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BBenenne

HacTosiiee yueOHOE 1mocoOHe — caMOyUYUTENb PEIICHUS 3313y — Ipe/-
Ha3HA4YCHO B IIOMOIIb MEPBOKYPCHUKAaM J000H (hOpMBI OOYHYEHHS M COIEPKUT
KaK TEOPETHUECKHI MaTepHal, M3J0KEHHE KOTOPOTO HWILTIOCTPHPYETCS] PElIeH-
HBIMH IIPUMEPaMH, TaK U BAPHAHTHI THUIOBBIX JOMALIHUX WHIUBHIYaJIbHBIX 3a-
JlaHUH MO JIMHeHHOH anredpe, BeKTOPHOH anredpe W aHAJUTHYECKOH reo-
MeTpHUH.

Teopernueckuii Marepuai, Kak MPaBWIIO, M3JIAracTcsi B BHIE OTBETOB
Ha MOCTaBJICHHBIE MIEPE]] CTYIEHTOM BONPOCHL. Bompocs! 3aHyMepoBaHbI: IEpPBOE
YHCJIO COOTBETCTBYET HOMEPY peIlaeMOii 3ajauk, BTOPOe — MOPSIKOBOMY HOMe-
py Bonpoca. OTBETH MOXHO HalTH B KOHIE mocodus (c. 53—69). [ns ynobcrBa
MOJb30BaHUSI KHUTOW PEKOMEHIYETCsl CIenaTh TPH 3aKJIaJAKH, OTICIAIOIINE
CTpaHHMIBl M3y4aeMOT0 MaTepuaia, OTBEThl M UHIUBHUIyalbHbIC 3anaHus. OTBe-
Yasi Ha ITOCTaBJICHHBIE BOIIPOCH U Jejasl 3allCH B COOTBETCTBUH C PEKOMEH/1a-
LUSIMH, CTYICHT He TOJbKO CIIPABUTCS € pPellieHHeM 3a/1a4 CBOero BapHaHTa,
HO XOPOIIIO YCBOUT TeOPeTHYECKHIl MaTepHaJ U Jja)Ke CO3/1acT CBOW KOHCIEKT
1o HanboJee TPYAHBIM ISl IOHUMaHMS BOIIPOCAM M3 M3Y4aeMbIX Pa3ZeioB BbIC-
e MaTeMaTHKH.

C mOMOUIBI0 CaMOYYHTENS JIETKO TNMPOKOHTPOJIMPOBATH KavecTBO
YCBOCHMSI TeOPeTHYECKOro MaTepHana, Tak KaKk OCHOBHBIE OMNPEACICHHUI U
TEOPEMBI B TIOCOOMHU MPEACTABIICHBI CIIEIMAIBLHBIM 00pa30M: BOIIPOCHI U OTBETHI
Ha HUX pa3JiesIeHbl BEPTUKAILHOM YepTOH. 3aKpbIB TEKCT CIIPaBa OT YEPTHI, HyX-
HO JIMIIb OTBETHTH CAMOCTOSATENIFHO Ha BOIIPOC B YCTHOM, a €IIIe JIydIle B MHCh-
MEHHOW ()OpMe U, OTKPBIB TEKCT CIIPaBa, CBEPUTH PE3YJIBTAT.

Bonee nByxcor 3amau B 25 BapuaHTax MHAWBUAYAIBHBIX 3aJaHUM IO-
3BOJIAT CTY/AE€HTaM BBIOpATh 3a/1auil JJIsl CAMOCTOSTENIFHOTO PEIICHHS U 3aKpern-
JIEHHs] HABBIKOB, ITPUOOPETEHHBIX MPH PEIICHUU IPUMEPOB OJTHOTO U3 BapUaH-
TOB, a TIpernoaBaresei odecneyaTr HOraTbiM 0AHKOM 3aJaHHUH.

[TocoGue, B OCHOBHOM, OPHEHTHPOBAHO Ha CTYAEHTA CPEJHETO YPOBHS
NOATOTOBKH, U YCBOCHHE COJEpIKAIIerocs B HEM Marepualia rapaHTHPYeT YIOB-
JIETBOPHUTENBHBIE M XOpOoIIne 3HaHUs. UTOOB!I MONYyYUTh OTIMYHBIC 3HAHMS, He-
00X0MMO B COBEPIICHCTBE OBIAAECTh TEOPHEH M MPAKTHKOW pEIIeHUs 3amad
TIOBBIIIIEHHOTO YPOBHS CIIOKHOCTH, M B 3TOM OKa)KyT IIOMOIIb YIeOHUKH U cOOp-
HUKH 33/1a4 U3 CIIUCKa PEKOMEH/1yeMOM JINTepaTyphl.



CUCTEMBI IMHEMHBIX YPABHEHHUI (CJIY)

3AZIAYA 1.0 (1. Ne )

MOEro BapHuaHTa

Jloka3zaTb COBMECTHOCTb CUCTEMBI JIMHEUHBIX YPABHEHUM U PELLUTh €€ TpEeMsl
cniocobamu: 1) meronom Iaycca; 2) meronom Kpamepa; 3) MaTpHuHBIM MeTO-
JIOM.

Pemenmue. 3anumiem JaHHYIO CUCTEMY YpaBHEHHUIA:

[Tpumep Cucrema, KOTOPYIO sI peuiaro

X +2x, +3x3 =2,
X; =Xy +x3 =0,

X +3xy —x3 =-2.

1.1. Cxonbko ypaBHEHHI! B cucteme?
JlaHHAsI CHCTEMA COTEPHKHT ......oovvvenrnnnene YpaBHEHHS.

1.2. CKOJIbKO HEM3BECTHBIX B CHCTEME?
B CHCTEME ..ovvvvvvvevveeeeeeeeeeeeeeeveeeeeeeveveeveeveeees HEU3BECTHBIX.

1.4. YKaKHUTE C60000HDIE UTIEHBI CEOCU CUCTEMDBIL. ........cccvvvvveeeeeeeeeirreeeeeeeeeniseeeenns
1.5. Kakue ypaBHEHUs Ha3BIBAIOT JIUHEHbIMU?

1.6. Kak Ha3bIBalOT CHCTEMY JIMHEHHBIX YPABHEHUI, YUCIO YPaBHEHUIl B KOTO-
pOii paBHO YHCITy HEU3BECTHBIX ?

1.7. Kak Ha30BEéM cHCTEMy JIMHEMHBIX YPAaBHEHHI, PEIIEHUE KOTOPOU HY>KHO
HalTh?

ﬂaHHa}I MHEC UIA PEIHCHUSA CUCTEMA HA3BIBACTC ....vvinininiiiiiiiiiiiiiiiieeeeen,

1.8. Kakas maTpuna Ha3bIBaeTCsl OCHOBHOM MAaTpHIlell cucTeMbl?

3anuieM OCHOBHYIO MaTPHUILy CUCTEMBL:

OcCHOBHAasl MaTpHIla IpuMepa OCHOBHasI MaTpPHIIa MOEH CHCTEMBI
1 2 3
A=[1 -1 1 4=
13 -1

1.9. Kak noiay4uTs pacliMpeHHYI0 MATPULYy CHCTEMbI?

3anuireM pacIIMPeHHYIO MATPHILy CUCTEMBI:

Paciuupennas matpuia npumepa Pacmmpennas matpuua Moeil cucre-

MBI
1 2 3 : 2
=11 -1 1 : o0 A=
13 -1 -2

IIpounTaiiTe ¥ BEIyUUTE CIEAYIOIINE OLPEACICHUS:

Pewenuem cucremMbl TUHEHHBIX ypaBHCHI/Iﬁ Ha3bIBaACT-
Cs Takass COBOKYITHOCTH 3HAYCHHI HEU3BECTHBIX, IIPU
IOACTAaHOBKE KOTOpOﬁ BMCCTO HCHU3BCCTHBIX KaXXI0€
YpaBHCHHUEC CUCTEMbI O6paIHaGTCH B TOXOCCTBO.

Onpenesnienne
pemenus CJIY

Cucrema JTHHEHWHBIX YpaBHEHHUIl Ha3bIBacTCsi coeMe-
CMHOI, €CIV OHA WMEET Xomsa 0bl 00HO peuieHue.
Cucrema TUHEHHBIX YpaBHEHUN HA3bIBACTCS HecoeMe-
U HECOBMECTHOI | CMIHOIL, €CTIU OHA HE UMECT HU 00HO020 PeuieHuUs.

cry

Omnpenenenne
COBMECTHOM

Munopom nopsaoka k matpunpl 4 Ha3pIBaeTcs JTr000H
Onpenenenue OTIPENENUTENb Kk-TO MOpPsIIKA 3TOH MaTpPHIBI, COCTaB-
MHHOpa JICHHBIN U3 3JIEMEHTOB, CTOSIINX Ha MIEPECEUCHHUN JII0-
OBbIX €€ «K» CTOJIOIOB U JIIOOBIX €€ «K» CTPOK.

Onpenesenue Panzom mampuuybt A Ha3BIBACTCS HAUOONLUIUIL NO-
paHra PAOOK OMAUYHO20 OM HYJLA MUHOPA STOH MaTPHIIBL.
MaTpHUIbI



Beryunre hopmynuposky Teopemsl Kponekepa — Kanemn v 03HaKOMBTECH C
e€ nokazarensctBoM ([4], 111, §1).

Cucrema NMHEHHBIX ypaBHEHUH coémecmHa TOTIa U

Teopema .

TONIBKO TOTZA, KOT/Ia PAHZ OCHO6HOU MATPHUIIBI CHC-
Kponexepa- TEMEI PAGeH PAH2y PACUIUPEHHOI MATPULIBI 9TOH CHUC
Kaneaan. p pancy p P p

TEMBIL.

Panr MaTpuibl MOXHO HaNTH ABYMS Me€TOAAMH: METOAOM 0KaﬂMJmlomux
MUHOPOE6 1 METOJIOM JJ1€MEHMAPHBIX npeoﬂpa;meaum?.

OOBIYHO MCHOIB3YETCS] KOMOMHUPOBAHHBIM METOJ, KOTJa 3JIeMEHTapHBIMHU
npeoOpa3oBaHUSIMU PACUIMPEHHYIO MATPUILy CUCTEMbI MPUBOMST K CTYIEHYATO-
MY BHJy, TAKOMY, Y4TO IOJT OJTHOW U3 e€ IUaroHajei Bce DIIEMCHTHI PaBHBI HYIIIO,
a MOTOM UCTIOJIB3YIOT METO/ OKAWMIISOIINX MHHOPOB.

MeToa OKaHMJISIOIIMX MUHOPOB COCTOUT B CJICIYIOLLIEM:

Panz Hyneeoii mampuybl pageH Hy1i0, TaK KaK Takas MaTpuila HE UMeeT HU
OJTHOr0 MHHOPA, OTJIMYHOTO OT HYJIS.

Ecnu maTtpuna 4 conepKuT eIMHCTBEHHBIA HE PaBHBIA HYIIO 3JIEMEHT, a OC-
TaJIbHBIE €€ JJIEMEHTHI — HyJH, TO paHZ TAKOH MaTpULbl paseH edunuye. Panr
MaTpHLBl OKaKETCS PABHBIM €IMHMIIE, €CIIM OHA COAEPKUT OTIMYHBIE OT HYIII
JJIEMEHTHl TOJBKO B OJHOM CTPOKE MM TOJNBKO B OJHOM CTOJIOLE, MOCKOJIBKY
Jr00BIe MUHOPBI BTOPOT'O NOPSI/IKA TAKOM MaTpHIbl Oy IyT paBHbI HYJIIO.

Honyctum, nns MmaTpuubl 4 yaactcs HaAWTU OTIMYHBIN OT HYJII MUHOP BTOPO-
ro mopsaka. Toraa kK 3TOMy MHHOPY NPHUCTABISIIOT IO OJHOMY OCTABIIHMECS
CTOJIOLIBI M CTPOKU HCCIIeyeMOd MaTpHibl. Eciii okaxercs, 4To Bce MUHODBI
TPEThEro MopsaKka MaTpHuibl 4 paBHbI HYJIIO, TO PaAH2 STON MATPHULIBI PAGEH OGYM.

Ecnm >xe Haiinércst XoTst Ob1 OMH MUHODP TPETHETro MOpPSIKa, HE PaBHBIA Hy-
10, TO K HEMY CJIEAYET IPHUCTABIATH 110 OJHOMY OCTaBIINECS CTOJIOLBI M CTPO-
KU, BEIYHCIISIS Oy YaroIecss MUHOPBI YETBEPTOTO MOPSAKA.

Eciu Bce MUHOPBI 4eTBEPTOrO MOPsAKA MATPHUIBI A PaBHBI HYJIIO WA Mat-
puna A COACPIKUT TOIBKO TPU CTPOKH (CTONIOIA), TO €CTh BOOOIE HE UMEET MU-
HOPOB TOPS/IKA BBINIC TPETHETO, TO pane Matpullsl A pasen mpém. U Tak na-
nee...

AJIFOpl/ITM METO/1a OKANMJISIIOIIHAX MHUHOPOB IIPEACTABJICH Ha CXEMC 1.

Omnpenenenne
MHHOpA.

Onpenesienne
MaTpPHIbI.

Munopom M, nopaoka k matpuuer A

HA3BIBACTCS JIFOOOU ONPEICIIUTEINh k-I'0 TIOPsIIKa
9TOM MaTPHIIbI, COCTABJICHHBIH U3 JIEMEHTOB,
CTOAIINX Ha MEPEeCceUeHNH JTI0OBIX e€ «k» CTOIOIOB
U JIIOOBIX €€ «K» CTPOK

ai/' aik
M,=a,, M,=|" , um.o
a,sj a\k
ihs=L..,m, j,k=1,..n
Cxema 1
HeT
A=0
Rang A=0
na
HET
Rang A=1
Ja
HET
Rang A =2
Ja

Panrom r  wmarpumsl A4 HasbpIBaeTcA
panra | HauboJbIIMIl MOPANOK F MHMHOpPA O3TOH
MaTpHILBI, OTIMYHOTO OT HYJIS:

M, #0,YM, =0umIM,, k=r+1,r+2,.

(cymiecTByeT MHHOp MOpsiIKAa », HE DPaBHbII
HYJIIO, @ BCE MUHOPBI 00JIee BHICOKHX ITOPSIIKOB
PaBHBI HYJIIO WJI HE CYIIECTBYIOT).




K »eMeHTapHBIM OTHOCATCS Takue MPeoOdpPa30BaHUS MATPHIL:
1. TlepecraHoBka CTpOK (CTOJOIIOB);

2. YMHOXXEHHE 3JIEMEHTOB CTPOKH (cToJ0I1a) Ha JII000€e YHCII0 U CIOXKEHHUE
C COOTBETCTBYIOLINMH DJIEMEHTAMH JIPYTOil CTPOKH (cTONOMIA);

3. BrruepkuBaHHe HYJIEBBIX U IPOIOPLUHOHATIBHBIX CTPOK (cTosonoB). Eciu
MIPOTIOPIIMOHATBHBIX CTPOK (CTOJNOIIOB) HECKOJBKO, BBHIUCPKUBAIOT BCE
MPONOPIIMOHATBHBIE CTPOKHU (CTOJIOIBI) 32 UCKITFOUEHIEM OJHON CTPOKU
(cTonbma).

