The degree of a vertex

Examples

(& GSO:

OO0 !:S:‘

d*(a)=1, d (a)=1, d(a)=2; d*(a)=1, d (a)=1, d(a)=2;
d* (=2, d (=1, d(H=3 d*(f=4, d (f)=1, d(H=5



The degree of a vertex

Examples

(& GSO:

OO0 !:S:‘

d*(a)=1, d (a)=1, d(a)=2; d*(a)=1, d (a)=1, d(a)=2;
d* (=2, d (=1, d(H=3 d*(f=4, d (f)=1, d(H=5



Graph invariants

Minimum degree Example
(G)=mind(v) e
Maximum degree
A(G)=maxd(v) @ @

© ©



Particular cases
« 00000077

e A vertex with degree O is called an isolated vertex.

e A vertex with degree 1 is called a leaf vertex or end vertex. This
terminology is common in the study of trees in graph theory.

e A vertex with degree n — 1 in a graph on n vertices is called a
dominating vertex.



Handshaking lemma (Leonhard Euler)

Lemma 1. The doubled number of edges of a finite undirected
graph is equal to the sum of the degrees of vertices:

Zplld(v):Zq.

Lemma 2. Every finite undirected graph has an even number of
vertices with odd degree.




1.3. Isomorphism
S

Graphs G(V,E) and G'(V',E’) are isomorphic if there exists a
bijection ¢:V—V’ such as for all x,yeV:

xyeE if and only if o(X)p(y)eE’.

Isomorphic graphs are not distinguished.

To prove that graphs are isomorphic it is necessary to find a
bijection ¢.

To prove that graphs are not isomorphic it is sufficient to prove that
one graph has a certain property and another graph has not the

property.



Example: isomorphic graphs




Example: nonisomorphic graphs

All the vertices 1, 3 and 5 (and 2, 4 and 6 ) of the graph on the left
are pairwise adjacent. There are no such three vertices in the
graph on the right.




1.4. Types of graphs

A graph is complete if all its vertices are pairwise adjacent.
A complete graph with p vertices Is denoted as K,,.
The number of the edges of K, is equal to p(p—1)/2.




Types of graphs
-

A graph is empty if any pair of
its vertices are not adjacent Q Q
(E=9D).

o O

A graph is k-regular (regular)
if all its vertices have the
same degree k.




Types of graphs
-

A graph is two-partite (bipartite, bigraph) if the set of its vertices
can be divide into two subsets V, and V, so that every edge
connect vertices from different subsets, I.e.

V=V,UV,, V,NV, =@, for all xyeE: x € V;,y € V,



Types of graphs
-

A graph is complete two-partite (bipartite, bigraph) if every
vertex from V, is adjacent with every vertex from V,, i.e.

V=V,UV,, V,NV, =@, forallx € V,;,y € V,.XyeE.

A complete bigraph
where |V|=n, |V,|=m

Is denoted as K.



Types of graphs
-

A graph s trivial if |V|=1, |E|=0.




1.5. Subgraphs

Consider two graphs: G(V,E) and G(V’.E’).
If V’eV and E’cE then G’ is a subgraph of G (less formally, G
contains G, notation G’G).

Example.

AN

G(V,E) G'(V'.E)



Subgraphs

If G’eG and E’ contains all the edges xyeE: x,yeV’, then G’is an
iInduced subgraph of G.

We say that V’induces G’in G and write G=G[V].
Example.

NS

G(V,E) G’=G[{a,b,e,f}]




Subgraphs

If V=V then G’is a spanning subgraph of G.
Example.

AN

G(V,E) G'(V,.E)



Subgraphs

If V’#V and E#E then G’is a proper subgraph of G.

o0

()

G(V',E)




2. Connectivity
-

e \Walks

e Distances

e Connectivity of simple graphs
e Connectivity of directed graphs



2.1. Walks

A walk is a sequence of vertices and edges
<V, V>=V€ V...V 18Vi...V, 18V,
where e=v,_,v;,. A walk is closed if its first and last vertices are the
same, and open if they are different.
If there are no multiple edges then it is possible to omit edges

Examples.

<a,f)>=aabdlfncOBfkcPBb(f <a,f>=abfcfchbf



Traill and tour

A trail is an open walk in which all the edges are different.

