HUHTEI'PAJIBHOE HCYUCJIEHHUE

HEOIIPEJIEJTEHHBIA NHTETPAJI

§ llepBooOpa3nasi pyHKUMSA U HeoNpeAeTEHHbIH HHTErpaJ

Omnpenesnenune Oyuknus F(x) Ha3bIBaeTCs MepB0O00pPa3HOM st QYHKIMHU f(Xx) Ha
nepBoodpa3Hoit npoMexyTke X, eciau F '(x) = £x) VxelX
Jlemma OyHKLHUA, IPOU3BOAHAS KOTOPOH HA HEKOTOPOM IIPOMEKYTKE X
paBHa HYJIIO, IIOCTOSTHHA HA 3TOM MTPOMEXKYTKE.
Teopema Ecnu F(x) — oqHa U3 nepBooOpas3HbIX A f{x) Ha IPOMEXKYTKE X, TO
(o MHOKeECTBe mto0as pyras nepBooOpasHas @(x) anst GyHKIUH f{x) Ha
NMepBo0OPA3HBIX) MIPOMEKYTKE X UMEET BU: D(x)=F(x)+ C,
rae C — HeKoTopas MOCTOSIHHAS.
Onpenenenue . COoBOKYIHOCTbH BcexX MepBo0OOpa3HbIX A1 GYHKIUH f{x) HA
Heonpeae1EHHOT0 pOMEKYTKe X Ha3bIBacTCs HeonpeaeJeHHbIM HHTErPajaoM OT
HHTerpajia ¢yHkunu f(x) Ha npomMexyTke X 1 0003HavaeTcs I f(x)dx.

B cuimy TeopeMbl 0 MHOKECTBE TIEPBOOOPA3HBIX I f(x)dx=F(x)+ C,

rae F(x) — onna u3 nepBooOpa3Hbix 1 f{x), C — npousBoIbHAs

IIOCTOsSHHAsA.

3ameuyanue. MlHOr1a cMMBOJIOM j f(x)dx obo3Hayaercsi HE BCS COBOKYIHOCTb IEPBOOOPA3HBIX, a

Kakas-mm0o OIHa U3 HUX.

Teopema Besixkas  HempepeiBHass Ha  mpoMmMexyTke X QyHKuMa =~ uMeer
(cymecTBoBaHMA NepBOOOPA3HYIO HAa ATOM ITPOMEXKYTKE.
1nepBooOPa3HON)
ix . :
IIpumeper J- e’ sin x cos X dx e =CoSx+isinx
Ix: J‘ Ix: J‘ Ix: . ,
«He0epyLmXxCcsa» Mt x x nx 2=
HHTErpPajioB .
P J‘exp(—x2 )dx; J‘sm(x2 )dx; jcos(xz )dx;

§ OcHoBHBIE CBOIICTBA HeONpeAeJEHHOT0 HHTErpaJa

CaoiictBo 1

(o nu¢depenunane
HHTerpaJia)

[TpousBoHas HEOIPEICIEHHOTO UHTETrpaa paBHa
MOABIHTETPATEHON (DYHKITHH: (j f(x)dx) =f(x).
Huddepennnman HEOIPEIeIEHHOTO UHTErpaa paBeH

MOJIBIHTETPATLHOMY BBIPAXKEHUIO: d j f(x)dx = f(x)dx.




CaoiicTBO 2 (00
HHTerpaie ot

audp¢epeHnnana)

Heonpenenéunsié unTerpan ot muddepennuana (yHKIUU paBeH
CyMME  3TOHM  (YHKIMM HW  TOCTOSIHHOTO  CJIaragMoro:

j dF(x)=F(x)+ C.

BriBoa u3 cBoiictB 1 u 2:

3HaKU UHTErpaia u auddepenuana B3auMHO YHUUTOXKAIOTCSL.