Uccnenyem naHHyro cUCTEMy Ha COBMECTHOCTb. i 3TOro Haiiaém panr
PacCIIMPEHHOM MaTpHIbl A CHCTEMBI METOIOM JJIEMEHTAPHBIX IIPe0Opa3oBaHuil
e€ CTPOK, UCTIONB3YS aNropuT™ / (CM. HUXKE).

Aaroputm 1. YcnoBuMcs Ha3eIBaTh padoueii CTpoKy, KOTopast He U3MEHseT-
Csl Ha MPOBOJIMIMOM JTaIle JIEMEHTAPHBIX TPeo0pa3oBaHU.

PaGouas cTrpoka nmepBas. [loixyurM HyJM B IepBOM CTOJIOLE HA MECTax BCEX
9JIEMEHTOB IIEPBOT0 CTONOLA 32 MCKIIOYEHHEM 3JIeMEHTa B MepBoi crpoke. s
9TOTO YMHOMCUM 6CE INeMEHMbl NEPEoll CMPOKU HA TaKWe YHCiia, YTOOBl MpU
CIIO)KEHHH C 3JIEMEHTaMH TIEPBOTO CTOJIONA OCTANBHBIX CTPOK MONYYHTHh HYJIH B
MIEPBOM CTOJIOIIE, 33 UCKIIFOUEHHEM JJIEMEHTA MIEPBON CTPOKH.

Ecnu B cucteme, kotopyto Bel pemraere, koG @uiueHT Opd X; B NEPBOM
YPaBHEHHH HE PaBEH €JUHUIIE, IOMEHSIHTE MECTaMHU CTPOKH, 3aIHCaB IIEPBOMH TY,
B KOTOPOH KO3 (UIHEHT IPH HEU3BECTHOM X; PAaBEH CAMHUIIE.

Ecnu ipy HEM3BECTHOM X BO BCEX ypaBHEHUsIX KOd()GHIIMEHTHI OTIMYHBI OT
CAWHUIIbI, MOKHO:

1) yMHOXWTH NEPBYIO CTPOKY PACIIMPEHHOW MaTPHUIBI CUCTEMBI Ha YHCIIO,

MPOTHUBOIIOIOXKHOE TOMY, Ha MecTe KOTOporo Bel XxoTHTe mHOIYydnThH
HyJIb; @ CTPOKY, B KOTOPOH XOTUTE MOIYYUTh HyJb, yMHOXXBTE Ha KO3(-

(ULUEHT IpH X, B IEPBOM CTPOKE;

2) CIIOXXHUTE COOTBETCTBYIOILIHME 3JIEMEHThl YMHOKCHHOW IIEPBOH CTPOKH H
YMHOKEHHOU Ipyroi CTpOKU

-1

o2 o3 27 12 3 : 2
A=1 -1 1: 0 ~10 =3 =2 ¢ 2|~
13 -1 i -2 0 1 —4: 4

IMonyuure Hymu B nepBoM croibie Bamieit paciuupennoi matpuist A .

A
Il
l
l

Jlanee Hy>KHO TOJyYUTh HYJIM BO BTOPOM CTOJIOIC HHUKE TJIABHOI THATOHAIN
— IMarOHAIM OT IIEPBOTO AIEMEHTa 1-0ii cTpoku 1-ro cTonomna.

PaGouas crpoka Bropasi. YMHOXUM TPETHIO CTPOKY Ha 3 U CIIOKHM C COOT-
BETCTBYIOIIMMH 3JIEMEHTaMH BTOPO# cTpoku. (Mnu MOXKHO OBUIO TOMEHATh Mec-
TaMU BTOPYIO M TPETHIO CTPOKH, YTOOBI Ha TJIaBHOM TUAroHa M OKa3allaCh €JTH-
HU1A (CM. (*))).

12 3 % 2 12 3 2]
8 13 —ig —i_iﬂ~ 0 -3 -2 : =21
' 0 0 —14 : —14|
12 3 i 2t 2 3 i 2]

~[0 1 -4 P —4f]~0 1 -4 i —4[l®
0 -3 -4 i -4 0 0 -16 i -16

[TomyuuTe HyaM BO BTOPOM CTOJOIE HIDKE TJIAaBHOHM auaroHanw Bamiei pac-

UIMPEHHON MaTpuIlbl A .

3ameuyanue. llomyyeHHas B ckoOkax MaTpua (*) Takke SKBUBAJICHTHA IIep-

BOHAYaJIHHO 3alIMCAaHHOU MaTpune A , TO €CTb UMEET TOT K€ PaHI, a CUCTEMBI ypaB-
HeHHﬁ, COOTBETCTBYIOIUE 3TUM MaTpullaM, UMECIOT OJUHAKOBBIC PCIICHUA.

B kauecmee ynpasicnenus naioém pane mampuyor C memooom snemenmap-
HbIX NPeodpaz08anuil.

Pabouaa cmpoxa nepean
(-3)=3)(=2)

2 -1 1 2 3—2 |+ 2.1 1 2 3 2
C—6 -3 2 4 5 3 &+ ~/ 0 0-1-2-+4-3
16 -3 4 8 13 9 00 1 2 4 3
4 -2 1 1 2 1 0 0-1-3-+4-3

10



Bce nponopyuonanvuvie cmpoku, kpome 0O0HOU, MONCHO GbluépKusams. Boi-
yepKHeM 6MOpYI0 CMPOKY, MAK KAK OHA NPOROPYUOHANbHA MPembell U CIOACUM
Mpemvlo U Yemeepmyo CmpoKU, 4mobdbl NOYYUMb HYIb 8 mpemvem cmoadye, 8
nocneoueti cmpoxe:

2 -1 1 2 3 2 2,1 1 2,3 2

o0 1 2 4 3.~ lol 0~1 2i4 3
+ : :

0 0 -1 =3 —4 =3|_] Joi 0 o™<1i0 0

Honyyunu mampuyy cmyneHuamoeo 8udd, noo 00HOU U3 OUa2OHAeli Komo-
poti 8ce HyU.

B nonyuennoii sxeusanenmnoii mampuye bl0eIeHHbIIL MUHOP MPEMbe2o No-
PAOKA 16/151eMCsl Onpedeumenem mpey2oabHo20 6Ud, KOmopbulii PA6eH NPou3-
6E0eHUIO INeMEHMO8 21A6HON OUAZOHAIU, MO eCb, 04e8UOHO, OMIUYeH Om
HYJs:

-1 1 2
M5(C)=| 0 1 2|=(=1)-1-(=1)=120 (cm. /4] 1.3), a munopos uem-
0 0 -1

8épmozo nopsoka mampuya, sxeusanenmuas C, ne umeem, max Kax y neé 6cezo
mpu cmpoxu. Tlo onpedenenuio panea mampuysr Rang C = 3.

I/ITaK, MaTtpunia A NpUBEACHA HAMHU K CTYIICHYAaTOMY BUAY:

Marpuua npumepa Marpuua Moel 3a1auu
1 2 3 2
A~l0 -3 -2 =2 T~
0 0 -14 : -14
1 2 3
Murop M5(4)={0 -3 2|=1-(-3)-(-14)=42=0.
0 0 -14

Samumure Bam M 4 (Z) :

MutopoB 4eTBEPTOro mopsigka marpuna 4 He UMeeT, TaKk KaKk B DKBHBA-
JCHTHOM MaTpume BCero Tpu CTpPoku. [lostomy e€ paHr paBeH TpéMm:

Rang A4 =3.

11

DKBHBaJCHTHAs OCHOBHasI MaTpuua A (ClieBa OT MyHKTHPA B SKBUBAICHTHON

paciuupeHHoi A ), HIMeeT TOT ke caMblii MUHOP TPETHEro MOPAIKA, OTIHYHBIN
OT HYJISL:

M, (A) =M, (Z) # (0, mosToMy 1 €€ paHT paBeH TPEM:
Rang (A) = Rang( A )=3.

Ilo TCOPEME KpOHeKepa — Kanemm JaHHas CUCTCMa ypaBHeHI/Iﬁ COBMCCTHA H

MMEeT €/IMHCTBEHHOE pemienHue, Tak kak Rang (A)= Rang(4) =3=n -
YUCITy HEH3BECTHBIX.
Hrak, nanHas cucrema JIMHEHHBIX YPaBHEHUH UCCIIEA0BaHA HA COBMECTHOCTb.

1) Pemum nannyto cucremy meroaom I'aycca.
IIpameim xo0om metona I'aycca cucmemy npugodsam K cmyneH4amomy 6uoy,
WCKIIIOYasl TOCJIEIOBATENILHO HEU3BECTHBIC CHUCTEMBI 1eMEHMAPHbIMU NPeos-
pazoeanuamu Ha0 CMPOKAMU PACIIMPEHHOI MaTPHIIBL.

O metoze I'aycca MokeTe TOMOIHUTENFHO IPOUNTATh, HapuMep, B [2], 11,
§7.2.

IIpu wmccnenoBaHUM JaHHOW CHCTEMBI Ha COBMECTHOCTH PACIIMPEHHYIO Mat-

puiy A npuBeNH K CTYIEHYaTOMY BHILY:

Matpuna npumepa Martpuna Moel 3agauu
1 2 3 2

A~0 -3 -2 1 =2 T~
0 0 -14 : -14

OToif MaTpHUIle COOTBETCTBYET CUCTEMA YPaBHEHUIA:

[Tpumep CucreMa, KOTOPYIO sl peliaro

X +2xy +3x3 =2,
=3x, = 2x3 =-2,
—14x; =-14.

O6parHeiM x0110M MeToa ["'aycca Hall1éM HEM3BECTHBIEX |, X, , X3 .
Oopamnotit x00 merona ['aycca 3akirodaeTcsi B CICAYIOIIEM: U3 HOCIEOHe20
ypasnenusa naxooam X . lloocmasus naiidennoe snauenue X 60 8mopoe ypas-

HeHue, noxydarom HeuzeecmHoe X, . Iloocmasus natioenmvie 3HAYEHUS Heus3-

6EeCMHbIX X3 U X, 6 nepgoe ypasHeHnue, HAX00sMm Heuz8ecmHoe Xp.
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[Mpumep Cucrema, KOTOPYIO 5 PEIIA0 3ameuanue. [ApyrumMu SKBUBATCHTHBIMU MPeoOpa3oBaHUAME MaTpuia A
OblIa IpHBe/IeHa K BULY:

x5 =1,
—3x2 —2.1=2=x ) :(), 1 2 3 2 [IpoBepuM, umeeT AU cucrema, e coo;-
: BETCTBYIOIasl, TO )K€ PEIICHHE: X =—
X +2:0+3:1=2= A=0 1 -4 : -4 yrotas, p 1 ’
: x,=0, x; =1
- - 2 3
x=2-3=-1=x=-1. 0 0 -16 : -16 ’
1.10. BcioMHHTEe M 3alMIINTE ONPECICHUE PEIIeHNs] CHCTEMBI JHHEHHBIX X +2x, +3x3 =2, =1,
YPaBHCHHIA. X, —4xy =4, / X, =—4+4x,=-4+4=0, x, =0,
.................................................................................................................................. —16x; =-16. x =2-3x3-2x,=2-3-0=-1,x, =-1
Haiinennoe pemrenne x; =—1, x, =0, x; =1 H0omKHO yROBICTBOPATH KaK-
AOMY ypaBHCHHIO TaHHOM CHCTEMBI, €CIIM CHCTEMA PCIICHA IIPABUIIBHO. JleficTBUTENBHO, SKBUBAJICHTHAS. CUCTEMA UMEET TO XKE PELICHHUE.

2) PeummM cuctemy metoaom Kpamepa.

[Ipumep Cucrema, KOTOPYIO ST penar
Brryuure popmynupoBky Teopemsl Kpamepa.
x,=-1,x,=0, x5 =1; X, = X,= X;= y (bopmyimposKy Teop pamep
mo/iIcTaBUM Hal/ICHHBIE 3HAYECHUS HEW3- Kea()pamua;l cUCTeMa JIMHEHHBIX ypaBHeHI/Iﬁ HUMECT
BECTHBIX B K&KIOC U3 COOTBETCTBYHOLIMX] Teopema Kpamepa | eduncmeennoe peutenue 1oria u TOJIbKO TOTa,
yPABHCHHI JAHHOM CHCTEMBI KOI'/Ia onpedenument 0CHOBHOU MAaTPUILIbl ATON CHUC-
—1+2-0+3-1=2, TEMBI
—1-0+1=0, He pageH Hyio
—-1+3-0—-1=-2.
B sToM cimyuae 3HaUeHHsT HEM3BECTHBIX HAXOT Mo MpaBmiy Kpamepa.

Wrak, npu moMomy IpoBepKy yOeTMIHACh, YTO CHCTEMa pelieHa BEPHO.

Heuszeecmnoe xi PaBHO OTHOLICHUIO ONMpEaean-

Oteer: x, =—1, x, =0, x; =1 Otser: x,= X,= X,= . -
1 P2 0 73 1 2 3 Mpasuio TeJIsi OCHOBHOM MaTpHIIbI CHCTEMBI, B KOTOPOM I — i

Kpawmepa CTOJIOCI] 3aMEHEH CTOJIOIIOM CBOOOIHBIX YJICHOB, H

OTBeT MOXKHO 3aIiCaTh B BUAC ManI/IHI)I—CTOJ'I6HaZ
onpeaeauTeas OCHOBHOM MaTpulbl CUCTEMBI.

IIpumep CucteMa, KOTOPYIO s peniaro
X -1 X, O3HaKOMBTECH C JOKa3aTenbecTBOM TeopeMbl Kpamepa ([2], 11, §2.2; [4], V, §2.2).
X |=| 0 Xy |= BoruncnuM omnpeaenuTens OCHOBHOM Marpuilsl cucteMbl det A, Hampumep,
X METOJ0M TPeYroJbHUKOB. V300pa3uM 3JeMeHThI ONpEeNUTeNs TPEThero mo-
X3 1 3
psi/IKa TOUKaMH.
OTBET MOKHO 3aIKCaTh B BUIE MaTPULBI—CTPOKH. 1.11. CoeauuuTte NMpsIMBIMU JIMHUSIMUA TOYKH, COOTBETCTBYIOIINE SJIEMEHTaM OIl-
I C penenuTens, NPOU3BEACHUSI KOTOPBIX BXOAAT B ONPEICIHUTENh C TEM XKe
puMep HCTEMA, KOTOPYIO 51 peliaro 3HAKOM:
(v, x, x3)=(-1 0, 1) (xp Xos x3):( ) e
L] L] L]
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1.12. COCHI/IHI/ITC MNpAMBbIMU JIMHUAMHA TOYKH, COOTBCTCTBYIOIIUEC 3JICMEHTAM OIl-
peaenauTeisa, NpON3BEACHNUA KOTOPBIX BXOIAT B ONPEACIUTEIL C IMIPOTHUBO-
TIIOJIOKHBIM 3HAKOM:

IIpumeHUM IIpaBUIIO TPEYTOJbHUKOB JUIS BBIYMCICHUS OIPEIACIIUTENS OCHOB-
HOM MaTpUIIbI CUCTEMBI.

