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5. Trees
« _

e [rees

e Minimum spanning tree

e Fundamental circuits and fundamental cuts
e Rooted trees

e Maximum branching

e Search trees



5.1. Trees

e A connected acyclic graph is called a tree.
In other words, a connected graph with no
cyclesis called a tree.

e An acyclic graphis called a forest.



Application of trees

e Chemistry (saturated hydrocarbons)

e Compilers (parsing)
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Application of trees

e Physics (electrical circuits)
e Programming (search trees)




Six different characterizations of a
tree

(1) Tis atree.

(2) Any two vertices of T are connected by exactly one path,
(3) T is connected, and every edge is a cut-edge.

(4) T Is connected and has n — 1 edges.

(5) T contains no cycles and has n — 1 edges.

(6) T contains no cycles, and for any new edge e, the graph
T+e has exactly one cycle.



Six different characterizations of a
tree

(1)—(2)
e (1) Tisatree.
e (2) Any two vertices of T are connected by exactly one path.

e T is connected — any two vertices of T are connected.
e If there are two paths <x,y>then there is a cycle.



Six different characterizations of a
tree

(2)—(3)
e (2) Any two vertices of T are connected by exactly one path.
e (3) T is connected, and every edge is a cut-edge.

e Any two vertices of T are connected — T is connected.

If e=(x,y) Is not a cut-edge then G\(x,y) is connected; hence,
there is a path <x,y> which does not include e. So, there are
two different paths <x,y>in G.



Six different characterizations of a
tree

(3)—(4)
e (3) T is connected, and every edge is a cut-edge.
e (4) T is connected and has m=n - 1 edges.

Mathematical induction method.
e Base: for n=1 one has m=0.

e Inductive step: Let for graphs with 1,...,n — 1 vertices the statement
is true. Consider graph T with n vertices. Delete any edge e from T.
As e is a cut-edge, T\e=T,UT,. They are connected, every edge is a
cut-edge and the numbers of vertices is less than n; so, m;=n; - 1
and m,=n, — 1. The number of edges in T is the sum of the numbers
of edgesin T, and T, plus the deleted edge; consequently

m=m;+m, -1 =n; -1+n, -1+1 =n - 1.



Six different characterizations of a
tree

(4)—(5)
e (4) Tis connected and has n — 1 edges.
e (5) T contains no cycles and has n — 1 edges.

e Let T contain a cycle with s vertices and edges; then, to join
other n —s vertices to the cycle one needs at least n —-s
edges. So, the total number of edges is

m = s+n-s=n > n -1.



Six different characterizations of a
tree

(5)—(6)
e (5) T contains no cycles and has n — 1 edges.

e (6) T contains no cycles, and for any new edge e, the graph
T+e has exactly one cycle.

e As Tis acyclic than it is a forest with k trees. For a tree,
m=n - 1.
The total number of edgesin T is
m+...+m,=n; — 1+...+n, — 1=n - k.
Hence; k=1 and T is a tree. Every two vertices of a tree are joined by
the only path; so, adding a new edge produces exactly one cycle.



Six different characterizations of a
tree

(6)—(1)
e (6) T contains no cycles, and for any new edge e, the graph
T+e has exactly one cycle.

e (1) Tisatree.

e |f after adding any new edge a cycle appears then any two
vertices are joined by a path; so, T is connected. This
together with absence of cycles gives a tree.



5.2. Minimum spanning tree
-
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e In a weighted graph, the
minimum spanning tree is
the set of edges with the
minimum total weight such
that they connect all of the

nOdeS. Tl;gl;;;_;-ulf'arm Not drawn to scale
e Applications of MST _
roblem: http://computationaltales.blogspot.ru/20
P . 11/08/minimum-spanning-trees-prims-

https://www.geeksforgeeks.or algorithm.html
a/?p=11110.
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Greedy algorithms

e A greedy algorithm is an algorithmic
paradigm that follows the problem
solving heuristic of making the locally
optimal choice at each stage with the
hope of finding a global optimum.

e In many problems, a greedy strategy
does not in general produce an
optimal solution.

e But for the minimum spanning tree
problem, greedy algorithms produce a
global optimum.