A tour (or a circuit) is a closed walk in which all the edges are
different.

Examples.

QO

Traill<a,f>=abfcbef

Tour<a,a>=abfchea

ONROERO



Path and cycle

A path (or a chain) is an open walk in which all the vertices (and
hence the edges) are different.

A cycle (or a circuit) is a closed walk in which all the vertices
are distinct.

Examples.

Path<a,f>=abef

Cycle<a,a>=abfea




2.2. Distances

The length of a walk is the number of edges that it uses.
The shortest path <u,v> is a path of minimal length | <u,v>|.

The distance between two vertices d(u,v) is the length of a
shortest path <u,v>, if one exists, and otherwise the distance

IS Infinity.
Examples.
a

<af>=aabl{fncBfkcPb(f
|<a,f>[ =7

Shortest path<a,f>=aab {f
d(af = 2




Distances
« /7

The eccentricity €(v) of a vertex v is the maximum distance from
v to any other vertex.

e(v) = max d(u,v).
ucv

The diameter D(G) of a graph G is the maximum distance
between two vertices in a graph or the maximum eccentricity

over all vertices in a graph.

D(G) = maxs(v) = max d(u,v).
vel w, el

The radius R(G) is the minimum eccentricity over all vertices in a
graph.

R(G) = min £(v) = min max d(u, v).

veV velV uselV



Distances

Vertices with maximum eccentricity are called peripheral
vertices.

Vertices of minimum eccentricity form the center.
Examples.

@ @ @ e(a)=¢(b)=2

g(c)=¢(d)=¢g(e)=¢(f)=3
R(G)=2
D(G)=3
Peripheral vertices c, d, e, f

@ @ @ Centre a, b




2.3. Connectivity of simple graphs

If it is possible to establish a path <u,v> from vertex u to other
vertex v, the vertices u and v are connected.

If all the pairs of vertices are connected, the graph is said to be
connected; otherwise, the graph is disconnected.
Examples.

O © O & ©

O O O O

Connected graph Disconnected graph



Connected component

A connected component of a graph G(V,E) is any its maximally
connected subgraph, i.e. an induced subgraph which is not a
proper subgraph of any other connected subgraph of G(V,E) .

Examples.

O OO 0 O
Graph with two components Component Not a component



Articulation point and bridge

An articulation point (or separating vertex) of a graph is a
vertex whose removal from the graph increases its number of

connected components.
A bridge, or (cut edge) is an analogous edge.

Examples.

de — bridge

d, e, h — articulation
points




Cuts

A vertex cut, (or separating set) of a connected graph G is a set
of vertices whose removal makes G disconnected or trivial.

Analogous concept can be defined for edges.
Examples.

Q@ ©

{b, e} - vertex cut

{ ab, be, ef } — edge cut

(O— O



Graph invariants

k(G) — the number of connected components
The vertex connectivity k(G) is the size of a minimal vertex cut.
The edge connectivity A(G) is the size of a smallest edge cut.

A graph is called n-vertex-connected (n-edge-connected) if its
vertex (edge) connectivity is n or greater.

K(G) < \(G) < 5(G)

Examples. ° @ °

K =2 (vertices d, e)

A =2 (edges ad, de)



Cuts for a palir of vertices

A vertex cut S(u,v), (or separating set) for two connected
vertices u and v is a set of vertices whose removal mekes the
vertices u and v disconnected.

Analogous concept can be defined for edges.

Examples.

()

O

Vertex cut S(a,f)={b,d,e}

Edge cut S(a,f)={ab,ae,ef}



Menger theorem
-




2.4. Connectivity of directed graphs
S

If it Is possible to establish a path <u,v> and a path <v,u> in a
digraph, the vertices u and v are strongly connected.

If it there exists either a path <u,v> or a path <v,u> in a digraph,
the vertices u and v are unilaterally connected.

If it there exists a path <u,v> in a graph obtained from a digraph

by canceling of edges direction, the vertices u and v are
weakly connected.

Strongly connected Unilaterally connected Weakly connected



Connectivity of directed graphs
S

If all the pairs of vertices of a digraph are strongly / unilaterally /
weakly connected, the digraph is strongly / unilaterally /
weakly connected.

Examples.