CgoiicTBO 3
(IMHEeiHOCTH)

Ecnu cymecTtBytoT nepBoodpasnsie GyHKIMiA f(x) u g(x), a au f—
Jr00bIe BEIIECTBEHHBIE YUCIIA, TO CYIIECTBYET epBOOOpa3Hast
byukun of(x) + feg(x), npuueMm

[(af )+ Be(x)dx = af f(x)dx+ B[ g(x)dx.

§ Tabimna uHTErpasioB
Ha C.4 onopHbix koHcnekTOB (OK).

§ MeToa 3aMeHBbI IepeMEeHHBbIX (IT0ICTAHOBKH) B HeOMpeleJJéHHOM HHTerpaJe

Teopema (0 3amene
NepeMeHHbIX)

[Tycts Pynkmms x = ¢(¢) onpenenena u nuddepenmpyema Ha
npomMexyTke T, a mpoMexyTok X — MHOKECTBO €€ 3HaueHui. [Iycth
¢byHkuus f{x) onpenaeneHa Ha X U KIMEET Ha ATOM MPOMEKYTKE
nepBoobpasnyto F(x).

Torna na mpomexyTke 7 pynkius F(¢(t)) ssBasieTcs mepBooOpasHOn

ann gymcn f{ (1)) @' ().

Tocers | /(0@ ' (0)dt =F(p(1)+C

CaencrBue (aJIropuT™
3aMeHbl lepeMeHHbIX B
HeonpeaeJéHHOM
HHTerpaJe)

| x=e@) | ,
[ f)dx = ‘ is — o] =] @O O
t=¢"(x)

[ £(odx = = [ /(@) (D)at

dt = (¢ (x)) dx

3ameuyanue. YacTHBIM CilydyaeMm 3aMEHbI MEPEMEHHOM SIBIAETCS MPHUEM MOABEACHUS HEKOTOPOU

¢byHkumu noj 3Hak quddepeHimana, Korjna 3aMeHa IepeMeHHOM J1eN1aeTcst yCTHO.

§ MeTroa MHTErpupoOBAHUSA MO0 YACTAM B HeolpeaeJéHHOM UHTerpaJe

Teopema (00
HHTErPUPOBAHNH 10
YacTsM B
HeonpeaeJéHHOM
HHTerpaJe)

[Tycte Ha mpomexxyTke X QyHKUIuN u(x) 1 v(x) quddepeHIrpyeMpl
u GyHKIMS v(x)u'(x) uMeeT nepBooOpa3Hyro Ha X.

Toraa u(x)v'(x) Taxke IMeeT MepBOOOPa3HYIO HA X , U CIIpaBeTHBa
(dhopMyIia UHTETPUPOBAHUS TIO YACTSIM:

J-u(x)v "()dx = u(x)v(x) - Iv(x)u "(x)dx,

nin

Iudv =uy— Ivdu.




PexoMeHIanMH 10 NPMMEHEHMI0 MeTO0Ja HHTerpupoBaHusi mo 4yactaMm Ha C.5 omopHbIX

koHcnekToB (OK).

Bribepure MeTo1bl, KOTOPHIMH MOKHO HANTH CIIEAYIOUINE WHTETPAIbL:

1. Ixz exp(x”)dx 2. Ix3 exp(x”)dx
3. In? x 4. In* x

j . dx j = dx
5. jxsinxzdx 6. sz sin xdx
7. .[5)‘ cos xdx 8. J.Ssm cos xdx
9. [~ exp(x/x)dx 10. I % exp(x)ds

X
11. _[ xarcsin xdx 12. j arcsin xdx
V1=x? N1=x?