Kruskal’s algorithm
S

Sort all the edges from low weight to high

Take the edge with the lowest weight and add it to the
spanning tree. If adding the edge created a cycle, then
reject this edge.

Keep adding edges until we have p—-1 edges.

https://www.programiz.com/dsa/kruskal-algorithm

https://youtu.be/71UOQOH7ProkU
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Kruskal’s algorithm

Example.

e http://nadide.

ithub.io/assets/ima/algo-image/MST/kruskal.pn

Kruskal’s Algorithm

1

Given a network

Choose the shortest edge (if
there is more than one, choose
any of the shortest)........

"

Choose the next shortest edge

and add it.........
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edge which
wouldn’t
create a

cycle and
add it.
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Choose the
next
shortest
edge which
wouldn’'t
create a

6 Repeat until you have a minimal
Spanning ree.
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Prim’s algorithm

Initialize the minimum spanning tree with a vertex chosen
at random.

Find all the edges that connect the tree to new vertices,
find the minimum and add it to the tree

Keep adding edges until we have p—1 edges.

https://www.programiz.com/dsa/prim-algorithm
https://youtu.be/cplfcGZmX7I
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Prim’s algorithm

Example.
e https://www.thestudentroom.co.uk/attachment.php?attachmentid=23572&

Stc=1&d=1148396387

Prim’s Algorithm
1 2 3

Given a network............ Choose a vertex Choose the shortest edge from
this vertex.

4 Choose the 6 Repear undl you have a minimal
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5.3. Fundamental circuits and
fundamental cut sets

Let G(V,E) be a multigraph with n vertices, m edges and k
connected components.

e Cocyclomatic number of the graph G(V,E) is p(G)=n-k.

It is the total number of edges in spanning trees of all
connected components of the graph.

e Cyclomatic number ofthe graph G(V,E) is v(G)=m—-n+Kk.

It indicates ho many edges need to be removed in order to the
graph became a forest with k connected components.


https://www.thestudentroom.co.uk/attachment.php?attachmentid=23572&stc=1&d=1148396387

Cyclomatic and cocyclomatic
numbers

Example. p(G) = n—k =9-3 = 6;
v(G) = m—-n+k = 8-9+3 = 2.

=




Cyclomatic and cocyclomatic
numbers

In the theory of electrical circuits, the
numbers have a definite physical
meaning.

e The cyclomatic number is equal to
the largest number of independent
circuits in the electric circuit graph,
l.e. the largest number of
Independent circular currents that
can flow in the circuit.

e The cocyclomatic number is equal
to the number of independent
potential differences between the
nodes of the circuit.

. Tpad wenu
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Fundamental circuits
«_c 07

Any circuit or cycle can be represented by the set of its edges.
e Modulo 2 addition (XOR):
i Eps={eecu,ed uptU{e: e € us,e & g}
e Conjunction (AND):
Op =0, 1u=p.
e Linear combination:

=P ap, a; {01}
i—1



Fundamental circuits
«_c 07

Example.

ff.r.iiﬁ ) : fj“.

- i ._ {f\; ] .f't::_‘ ¢ H
VAR

1 [ T
s 'x"r*'

py = {48,¢,n, 0},

pz2 = {v,8,c};

ps = {a, 3,7k

lpy @ lpe ® 0us = {6, .00} & {v. 0,2} &0 = {7, 2,{,n8}.



Fundamental circuits
«_c 07

A set of circuits is independent if any circuit is not a linear
combination of others; otherwise, the set is dependent.

Example. Set {uy, Yo, Uz M4} is dependent as p, =p, +Ug; Set {y;,
U,, U} is independent

-
b -
:}/I\ /f iy = {6,(.m,0};
f M K pa = {7, 3. E5;
2 f . py = {a, 3,7}
\'\, S \ . iy = {a, 3,0,c}.
( €

-.ﬂ___.-'- Ix.tﬁr ,.II



Fundamental circuits
«_c 07

An independent set of circuits is a system of fundamental
circuits if it contains the greatest possible number of circuits;
the circuits of this set are fundamental.

Example. Set {u;, M, M3 M4} IS INdependent; any circuits is a
Iinear combination of the circuits from the set.