SN

Strongly connected Unilaterally connected Weakly connected



Strongly connected component

A strongly connected component of a digraph G(V,E) is any its
maximally strongly connected subgraph, i.e. an induced
subgraph which is not a proper subgraph of any other strongly
connected subgraph of G(V,E) .

Example.

-~




Quotient graph

The quotient graph of a digraph D(V,E) with k strongly
connected components induced by sets of vertices V,,...,V, Is
a graph D’'(V',E’) where V'={v,,...,v}, viv,eE’ if there is an edge

uy; eE: u; €V, u; €V

Example.

S

Digraph Quotient graph



3. Paths
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e Graph traversal
e Shortest path



3.1. Graph traversal
S

Graph traversal is the problem of visiting all the vertices in a
graph, updating and/or checking their values along the way.

Breadth-first search (BFS) is a graph traversal algorithm that
begins at a start vertex and explores all its neighbors (out-
neighbors for a digraph). Then for each of those nearest
vertices, it explores their unexplored neighbors, and so on,

until all the vertices are visited.

Depth-first search (DFS) is a graph traversal algorithm that
begins at a start vertex, explores its not visited neighbor and
then considers that neighbor as a start vertex. If all the
neighbors are visited then “backtracking” is used, i.e. the
previous vertex is considered as a start vertex.



Graph traversal examples

DFS

BFS

-
N

©) :
— 1 /ﬂ/_ A b




3.2. Shortest path

The shortest path <u,v> is a path of minimal length | <u,v>|.
Lee algorithm (based on the DFS) is usually used to find the

shortest path.
Example. |
Al 2 13
- @/@\@ R
() 1 () 3




Shortest path

A weighted graph associates a label (weight) with every edge in
the graph.

The weight of a path W(<u,v>) is the sum of weights of the
edges included in the path.

The shortest path <u,v> in a weighted graph is a path of minimal
weight W(<u,v>) .

Example.




Shortest paths problems
-

e The single-pair shortest path problem, in which we have to
find shortest paths from a source vertex v to a single
destination vertex u.

e The single-source shortest path problem, in which we have
to find shortest paths from a source vertex v to all other vertices
in the graph.

e The single-destination shortest path problem, in which we
have to find shortest paths from all vertices in the directed
graph to a single destination vertex v.

e The all-pairs shortest path problem, in which we have to find
shortest paths between every pair of vertices v, u in the graph.



Shortest paths algorithms

Dijkstra's algorithm solves the single-source shortest path
problem.

Bellman—Ford algorithm solves the single-source problem if
edge weights may be negative.

Floyd-Warshall algorithm solves all pairs shortest paths.



4. Location problems
-

e Distances in a weighted graph
e Centre

e Median

e EXxtencions

e Absolute P-centre

e P-median



4.1. Distances in a weighted graph
S

e Vertex-vertex distance
e Point-vertex distance
e Vertex-point distance
e Vertex-edge distance



Vertex-vertex distance

The vertex-vertex distance between vertices 1 and |
(notation d(i,))) is the weight of the shortest path <i,j>.

It can be found by the Floyd—Warshall algorithm.

Example.
a b c d
a0 1 7 4
b4 0 8 3
cl2 3 0 6
d|7 3 5 0




F-point

Consider an edge e=(i,J)) with the weight ¢;>0 and a
parameter f : 0<f <1.

The point at the edge which divide the edge in
proportion f : (1-f) is called the f-point (notation f; ).

@ fei 0 (1—fleiy 0

The weight of the edge part if is equal to fc;;, the weight
of the part ] Is equal to (1-f)c;.

The vertex i is 0-point, the vertex j is 1-point.

The other points are interior.




Point-vertex distance
« /—/—/////']

The point-vertex distance between a point f;; and a
vertex k (notation d(f;;,k)) Is the weight of the
minimal path < f;; »,k>.

For an undirected edge (i,j):

dik) (k)

. R 1— Ci g -
Nfes o O-fes o

d(fiz), k) =min{ fe; ; +d(i, k), (1 = f)e;; + d(5. k). }




Point-vertex distance
« /—/—/////']

The dependence d(f;; ,k)) of f can be one of three types.