1 2 3

1 -1 1
detA=A= =

1 3 -1

=l--D)-(-D)+2-1-1+1-3-3-(1-(-D)-3+2-1-(-D)+3-1-1)=14.
3anuimure onpenenurens det A OCHOBHON MATPHIILI CUCTEMBI, KOTOPYIO
BrI pemraete, 1 BBIYHCIHATE €TO.

detd=A= =

1.13. Kak nosryuuth OnpeaennTesb, CTOSIMUA B ynciurene ¢popmyisl Kpamepa,
JUIsl HaX0XKJCHUS] HEU3BECTHOIO X | 7

3amumuTe onpeaenuTens A4,

OHpCﬂeJ’II/ITeHL IpuMepa OHpG,HeHI/ITCHB Moel 3agauyu
2 2 3

M, = 0 -1 1 Ad, =
-2 3 -l

Beruarcnum onpenesuresb AAXI , HarpUMep, Ipu noMoly Tadmubl Capproca.

1.14. Kak coctaButh Tabauiy Capproca U BEIYUCIUTH ONPEICTUTEIb, HCIIOIb3YsI
9Ty Tabauiy?
B Tabmume Capproca, rie 31eMeHT 0003HaueHBI TOYKaMH, PacCTaBbTE 3HAKM,
C KOTOPBIMU COOTBETCTBYIOIIHIE IIPON3BEICHNS BXOIST B OTPEICITUTEINb.
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Cocrapum Tabnuity Capproca uist BBIMUCICHHs OpefenuTens A4,

Jns onpenenurens npumepa Jist onpenenurens Moew 3anaun
2 2 3 : 2 2
0o -1 1: 0 -1
-2 3 -1 : -2 3

Taxum obpazom
M, =2-(-1D)-(=1) +2-1-(=2) +

+3.0-3-(-2)-(=1)-3-3-1-2-
~(-1):0-2=2-4+0-6-6-0=

=-14,
M HEM3BECTHOE X PABHO:
HeussectHoe x; mpumepa HeusBectHoe x; Moeli 3aga4u
My 14 A,
S=TR T T NS C

3ameuanue. MeTogoM TPEyTrOIFHUKOB U MpH moMomy Tabmwmbl Cappro-
Ca MO>KHO BBIYHCIIATH ONPEIETIUTEIN TOJIBKO TPETHEro IOpsiIKa.

Omnpenenurens JTFOO0T0 MOPSAKA, B TOM YHCIE M TPETHETO, MOXKHO BBIYHC-
JIATh, TIOHWKAas TOPSIOK OIPENSIIUTENs Pa3IoKeHHEM OIPEIeNUTeNs 1Mo diie-
MEHTaM KaKOH-1100 ero CTpOKd WM Kakoro-nmubo ero cronbua ([2], II, §1.1,
§1.2,81.3;[4], V, §1.4, §1.5) u ucnionp3yst P ITOM CBOHCTBA OIPEICITUTEICH.

1.15. Kak mosy4uTh ompenenurens, CTOSIui B uncnurene ¢popmynsl Kpamepa
JUISL HaX0XKICHUSI HEU3BECTHOTO X 5 ?

Cocrasum onpezennrens A4, :
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Onpenenurens IpuMepa OnpenenuTens MOeit 3a1aun
1 2
3 A, =
A, =1 0 1 ?
1 -2 -1

W Pa3lIoRKUM 3TOT OINPEAEIUTENb, HAIPUMEp, TI0 3JIEMEHTaM BTOPOTO CTOJIONA,
TaK KaK BO BTOPOM CTOJIOIE OJIMH U3 3JIEMEHTOB PAaBEH HYJIIO.

C sroit LECJIbIO MPUMEHUM MPABUJIO PA3JIOKCHHUA ONPCACTIUTEIA IO DJIEMCHTaAM
KaKOM-1u00 ero CTPOKH WJIH CTOJ'I6IIa, HCIOJIb3YS MMOHATHSA MHUHOpA U anre6pa1/1—
YECKOTO TOIIOJTHCHUA:

Onpenenenne Munopom M snementa a; onpenemuTens n-ro

muHopa M ;;
TOpsiIKa Ha3bIBAeTCA onpenenurens (n—1) -ro mo-

JICMEHTA q; ; o
dleme al} pAAKa, ITOJTYUYCHHBIU U3 TaHHOTO ONPEACITUTEIIA

onpeneInTest BBIYEPKUBAHKEM JIEMEHTOB i -i CTPOKH U j -TO
n-1r0 MopsiiKka CTOH6Ha.

Ompenenenne  ai- AJredpandecKuM JA0NMOTHEHHEM Al.j dIIeMeHTa d;
redpanvyecKoro [o-

HA3bIBAETCS MHHOP 3TOTO 3JIEMEHTAa, YMHO)XEHHBIN
nojiHeHus A.. dJe-

Lj Ha (_1)(”’]). Alj — (_1)(l+]) 'MU

MeHTa q;; omnpene-

JIATEass  n-ro  MO0- | (j _ gomep CTPOKH, j — HOMED CTOJIOLA).
psiaKa

B cooTBeTcTBHM CO CBOWMCTBAMH OIIPEIETHUTENb MOPSIIKA 71 MOXKET OBITh Mpea-
CTaBJICH B BHUE PA3JI0)KEHHS 3TOTO OIPEAEIUTENS 10 HIEMEHTaM I-i CTPOKH:

n
det4 = zaiinj =a,4, +a,4, ++a,d, =
=
= a”(— 1)i+1 M +a; (_ 1)i+2 M, +-+a, (_ 1)i+n M, .

To ectb onpedenumens keadpamnoii mampuyvl A nopsadka n pasen cymme
npou3BeOeHUll INEMERMO8 KaKoi-1ubo i-ii e20 cmpoku na anzefpauyecKue
OONOIHEHUA IMUX ITIEMEHMOE.

AHaNOruYHbIM 00pa30M MOXKHO Pa3oKUTh TOT XK€ ONPEACIUTENb M0 dJie-
MEHTaM JIF000I0 €ro CTOJI0I1a.
17

Tak s ompeenuTeNns TPEThEero nopsaka Gopmya pasiokKeHHs Ompeaesy-
TEJIS 110 JIIEMEHTAM BTOPOTO CTOJIONA MOIYYHUTCSI CIIEAYOIICH:

Ay 42y 413
a, a ay, a a, a
_ 142|921 423 242911 413 32|11 Q13| _
Ay} Apy Aps —“12(_1) +a22(—1) +a32(—1) =
az; dsz as) dsz ay d
azyi dspi dsz

=~ a12(a21a33 _a3]a23)+ ax (a11a33 - a31a13)_ asz; (a11a23 —djdps )
Onpenenutenn BTOPOro MOPSAKA ITOTyJar0TCsI, €CIIA BBIYEPKHYThH B OMPEICITUTE-
JIe TPETHEro MOPs/IKAa BTOPOi CTONIOEI] M, COOTBETCTBEHHO, MIEPBYIO, IIOTOM BTO-
PYI0, IOTOM TPETHIO CTPOKH.

[IpuMeHuM 3anucaHHyO BbIIC (HOPMYJIY AJIS BBIYHUCICHUS ONPEIACITUTEIS

AA, , yunTbIBas, 4TO ONPENENHTENb BTOPOr0 NOPsAKA PaBeH PasHOCTH

NPOoU3BeIeHUI 3JIEeMEHTOB IVIABHOM M MO0O0YHOM JUATOHAJIeH:

1 1 1 3 1 3
AAXZ :2.(_1)1+21 0 +0.(_1)2+21 B +(_2)(_1)3+21 1‘:
= (<2)((=1)~1-1)+0+2(1-3) = (-2)(-2) +2(-2) = 0.
M, 0
Taxum obpazom, x, =—==—=0.
AA 14

Boruucnure onpenenurens Asz , COOTBETCTBYIOIIMHA CHCTEME YPaBHEHU,

KOoTopyto BwI pemaere, yka3aB, IO 3JIeMEHTaM KaKOW CTPOKH WM CTOnOIa B
packiIaabIBacTe ONMpeIeTUTEND AA)62 .

Onpenenntens A4, sl paCKIaIBIBAIO 1O MEMEHTAM .......coomvvmmirvernnnensenenese.

Xy =

Tenepf, MOJKHO HalTH HEU3BECTHOE:! Xoy=

1.16. Kax noxy4uTs onpenenuTens AAX3 , cTosIIMi B unciurene Gpopmyisl Kpa-

Mepa AJ1 HaXOXKIAEHUs] HEU3BECTHOIO X 5 7

3anurrem onpenenurens A4 v, AR JTAHHOHM CHCTEMBI YpaBHECHUIA:
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OmnpepnenuTens IpuMepa OnpenenuTens MOeH 3a1aqn
1 2 2
M, =1 -1 0 A, =
1 3 -2

MO>KHO BBIYHCIIUTD 3TOT OTPENEIUTENb, Pa3JIOKHB €T0 10 3JIEMEHTaM KaKoH-
100 ero CTPOKH WM KaKOTO-JIMO0 €ro CTONIONA, HO MPEIBAPUTENEHO ITOIYIHB B
BBIOPAHHOW CTPOKE MJIM CTOJIOLE BCE HYJIH, 32 HCKIIOUYEHHEM OJTHOTO 3JIEMEHTA.

[oyyum, HanpuMep, enié OMUH HOJb BO BTOPOH CTPOKE M BBEIYHCIHM OIIpe-
JeJIUTENb, PA3JI0KUB €ro 110 HJIEMEHTaM BTOPOI CTPOKH.

2 2] 13 2
I H 1(_1)1+2

AAX3 =l =1 0f=|
1 3 -2 1

L+ A
3ameuanue. CorjiacHO CBOICTBaM ONpEICNUTENCH, padouylo CTPOKy
(cronberr), kKoTOpast He U3MEHSIETCSI, MOKHO YMHOXATh Ha JIF000€ YUCIIO M CKIIa-

JBIBaTh C COOTBETCTBYIOLIMMH 3JIEMEHTAMH JPYyToi CTpokH (crondma). Ompene-
JIUTCJIb OT TAKHUX npe06pa3OBaH1/11‘?1 HC U3MCHSICTCA.

= f _2‘:‘(3(—2)—4-2):14

Ho ecnu ans monmyuenust Hyneil Bel ymMmHOXuTE Ha 4yucio @ # 0 3JI€MEHTHI
JpyToii cTpoku (He paboueii, a Toi, KOTOPYIO U3MEHSIETE), U CIOKUTE C COOTBET-
CTBYIOIIMMH 3JIEMEHTAMH paboUeil CTPOKH, OTPENENNUTENb HY)KHO Pa3IeuTh Ha
310 yncno a # 0.

Hanpumep, svluucium onpederumens uemeépmozo nopsioKa, nNoiyyue Hyiu 6
yemeépmom cmonbye (pabouas cmpoxa — uemeépmasl).

2 -11 0 2 -1 10
0O 12 -1 ¥ 3 2 8 0f_
32123 é| —6 -4 -16 0
B__ 16 1(-3) 3.1 61

Pasnooicum onpedenumens no snemenmam uemeépmozo cmoibya, a 8 onpe-
oenumerne mpemove2o NOPAOKA NOAYUUM HYIU 8 NEPEOM CIoadye:

2ozl LPfe— 0 -7 13
1) 2 sl (@ =%3 2 8|=0,
6 T4 Mg < o 0 0

Onpe()eﬂume/zb paeen Hy1i0, makK KakK 6 mpembeﬁ CmpoOKe 6ce djemernmul noyy-
UYUIUCH PABHBIMU HYIO.
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[Nosny4yuTe HyIu B Kakoi-Iu00 CTpoKe MM KakoM-Iu0o cTojible onpeneiy-
Temst A4, , COOTBETCTBYIOLIETO CHCTeME ypaBHEHHI, KoTopyto Bel pemaere, n

BBIYMCIIATE ONPEACTUTETh Asz :

o . 14
Haiingm x5 = = 1. 3anmmure 3HaYeHN HEU3BECTHBIX CHCTEMBI Bamero

BapUaHTa: X3 = , Xy = , X =

Caenaiite npoBepKy NPaBUILHOCTH PELIEHHs CUCTEMBI Bamero BapuanTa.
IToncraseTe HaliIEHHBIE HEU3BECTHBIE X |, X,, X3 B IIEPBOE YPAaBHEHUE AAHHOM
CHCTEMBI . ..uivtiniieteneetescse st se ettt se et st s s s s st es s st ne e s ens e s s
BO BTOPOE ... outintinittttt ettt e e e e et
0 0L oL

3anuImnTe OTBET:

3) Pemnm cucreMy MATPHYHBIM METOAOM.

Marpuisl, Mo100HO BEKTOPaM, MOXHO CKJIa/IbIBATh, YMHOXATh HA YHCIIO U OJHY
MaTpHIly Ha APYTyIo.
1.17. ChopMyTHpyHTE OMPEAETEHNE CYMMBI MATPHIL ...eovvnenennenenenennenenen.

1.18. Cnoxxute MaTpHIIbI

2 3 4
a) A=|0 1 -2| um B= ;
5 -3 4 -3
0 -1 3 4
6) A=|2 -3 u B=|-5 0
5 6 1 -2

1.19. OmnpenenuTte onepanno yMHOXKEHH MaTPUIIBI HA YHUCTIO: .
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2 0 -1
31 0

1.21. Omnpexaenute Npou3BeIeHUE MAaTPHUIBI — CTPOKHU pa3Mmepa | xn Ha MaTpu-
Iy — cronoer pazmepa nx1.

1.20. Haiinute npousBenenue Matpunbsl A4 = [ J Ha ynueno A =-1.

0

1.22. Tepemuoxbre Matpumst A=(—-1 2 0 4)u B=

1.23. Kakux pa3MepoB JODKHBI ObITh MATPHUIIBI, YTOOBI CYIIECTBOBAIO MPOM3-
BEJIEHUE 3TUX MATPUIL?

1.24. Kakue MaTpHIlbl Ha3bIBAIOTCS MIEPECTAHOBOYHBIMHU?

1.25. Chopmymupyiite onpeaesieHue MPOU3BEACHUS IBYX MaTPHIIL.

010
1.26. Haiigute npousBeaeHue Matpul, A4 = (1 0 J u B=

—_— O

0 1
1 0
0 1

1.27. Haiinute npousBeneane BA MaTpuIl U3 MPEIbIAYIIETO 3aJaHNs.

1.28. Kakas MaTpuia Ha3bIBacTCA €AMHUYHON MaTpuled E ?

Ennanynas marpuma oOnamaeT 3aMedaTelbHBIMH CBOWCTBAMHU: YMHOKCHHE
KBaJpaTHOW MAaTpPHUIBI JIFOOOTO MOPSAKA HA €IMHUYHYIO TAKOTO K€ MOpPsiIKa He
MEHSIET UCXOJHYIO MaTPHUILy. Y MHOXKCHHUE JTF000# KBapaTHONH MATPHUIIBI HA CIH-
HUYHYIO KOMMYTaTuBHO: AE = EA, TO ecThb eqUHUYHAs MaTpHLA SIBISETCS IIe-
PECTaHOBOYHOM ¢ 000 KBaIpaTHOW MaTPHUIICH TAKOTO e pa3Mepa.