\ / iy =448, (,n,0};
N . < pa = {v,d,e};
5 = {¢ :

1={

f!l

— [, 3,0,e} = pa & pa;
{6, (,n,. 0,0, 6} = jy P pg;
{a.B,e.(,n. 0} = py & pa @ pa.



Fundamental circuits theorem
«__ 00

Theorem. For a simple connected graph, the number of
fundamental circuits is equal to v(G)=m—-n+1.

Example. Here n=7, m=10; there are 4=10-7+1 independent

circuits.
( 1) ; > f f ) i
“/_ 5 U/ i = {r). g_. 1, H}Z
= Y Ny 1 |s p2 = {7,9,¢};
_ /_ N £ ll; — {(). lj. Al'}.
AN e LN\ pua = {0,1,x}.

£ ] ’I )



Fundamental cycles construction
-

Algorithm

Start. There is graph G(V,E).
Step 1. Construct any spanning tree T(V,E’). Set j=0.
Step 2. If = m—-n+1 then go to End; else set j=j+1.

Step 3. Choose the next edge e=(v;,u;) not included into the
spanning tree.

Step 4. Find the path < v,u;> in the spanning tree; together
with the edge (v;,u;), it gives cycle Z;. Go to Step 2.
End. {Z;} Is a system of fundamental cycles.



Fundamental cycles construction
-

Example.

(b s f\l

. % L Dl w T
{— —’\ @ = N

. '-*": "x.if' x_i,,-f- -.k":u"!'

(d) (e

-,

e, = =(a.¢)., <a,c>=abe Zi={B,a,v};
es =d = (b,d), =bd==bed, Za ={d,7,¢ek;
ea=1=(d,e), <d,e=>=dcbfe, Zy={nc7.(.0};
ea=k=(f,g), <f,g>=feg, Zy=1{K 0,1}



Matrix of fundamental circuits
«__ 00

e Rows correspond to fundamental circuits, columns
correspond to edges; an element is equal to 1 iff the edge
belongs to the circuit.

Example.

£(6)
(b 9 7 .- N
a(ly” w—i,'l E’W - ? i {_f:?_r}
(30 @) rj[ﬂf&-‘- r(10) 2 ={8,7,c};

\a) Wz c Zy ={n,e,7.¢, 0}
i% A\‘}} z{}\_ . Zy=1{r. 0,1}

N )

0 0
0 0
0 0
11

=] =
] R
=
o T s | P
= O

d(G)= Z; |0 0
Za |0 0
Zyl0 0 (

e e ]
s

— =

[

[

=
=
[ Ry S )
p—
[
_——

—
=
]
[—



Matrix of fundamental circuits
«__ 00

e Module 2 product of matrices A:nxk and B:kxm is matrix
C:nxm calculated as follows

k:
Cy; = €D AuByy.
=1

e Theorem. If I(G) is the incidence matrix of graph G(V,E),
@ (G) is its matrix of fundamental circuits, then
Ied" =0



Fundamental cuts
«__ 00

Consider graph G(V,E) and two subsets
V=V,UV, VynV, =0
Cut (cocycle) P(V,,V,) is the set of edges joining vertices from

V; with vertices from V,, i.e.
P(V,V3) = {(v1, 1) € E 1 vy € Vi, 1 € V3 }.

A cut is proper if after removal of any its subset the graph is
connected.

Example Non- proper cut P is union of proper cuts P, and P,,.

ra ) l\ff /1 PV, Va) ={B.7.2,,, K}

Py ={3,7v,c} n P, = {1,K]}




Fundamental cuts
«__ 00

Lemma. Any non-proper cut is a union of disjoint proper cuts.

A set of cuts is independent if any cut is not a linear
combination of others; otherwise, the set is dependent.

Example. Set {y;, W ,, W3, W .} Is dependent as y; = Y, + Y 5;
set {y;, W,, W, } is independent

If'lij“ \ G "
?/. & VF = {B.v.2.(,n};
s T b e = {( 'T-i' LK }
2] (d) xi"\ s = {B,7. 5, ¢, K}
/ z\__ thy = {C,m, 0}
I {.-':- "xg,



Fundamental cuts
«__ 00

An independent set of cuts is a system of fundamental cuts if

It contains the greatest possible number of cuts; the cuts of this
set are fundamental.