Point-vertex distance
« /—/—/////']

The maximum point f* is the point of the lines intersection:
feij+d(i k) = (1= f)ei;+d(7,k)

d(f(ig)s k) = d(j, k) —d(i, k) + i
| A 2
/ |\._
-\
d(g, k) T 7/_ I - Since d{l ) = Cij T d(jkj
/ | .
dik) T-~ + - d(j,k) < ¢ij +d(i,k)
o £ 1 1

so f*€[0,1].



Point-vertex distance

Example

e
bl

a
a |0
b4
c|2
d|7

e

Lo e O =

(b §

d(fs,a) =min{ fes + d(a, a) ( — fles+d(c,a) =min {7f+0,7(1 —
d(fs,b) =min{fes + d(a,b), (1 — f)es + d(c,b)} =min{7f +1,7(1 —
d(fs,c) =min{ fes + d(a,c), (1 — fles +d(c,e)} =min {7f +7,7(1 — f) +0};
d(fs,d) =min{ fes + d(a.d), (1 — fles +d(e,d)} = min{7f+4,7(1 — f |



Point-vertex distance
« /—/—/////']

Example:

A - — —— [ ——

T T

.
*



Point-vertex distance

For a directed edge (1,)):

d(fiigk) =1 —fei;+d(7, k).




Point-vertex distance

o= oo O
S e B e Y o B ]
T = = ™ I=
Z e W3

21— f)+0=2—2f;

(1 o f)"jfr' T d.[ﬂ., (1-)
(1 o f)‘f"_r T d(a.? E})

d(f,, )

20—-f)+1=3-2f:

d(f,.b)

201 —f)+4=6-2f;

d(f,.d) = (1= f)ey + d(a,d)



Point-vertex distance
« /—/—/////']

Example:




Vertex-point distance
-

The vertex-point distance between a vertex k and a point
é'k) (notatlon d(k, f;;)) 1s the weight of the minimal path

(I J)

For an undirected edge Ij:
d(k, fij)) = min{d(k, 1) + fe; ;. d(k,j) + (1 = flei;.}

For a directed edge ij:



Vertex-point distance

Example (undirected edges):
a(4)

!

(0] -] ™

& n o 8
-1 o ke o8
S O W k| A

ol O

a=(a,b): dla,f,) =min{d(a,a)+ fc,,d(a,b)+ (1 — fle,} =min{0+4f,1+4(1 — f)};
y = (a,c): dla,fs) =min{d(a,a)+ fes,d(a,c)+ (1 — flest =min{0+7f, 7T+ 7(1 — f)};
¢=(bd): d(a,f:)=min{d(a,b)+ fc,d(a,d)+ (1 — flcc} =min{l+3f,1+3(1— f)}.



Vertex-point distance

Example (directed edges):

a(4)

c d

b

(1

8 3

b4 0

3 06

0+ f;




Vertex-edge distance
-

The vertex-edge distance between a vertex k and an edge ij
(notation d(k,(1,J)))) is the maximum vertex-point distance
d(k, (i,7)) = fnax d(k, fiij))-

For a directed edge (i,j) the maximum point f*=1 and the
vertex-edge distance



Vertex-edge distance

S| o o O
Ul oo © o
S |—= o m ™
ST e e
SHE=TE I < o ﬁ_._u
. ) Il
=D S — Ao 10
T+ 4+ +
L T
P O L e S
(—L() L+
|\_ A e,
'y = o = =
5| = 2 Ss==

&

LT
s £
=

mm
i =

edges):



Vertex-edge distance
-

For an undirected edge (i,)) the dependence d(k,f; ;)) of f can
be one of three types.

d(k. f{i?}) d(‘l'* f{aﬂ) d(k" flfi?})

d(l'* j)“ 7 o d(l"f)_ _____ {i(fz.,j)_i_ -
| | _/ T~

d(k,i)f——+-~ d(k, i)~~~ d(k, i)




Vertex-edge distance

Example
. a b ¢ d
(undirected 0 1 7 4
edges): b4 0 8 3
cl2 3 0 6
d|7 3 5 0

d(a,a)

d(a,b) +co, O0+1+4

a=(a,b): dla,a)= i 5 = 5 = 2,5;

i i 1 d(a,c) + c 0

6= (a,c): .*:i(a,cﬁ):{({I {1)+;}( L)_H‘é: Al -
d(a,b) +d(a,d) + ce 1+ 4 + 3

C=(bd): da,¢)=—22"° =TTy

o



Point-edge distance
-

The point-point distance between a point f;; and a point
O (notation d(f;;,94n)) 1S the weight of the minimal
path <f; 59>