§ UnTerpupoBanue Ipo0HBIX PAMOHAJBHBIX (PYHKIMIA
A. ITpaBuiibHbIE U HeMPaBUJIbHbIE PAIIMOHAIbHBIE TPOOH

Onpenesienune
pannoHAJIBLHOI Ipoldu

PanyoHa bHO# IPo0bI0 HA3LIBAETCSA OTHOIIEHUE JIBYX MHOTOUIEHOB:
P (x) apx"+ax"" +a,x"?+..+a,
0,(x)  byx" +bx"" +b,x"? +..+b,

Onpenesienune

NPaBUJILHON U

HeNpaBUJIbLHOM
pannoHAJIBLHOI Ipoldu

Pn(x)

Panmonanenas 1po0b )
X

Ha3bIBaCTCsA HpﬂBHJILHOfI, €CJIM CTCIICHb

m
MHOTOYJICHA B YUCIIUTEIIC MCHBIIIE CTENICHH MHOTOUYWICHA B 3HAMCHATEIIS
(n<m).
B, (x)

( ) Ha3bIBACTCsA HeﬂpaBHHbHOﬁ, €ClIn
X

Pammonanenass  1po0b

m
CTCIICHb MHOI'OYJICHA B YHUCIIUTCIIC 6OHI)IHG WM paBHa CTCIICHU
MHOTOWICHA B 3HaMeHaresne (n > m).

Teopema

WnTerpupoBanue HeNnpaBWJILHONW pallMOHAIBHON APOOM MOYKHO CBECTH
K MHTETPUPOBAHHIO MHOTOWIEHA U NIPABWILHON pallMOHAJIBHOM Jpo0u.

b. OcHoBHas Teopema ajaredpbl

Teopema (ocHOBHAasI

JIro00it MHOTOUJIEH CTETICHHU 7 MMEET POBHO 7 KOPHEHW W MOXKET OBIThH

anredpbl) MIPEJICTaBJICH B BUJIC IPOU3BEJICHUSI 71 COMHOXKHTETICH.
Teopema (0 Jro0oit MHOTOWIEH CTENMEHW m MOXXHO Pa3jOKUTh Ha JMHEHHBIC U
pa3ioKeHn U KBaJIpaTHYHBIC MHOXUTEJH:
MHOTO4YJIeHA Ha 0, (x)=byx" +bx"" +..+b, =
MHOKUTEJIN)

=b0(x—xl)k‘ (x—xz)k2 m(x—x,.)kr (x* +p1x+ql)l‘ NES +psx+qs)l~“
B COOTBETCTBHH C €TO BELIECTBEHHBIMH ( X,,X,,...X, ) U KOMIUIEKCHBIMU
CONPsDKEHHBIMM ~ KOPHAMU C yd€ToM KpaTHoctd k. k,,....k, ero
BEILECTBEHHbIX U [,/,,...,], KOMIIEKCHBIX KOpHEH,

npuuéM k +k, +...+k, +2[+20, +...+2[ =m.




B. Pazjio:keHue NpaBMILHOM APOOM HA CYMMY NMPOCTHIX Apoodeii

Teopema (o cymme JIro0y10 MpaBUJIBHYIO PallMOHAIBHYIO JIpOOb MOXHO MPEICTaBUTH B
NPOCTHIX ApPobeit) BUJIE CYMMBI MPOCTHIX Ipo0Oel ¢ HeompeaeaEHHBIMA KO3 PHUIHeHTaMU
€IMHCTBEHHBIM 00pa30M, pyKOBOJCTBYSICh CIEIYIOIIUM MPaBUIIOM:

Bun mHOXUTENS B CkombKo
3HaMeHarese qpodu | apoderr | Cymma mpocThIX ApoOeid, COOTBETCTBYIONIAS MHOKUTEIIO B
3HaMEHaTeJe MPaBUJIbHON pallMOHAIBHOM IpoOu

4 4 LA

(x-a)* k (x—a) (xx-a)' 7 x-a
M x+ N, N M,x+N, N +wa+NW
(*+px+q)” w X +px+q) (CHpx+)" T X+ prtg

I'. MeToabl HAX0KIeHHSI Heonpeae¢HHBIX KO3 PUIUEHTOB
MeTtona 3apaHus 1. Cymmy npocThIX Apobeii MpUBOIAT K 00LIeMy 3HAMEHATEIO.
YACTHBIX 3HAYEHUH 2. IlpupaBHHMBaIOT YHCIUTENW MJAHHOW Jpobu u Jpodbu ¢
HeonpenenéHHbBIMU KodhQUIIeHTaMU.
3. B mnomyueHHOe ypaBHEHHME MOJACTABISIOT BEIECTBEHHbIE KOPHHU
3HAMEHATEJNs MJU IpyTrue JiIoOble 3HaUEHUsl.