Example. Set is independent; any cut is a linear combination of
the cuts from the set.

i = {a, B}
e = {8.2,(};
}\ e /} s = {C,n};
”' gy = {(,0,1};
\ s = {t, Kk}
e = {B.7.c}.
{@,7,0,0,K} = 1 B U © V4 B Y5 B Vg

{ﬂ L }_Ll'_'?-f:-

{5, K} = U5 B Us.




Fundamental cuts theorem
«__ 00

Theorem. For a simple connected graph, the number of
fundamental cuts is equal to p(G)=n - 1.

Example. Here n=7; there are 6=7-1 independent cuts.

-
-~
-
A

——

) : : U = { et o
O————D w550
VSED  Ngalll” ) — Us &4 S 2
: 0 % & : ‘
,---..”/ Y & n 4 K V3 ={C. 0}
(a) (dY—"{e) vy = {(,0,L};
. /_ A ._ ’.. Yo — ,. "- :
1\ S E ¢\ L il {‘{ -} ]
1 C ) (g) Lv-.—{. s _}



Fundamental cuts construction
«_c 07

Algorithm

Start. There is graph G(V,E).
Step 1. Construct any spanning tree T(V,E’). Set j=0.
Step 2. If ]=n-1then go to End; else set |=)+1.

Step 3. Choose the next edge e=(w,u;) included into the
spanning tree. Remove it from the tree and obtain a forest
from two trees with the sets of vertices W;and U;.

Step 4. Find the cut Y;=P(W,,U;). Go to Step 2.
End. {Y;} is a system of fundamental cuts.



Fundamental cuts construction

- G / Y . s
(b ' f (b) ()
o ) ﬁ/ T ﬁ/ -

( f/ Tld— ey " ( p/ T @ (€

\E) 9) \£) \9)
e, =a=(ab), Uy ={a} Wy ={b,c.d.e, f,g}, Yi={a.8}
eo =7 =(bc), Us={ab, f.e.g}, Wy={ed}. Ys = {8,7,8.n};
eq == (c.d), Us={a.bce f g}, Wy={d}. Yo = {d,2.n};
es=¢=(bf), Us={a,b,ecd}, Wiy ={e. f,a}. Ya={(.n};
es =0=(e,f), Us={e.g}. Ws ={a.b,e,d, f}, Ys={n0.k}
e =t=(e,9), Us={abede f}, Ws={g}, Yo = {1, k}.



Matrix of fundamental cuts
«__ 00

e Rows correspond to fundamental cuts, columns correspond
to edges; an element is equal to 1 iff the edge belongs to the

Cut.
Example.
¢(6) Y1 ={a, 8}
(b o _ffj , A ]
a(1y &Q"” E@/\ , }3 = {13, _r.t'J.-f]l}.
3Ny (7)o k(10) Ya=1d.en};
2 52 £ Yy = {(.n};
f%\’ Aﬁ} x{}\,_ N Y ={n, 0.k}
(c) (9) Ye = {1k}
a 0 v 8 £ (np @ t K
Yijt 100000000
Y210 11100 1 00 0
U(G)= VYz|0 001 101000
Y410 000011000
Y0 000001101
Ys10 0O 0O0O0O0OO0O0T11




Matrix of fundamental cuts
«__ 00

e Theorem. If ¥(G) is the matrix of fundamental cuts of graph
G(V,E), ®(G) is its matrix of fundamental circuits, then
b Ul =0
e Kirchhoff's voltage law: The algebraic sum of the products

of the resistances of the conductors and the currents in them
In a closed loop is equal to the total emf available in that

loop.
3 N
|
e M e | K
s )
7 = ¥
G"f’—l - 5, = d
3 2
W )" 4
o —t—
I &

J I Iz,



5.4. Rooted trees
«{«a 000

Rooted treeis a digraph with the following properties:

e thereis a single node v with in-degree equal to O (it is
called root);

e the in-degrees of all other nodes are equal to 1;
e each node is reachable from the root.
Example. All rooted trees with four vertices.

i SN N\
[N N

™
() /

i .\\I
L,

([ — ]

i .\\I
L


https://www.thestudentroom.co.uk/attachment.php?attachmentid=23572&stc=1&d=1148396387

Properties of rooted trees

Underlying graph of a digraph D(V,E) is the graph obtained
after cancelling of edge directions in E.