The point-edge distance between a point f;; and an edge
(k,I) (notation d(f;.(k,1))) 1s the maximum point-point
distance d(f; ,9k):

d( fii ), (k1)) = max d(f ), 9ie))-
g<[0.1]



Point-edge distance
-

For an undirected edge (1,J)#(k,l) the minimal path can pass
through the vertex 1 or the vertex j:

Al (el gy d( (k1)

~ feig D L—=flcij

A fs.0, (0, 1)) = ming feoj + di, (k,1)), (1= fess + d(j, (, 1))}



Point-edge distance
-

Example (undirected edge):

a(4)
a B v o = ( n
al2,b1 9 7 6 4 9
bl 4 5 10 9,5 10 3 8
cl4,5 3 2 45 8 6 11
dl 7 8 7 9,5 13 3 5

d(fs,n) =min{fcs+d(a,n), (1 — fles +d(c,n)} =
=min{7f+9,7(1 — f)+11}.

Tf+9=18—Tf, f=19/14.



Point-edge distance
-

For a directed edge (i,))#(k,lI) the minimal path can pass only
through the vertex j:

d(fi5), (k1) = (1 = f)eij +d(g, (k. 1)).



Point-edge distance

Example (directed edge):

a(4)
a B v o = ( n
al2,5 1 9 7 6 4 9
bl 4 5 10 9,5 10 3 8
cl4,5 3 2 4,5 8 6 11
di 7 8 7 95 13 3 5




Point-edge distance
-

For an undirected edge (i,))=(k,l) and f<1/2 the most distant
points g are close to the vertex . If d(i,})<c;; then the
minimal path <f;;,9,;,> can pass through the vertex .

5 g—9 =N o 2

d( fiig)s 90ey) = mind (g — f)eij, d(i, j) + (1 — g+ f)eijt




Point-edge distance
-

The maximum point g~ is the point of the lines intersection:

(9— [)eij=d(j.i) + (1 =g+ feiy.

d(2,7) + ¢ ;
Hence  maxd(fi), 96.,)) = = ?} =



Point-edge distance
-

If the minimal path <f;;;,9,;> passes only through the edge
(i,)) then:

'—’-’f(f(-.a;j}a g{-i?j}) = (9 — f)ﬂ'fi,_-;+
The maximum point g™=1.

Hlf"}‘:d(f{i,j]:g{i,j]) = (1= fle

9



Point-edge distance
-

Hence the point-edge distance for f<1/2

o | _ d(z,7) + ¢
d(fu,_ﬂ.u.;))—111111{(1—f>f£~-f~ . )9 }

This distance i1s maximum for f=0 and minimum for f=1/2.
The minimum distance is equal to ¢; /2.



Point-edge distance
-

For an undirected edge (i,))=(k,l) and f>1/2 the most distant
points g are close to the vertex I. If d(j,I)<c;; then the
minimal path <f(i,j),g(i,j)> can pass through the vertex j:

boumm g

d(fiig)> 9eey) = min{ (f = g)eij, d(G,2) + (1= f +g)eij




Point-edge distance
-

The maximum point g~ is the point of the lines intersection:

(f —9g)cij =d(g,%) + (1 =g+ f)ci

d(f* E) + Cij
Hence  maxd(f(;),96.) = 5



Point-edge distance
-

If the minimal path <f;;;,9,;> passes only through the edge
(i,)) then:

d(f(ij)s 96i.5)) = (f — Q)ﬂ?f.,y
The maximum point g™=0.

max d( f; iy, 96.5)) = fcij.

g



Point-edge distance
-

Hence the point-edge distance for f>1/2

d(fﬁ..j): (2,7)) = HHIl{fo,jr U ):, j}

This distance i1s maximum for f=1 and minimum for f=1/2.
The minimum distance is equal to ¢; /2.