1.29. Kakas matpuia Ha3sIBaeTcsi 00paTHOM [uist MaTpuibl A ?

1.30. [Ins kakux MaTpHIl CYIIECTBYIOT 00OpaTHBIC MATPHIIBI?
1.31.Chopmynupyiite onpeeneHus BRIPOKISHHON 1 HEBBIPOXKACHHON MaTpHLI.
1.32. Kax Haiitn 00paTHyIO MaTpuIly 4-', €ciM OHa CyIIecTByeT?

|
1.33. Ilycte 4= (0 3 ] . Haiigure muist matpunbsl A oOpatHyio A7

-4 0 1
1.34.Tlyctp A=| 2 -1 3 |. Haiigure ous matpunbl 4 oOpaTHYIO A7
322

PaccmoTpum, kak mpuMeHsieTcst oOpaTHast Matpuia s permenus CIIY.
CucteMy JUHEHHBIX YpaBHEHUI MOKHO 3alucaTh B MAaTPUYHOM BUJE, TIpUMe-

X1 by
X2 b,

HSISl YMHOXEHHE MaTpul A = (ai/) , X = R B= Sl AX =B.
X b
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Ecni yMHOXUTE 00€ 4acTH 3TOro MaTpU4HOTO ypaBHEHHsI Ha 0OpaTHYIO MaTpu-

L[yA’1 clieBa:
A ax =4"" B,
EX = A7'B;
X =A7'B,

TO MaTpuIa — ctojdery X Oyaer MpeacTaBisiTh COOOH PElICHUE CUCTEMBI JIU-
HEHHBIX YpaBHEHHA, KOTOPOE MOXHO HANTH YMHOXXEHHEM MATpPHIIBI, 0OPaTHOM
OCHOBHOH MaTpULE CHCTEMBI A7 na MaTpuIy — cronden B . Takol meron pe-
LIEHUS KBaJPATHON CUCTEMBI IMHEHHBIX YpaBHEHHUM Ha3bIBA€TCS MATPUYHBIM.

Pemure nannyro B 3amanuu 1 cuctemy MarpudHbIM MeTogoM. He 3a-
OynpTe caenaTh MPOBEPKY MOCIE TOTO, KAK HaleTe 00paTHyIO MaTpHILy.

3AJAYA 2.a NeQ (2.2 Ne )

MOETO BapHaHTa

Jana cucrema ypaBHeHui. JlokaszaTh e€ coBmecTHOCTh. Haiiti oOmiee perre-
HHE CHCTEMBI H OJTHO YaCTHOE PEIICHHE:

Cucrema ypaBHEHUH puMepa Cucrema ypaBHEHUI MOETO BapHaHTa

2x, =X, + x;=-2,
X, +2x, +3x, =-1,

X, —3x, —2x,=3

Pemenne. Vccenyem naHHYIO CHCTEMY Ha COBMECTHOCTH, IIPHMEHSS TEOPEMY
Kponekepa — Kamenmu ([2], 11, §7.6 wmum cMm. c. 7).

1.9. Kak noqy4uTs paclIipeHHYI0 MaTPUILy CUCTEMBI?

CocTaBuM pacIIMPEHHYIO MATPHUILY CHCTEMBI:

Pacmmmpennas matpuna npumepa (| Pacimpennas MmaTpuna Moel cucte-

MBI
2 -1 1:=2

B=|1 2 3:-1 -
1 -3 -2: 3 B=

Haiiném panr MaTpuiibl B METOZOM AJIEMEHTapHBIX IpeoOpa3oBaHuil Hall
cTpokamu 3Toit Marpunsl ([2], I, §6.5; cm. anroput™ 1 Ha c. 9).
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(2 -1 1 :-2] 0 5 SE—Sﬁ
B=|1 2 35—1ﬂ ~0 5 5:-4(D ~
: 3 :

[1-3-2: 3} 0 [1-3-2: 3
0 0 0:i-4]
~[0 5 5:i-4
1 -3 -2 3

Munop M ; Matpuupl B, COCTaBIeHHBIH U3 NEPBOro, BTOPOrO CTOJIOLOB U

CTOJIONA CBOOOTHBIX YJICHOB HE PaBEH HYJIIO:

0 0 -4
M;(B)=10 5 -4 =20%0,
1 -3 3

a MHHOPOB YETBEPTOTO ITOPSAKA MaTpUIla B HE UMEET, IIOCKOJIBKY Y He€ TOJIBKO
Tpu cTpoku. [Toaromy Rang B = 3.

OcHOBHasl MaTpHlla CUCTEMBI 4, 3alMCaHHas cIeBa OT IyHKTHPa B MaTpHIle
B, Temm ke caMblMH  TpeoOpa3oBaHUSAMKM  TNpPHBEACHA K  BHAIY:

0 0 0
A~10 5 5.
1 -3 -2

0 0 0
MI/IHOpMz(A)Z(l) _§‘=—5¢0,aMI/IHOp My(4)=10 5 5 |=0.
1 -3 -2

Jpyrux MHHOpPOB TpeThero mnopsiaka mMarpuna A He uMeer. CiemnoBaTesbHO,
IO OTIPENIEIICHUIO paHTa MaTPHIIBI , PAHT MAaTPHUIIEI A paBeH AByM: Rang 4 = 2.

Urak, Rang B = 3 # Rang 4 = 2, u no teopeme Kponekepa — Kanennu wc-
cleyeMasi CUCTeMa HECOBMECTHA , TO €CTh pelleHuil He umeeT. Ha sToMm pere-
HHE NOCTABJICHHOH 3ajaull 3aKaHYUBACTCSL.

Hccnenyem Ha COBMECTHOCTD €Il O/IHY CUCTeMY JIMHEHHBIX YPaBHEHUMN:
2x; =X, + x4+ 2x, +3x5 =2,
6x, —3x, +2x; +4x, +5x, =3,
6x, —3x, +4x; +8x, +13x, =9,
4x, = 2x,+ x;+x,+2x, =1.
2.1. CKOJBKO YPABHEHHUM COAECPIKHUT CUCTEMA? .oovvvreureeerrennreenereenreennneenneensneensneenns
2.2. CKOJIPKO HEM3BECTHBIX B TAHHOU CHCTEME YPABHEHHM? .....eevvvnevneeneeeieeeeennens

2.3. Kak Ha3bIBaAIOT JAHHYIO CUCTEMY YPABHEHUI? .....eevvieereeeiieniieeniieenireenireenineenes
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2.4. Kak HaliTH paHT MaTpHIBI SJIEMEHTApHBIMH IIPE0OPa30BAHUSIMH €€ CTPOK?

Haiiném panr pacmmpeHHOH MaTpuipl B cHCTEMBI METOJOM 3JIEMEHTAPHBIX
peobpa3oBaHAN.

2 -1 12 3 2 (_;3)(_3)(_2) 2-1 1 2 3 2
B:6—324 5:3 ++~O 0-1-2-4:-3
6 -34813:9 00124:3+
4 -211 2:1 00—1—3—43—31
) §_1 1 2 §3 ) (BTopyio CTpOKYy MaTpHIIbl, S5KBUBAJICHT-
~10 : 01 2 54 °3 HOM MaTpuie B, BBIYEPKHYJIM Kak Ipo-
10 {00 -1i0:0 MOPLUUOHANBHYIO TPEThEH CTPOKE).

OueBHUIHO, YTO MOCIEAHSST MAaTPHIA, SKBUBAJICHTHAS MaTpUIe B, nMeeT MU-
Hop M 3(3), HE paBHBIN HyNIO, a MUHOPOB YETBEPTOro MOPSAIKA MOTydeHHAs

MaTpHUla HE UMEET, TOCKOJIbKY Y HE€ TOJIBKO TPU CTPOKH:

-1 1 2
MyB)=| 0 1 2/=1=0.
0 0 -1

HauppIciiuii NOpsAI0K OTJIMYHOI0 OT HYJII MUHOPa MaTpULbl B paBeH
TpéM. CiieoBaTeNbHO, PaHT MaTPHUIIB! B (TI0 OIIpeIeIeHUI0 paHra MaTPHILIBI)

ToXe paBeH TpéM. Rang B = 3. Otot ke MuHOp M 4 (B) SIBISIETCSI MUHOPOM
OCHOBHO} MaTpPHI[bI CUCTEMBI, TO ecTb M , (B ) =M, (A) =1#0, 3nauur, panr

OCHOBOM MaTpHIIbI CUCTEMBI TOXeE paBeH TpéM: RangA4 =3.
[To Teopeme Kponekepa — Kamemmn naHHas cHCTeMa COBMECTHA
Rang4 =RangB =r=3. Kpome toro, »r=3<5=n (n—uucno HeusBecT-

HBIX JJAHHOW CHUCTEMBI).

|| OnemeHTapHbIe MPeoOpa30BaHKs CHCTEMbl yPaBHEHHH MOETO BapHaHTa ||
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2.5. PaccraBpTe 3HaKH (=, <, >), ONPEACISIONINE YCIOBHS, TPU KOTOPBIX CHCTe-
Ma /1 JIMHEHHBIX YPaBHEHUI C 7 HEU3BECTHBIMHM UMEET €ANHCTBEHHOE pellle-
HUE, TO €CTh SIBJISETCS ONpPeaeTEHHOI.

r= Rang 4 Rang B n

2.6. PaccTaBbTe 3HAKH (=, <, >), ONpPEICIAIONINE YCIOBHUS, IPH KOTOPBIX CUCTEMa
m JMHEWHBIX YpaBHEHHUH C # HEM3BECTHHIMH UMEET OECKOHEUHOE MHOKECTBO
PELIEHHI, TO €CTh SBISETCS HeonpeaeaéHHOM.

r= Rang 4 RangB n

2.7.K xakoMy BBIBOJY NpuBeNN Bac IpoBenéHHBIE HCCIEAOBAHUS CHCTEMBI
ypaBHEHUI 3a1a4uu 2.a?

Cucrema ypaBHEHUH, KOTOPYIO g UCCIEAYIO,

COBMeECTHA (HECOBMECTHA) onpenen¢HHa (HeonpeIenéHHa)

Onpenenenne  6a- | J[t00oii, He paBHBIN HYJIK MUHOpP, UMEIOIIHNA MO-
3MCHOTO MHHOPAa H | PAAOK PaHra OCHOBHOW M pacCIIMPEHHOW MaTpuIl
0a3HCHBIX HeHU3- | CUCTEMBI, Ha3bIBaeTCsl OA3MCHBIM MHHOPOM, a He-
BECTHBIX U3BECTHBIC, KOA(QOUINEHTHI IPH KOTOPHIX BOLLIM
B 0a3MCHBIN MUHODP — 0a3MCHBIMH HEU3BECTHBIMHU.

OmnpenesieHne  CBO- Hen3sgecTtHble, K03 GUIIMEHTH! IPH KOTOPHIX
OOTHBIX HEM3BECT- | He BONLIM B 0Aa3UCHBI MHHOD, Ha3bIBAIOTCSA CBO-
HBIX OOTHBIMH.

2.8. Kax HaliTu oOmiee pemenue (0.p.) NMPOU3BOJIBHOM CHCTEMBI JIMHEHHBIX
ypaBHEHUH?

2.9. Bribepure 6a3ucHbII MHHOD TaHHOH Bam crcTeMbl TMHEHHBIX ypaBHEHHUI.

M =

r

2.10. Kakue Hen3BeCTHBIE HA30BETE 0a3MCHBIMU HEM3BECTHBIMM ?

I[OHI/II_HI/ITG HUHACKCHI: X , X , X — 0a3KMCHBEIX HEM3BECTHRIX Baiiero BapuaH-
Ta.

2.11. Kakue Hen3BeCcTHBIE Ha30BETE CBOOOIHBIMU?

3anuiieM JaHHYI0 CUCTEMY JIMHEWHBIX YpaBHEHHM B CTYNEHYAaTOM BHUJE IO
MOJIyYeHHOUN SKBUBAJICHTHOM MaTpuLe B:

CucremMa ypaBHEHUH npumMepa CucreMa ypaBHEHHMI MOETo BapUaHTa

2%, =Xy +x3+2x4 +3x5 =2,
X3 +2x4 +4x5 =3,

_x4:0.

Iepenecém cBoGonHbIE HEM3BECTHBIE X U X5 (B Bamei cucreme 5T0 Mo-

TYT OBITH APYTHE HEU3BECTHBIE) B IIPaBbIe YaCTH YPaBHEHHUH.

Cucrema ypaBHEHHUH npumepa Cucrema ypaBHEHHI MOETO BapHaHTa

=Xy +x3 +2x, =2 -2x —3xs,
X3+ 2x, =3—4xs,

-x, =0.

ITpumennm obpaTHBI X0x MeToaa ["aycca s HaxoXKAeHUS Oa3UCHBIX HEH3-
BECTHBIX Yepe3 CBOOOIHEIE.

3HaueHUsI HEU3BECTHBIX IpUMepa 3HaueHNUs HEU3BECTHBIX BapHaHTa
X3+2:-0=3-4x5;
X3 =3—4xs.

—x, +(3-4x5)+2-0=2—3x5 —2x;;
=Xy =2=3x5 —2x; =3+ 4xs;

x2 :1+2X1_XS.
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2.12. Kax Ha3BIBaeTCs MMOTyYeHHOE perieHne?

Honyquﬂoe peUICHUC CUCTEMbI JIMHEHHBIX ypaBHeHI/Iﬁ Ha3bIBaCTCs

Y6enuMcs B IPaBUIBHOCTH HAMIEHHOTO PEIICHHs, TO ECTh CAEIaeM IPOBEPKY,
MIOZICTABUB MOJTYUCHHOE PEIICHNE B KaXk/10€ YpaBHEHHE AAHHOM CHCTEMBI:

IIpoBepka [uis mpumepa
2x, = (14+2x, —x5)+(3-4x5)+2-0+3x, =2,
6x, —3(1+2x, —x5)+2(3—4x;)+4-0+5x5 =3,
6x, —3(1+2x1 —x5)+4(3—4x5)+8-0+13x5 =9,
4x, —2(l+2x1 —x5)+(3—4x5)+0+2x5 =1.

|| ITpoBepka Uil CUCTEMBI YpaBHEHHI MOErO BapUaHTa ||

OO1ee pernreHne HalDIA BEPHO.
Beryunre onpeseneHre 4acTHOTO pEILeHNSI.