@) 0&0 e




Properties of rooted trees
S

Theorem. Any directed tree has the following properties:

m=n-—-1;

the underlying graph of a rooted tree is a tree;

any rooted tree does not have circuits;

for every vertex v, there is the only path from the root to v;

a subgraph induced by vertices reachable from vertex v is
a rooted tree with the root v (it is called subtree of v);

any undirected tree can be transformed into a rooted tree,
and any vertex can be the root.


https://www.thestudentroom.co.uk/attachment.php?attachmentid=23572&stc=1&d=1148396387

Properties of rooted trees
S

Proof.

e m=2d-(v)=n-1;

e the underlying graph is connected and m=n-1; so, itis a
tree;

e any rooted tree does not have circuits because elsewhere
the underlying graph has a circuit; so, is not a tree;

e for vertexyv, if there are two paths from the root to v then
the underlying graph has a circuit;


https://www.thestudentroom.co.uk/attachment.php?attachmentid=23572&stc=1&d=1148396387

Properties of rooted trees

Proof.

e a subgraph induced by vertices reachable from vertex v is
a rooted tree with the root v:
d-(v)=0; elsewhere, there is a circuit;
every vertex w is reachable from v; so, d=(w)=1;
e any undirected tree can be transformed into a rooted tree,
and any vertex can be the root.



https://www.thestudentroom.co.uk/attachment.php?attachmentid=23572&stc=1&d=1148396387

Terminology
S

e In a rooted tree, the depth or level of a vertex v is its
distance from the root, i.e., the length of the unique path
from the root to v. Thus, the root has depth O.

e The height of a rooted tree is the length of a longest path
from the root (or the greatest depth in the tree).

e If vertex vimmediately precedes vertex w on the path from
the root to w, then v is parent of wand w is child of v.

e Vertices having the same parent are called siblings.



Terminology
S

e A vertex w is called a descendant of a vertex v (and v Is
called an ancestor of w), if v is on the unigue path from the
root to w. If, Iin addition, w#v, then w Is a proper
descendantofv (and v is a proper ancestor of w).

e A leafin arootedtree is any vertex having no children.

e An internal vertex in a rooted tree is any vertex that has at
least one child. The root is internal, unless the tree is trivial
(i.e., a single vertex).



Terminology
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Ordered trees
«__ 00

Ordered tree is a rooted tree with the fixed order of subtrees.

Example. These trees are isomorphic as rooted trees but they
are not isomorphic as ordered trees.


https://www.thestudentroom.co.uk/attachment.php?attachmentid=23572&stc=1&d=1148396387

Binary trees
-

Binary tree is an ordered tree where every vertex is a parent
of exactly two siblings: left and right (can be empty).

Example. These trees are isomorphic as rooted trees and as
ordered trees but they are not isomorphic as binary trees.

Fat T

| i b, \
r"'_'/\ | _"'-
A L


https://www.thestudentroom.co.uk/attachment.php?attachmentid=23572&stc=1&d=1148396387

Tree traversal
«_«. 001

e The preordertraversal (root-left-right): visit the root;
then, visit all subtrees from left to right.

e Theinordertraversal (left-root-right): visit the leftmost
subtree; then, visit the root; after that, visit all other
subtrees from left to right.

e The postorder traversal (left-right-root): visit all subtrees
from left to right; then, visit the root.



Tree traversal
«_«. 001

Example.

e The preordertraversal: abefcdghi.
e Theinordertraversal: ebfacdhgi.

e The postorder traversal: efbchigda.



Tree traversal
«_«. 001

Application: arithmetic expressions (in
compilers).

Example. (a+b)*c—(a+d)?/4

e The preorder traversal:

- *+abc/1+ad?24gives the prefix
form or Polish notation.

e Theinorder traversal:
((a+b)*c)—(((a+d)?)/4) gives the infix
form.

e The postorder traversal:

ab+c*ad+214/-gives the postfix
form or reverse Polish notation.




5.5. Maximum branching
S

e Branching in a digraph is its subgraph where connected
components are rooted trees.

e Spanning branching is a branching containing all vertices
of the graph.

e Maximum branching in a weighted digraph is a
branching of the maximum total weight of edges.