Point-edge distance
-

Finally, the point-edge distance is

max {111111 {(l — f)cis, A, ?} ] } , min {fq‘j, LY ) i }} :

I~




Point-edge distance

Example
. a b ¢ d
(undirected 10 1 7 4
edges): @) b4 0 8 3
| ¢(3) c|l2 3 0 6
d|7 350

— 1113.};{111111{(1 — f)es. ". 2 i } min fq dle, {2 i tg}} —
= max{mm{ (1—f), | } }}

= max {min {7 — if 7}, min {7 f 4, }}}

I~



Point-edge distance

Example (undirected edges):

max {‘min {777} min {Tf 4,5} ¢




Point-edge distance
-

For a directed edge (i,j)=(k,I) the most distant points g are
situated between the vertex I and the point f close to the
point f .

d()
O OO

d(f{i,j]! (EJ)) - d(J E) + Gy




Point-edge distance

Example
(directed
edges):

o
!

o T =

=1 2 = OB

L L O =

o

(b |



Maximum distances
« 00000077

Maximum vertex-vertex MVV (i) = max{d(z, j)}.
J
Maximum point-vertex: MPV(f; ;) = 1115.};{ d(fin,k)}.

Maximum vertex-edge: MVE(i) = 1}}6‘}?{ d(i, (k1)) }.

Maximum point-edge: MPE(f; ;) = I%ﬁ:}i{{}f(f{i?j}, (k,0))}.



Total distances
« /—/—/////']

Total vertex-vertex:  TVV (i) = > {d(i,j)}.

j
Total point-vertex: TPV(fi,) = Z{ d(fiin,k)}.
Total vertex-edge: TVE(i) = S {d(i, (k. 1))}

(k1)

Total point-edge: TPE(fj.;)) = Z{a’( (i.g)s (R 1)}



4.2. Centers of a graph
-

e Center

e General center

e Absolute center

e General absolute center



Center

A center of graph G is any vertex v of graph G such that

MVV(v) = min MVV(j).

J
Example. Vertex c is the center.

a b ¢ d{MVV(v)
al0 1 7 4 7
bi4 08 3 8
cl2 3 06 § min
d|7 3 5 0 7




General center
« 00000077

A general center of graph G is any vertex v of graph G such that

MVE(v) = min MVE(j).

J
Example. Vertex a is the general center.
a(4)
a 3 v o0 = (¢ n|MVE(v)
al2,5 1 9 7 6 4 9 9 min
bl 4 5 10 9,5 10 3 8 10
cl4,5 3 2 45 8 6 11 11
dl 7 8 7 9,5 13 3 5 13




Absolute center
«_«_ 7

An absolute center of graph G is any point g of graph G such that

MPV(g(y.)) = min MPV(f(; ).

{(i,7)

Theorem. No interior point of a directed edge can be an absolute
center.

Point f* of an undirected edge can be a candidate for absolute
center if it is gives the minimal value of the upper portion of the
point-vertex distance from point f* to all the vertices.



Absolute center

a b ¢ d|MVV(v)

I~ o0 © 10

Example.




Absolute center
«_«_ 7

Example. Edge 0=(a,c).

d(fs,a) =min{fcs + d(a,a), (1 — f)es + d(c,a)} =
=min{7f+0,7(1 — f)+ 2};

d(fs,b) = min{ fecs + d(a,b), (1 — f)es + d(c,b)} =
=min{7f+1,7(1 — f)+ 3};

d(fs,c) =min{ fes + d(a,c),(1 — fles +d(c,c)} =
=min{7f+7,7(1 — f)+0};

d(fs,d) =min{ fes + d(a,d), (1 — f)es + d(c,d)} =

min{7f +4,7(1 — f)+6}.



Absolute center
«_«_ 7

Example. Edge a=(a,b).

d(fo,a) =min{fe, +d(a,a), (1 — fle, +d(b,a)} =
=min{4f + 0,4(1 — f) + 4};

d(fa,b) =min{fc, +d(a,b),(1 — f)co + d(b,b)} =
=min{4f + 1,4(1 — f) + 0};

d(fo,c) =min{fec, + d(a,c), (1 — f)ca +d(b,c)} =
=min{4f + 7,4(1 — f) + 8};

d(fa,d) =min{fec, + d(a,d), (1 — flca +d(b,d)} =
=min{4f +4,4(1 — f) + 3}.