Onpeaenenne 4ya- | Pemenue, koropoe mHoiydaercs M3 OOILEro, €ciu

CTHOT'O peleHust CBOOOIHBIE HEW3BECTHBIE DPAaBHBI NPOU3BOJIBHO 3a-

CIy JIAHHBIM ITOCTOSIHHBIM YHCJIaM, Ha3bIBAETCA YaCTHBIM
pelIeHNeM CUCTEMBI TMHEHHBIX ypaBHEHUH.

Haiiném xakoe-HUOYAb OJHO YaCTHOE pelleHUe U3 OECKOHEYHOTO MHOYKECTBA
YACTHBIX PELIEHUI JaHHOW CUCTEMBL.

2.13. Kak st0 caenarn?

3anummTe NOTy4YeHHOE YacTHOE PEeIleHNE, IPUPABHSIB CBOOOIHBIE HEM3BECT-
HbIE HYJIIO U BEIYHMCIIUB 0a3MCHBIC HEH3BECTHBIE.

YactHoe pemeHue: x| = , Xy = , X3 = , Xy = , X5 =

HpHpaBHHﬁTe CBO6OJ:[HBI€ HCU3BCCTHBIC CAUMHUIIC, BBIYMCIINTC 3HAUYCHUA Oa-
3UCHBIX HCU3BCCTHBIX U HaﬁHHTG el€ OJHO YaCTHOE peuicHue.

YacTHOE pemienue: x| = , Xy = , X3 = , Xy = , X =

3anummre OTBET.
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3AJAYA 2.b Ne0 (2.b Ne )
MOEro BapHuaHTa
Hana cucrema ogHOpoAHbBIX JuHEHHBIX ypaBHeHui (COJIY). Tpebyercs
HaliTu oOliee pellieHre, Kakoe-TMOO 4YacTHOe U (YHIAMEHTAJBbHYIO CHCTEMY
YACTHBIX PENICHHUI TAHHON CHCTEMbI OTHOPO/IHBIX JTHHEHHBIX YPaBHEHHI.

Cucrema ypaBHEHHUH mpuMepa Cucrema ypaBHEHHI MOETO BapHaHTa

3x;+x, =8x3+2x, +x5=0
2x; =2x5 =3x3—=Tx4 +2x5=0
x,+11x, =12x, +34x, —5x5 =0

X, —35xy +2x53 —16x, +3x5 =0

2.14. CdopmynupyiiTe onpenesieHue CHCTEMbl OHOPOAHBIX JIMHEHHBIX ypaBHe-
3 171 At
2.15. Beerna iu COBMECTHA CUCTEMA OJJTHOPOIHBIX JTUHEHHBIX YpaBHEHUN?

Hatizem oOrmee pemieHrne CHCTEMBI OJHOPOIHBIX JHHEHHBIX YpaBHEHHMA,
npeoOpa3oBaB OCHOBHYIO MaTPHILy K CTYIIEHYaTOMY BUY:

3 I =8 2 | —— -5 2 -16 3

-2 -3 -7 2|4 + 16 -14 50 -8

1
B 2 0
111 -12 34 -5/<4— + 0 8 -7 25 -4
1 0
1

-5 2 -16 3| (-1)(-2)(-3) 16 —14 50 -8
-5 2 -16 3
~ , BBIYCPKHYJIM BTOPYIO MU YCTBCPTYIO CTPOKH, TaK
0 8 -7 25 _4 pKHY Py PTYIO CTp
KaK OHH MPOTOPIOHATIBHBI TPEThEH CTPOKe.
HpI/IBeI[I/ITe OCHOBHYIO MaTpully CUCTEMbI Barero BapvaHTa K CTyIICHYaTO-
My BHIY:

Bri6epem 6azucHblilt MuHOp M, = =8 # 0, cnenoBatenbHO, Oazuc-
0 8

HbIC HEU3BECTHBIE X; U X, (IIOCKOJIBKY CTOJOLBI HE IEPECTaBISUINCH, HyMepa-

oy NCpEeMCHHBIX HE I/I3MeHHHaCB).

Kakoit 6azucHsIit MuHOp BeIOpanmu Ber? 3ammmmre ero: M = =

HepCHCCGM CBO60I[HI>IG HEU3BCCTHBIC B IMTPABBIC YaCTU ypaBHCHPIﬁZ

28



Hccienosanue n penieHue NpoU3BOJIbHOM CHCTEMBbI JTHHEIHBIX YPABHEHUI
Cxema 2

Cucrema ypaBHEHHI IpuMepa Cucrema ypaBHEHHH MOETO BapHaHTa

R(A) — paHr 0CHOBHO# MaTPULIbI CHCTEMBbI;
R(B) — paHr pacliMpeHHOl MATPULbI CHCTEMbI;
M, — 6a3ucHbIii MUHOP;

X, —5x, = —2x5 +16x, —3x5 HauaJo

8xy, = Tx3—25x, +4x5

N — YUCJI0 HeM3BEeCTHBIX.
R(A) # R(B)
5 7 25 R(4) =R(B) §
¥ HaiiieM 00IIee PEIEHNe CUCTEMBL: Xy = — X3 — — X4 + — X5, Hecosmect
8 8 2 CoBMecTHas cucremMa Hast cucrema
eT pelIeHui
7 25 1 (MMeeT XOTs GBI OIHO PelIeHHE) (Het pewernii)
Xy =5xy =2x3+16x4 —=3x5 = 5| —x3 —— x4 +—x5 |—2x3 +16x, —3x5 =
8 8 2
19 1
= —x;+-x, ——Xx5. OOIee pemeHre MOXKHO 3aIIUCATh TaK:
g gt 27
(19 430 Lo ] F=n
s (1 t5C 726 R(4)=R(B) = 0 5
7 25 1 npenenéHHas cucremMa
gcl—?cz +EC3 p Al
X (C 1,62,C3 ) = ) (MMeeT eIMHCTBEHHOE PELICHHE)
)
C3 Aﬂ\
Haiinure oOiee perieHre Bamield cucteMbl 0THOPOHBIX JIMHEHHBIX YPaBHEHUI r<n “«
(COJIY) u 3amummre €ro: Heomnpenenénnas cucrema Meton Meron Martpuy-
2.16. Kaxas cucrema yactHbIX pemenuii COJIY HassBaeTcs (yHIaMeHTAb- (nMeeT GECKOHEYHOEe MHOMKECT- Taycca Kpamepa HEIH MeTox
HOI1 cucTeMoii yacTHbIX pemennii (OPCYUP COJIY)? BO pemeHI/Iﬁ)
2.17. Kak 00bI4HO TONTy4aroT (hyHAaMEHTATbHYIO CUCTEMY YaCTHBIX PEIleHHN? ¢
Haiinem ®CUP npumepa. ®CUP nomxna copepxath k =5-2=3 penieHus:
4] o M, #0
8 8 2 r i
7 =25 1
8 8 2 7 HEW3BECTHBIX — Oa3MCHEIE;
E =X (1,0,0) =1/, E,=X (0,1,0) =l 0|, E5=X (0,0,1) =10 k= (n — r) HEU3BECTHBIX — CBOOOHBIC. HpOBepKa
0 1 0 [epenecTr cBOOOIHBIE HEU3BECTHBIE K CBO-
0 0 ) 0O/HBIM UWJIEHaM, BBIPA3UTh OAa3MCHBIE HEN3-
LY LY L " BECTHBIE Uepe3 CBOOOIHEIE,
C ucnonb3oBaHneM (yHIAMEHTAILHOW CHCTEMBl YaCTHBIX PEIICHHH obiiee pe- MOJIyYHTh 00llee pelienne. K
oHenl

[IEHUE MOXET OBITh 3aITMCAHO B BHJE X(c1 ,C5,C3 ) =c B+, By +e3E5.

Haiinure ®CYP Bamero BapuaHTa u, HCHOJIB3YS €€, 3alUIINTE 00Iee peleHne
COJIY. CpenaiiTe MpOBEpKyY U 3AIHIINTE OTBET:

I. OCUP ...

2. Oomiee pemicHue
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[TpupaBHATH CBOOOIHBIE HEU3BECTHBIE IPOU3BOJILHBIM I10-
CTOSTHHBIM YHCJIaM, TTOJYyIUTh YACTHOE pelieHue.
Jl1s1 cucteMbl OMHOPOIHBIX JIMHEHHBIX YPaBHEHUHN

(Bce cBOOOIHBIEC WICHBI PaBHBI HYJIIO) MOJIYYHTH pyHAa-
MEHTAJIBHYI0 CHCTeMY (1 — ) YaCTHBIX pellleHMmii, ro-
CJIeJIOBATEJIbHO MIPUPABHAB CBOOOIHBIE HEU3BECTHBIE JJIe-
MEHTaM CTDOK €IMHUYHON MAaTDHIIBI.




JIEMEHTBI BEKTOPHOM AJITEBPbBI
(cTIpaBOYHEI MaTepHa)

Koopaunatel Bektopa AB  HaxoasT, BbUMTAas M3 KOOPAMHAT TOYKH
B(b,.,b,,b.), sensomelics KOHLOM BEKTOPA, COOTBETCTBYIOUIHE KOOP/MHATEI

Toukn A(a,,a,,a.), aBisiomelics HavanoM BeKTOpa.

Z?z(bx -a,b,—a,b, —az)=(bx -a, )f +(by —ay)]' +(bz —a, )IE

Kocunyc yria mexay Bekropamu AB u CD paBeH OTHOIIEHHIO CKAJISIPHOIO

NPOU3BENCHHUS 3TUX BEKTOPOB K MPOM3BEICHUIO [JIMH 3THX BEKTOPOB:
—ry (mco

COS (AB, CD) i prr e

| 45[co|

CxansipHoe mpou3sBeieHHe [ByX BEKTOPOB B OPTOHOPMHPOBAHHOM (JI€KapTO-

BOM) 0asuce paBHO CyMMe MPOM3BEICHUN OJHOMMEHHBIX KOOPJMHAT STHX BEK-

Topos: ecnnd =(a,,a,,a.),b =(b,,b .b.),

10 (a,b) = (b,a)=ab, +ab, +ab.-

a| =+/(a,a) B opronopmMupoBaHHOM Gasuce PaBHA KOPHIO

KBaJ[paTHOMY U3 CyMMBbI KBaJpaTOB KOOpAMHAT 3TOro Bekrtopa. Hanpumep, eciu

JumHa BekTopa

= - 2 2 2
a=(a,a,,a.), o |a=,la; +a,+a. .
~_(@b) y ;
np;a = T — mpoeKuHusi BeKTopa d Ha BekTop D .
b

B OPTOHOPMHUPOBAHHOM 0a3uce BCKTOPHOEC NMPOM3BEACHUE HAXOOAT, UCIIOJIb-

3ysl ONpEJIENUTEND, B 1-0if CTpOKe KOTOPOro — opthl i, j,k nexaproBoii cucre-

MBI KOOPJIMHAT, BO 2-0W CTPOKE — KOOPIUHATHI JICBOI'O U3 MEPEMHOKACMBIX BEK-
TOPOB, a B 3-€if CTPOKe — KOOPANHATHI PABOTO M3 MEPEMHOKAEMBIX BEKTOPOB.

Hanpuwmep, d =(a,,a,,a;),b =(b,,b,,b;), Torna Bexroproe npoussese-

HHE 3THUX BEKTOPOB B AEKapPTOBOH CHCTEME KOOPAMHAT MOXKHO HaWTH TaK:

i J ok
- ~|a a ~la a —|a a,| .
a’b — — 7 2 3 _ 7 1 3 + k 1 2
[a ] al az a3 l bZ b3 ] bl b3 bl bZ
bl b2 b3

31

CBoiicTBa BEKTOPHOI'0 MPOU3BeIeHUS: [;J’ = —[l;,gl m"d[;j’]: ‘;‘ ‘B‘ sina’ b);

mpotixa a,b,|a,b|—-npasas.

I'eomeTpuyeckui Mopayab BEKTOPHOI'O IPOU3BEACHUSI UNCIEHHO PaBEH

CMBICJI BEKTOPHOT'0 MJIOIIA/IH  MapajiesiorpaMMa, IOCTPOEHHOTO Ha

Npou3BeIeHN. MIEPEMHOKAaEMBIX BEKTOpPax KaK Ha IBYX CMEXKHBIX
cTtopoHaX. OOBIYHO BEKTOPHI MPHUBOIAT K OOIIEMY
Hauany.

IMonoBuHA MOyl BEKTOPHOTO NPOU3BEICHUS YHUC-
JEHHO paBHa IVIOIIAJM TPEYroJbHHKA, IIOCTPOCH-
HOTO Ha IIEPEMHOXKAaeMbIX BEKTOpax KakK Ha JIBYX
CMEXHBIX CTOPOHAaX JTOTO TPEYroibHHUKa. OOBIYHO
BEKTOPHI IPUBOAAT K OOLIEMY Hayaiy.

Omnpepnenenne Bekropsl, nexaiye B OAHOH MJIHM NMapajliejbHbIX
TIOCKOCTSX, Ha3bIBAIOTCSI KOMIUIAHAPHBIMU.

U yCJIOBHE KOMILIA- CMel1aHHOe ITPOU3BECHUE HEHYIEBBIX

HAPHOCTH BEKTOPOB. | KOMILIAHAPHBIX BEKTOPOB PaBHO HYJIIO.

CMeniaHHOe NMpou3BeJeHHe TPeX BeKTOPOB IIOJIydaroT, YMHOXas BEKTOPHOE
MIPOM3BEJCHUE IBYX BEKTOPOB Ha TPETHUII BEKTOP CKAJISPHO.