Example. Spanning branching {ab, cdj}.

. T i 3
\ B o) N
i} e i i
s o e L /


https://www.thestudentroom.co.uk/attachment.php?attachmentid=23572&stc=1&d=1148396387

Edmonds algorithm (1958)
-

e Start. Graph G,=G(V,E); buckets VO, V1,... and AO, Al,...
are empty. Set i=0.

e Step 1. If all vertices of G;, are in bucket V,, go to step 3.
Otherwise, select any vertex v in G, that is not in bucket V.
Place vertex v into bucket V., Select an arc y with the
greatest positive weight that is directed into v. If no such
arc exists, repeat step 1; otherwise, place arc « into bucket
A.. If the arcs in A still form a branching repeat step 1;
otherwise (if there is a cycle), go to step 2.



Edmonds algorithm
S

Example. Step 1. Cycle ecde. Go to Step 2.

A Tak !
1_

0 (3]
3 N :

'\E_{’}\: 2
T

¢

Vi El |4 Ey o Ey Vo Ey W E
a | (g ,a) a | (g,a) a | (g.a) a | (g, a) a | (g.a)
b | (h.b) b | (h.b) b | (hD) B | (h.b)
c | (e c) c | (e ) e | (e, e)
d | (e.d) d | (e, d)
e | (d,e)
O
5




Edmonds algorithm
S

e Step 2. Arc a forms a cycle with some of the arcs in A.
Call this cycle C,.

e Shrink all the arcs and vertices in C;, into a single vertex
called v,. Call this new graph G,,;. Thus, any arc in G;, that
was incident to exactly one vertex in C,, will be incident to
vertex v;, in graph G,,;.

e Add all vertices from V\\C, to V., ;. Add all arcs from A\C, to
A



Edmonds algorithm
S

e Let the weight of each arc in G,,; be the same as its weight in G;
except for the arcs in that are directed into v,. For each arc (x, y)
in G, that transforms into an arc (X, v;) in G;,4, let

W (X,vi) = W (x,y) — W (t,y) + W (s,I) .
where (s,r) is the minimum weight arc in cycle C;, and where (t,y) is

the unique arc in cycle, whose tail is vertex y. Remove arcs with
non-positive weights.

e Increase i by one, and return to step 1.




Edmonds algorithm

A= W(x,y) — W(ty) A= —W(sr)



Edmonds algorithm
S

Example. Step 2. Shrink cycle
ecde and obtain pseudovertex
Vo. Update the weights of the
arcs going Into the cycle.
Remove arcs with negative
weights. Go to Step 1.

C(b,vo) = C(b,e) — Cle,e) + C(e,d) =3 —-9+5=—1,

C(b,vp) =C(b,d) — Cle,d) + Cle,d) =4 -5+ 5=4;
C(f.w)=C(f.e)—Cld,e)+Cle,d) =1—-T+5=—
Clg.vg) =Clg.e) —C(d,e)+ Cle,d) =4—-T+5=2
1
Vi| E
a |lg,a)
b | (hb)




Edmonds algorithm

Example. Step 1. Sycle fght.

Ir-] E| I"r| E] 1[ E|
Go to Step 2. a | (g.a) a | (g.a) a | (g,a)
b | (h,b) b | (hb) b | (h.b)
fles) g f | ()
{ 4 \ g | (f.g9) g | (f.9)

) 8 2
(g “}\‘*f’/ El




Edmonds algorithm
S

Example. Step 2. Shrink cycle
fghf and obtain pseudovertex
v,. Update the weights of the
arcs going Into the cycle.
Remove arcs with negative and
zero weights. Go to Step 1.

Cla,vy) = Cla,h) —Clg.h)+ C(f,g)=1-3+2=0;
C(b,v1) = C(b, f) — C(h, f) + C(f.g) =5 — 8 +2 = —1;
Clvg,vy) =Clvg, f) = Clvo, f) + C(f.9) =2-8+2=—4.