Absolute center
«_«_ 7

Example. Edge (=(b,d).

d(feya) =min{ fee +d(b,a), (1 — flee +d(d,a)} =
=min{3f +4,3(1 — f)+7};

d(feyb) = min{ fee +d(b,b), (1 — flee +d(d,b)} =
= min {3f +0,3(1 — f) + 3} ;

d(feoc) =min{fe, +d(b,c), (1 — f)ec +d(d.c)} =
= min{3f +8,3(1 — f)+5}:

d(fe,d) =min{ fee +d(b,d), (1 = flee +d(d,d)} =
=min{3f + 3,3(1 — f) + 0}.



Absolute center
«_«_ 7

Example. Plots of point-vertex distances.

A fm = —————— d(fs,d)
N I/ N A

— -l - —_ —_ — —_——
sF—1-— XA -
S A VA

L R b Ay b Gt :f{f b)

| N ‘!l:.!';iic)
f* Ly




Absolute center
«_«_ 7

Example.
For edge 6=(a,c):
G S e
ff=3/14, MPV(f5)=7—7x3/14=5,5.

For edge a=(a,b): *=0 (vertex a).

For edge (=(b,d):
ge ¢=(b.0) 8—3f =4+ 3f,

ff=2/3, MPV(f;)=8—-3x2/3=6.
Absolute center: point 3/14 5, MPV(3/14 5)=5,5.



General absolute center
«. 007

An general absolute center of graph G is any point g of graph G
such that

MPE(g(,.)) = min MPE(fi;.5)).

(1,7

Theorem. If an interior point of a directed edge is a general
absolute center then its end is also a general absolute center.

Point f* of an undirected edge can be a candidate for general
absolute center if it is gives the minimal value of the upper
portion of the point-edge distance from point f* to all the edges.



General absolute center

Example.

min

—
>
o —
_ O = a-
- _
—
=
=l 0w o
rl=f N O M
lnn
wlo S w X
Yol Tl T
N
—lo & o=
NN~ 1 v oo
Lo Yo
=L —=H -
R FaN




General absolute center
«. 007

Example. Plots of point-edge distances. Vertex a is the general
absolute center.




4.3. Medians of a graph
S

e Median

e General median

e Absolute median

e General absolute median



Median
« /7

A median of graph G is any vertex v of graph G such that
TVV(v) = min TVV(j).

J

Example. Vertex c is the median.

a b ¢ d|TVV(v)
al0 1 7 4 12
bl4 0 8 3 15
cl2 3 0 6 11 min
d|7 3 5 0 15




General median
«. 007

A general median of graph G is any vertex v of graph G such that

TVE(v) = min TVE(j).

J
Example. Vertex a is the general median.
a(4)
a 3 v o0 = ¢ n|TVE(vw)

2,51 9 7 6 4 9| 38,5 min
bl 4 5 10 9,5 10 3 8| 49,5
cl4,5 3 2 45 8 6 11 39

dl 7 8 7 9,5 13 3 5| 52,5




Absolute median
«_«_ 7

An absolute median of graph G is any point g of graph G such that

TPV (9w) = 1}1111 TPV (fi)-

{(i,9)
Theorem. There is always a vertex that is an absolute median.
Example. Vertex ¢ is the median and the absolute median.

a(4)
a b ¢ d|TVV(v)
al0 1 7 4 12
b4 0 8 3 15
cl2 3 0 6 11 min
d{7 3 5 0 15




General absolute median
«. 007

A general absolute median of graph G is any point g of graph G such
that

TPE(g(vu)) = min TPE(f(; ;).

(1,7

Theorem. No interior point of a directed edge can be a general absolute
median.

Theorem. There is always a vertex or the middle point of an undirected
edge that is a general absolute median.



General absolute median
«. 007

(i,5) # (k1)

(/2050 (k. 1)) = s+ min{d(i, (k, D). d(. (k. )}

A((1/2)5). () = 31

=

1
TPE( 3 1)—%& S min{d(, (k1) dUj, (5, 0)}
l? f

(k)7 (i.7)



General absolute median

Example.

min

E - - .
— |00 C) ™M ~g
-
= w0 o
ol =H o o o
by | m o8 B
Yo B T Yo
L | = - e
o 2 -
M= 1 M o
L L
S| - =f . I—=
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General absolute median
«. 007

Example.