B oproHOpMupoBaHHOM 0a3nce CMeEIIAHHOE NPOU3BEAeHUE PABHO OIpPEEIIU-
TEI0, CTPOKaMH WJIM CTOJIOIAMH KOTOPOTO SIBIISIFOTCS KOOPJMHATHI IEPEMHO-
XKaeMbIX BEKTOpOB. OOBIYHO MEPBON CTPOKOI OIpeAenuTeNsl 3aIUChIBAIOT KOOP-
JUHATHI 1-ro BEeKTOpa, BTOPOH CTPOKOI — KOOPAMHATHI 2-TO BEKTOpa, a TPETher
CTPOKOI — KOOPJIMHATHI 3-TO BEKTOPA, €CJIM CYUTATh BEKTOPHI CIICBa HAIPABO.
ITone3Ho MOMHUTH TakKe CBOMCTBA CMELIAHHOTO MPOU3BeNeHUA: 1) mpu mepe-
CTAaHOBKeE JIBYX JIIOOBIX COCETHHX BEKTOPOB CMEUIAHHOE NPOU3BEAECHNE MEHsSIeT
3HAK Ha IPOTHUBOIOJIOKHEIN; 2) NPH HMKJINYECKOH

nepecTaHoBKe (IIOCIIEHUI BEKTOP CTABHUTCSI BIIEPEAN TIEPBOTO) CMELIaHHOE MPO-
W3BEACHNE He W3MEHSIeTCs, TIOCKOJIBKY TPH 3TOM JIBa Pa3a INEPEecTaBISIOTCS
COCEJTHHE BEKTOPBI.

TeomeTpuueckuii MoayJib CMEMIAHHOTO MPOU3BEACHUSI TPEX BEKTOPOB
CMBICJI CMEIIAHHOTO | PaBeH 00beMy mapaJiiesenumnena,
Npou3BeIeHN. MOCTPOCHHOTO Ha 3THX BEKTOpax Kak Ha pebpax.

OOBIYHO BEKTOPHI IPUBOAAT K 00IIIEMy Hadaly.
O0bEéM NupaMuUAbI, TOCTPOCHHON Ha BEKTOPaxX

AB, AC u AD , pasen oaHoii mecToii 06bEMa ma-
paienenumnesa, ITOCTPOSHHOIO0 Ha 3TUX K€ BEKTOpax
Kak Ha pebpax

i

: + Ax + A + Az e
Jesenune oTpe3ka P =B Yat A Zat A
1+ 1+4

— Xk
B OTHOILICHHH A. ‘ KB‘ 1+4
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3AJTAYA 3.0 (3. Ne )

MOCro BapHaHTa
Haner Toukn A, B, C u D. Tpebyercst:
1) Haiitu yron mMexay BeKTOpamu AB u CD .
2) OnpenenuTh, KOMIJIAHAPHBI JIU BEKTOPHI AB, AC u AD . Eciu Her, T0
HalTH 00BEM NMUPAMUJIBL, TIOCTPOCHHON Ha 3THUX BEKTOpaXx.

3) Haiitu muinHy BBICOTHI IUPaMUIBI, OMYIIIEHHOW U3 BEPUINHBI D.
4) Haiiti xoopauHaThl TOUKH K, ersiieii cTopony 4B B OTHOIIEHHH A.
Pemenne. 1) bynem uckaTts yroa Me:xxay BeKTOpaMHu AB u CD , 3aJJaHHbI-
mu Toukamu: A(2, -3, 5), B(0, 2, 1), C(-2, -2, 3) u D(3, 2, 4) no ¢popmyiie
__A__, (4BcCD
cos (AB, CD) = (_—_)
|4B|[cD|
3.1. Yto mpeacraBiisieT COO00 YUCIUTENb (POPMYJIBI ISl HAXOXKICHHUST KOCHHYCa
yIIa MEXIy ABYMs BeKTOpamu AB u CD?

3.2. Yrto mpencraBisieT coO000 3HaMeHarenb (GpopMyJIbl AJsl HAXO0XKICHUS] KOCH-
Hyca yrila Mexay IByMs Bekropamu AB u CD ?

3.3. Kak nmpouurath 3anucanHyto (opMyIty, pacKpbIBast OHATHs 0003HAYCHUI B
hopmyne?

3.4. Kak HaliTH KOOpPAWHATHI BEKTOpPA, €CIM M3BECTHHI KOOPAWHATHI TOUYEK, SIB-
JISIFOLIIMXCSI HA4aJIOM M KOHILIOM BeKTOpa?

3.5.Ilycts nanbl Touka A(X,, X,, X3) uTouka B(Y,, V,, V). 3amuiumuTe Koop-

JIHATHI BEKTOpa AB B 6Gasuice | s ;’, k JIEKapTOBOW CUCTEMBI KOOPIHAT.
Haiiném xoopAMHATEI BEKTOPOB AB u CD:

AB=(-2,5,—4); CD=(5,4,1).
3anummuTe KOOPIUHATH BEKTOPOB CBOETO BapHaHTa

AB=( ) n CD=( )-
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3.6. Kax HaiiT cKaJsIpHOE IPOM3BEACHHE JIBYX BEKTOPOB, €CIIM U3BECTHBI KOOPIH-
HATHI ITUX BEKTOPOB B OPTOHOPMHUPOBAHHOM (IIEKapTOBOM) Oazmce?

3.7. Beluncnure cCkalsipHOE NPOU3BeCHHE BeKTOpoB AB u CD mpumepa U CBO-
€ro BapHaHTa:

CkalsipHOe Ipou3BeIeHIEe BEKTOPOB || CkalsipHOE IPOU3BEICHIE BEKTOPOB
npuMepa MOET0 BapHaHTa

(AB , CD) = (AB , CD)=

3.8. Kakum 06p330M HaxXoJddAT MJIMHY BEKTOpPA, €CJIM U3BCCTHBI KOOPAWHATBL

3TOr0 BEKTOpa B OPTOHOPMHUPOBAHHOM (JIeKapTOBOM) Oasuce i, j, k ?

Haiiném nnuHbl BEKTOPOB AB uCD :

JUTHHBEI BEKTOPOB NpHMepa JUTHHBI BEKTOPOB MOETO BapHaHTa

\25\21/(72)2+52+(74)2 =45; \E\ _

|@|= S +47 417 =42 ‘5)‘:

Haiiném yron Mexnay BeKTopaMu AB uCD .

Vros Mexly BEKTOpaMu puMepa
COSQ_(AB’CD) = 6 = 6 = 6 = 2 ¢_arCCOS 2
‘EH@‘ Jasva2 osde7 3567 210 210
YFOH Me)l([[y BeKTOpaMI/I MOCTO BapI/IaHTa
cosQ = ¢ =

2) BelsicHUM, KOMILIAHAPHBI JIU BEKTOPbI AB, AC uAD.

3.9. Kakue BeKTOpBI Ha3bIBAIOTCA KOMILIAHAPHBIMU?

3.10. KakoBo ycimoBre KOMITIAHAPHOCTH TPEX BEKTOPOB?
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3.11. Kak Hy)kHO YMHOXaTh BEKTOPBI, YTOOBI TTOTYYHTh CMEIIaHHOE IIPOU3BEIe-
HHUE 3TUX BEKTOPOB?

3.12. Kax BBMMCISIIOT CMELIAHHOE [TPOU3BEICHUE TPEX BEKTOPOB, 3a/laHHBIX CBOMMH
KOOpIIHATAMH B OPTOHOPMHPOBAHHOM (IeKapTOBOM) 6a3uce i, j, k 7

Basuc Ha3bpIBalOT OPTOTrOHAJIBHBIM, €CIIM BCE €r0 BEKTOPHI B3aUMHO Iep-
NEHIUKYJISApHBL. ba3uc Ha3bIBaIOT HOPMUPOBAHHBIM, €CIIU BCE €0 BEKTOPHI €AH-
HUYHOHM UHBL. OpTOrOHANBHBIM HOPMHPOBAHHBIA 0a3HWc HAa3BIBAIOT OPTOHOP-
MHPOBaHHBIM 0a3HCOM.

3.13. SIBnstOTCS T BEKTOPBI AB, AC u AD KOMIUTAaHApHBIMU?

BeKTOpLI IpuMepa BeKTOpLI MOCI'0 BapuaHTa
AB= (=2, 5, —4); AB=
AC =(-4, 1, -2); AC =
AD=(1, 5,-1); AD=
I -6 -15 0
(AB,AC ,AD )= =-6 -9 0=
1 5 -1

(pa3moXuM OIIpeNeNuTeNlb TPEThEro IMOpsAAKa MO 3JIEMEHTaM IOCIEeIHETO
cTonlIa, a B OMpPENENHUTENIe BTOPOro MOpsaKa o0mme MHOxuTenn (—6) u3
MepBoro ctTodia u (—3) U3 BTOPOTO CTONIOIA BEIHECEM 32 3HAK ONPEACTUTENS
BTOPOTO MOpPSAKA)
34+11—6 —1
(G0 GOV R IS
-6 -9
pUTE CBOWCTBA ONpEACTUTENCH).
Bektopel AB, AC U AD ..occvvviiiiiiiiieiieeeeeee , TAK KAK .......ou.......
KOMIUTaHApHHI (He KOMILIAaHAPHEI)

=(-1)(=3)(- 6)‘{ g‘ ——18(3-5)=36%0 (nosTo-

Brruncnute cMmemanHoe npousseneHue Bektopos AB, AC u AD Baei
3aJaull U OTBETHTE HA IIOCTABJIEHHBIH BONIPOC O KOMIIJIAHAPHOCTH BEKTOPOB.

Jlerko moka3zarb, 4To 00BEM NMUPaMUJIBI, IOCTPOCHHOM Ha 3-X BEKTOpax, B 6
pa3 MeHbIe 00bEMa Mapaiesenunesaa, IOCTPOSHHOTO Ha 3THX JK€ BEKTOpax.
JleHCTBUTENTPHO, BBICOTHI /i MHpaMUAbl W Tapajulesienuiena OJUHAKOBHI.

O6béM mapannenenunesa ¥, paBeH MPOM3BEACHUIO ILIOMIAMM S, MapauIeno-

I'paMMa OCHOBAHMS Ha BBICOTY IapaJuICJICIIUIICA. Vl = Sl -h .

OcHoBaHuE NUpaMUbl — TPEYTOJIbHUK, IUIOLAb KOTOPOrO BJBOE MEHbIIE
wromaay napamuienorpamma. O0bEM MUpaMuAbl BTPOE MEHBINE MPOU3BEICHUS
IUTOIIANH €€ OCHOBAHUS Ha BBICOTY, TO €CTh, €CIIM V,— 00BbEM mUpaMumsl, S, —

S S-h ¥
8 =lgp=l.21 p_212_"1
wiomazns eé ocHoBanus, 10 V, = 3S,h=5-—5-h=—¢ 5 -

3.15. 3amumuTe, kKakoro o0bpEMa morydmiack Bamra nupammna.

O0BEM nHUpaMuIbl, TIOCTPOCHHOW Ha BEKTOPaX AB R AC R AD , paBeH

3) 3nas oObeM nupamMuibl V, WU IIOIALb €€ OCHOBAHUA S, , MOXKHO HAWTH
N

Sy 5
3.16. IIpu nomouM Kakoro nNpou3BeAeHUsI BEKTOPOB MOYKHO BBIYMCIUTD ILIO-

11a/1b MapauIesiorpaMmMa, TPEyroJIbHIKA, IIOCTPOSHHBIX HA ATUX BEKTOpaX Kak Ha
cropoHax?

BBICOTY /i 3TO¥ mupamMuibl: V, :%Szh = h

3.17. Kak HaliTu BEKTOpPHOE MPOU3BEJIEHHE BEKTOPOB, 33JaHHBIX B OPTOHOPMH-
poBaHHOM (eKapToBOM) Oazuce i , j, k?

Haiiném BexTopHOEe mpousBeneHue BeKTOpoB AB u AC, MOCKOJIBKY Ha 3TUX
BEKTOPAaxX KaK Ha CTOPOHAX MOCTPOEH TPEYTOJIbHUK B OCHOBAHUH ITMPAMU/IBL.

BekropHoe npousBeneHHE IPUMEPA BekropHoe npousBeneHne Moeit
3a1auu
ik
[4B. acl=|-2 5 -4=
-4 1 -2
=i(-6)— j(-12)+k -18
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J11Ha BeKTOpa npumepa JnuHa BekTopa Moei 3agaun

|[4B.4C] | =(-6)+(-12)"+18" =

= J62+ 26V +(G-6) =
6J1+4+9 = 614

ITnomans ocCHOBaHUS MUPAMUIBI [Tno1mans OCHOBaHUSI MHPAMUIBI
prMepa MOeH 3a/1auu
S, = 3-/14

I/ITaK, BbICOTA IMMPAMUAbI, OTYIICHHAA U3 BEPLINHBI D, paBHaA:

BricoTa IUpaMuJibl IpUMEpa Bricora TIMpaMUu/Jibl Moel 3aa4u

pet2_36 _ 6
S, 314 14

4) Haitném koopaunatel Toukn K, nensieit cropony AB B oTHomeHuu A.

3.18. 3anuinure GOpMyIibl, MO0 KOTOPHIM MOKHO HAWTH KOOPAMHATHI TOYKU K,
nensiel orpe3ok AB B oTHOIIEHUH A.

Bocnons3oBaBimmcs 3anucanHeIME Bamu hopmynamu, HaifiéM KOOpAMHATEI
Touku K, Tak Kak, ecim 3ta Touka K iesut cropory AB B OTHOIIEHHH A B KOOp-
IUHATHI Touek A u B cienyromue:

A( ), B( ), TO

T

Pl = vttt
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AHAJINTUYECKASI TEOMETPHS HA ILIOCKOCTH
3AJIAYA 4.0 (4. Ne )

MOCro BapuaHTa

Ianb! Bepunsl Tpeyronsauka A, B, C. Tpebyeres:
1) IMoctpouts Tpeyrosibauk ABC.
2) 3anucath ypasHenus BeicoTsl BD u menuansl CE.

3) 3anmcarh ypaBHEHHE HPSIMOM, IIPOXOMAIIEH Yepe3 TOUKY A mapajuielibHO CTO-

pore BC.

Pemenne.1) IToctpoum tpeyronbuuk ABC.

KoopauzaTsl TOUek npuMepa KoopaunaTs! Touek Moel 3a1auu

A(1,2), B(2,-2), C(6,1) A, )., B(C , ), CC , )

s moctpoenus TpeyroiapHuka ABC B IeKapTOBOW CHCTeME KOOpIWHAT Ha
miockocti (B R? — JIBYXMEPHOM IPOCTPAHCTBE) Ha OCH X B HAIPABJICHUHU OpTa
i OTIOKUM CTONBKO €IMHHLL Macitaba, KakoBa IepBas KOOPIUHATA TOYKH,
€CIT 3Ta KOOPJMHATA ITOJIOKUTEIbHA, 1 B IPOTHBOIOJIOXKHOM, ECIIH TepBasi KO-
OpIMHATa TOYKH OTPHIIATENIbHA.

Ha ocu y otHOCUTENBHO OpTa } cliesiaeM TO )K€ caMoe JIsi BTOPOM Koopau-
HAaThl TOUKH.

Touka mepecedeHHsT NMEPHICHIUKYIIPOB M3 OTIOKEHHBIX TOUYEK OyAeT sB-
JATbCA U300paKEHHEM 3a/JaHHON CBOMMH KOOPAWHATAMU TOYKH B JI€KapTOBOM
cucTeMe KOOpIUHAT.

|| Touku 4, B, C npumepa Touku 4, B, C Moell 3a1a4n ||

y

A 4

>)-4

-2 -1 1

CoenuHNB TOUKU A, B, C, HOTy4YUM TPEyTOJIbHHUK.
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2) 3amuiieM ypaBHeHHE BEICOTHI BD.