Edmonds algorithm
S

e Step 3. This step is reached only when all vertices of G,
are in V;, and the arcs in A, form a branching for G;. If i = 0,
stop because the arcs in A, form a maximum branching for
G,. Otherwise, two cases are possible:

e (a) Vertex v, is the root of some tree in branching A, go to
step 4.

e (b) Vertex v, is not the root of some tree in branching A, go
to step 5.



Edmonds algorithm
S

e Step 4. Restore cycle C, and remove arc (s,r) with the
minimum weight from C,. Decreasei by 1 and go to step 3.

e Step 5. Restore cycle C,. There is vertex y having two arcs
going into y; remove arc (t,y) from C,. Decrease i by 1 and
go to step 3.



Edmonds algorithm

Example.

Step 1. All vertices are in the
bucket, go to Step 3.

Step 3. As i=2 and v, is a root,
go to Step 4.

V5 Es Vi E
a | (g.a) a | (g.a)
b | (h,b) b | (h.b)
vp | (b, v0) vo | (b, vo)
'y
lIl'..-"' ".i-;{-\l :'."?.:.F-ﬁ':}
{
’ 1 \
\_] ~




Edmonds algorithm

Example.

Step 4. Remove the arc of the minimum
weight from fghf; it is (f,g). The others
arcs from fghf together with E, give E;.
Set i=1 and go to Step 3.

Step 3. As i=1 and v, is not a root, go to

Step 5.

4
t!:, o S
-~ / —
1
/1 '\
N\
) (i [
A2 Ny
L9g—7
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Edmonds algorithm

Example.

Step 5. In E4, there is arc (b,v,) corresponding
to arc (b,d). Remove arc (c,d) from cycle cdec.
The others arcs from cdec together with E;
give E,. Seti=0 and go to Step 3.

Step 3. As i=0, the maximum branching is
constructed. Go to End.

2CES OO
N
/ N
9 () @
;_{\5 7




Related problems
S

Minimum branching
Maximum spanning tree
Minimum spanning tree

Maximum / minimum forest / spanning tree with the
rootin a specific vertex.



5.6. Search trees
« "/ /7

e Binary search tree (BST) (also sorted binary tree) is a
binary tree whose nodes each store a key. The tree
additionally satisfies the binary search property: the key
In each node must be greater than any key stored Iin the
left subtree, and less than any key stored in the right

Subtree
Example.

as
q/ A, f/

) )


https://www.thestudentroom.co.uk/attachment.php?attachmentid=23572&stc=1&d=1148396387

BST operations
-

e Findakey
e Add akey
e Deleteakey


https://www.thestudentroom.co.uk/attachment.php?attachmentid=23572&stc=1&d=1148396387
https://www.thestudentroom.co.uk/attachment.php?attachmentid=23572&stc=1&d=1148396387
https://www.thestudentroom.co.uk/attachment.php?attachmentid=23572&stc=1&d=1148396387

Find a key
S

Tisatree, kisakeyto find

TreeSearch(T, k)

e X « root(T)

e if x=NULL or k = key(x) then return x

o if k <key(x) thenreturn TreeSearch(left(T),k)
e elsereturn TreeSearch(right(T),k)



Insert a key
-

Tisatree, kis akeytoinsert

Treelnsert(T,k)
e X « root(T)
e if x=NULL then

- X<k
— return X

o if k=key(x) then return x
o if k<key(x) thenreturn Treelnsert(left(T),k)
e elsereturn TreeSearch(right(T),k)



Insert a key
-

Example.Add 4, 2,8,9,6,1,5, 3, 7.

-'I{-—-_l[\'l Il,f'_'l'\.l
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Insert a key
< ——

Example.Add 4, 2,8,9,6,1,5, 3, 7. / \



Delete a key
S

Case 1. The right subtree of the deleting node a is empty.

The left subtree of node a is connected to the parent of node
a, instead of node a.

® (®)
|

Example.Delete 7. )/ \R }/ ‘\,U\



Delete a key
S

Case 2. The right subtree of the deleting node a is not empty.
The right child of a is c; the left subtree of ¢ is empty.

The left subtree of node a becomes the left subtree of node
c. Then, node c is connected to the parent of node a instead
of node a.




Delete a key
S

Example. Delete 2.



Delete a key
S

Case 3. The right subtree of the deleting node a is not empty.