TPE (

o+ Y min{d(a,e), d(be)} =

E’—ffk

| =

T
a 2

—4 + min{1,5} + min{9, 10} +
+min{7, 9,5} + min{6, 10} + min{4, 3} + min{9, 8} =
=144+1+94+7+64+3+9 =49;

TPE (i ) %15 + Y min{d(a,e),d(c,e)} =
25 2

e#0

[\_a

fT

- —; + min{2,5,4,5} + min{1,3}+
+ min{9, 2} + min{6, 8} + min{4, 6} + min{9, 11} =
=24,54+2,54+1+24+6+4+9 = 49;

o



General absolute median
«. 007

Example

TPE (

[\_J|I—

g) — ;-C + > min{d(b,e),d(d,e)} =

8

53 + min{4, 7} + min{5, 8} +

+min{10, 7} + min{9,5, 9,5} + min{10, 13} + min{8,5} =
:10,5+4+’+ +9,54 1045 = 51.

Vertex a is the general absolute median.



4.4. Extensions
« "/ /7

e Weighted location
e Multicentres and multimedians



Weighted location
-

Suppose that different weights W(j) (W(i,j)) are associated with vertex |
(edge (1,J)). This weights can be considered as probabilities or
frequencies of visiting the vertex or the edge.

Vertex-vertex distance:

d'(i.4) = W(j)d(i. j)

Vertex-edge distance:



Multicentres and multimedians
«_«_ 7

Let X, be a subset of points of graph G(V,E) containing r points.

Set-vertex distance d(X,,j) is the minimum distance between any one of
the points in set X, and vertex j; i.e.

d(Xr, j) = mind(i, j).

Set-edge distance d(X,,(k,l)) is the minimum distance between any one of
the points in set X, and edge (k,1), i.e.

d(X,, (k1)) =mind(i, (k,1)).

(=

r



Multicentres and multimedians

Example. X,={c,(2/7);,(1/2) }

a b c d
al0 1 7 4
b14 0 8 3
12 306
d|7 35 0




Multicentres and multimedians
«_«_ 7

Example.
dic.d) =6

— min

{
d(é&,d) = 111111{%{ +(i(a d), l %) Co +d(b, d)} o

2 1
d(X3,d) = min {d(r_':_, d),d (;é, d) ,d (50:, d)} = min{6,6,5} =5
| 2



Multicentres and multimedians
«_«_ 7

Example.
l(c,n) =11

d( 0, r;) = min %Q, + d(a.dn), ( %) cs +d(c, T?)} =

= min

740, —f+ll}:11;

{
d (—a ir;) = min {éq} + d(a,n) (l %) Co + d(D, ?})} =
{ 4+9, - 4—|—8} = 10.

d(X3,n) = min {d (c,n),d b T}) (—{1 ?;)} = min{11,11,10} = 10.



Multicentres and multimedians
«_«_ 7

Multicenter and multimedian problems arise when there is a need to
locate a number of facilities in the best possible way. The following
distances can be minimize:

Maximum set-vertex distance (MSV)
Maximum set-edge distance (MSE)
Total set-vertex distance (TSV)
Total set-edge distance (TSE)



4.5. Absolute multicentres
«_«_ 7

Problems:

e (a) Find the optimal location anywhere on the graph of a given
number (say p) of centres so that the distance required to reach the
most remote vertex from its nearest centre is a minimum.

e (b) For a given "critical" distance, find the smallest number (and
location) of centres so that all the vertices of the graph lie within this
critical distance from at least one of the centres.



4.6. Multimedians
« /'

Problems:

e (a) Find the optimal location anywhere on the graph of a given
number (say p) of medians so that the total distance required to reach
all the vertices from its nearest median is a minimum.

e (b) For a given "critical" distance, find the smallest number (and
location) of medians so that the total distance required to reach all the
vertices from its nearest median lie within this critical distance.



Problem statement
«_«_ 7

X, — multimedian (p-median)
Ve XID — median vertex
Ve XIO — non-median vertex

Vertex j is allocated to vertex i if vertex i is a median vertex and

d(Xp.J)=d(1,)).
Any median vertex i is allocated to vertex i.