ITpsiMast OJDKHA MPOXOIHUTH Yepe3 TOUKY B u SBISITBCS HEPHSHIUKYIIIPOM K
npsiMoii, mpoxostiieit uepes Touku A u C.

Haiiném ypasuenue npsimoii AC Kak mpsMOid, IPOXOIAIICH Yepe3 IBe AaH-
Hbie Toukn A u C.

4.1. Kak 510 cz1enath? 3anmiumre HyHoe ypaBHerue, et A(x 4,y ), B(

YpaBHEHHE NPsIMOil MpuMeEpa YpaBHEHHE NIPSAMOI MOEH 3a1aun

x-1_ y-2

6-1 1-2

Kanonuueckoe ypaBHenue npsmoit AC

Kanonuueckoe ypaBHenue npsmoit AC
npumepa

MO€# 3a1auun

x-1_ y-2

5 -1

Bektop N = (nx , ny) , IEPIEHUKYJIApHbINA npsiMoi AC, ABISETCS HAPABIIAIO-

MM BEKTOpoM [ =(m,n) mms uckomoii mpsiMoii BD.

4.2. Kak Haiitu BekTOop Nuc :(nx,ny), MIEPNEHANKYIAPHBIA  TIPSMON

[Tomyunm o6miee ypaBHEHHE 3TOH HPSAMOM W3 KAaHOHMYECKOTO YpaBHEHHS,
0CcBOOOMBIIKCH OT 3HAMEHATEJSI U IPUBOJIS TOIOOHBIE CllaraeMble.

O6uiee ypasaenue npsmoid AC npumepa
—-lx—1)=5@)y-2)mmx+5y—-11=0

O6u1ee ypasaenne npsimoit AC moeit 3agauu

Hanpasinstouuii Bektop npsimoit BD nipu-

Hanpasinstouuii Bektop npsimoit BD Moeit
Mepa

3aga4yu

NAC :(1, S)Z?BD NAC :( ) ):iBD

4.3. Kak, 3Hast KOOpAMHATHI HAPABIISIONMIETO BeKTOpa [/ = (m,n) TPSIMOt U KO-

OpIMHATEl TOYKHM B, MOXHO 3amucaTh KAaHOHHYECKOE ypaBHEHHE MpAMOii?
3anuimmTe 910 ypaHenue, eciu [ = (m,n), B(xz,vz).
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Kanonunueckoe ypaBHeHUE BbICOTHI BD Kanonuueckoe ypaBHeHUEe BbICOTHI BD

npuMepa Moeil 3a/1aun
x-2 y+2
1 5

Ecnu n3baBumMcst oT 3HaMeHaTeNe!, TO MOJTy4nM:

O0mee ypaBHeHue BbICOTHI BD npumepa |[O0mee ypaBHeHUe BbICOTHI BD Moel 3a1a4u

S5x—y—-12=0

N =(5,-1) Now=( . )
NAc=(l,5) NAC:( , )
ITpoBepka ITpoBepka

NBD J_NAC P (ﬁBD,NAC):O
1-5+5(—1)=0

Menunana CE nenur cropony 4B tpeyronbuuka ABC nononam. Haiiném ce-
penuny E orpeska AB u uepes touku C u E nposeném mMequany.

3.18. Kak 310 cnenars? 3anuiuTe Hy)HbIe GOpMyIbl, ecnud £ (x g YE ) ,

Haiiném koopanHate! Toukn E:

Koopannats! Touku £ npumMepa

1423 22
Xp=—75 =%, V=75 =

KoopaunaTsl Touku £ Moei 3a1aun

4.4. Kax 3amucate ypaBHEHHE MeAUAaHbI

CE, mnpoxonflleil uepe3 TOYKH
C(xc’J’c) nE(xg,yp)?
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YpaBHenue meauansl CE npumepa

Ypasuenue menuansl CE Moel 3a1aun

x—-6 y-1

3 _ ¢ 0-
3-6 0-1

4.5. Kak Ha3bIBaeTcs Takoe ypaBHEHUE NPSIMON?

Kanonuueckoe ypaBaenue menuansl CE
npuMepa

Kanonuueckoe ypaBaenue menuansl CE
MOeH 3a1a4u

x—-6 y-1

-

0o

3) YroOsI 3amucaTs YpaBHEHHE NPAMOii, MpoxoasAuieii yepe3 TOYKyY A ma-
9
pamienbHo cropone BC, BO3pMEM B KaUeCTBE HATIPABIISIONIETO BEKTOPA

7= (m,n)=BC.

AHAJIMTUYECKASA TEOMETPUA
B TPEXMEPHOM IMPOCTPAHCTBE

3AJIAYA 5.0 (5. Ne )

MOE€ro BapuaHTa
Ianbr koopauHatel Touek A, B, C, D. Haiitu:

1) YpaBHeHHe [IOCKOCTH p, ipoxosiiei yepes Touku A, B, C.

2) KaHoHnYeckue ypaBHEHHS MPSIMON ¢, Mpoxopsiieil yepe3 Touky D mep-
MICHAUKYJISAPHO TUIOCKOCTH P.

3) Touku MEepeCCUCHU HpﬂMOﬁ O/ C IIIOCKOCTBIO p ¥ C KOOPpAMHATHBIMH
IIIOCKOCTSIMH X0Y, X0Z, VOZ.

4) PaccrosiHue OT TOYKH [ 0 MIOCKOCTH P.

Bekrop BC npumepa

Bexkrop BC wmoeit 3anaun

BC=(4,3)=1

BC=( . )=i

4.6. Kaxoii (hopMyIoit HaIo TTOTB30BaThCS, YTOOBI 3aIMICaTh UICKOMOE YpaBHEHHE

npsimMoit L

KanoHu4eckoe ypaBHEHHE HCKOMO# Npsi-

moit L , mpumepa

Kanonunueckoe ypaBHEHHE HCKOMOM MPSIMOi

L , wmoeit 3anaun

KoopaunaTel Touek npumepa KoopaunaTs! Touek Moeil 3agauun
A(Z, _39 5)9 B(Oa 29 1)9 A( s s )9 B( H s )7
C(_2> _2> 3)> D(33 23 4) C( 5 > )’ D( s 5 )’
Pemenue

1) M3yunm TeopeTndeckuil MaTepHail.

5.1.Kak HaliTu ypaBHEHHE ILUIOCKOCTH, TMPOXOJIAINEH 4epe3 TPH TOYKH
A(XA yVarZy ) ) B(xBryB ’ZB)= C(ch’c’Zc)?

x-1_ y-2
4 3
OtBer OtBer
2) BD: 5x—y-12=0, 2) BD:
.ox—-6_ y-1
CE: ) —_—1. CE
2
3)Ly,: 3(x—1):4(y—2) 3)L,:

YPaBHeHI/Ie TUIOCKOCTH p IpuMeEpa ypaBHeHI/Ie TIOCKOCTH P MOeH 3a/1aun

x=2 y+3 z-9
0-2 243 1-5=0 _
—2-2 -243 3-§
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Pasnoxenue onpenenurens no nepBou

Pasnoxenue onpenenurens no nepBon
CTpOKE B MOEH 3a/1aue

CTpOKE B IpUMepe

(x—2)(5 _4—(y+3%_2 _4+

1 -2 -4 -2
-2

+(z-5 4 = —6(x-2)+

+12(y +3)+18(z-5)=0

5.2. Kak momy4yuts o011ee ypaBHEHHE IIIOCKOCTH p?

Oo0wmee ypaBHeHHUE IIIOCKOCTHU p NpH- || Obmee ypaBHEHUE MIIOCKOCTH P MOeit
Mepa 3a1a4u

p6x—12y—-182z+42=0,
WITH
x=2y-3z+7=0.

2) Haiiném kaHOHHMYecKHe YPABHEHHUs TIPSIMOH ¢r, IPOXOIAIIEH Yepe3 ToU-
Ky D mepreHIuKyIsapHO MIOCKOCTH P.

5.3. Kakoit HopManbHbIH BeKTOp N = (nx, n, nz) UMeeT IUIOCKOCTh p?

KOOpZ[I/IHaTLI HOPMAaJIbHOT'O K IIJIOCKO-

KoopaunaTsl HOpMaabHOTO K IJIOCKO-
CTH BEKTOpa MOEH 3a1auu

CTH BEKTOpa IpuMepa

HOI[CTEIBI/IM B 3amucaHHble Bamu YpaBHCHHA U3BECTHLIC 3HAYCHUS KOOPAUHAT

Touku D u Hanpassiomero Bekropa [ =(m,n, p).

Kanonnveckue ypaBHeHUs npsmMon Kanonnueckue ypaBHeHUs NpsMon
puMepa MO€EH 3a1a4u

1 -2 -3

N =(6, -12, —18)=6(1, -2, -3) N=( ., ,)

5.4. KaxuM BeKTOpOM sIBIsieTCS BeKTOp N TI0 OTHOIIECHHUIO K IpsMoi ¢ ?

5.5. B xakoMm BHJE HaJI0 BHIOpaTh ypaBHEHHE NPsAMON « ? 3alHIINTEe 3TO ypaB-

HEHUE, €ClIi KOOPJIWHATHl TOUKH D(xD ,¥pZp ) , N= (m,n,p) =/ - Ha-

MIPaBJISIFOIIMNA BEKTOP NPSIMOH « .

5.6. Kak Ha3bIBaroTCA ypaBHEHUS MPSAMOM, 3alTMCaHHBIC B TAKOM BHUjIE?
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3) Haiiném ToukHM mepeceyeHMs] NPSMOH ¢ C MIOCKOCTBIO P U C KOOPAH-
HATHBIMH IIJIOCKOCTSAMU X0V, X0Z, YOZ.

5.7. Kaxue ypaBHeHUsI IPSIMOI ¢ Hato BBIOPATh, YTOOBI HAWTH TOYKH Iepeceye-
HUS NPSIMOR ¢ C MEPEUHCIEHHBIMU TNIOCKOCTSIMU?

BocnonwyeMc;[ JaHHBIMH 3a1a4u:

YpaBHEHUs AJis1 JAHHBIX IpUMeEpa YpaBHEHUs [J1s1 JAHHBIX MOEH 3a1auu

p: x=2y-3z+7=0;
x=3=t, =>x(t)=t+3,

a:iy—2==-2t,= y(t)=2-2t,
z—4=-3t,=z(t)=4-3¢

[MoncraBnsisi HaliieHHbIE U3 ypaBHEHHU mpsaMod « ¢yHkuum x(¢), y(¢), z(¢) B
ypaBHEHHE IUIOCKOCTU p , HalileM 3Ha4YeHUE MapaMeTpa !, yAOBICTBOPSIOIIEE

BCEM YpPaBHCHUAM!

3HauyeHue ¢ mpuMepa 3HaueHHe ! MOeH 3amaun

(t+3)=2(2-26)-3(4-36)+7 =0,

14t =6, t:é
7
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HaﬁHCM TOYKY HNCPECCUCHUA pr[MOﬁ a C MIIOCKOCTBIO p , BBIYHUCIIMB eé KOOp-

JAWHAThI IpU Haﬁ[[eHHOM 3HAYEHUH ! :

YpaBHeHHe NpsIMOIl ¢ TIpuMepa

YpaBHeHHE NPSMOI ¢ Moel 3a1auu

4
= =— =t
3

5.8. Kak nnpoBepuTh, PaBHIILHO JIM HaifieHbl KOOpAMHATHI Touku M ,?

Koopaunatel Toukun M » Moeii 3agaun

_3 .. q_2.
Xp=3+3=73

. _n_6_38.
M,: y,=2-2=2;
_4_9_19

zp—4 T =

3amnumieM ypaBHEHHMS ISl HAXOXKICHNS KOOPAWHAT TOYKHU IIEPECCUCHHUS TIIOCKO-
cta xoy cupsmoil «.llpu z=0 waiimem 3Ha4YeHHs apameTpa f .

IIpoBepka

IIpoBepka
24 16 57 .49 _
pF-Fog+5=0
24
-3
7 _i_t’
1 7
8 6
S22 -2
[04 7 = 7 - =1,
-2 -2 7
19 9
4 _ 2
7 = 7=3=t.
-3 -3 7
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TToouepénHo NpupaBHseM JApoOH 3HAYCHHIO NapaMeTpa ! U HaiiiéM KOOp/IHHa-
bl TOUkH M |, Tmepecedenns IIOCKOCTH XOY C IPAMOR &

Koopaunatel Touku M

M, (13,— 2,0)
3 3

xoy TIPUMEpPA Koopauuatsl Toukn M | oy Moeil 3a1aun
4 13 8 2
X=—+3=—; y=——+2=-—;
3 3 3 3

5.10. ITpoBepuM, mpaBUIBHO JH HalgeHa Touka M xop* UTo HYXHO AJIsi 3TOTO

cnenarb?
IIpoBepka IIpoBepka
13 8
33 4. 372 3 4
1 37 -2 -2 3
BCE€ MPaBUJIbHO

5.11. Kakum ypaBHEHUEM 337aIUM TIOCKOCTh X0Z?

Haiiném xoopauuatsl Touku M | . IepecedeHns INOCKOCTU X0Z ¢ TPSMOH ! .

Koopnunate! Toukun M . npumepa

Koopnuuate Toukn M . moeit 3amaun

Xx-3 -2 z-4

1 -2 -3
X,=1+3=4, y,=0, z, =-3+4=1,

anz (4’0’1) .
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IpoBepuM, paBUIBEHO JIM HaliieHa Touka M .

IIpoBepka IIpoBepka

Paccrosnue ot Toukn D no mnockoctu | Paccrosnue ot Touku D 00 MIOCKOCTH
p TpumMepa p Moeii 3a1aun

BCE IPABUIILHO

5.12. KakuM ypaBHEHHEM 3a/1ailuM IUIOCKOCTh Y0z?

Haiiném koopausatsl Touxku M, nepecedennst IWIOCKOCTH VOZ C MPAMOH (..

1:3-2-2-3-44+7

p(D, p)=
V12 +2% 432

_L_/ﬁ_\/ﬁ
Jia V14 7

5.15. Kakum npyrum cmocoOOM MOXKHO HaWTH 3TO XK€ PaccTosiHUE?

Jmna sexropa DM | npumepa Jmna sexropa DM | moeii sanaun

Koopamuaret Touku M ,,, npumepa || Koopaunatet rouxn M, moeit sanaun

Z

1 -2 -3
X3=0, y3:85 Z3:13a

M,,.(0813).