The right child of node a is node c; the left subtree of node c is
not empty.

Find the leftmost node f in the right subtree of node a. Put
node f instead of node a. Connect the right subtree of node f
to the previous parent of node f instead of node f.

y
N

L

DN




Delete a key

Example. Delete 4.

/ \

f-| |h

A

And three symmetric cases.



Computational complexity
-

h(n) — the height of a tree with n nodes.
Challenge: to decrease the height of a tree (h(n)=0(log(n))).

Unordered array n 1 n
Ordered array log(n) n n
Linked list n 1 1
Tree h(n) 1 h(n)



Balanced trees
«_c 07

BST is a balanced tree (AVL-tree) if:

e The left and right subtrees' heights differ by at most one;
e The left subtreeis balanced,;

e The right subtree is balanced.

AVL goes from Adelson-Velskii and Landis.

Example. Maximal asymmetric balanced tree.

L

S

/\.



Balanced trees
«_c 07

Theorem. For a balanced tree, h(p) < 2log,p.

Proof. Let P,, be the number of vertices in the maximal asymmetric
balanced tree.

p=F,=F_1+F_s+1.

P = (V2)
B=1=(2)" P=2=(V2) =2
Po=Pii+ Py +12 (VDR + (V2 +1=(y L)
h— 4 h-1 h—2 = £ _ ﬁ -
= I o
= (v2)F (I_Tﬁ) = {\,-@}h 2 — | ].'~+|
V2



Balancing
-

LL-rotation (RR-rotation is symmetric).

a b
[ A a

LR-rotation (RL-rotation is symmetric).

-
A

b —

gggg.ﬁ QE " Q.E



Balancing
S

Example. Insert 4, 5, 6; after adding 6, do RR-rotation. Insert
3, 1, after that, do LL-rotation.

® @ @
0
)/ \ ;/ \ M/ \



Balancing
-

Example. Insert 9, 7; node 6 is not balanced. Node 7
lengthens the left right subtree of the left subtree of node 6;
hence, do RL-rotation.

/\ e \ / \,,
/ \ (\ / \ \ 'éi*? "“/ \ D



Balancing
-

Example.Insert 8 and 2. The tree is balanced.



Red-black trees
«{«a 000

BST is a red-black tree if:

Each node is either red or black.

The root is black. This rule is sometimes omitted. Since the root
can always be changed from red to black, but not necessarily vice
versa, this rule has little effect on analysis.

All leaves (NULL) are black.

If a node is red, then both its children are black.

Every path from a given node to any of its descendant NIL nodes
contains the same number of black nodes.




Red-black trees
«{«a 000

e The number of black nodes from the root to a node is the node's
black depth.

e The uniform number of black nodes in all paths from root to the
leaves is called the black height of the red—black tree.

Example. NULL leaves are omitted. The black heightis 2. The black
depth of 11 and 2 is 1; other nodes have the black height 2.



Red-black trees
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Visualization
e https://www.cs.usfca.edu/~galles/visualization/RedBlack.html
Application
e GNU libstdc++ (/usr/include/c++/bits)
std::map, std::multimap, std::set, std::multiset
e LLVM libc++
std::map, std::set
e Java
java.util. TreeMap, java.util. TreeSet
e Microsoft .NET 4.5 Framework Class Library
SortedDictionary, SortedSet



https://www.cs.usfca.edu/~galles/visualization/RedBlack.html

Red-black trees
«{«a 000

Operations

e https://www.youtube.com/watch?v=axa2g9500zCE
https://www.youtube.com/watch?v=PhY56LpCtP4
https://www.youtube.com/watch?v=5IBxA-bZZH8
https://www.youtube.com/watch?v=95s3ndZRGbk
https://www.youtube.com/watch?v=7CesCbbVxqc



https://www.youtube.com/watch?v=axa2g5oOzCE
https://www.youtube.com/watch?v=PhY56LpCtP4
https://www.youtube.com/watch?v=5IBxA-bZZH8
https://www.youtube.com/watch?v=5IBxA-bZZH8
https://www.youtube.com/watch?v=5IBxA-bZZH8
https://www.youtube.com/watch?v=95s3ndZRGbk
https://www.youtube.com/watch?v=7CesCbbVxqc