ITpoBepka IIpoBepka

-3 8-2

13-4
—=-3; : =
1

3 =3
-2 -3

TOYKa Haf/iaeHa MMpaBUJIbLHO

5.13. Tlo xakoit popmyre MOXHO HalTH paccrostaue p(D, p) oT Toukun D 1o

TUTOCKOCTH p? 3aImuimure 3Ty GopMyiTy

5.14. ChopmynupyiiTe MpaBmiIo, IO KOTOPOMY MOYKHO HAWTH PACCTOSHHE OT
TOYKHU D 10 TIIOCKOCTH p.

IIpaBuio. UToOb1 HalTH paccTOSHUE

Brruucimm PacCTOSIHUC OT TOYKHU D J0 IUIOCKOCTH p.
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o]

% o 8 . 19 . [18
, —\/(7—3) o2+ ) \E

OTtBeT OTtBeT

1) p6x—-12y—18z+42 =0, wm

x=2y-3z+7=0,

KPUBBIE BTOPOT'O INOPAIKA
ITox HOMepoMm mecTs Bam npuaércs pemmTh B 3a/1a4d B COOTBETCTBHU C
mocnenHedl nugpoit Bamero mmgpa. Hampumep, mocmennss mudpa Bamrero
mmdpa — 5, cnenoBarenbHO, Bl pemaere 3amaun 6.5 u 6.15. Ecnu mocnensss
uudpa Bamrero mmdpa 2, To pemars cnenyet 3agaun 6.2 u 6.12.
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3AJIAYA 6.0 (6. Ne )

MOCro BapuaHTa

[pexme yem OpaThCs 3a peNICHUE MIECTOH 3a1a4d, 3aIUIITUTE OTBETHI Ha ClIe-
IYFOIITE BOIPOCHI M TIPEIIOKEHHS.

6.1. Kak popmynupyetcs onpeneneHue JUHUN Ha TUIOCKOCTHU?

6.3. Banuiinte KAHOHMYECKOE YPaBHEHHE OKPYXKHOCTH, MMEIOIeH paauyc R u
1eHTp B Touke O(a,b).

6.5. M306pa3ute 21IMIIC U 3aNUIINTE, KAKUE€ OCHOBHbIE 3aBUCUMOCTH CYILECT-
BYIOT MEX]ly ITapaMeTpaMy, XapaKTepU3yIOIUMH 3Ty JTHHUIO:

6.7. 306pa3ute rumepOOy W 3alMIINTE, KAKHE OCHOBHBIC 3aBUCHMOCTH CYIIIE-
CTBYIOT MEXKAY NapaMeTpaMH, XapaKTEPU3YIOUIMMH 3Ty JHHUIO.
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T e
X e — YpaBHEHUS AUPEKTPHC.
Y T — YpaBHEHUS aCUMITOT.

6.9. 1300pa3urte mapaboiy M 3amuInTe, KaKhe OCHOBHBIE MapaMeTphbl XapakTe-
PU3YIOT 3TY KPUBYIO.

X S ypaBHEHHE AUPEKTPUCHI apaboIIbL.

6.10. V13BeCTHO, YTO AKCIICHTPUCUTET £ KPUBOW BTOPOTO IMOpsAKa OOJNbIIe eau-
auipl (€>1). Kakas 310 kpusas?

DTA KPUBAST HABBIBACTCS ...euvveeuveeenereenieeenireeieeenitestteenseesnseeeseesseesnseesseesnseesnnes

6.11. VI3BeCTHO, YUTO SKCHEHTPUCUTET & KPUBOI BTOPOTO MOPSAKA PABEH €IUHU-
e (£=1). Kakas 310 kpusas?

DTA KPUBAST HABBIBACTCS ...eenvveenvteenireenureeereeteeenitesseeenseesnseeenseesseesnseesseesnseesnnes

6.12. M3BecTHO, YTO 3KCIEHTPUCUTET & KPUBOW BTOPOTO MOPSAKA MEHBIIE eIH-
auipl (€< 1). Kakas 910 kpusas?

OTA KPUBAST HABBIBACTCS ...envveenveeenireeieeenureeieeenieesteeenseesnseeeseesseesnseesaseesnseesnnes

6.13. . 3BecTHO, YTO IKCIICHTPUCUTET & KPUBOI BTOPOTO IMOPSAAKA PaBEH HYIIIO
(&= 0). Kakas 310 kpuBas?

Ota KpHBas Ha3bIBACTCA
6.14. HazoBuTe ceMb KJIAaCCOB JIMHUI BTOPOTO MOPSAKA, TOUKA KOTOPBIX YAOBIIE-
TBOPSIIOT yPaBHEHHSM:

2 2
X
1. -+ R — OTO YPABHEHHE ....ovvevrenrenrenrereereereeeressessessessensensas
a b
x2Sy
2. —+—=-1 — DTO YPABHEHHE ......vvevvevrenranrereereereeeeessessessesseesenes
2 2
a b
3.a°x* +c*y* =0 — OTO YPABHEHHE ....eveeveneerevenierenseneesesseneesessensesensens
2 2
X y
4, ——-——=1 — OTO YPABHEHHUE .....v.vvevveeeerereeesereseseseseesesesnseseseans
a* b
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— OTO YPABHEHHE .....vovvererererrserereseensnsnsnssesesesasenas
6. y* =2px — 3TO YPABHEHHUE ......voveveerrereareresesesesessesesesesesensesens
7. 9" —a* =0 — DTO YPABHEHHUE ......voveeviereveerireeeesesesseseesessesesseenenas
8.y +a° =0 — OTO YPABHEHHUE ......ovvviereveerenseeeeresessesesseseesessessens
9. y2 =0 — OTO YPABHEHHE .....vvvvevierevrerenseseesensessesessessesessessenes
3agaum 6.1 — 6.10.

Hanbt koopauHatsl Touek A u B u pajauyc okpyxHOCTH R, IIEHTp KOTOPO# —
B Hayajie KOOpAUHAT.

TpeOyercst:

1) cocTraBHTH KAHOHHYECKOE ypaBHEHHE AILIHIICA (TUTIEPOOJIBI), TIPOXOIIIe-
ro uepe3 Toukn A u B, eciu Gpokycs sutuiica (THIepOOIIbI) PaciIoIoKe-
HEI Ha OCH a0CIIKCC;

2) HaWTH TONyOCH, (DOKYCHI M OIKCIEHTPUCHUTET »IJunIca (THIepOoIb),
(YypaBHEHHS aCUMIITOT THIIEPOOIIBI);

3) HalTH TOYKH NepeceyeHus duImIica (THIepOOoIIbl) H OKPYKHOCTH;

4) TOCTPOUTH AILIHIIC (THUIIEPOOITY) U OKPYKHOCTD.

Pemenue. 3anuiieM KaHOHUYECKOE ypaBHEHHE dJUIUIICA (THUIIEPOOIIBI), ECIH
ero (OKycChl PacHoOJIOKEHbI Ha OCH aOCIHCC; MOJIYOCH 3Juturca (IunepOoiibl)
0003HauuM a u b.

Kanonndeckoe ypaBHEeHHE IIIHIICA (THIIEPOOIIBI) UMEET BHI....c.vverveemeereeeeeenne

6.15. Eciiit M3BeCTHO, 4TO 3JumHIC (THepboia) MPOXOIUT Yepe3 TOUKy A, Kak
9TO CBS3aHO C YPaBHEHHUEM STOU KPUBON?

B( ; ) D ettt sttt e st e et baeebeeebeeeaeeerbaeanbeens
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W3 nomydeHHON cucTeMBl ABYX ypaBHEHMH HaiiiéM moiyocu 3juiunca (Tu-
nep6oubl) a u b.

Hanpumep , 1 — e ypasnenue ymnoocum na(—x, ),

2 2 2

Ya4 Y4 2 —e—Hna(x}).Croxcum ux,ucKio4ue maxum
27,2 >

a b 2 . 2
., = <o0bpazom a”,u natioem b”.

Xp 4 VB .

-t I =1 Ananocuuno,uckmouus b’ naiidem a’.

a

He 3a6yapre, uto @ > 0u b > 0.

[Mony4yuB 3HAaYEHHs MOAyOCeH syuuIca (TunepOonsl) a U b, 3amuiieM KaHo-
HUYECKOE YPABHEHHE KPUBOM.

CrenaemM mpoOBEpKy: HpH IOJCTAHOBKE KOOPAMHAT TOYKH A win Touku B
ypaBHEHHE 00paIaeTcsi B TOXKIIECTBO.

3Has monyocu auinnca (runepOosibl), HAIEM KOOpAMHATHI (POKYCOB KPHBOIL
F (c,O) , Fy (— c,O) , DKCIIEHTPUCHUTET £ M YPABHEHHUSI aCHMITOT TUITEPOOIIBL.

O et
€ T ettt bbbkt b et ekttt ket b et
(yzigxz ........................................................................... )

6.16. CoctaBuM ypaBHEHHE OKPY>XHOCTH C IIEHTPOM B Haudayie KOOPIUHAT, 3HAs
eé pamuyc R:
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PemuB cucteMy ypaBHEHU, COAEPIKAIIYIO ypaBHEHHs dIuUICca (TUIIepOOJIbI)
M OKpPY>KHOCTH, HalEM KOOPAMHATHI TOUYEK IepecedeHusl dumIca (Tunepoosl)
W OKPY>KHOCTH:

Hanpumep, ymnoscum 1 — e ypasnenue na (—a’ ) u

2 « 2
JER cnoxcum ypasnenus. Uckiouug x° , natioem 1y~ = v,
—t5 =1 -
a- b = qomkyoay, , =t
2 2 2
_ 2 . 2
X +y =R AHnanocuuno,uckmoyus y° , naudem :x° = w.

Omkyoa x, , = +/w.

6.17. Utak, TOYKH MepecedeHuUs IUTUTICA (THIIEPOOIIBI) H OKPYIKHOCTH ..................

M ( 5 ), M,( 5 ), M ( ;) M ( 5 )
6.18. [Toctpoum 3sturc (runepooIry) 1 OKPYKHOCTB.

3anaua 6.11. Pemraercs Tak e, Kak ¥ 3agaun 6.1 — 6.10.
3amaun 6.12 — 6.25 .

B cooTBeTcTBUM C yCI0BHEM 3a/1auH, cIENalTe CXeMaTHUECKUN YEPTEXK, €CIU
Touka M(x, ) IPUHAIIEKHUT UCKOMOM KPHUBOIA.

3anuimTe YpaBHEHUE, CBA3BIBAIOIICEC 3aJaHHBIC B YCIIOBUU 3aJa4U pacCTOsA-
HUA B BUAC PABCHCTBA AJIMH BEKTOPOB.

[MoncraBbTe B cocTaBineHHOEe Bamu ypaBHeHHE KOOPAWHATHI JaHHBIX B YCIO-
BHH 33J1a4M TOYEK U 3aIUIINTE COCTAaBIEHHOEe Bamu ypaBHEeHHE HCKOMOW KpUBOH

B KOODJMHATHON (hOpMe, yUHTHIBasi, 4TO AnnHa Bekropa AM =(x—x,,y—y,)

HaxoauTcs 1Mo opmyie:
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W3b6aBbTECH OT KBaJApaTHBIX KOpHeﬁ B MOCJICAHEM YpaBHCHUH, BO3BCISA OTO
YpaBHCHHUC B KBaJApaT:

(xakoil KpuBO?)

ITapameTpbl HaliAEHHON KPUBON M KOOPAUHATBI €€ TOUCK: ..c..eeuveenreenrenereieenieenneenn.

ITocTpoiiTe MMHUIO, ypaBHEHUE KOTOPOW Bl momyumu.

MNOJISIPHASI CHCTEMA KOOPJIUHAT
3agaua 7 (7. Ne )

MOCro BapHaHTa

7.1. KaknuMu OCHOBHBIMH ITOCTOSTHHBIMH 3JICMEHTaMHU 331a8TCs TOJSpHAsT CUCTE-
LY B0 010 03111 -1 o AR

7.2. KakoBbI TIONSIpHBIE KOOPAHMHATHI TOUKH M ((p, p) ? (YUro Takoe @ u p ?)

TTOMAPHBIA PAIILYC [0 vttt sttt et
TTOJAPHBIA YTOIL (D ...ttt

3anoHNTE TAaONMIYy 3HAUYCHHUH HOJIIPHOTO pajuyca O B 3aBHCUMOCTH OT 3Ha-
YEHHI MONSPHOro yria ¢ ans Bameit 3agaun Ne7, p=

8

(ol 0|7 | 7 |32 | z |57 |67 |7x| 7|97 |10z|l1z|127|137 147|157 | 2
g |4 217|838 O I O O R B

[ToctpotiiTe myun, BeIXxoadanre u3 momatoca 0 mox yriaaMu ¢ kK moispHoi ocu. Ha
Ka)XX[JOM JIyue OTJIOKHUTE UIMHY BBIYMCIEHHOro Bamu mosisipHOro pamuyca p.
Ecmu p — oTpunarensHoe 4mciio, TO ISt IOCTPOEHHs COOTBETCTBYIOIIEH TOUYKH
HYKHO OTJIOKHUTh MOIYNh O Ha Jyde, HOoBEPHYTOM Ha 180° BOKpYyT momspHOH
OCH, TO €CTh OTJIOXHTH OT MmoJsIpHOi ocu yron (@ +180° ). Coemunure mocTpo-

eHHbIe BaMu TOUYKM IIJIaBHOM JTUHHUEH.
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ey
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7.3. 3ammmmTe GOPMYIIBI, KOTOPHIE CBS3BIBAIOT AEKAPTOBBI U IIOISPHBIE KOOP-
JUHATBI TOUKH M(x,y) = M((p, p) :

Haiinure ypaBHEHHE TMHHUU B IPSMOYTOJIBHOM I€KapTOBOM CHCTEME KOOP-
JUHAT, €CJIM HAydalo CHUCTEMbl KOOPJMHAT COBMAJAET C IMOJIOCOM, a MOJOXKH-
TeNbHas IIOJYOCh abCIUCC — ¢ MOMSPHON OCBIO, 3aMEHHUB O M (QYHKLHHU () IO CO-
OTBeTCTBYIOIIMM (opMynaM. B ciydae HE0OXOIUMOCTH cIeayeT MPHUMEHHTDH
(opMyJIbI 1J151 KPATHBIX YIJIOB:

sin2¢ =2sing-cos@ , Ccos2p = cosz(p - sinz(p )

2 ¢ _ l-cosp

2 ¢ _ l+cosp
2" 2 2 2 -

sin , cos” 5

[Tonyuure ypaBHEHUE KPUBOIl B IEKAPTOBOW CUCTEME KOOPANHAT:
...................................... ypaBHEHHE KPUBOH B IEKapTOBOH CHCTEME KOOPAUHAT.
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7.4. Kak Ha3BIBarOT KPUBBIC, YpaBHEHHS KOTOPHIX B MOJISIPHOM CUCTEME KOO THU-
HAT UMCIOT BUA. p =asinkg u p=acoske?
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