Merton 1. Cymmy npocThIxX ApoOeil MPUBOIAT K 00LIeMy 3HAMEHATEITIO.
HeomnpeaeTéHHbIX 2. IlpupaBHMBAIOT YMCIUTENW JaHHOM JApodu U Jpodbu ¢
K03 puIHEeHTOB HeomnpeaenéHHbIMU KO3 PUIIEHTaMHU.

3. U3 nomyueHHOro ypaBHEHHUS IOJy4alOT CHUCTEMY JIMHEHHBIX
YpaBHEHMH, NpHUpaBHUBAs KOAXPPHUIMEHTHl NPU OJAWHAKOBBIX
CTENEHsIX apr'yMEHTa X B IIPaBOM U JIEBOW YacTAX YpaBHEHUSI.

MeTton 1. CyMmMy mpoCTHIX ApoOeid MPUBOIAT K 00IIIEMY 3HAMEHATEITIO.
KOMOUHUpOBaHHbIA | 2. [lpupaBHUBaOT dHUCIAUTENW JaHHOW JApoOM U  JApodu ¢
HeonpeaenEHHBIMA KO3 QUITUESHTAMH.

3. B mosyueHHOE ypaBHEHHE IIOCIECIOBATEIbHO IOJCTABISIOT BCE
BCIIICCTBCHHBIC KOPHH 3HAMEHATEJN, OCTAJIbHBIC KOA(PPUITUCHTHI
HAXOJISAT METOJIOM HEOTPEIEIEHHBIX KO (DUIIMESHTOB.

J. MHTerpupoBanmne mpocThbIX Apodeii

a)I[pO6I/Il'[epBOl"OTI/IHaJ‘ 4 dx=j 4 d(x—a)=Alnjx—d|+¢;
xX—a

x—a
_ —k+1
0) npobu BTOpOro TUMa [ 4 . Gl NN
(x—a) —k+1
X+ px+q=
B) IpOOH TPETHETO THIA PN
Mx+ N p2 ! M(f%)”v (@ + a?) P di
) e 0 G P .0y S
X +px+gq 2 t"ta (t“ta”)2t 27t ta
X +pxt+g=tta




P2
) 1poOu YETBEPTOrO THUIIA X prtg=(x+ Dt

Iﬂdx= x+£:t; dx =dt =..
(x*+ px+q)" 2

X Hpxtg=t*ta

dt 1 t dt — peKkyppeHTHas Gpopmya.
= m-3)—
J(# vay 2\ Eray T ) Eray

IInan nHTEerpUpoOBaHMA panMoOHAJBHBIX Apodeii Ha C.4 onopHbIX kKoHcneKTOB (OK).

5 4 3 _
IIpumep 1. Haiitn J.x x4 41457 2x+5d
Y -2x’ +5x7
;
IIpumep 2 . Haittu jf—dx ITpumep 3. .[7x 142" +15x+ 2d
x -1 —2x” +2x

§ MHTerpupoBaHne HEKOTOPHIX TPUTOHOMETPHYECKUX (PYyHKIMI

Onpenenenue PanmonanbHoii QyHKUMENW AByX NEpeMEHHbIX R(u,v) Ha3bIBaeTcs
panuoHaJIbHON byHKIUSA, TMONy4YeHHass MyTEM TMPUMEHEHUS K aprymMeHTaMm u,v
(pynkumn AByx KOHEYHOTO UHCIA OINEpalMii CIOKCHMS, BBIUMTAHHS, YMHOXKCHHS,
nepeMeHHBIX

JICJICHUS. U BO3BEJCHMS B IIEJIYI0 CTEIEHbD.

PexoMeHIanUM MO €NOCO0AM HHTErPHMPOBAHUSI TPUTOHOMETPHYECKMX M T'MIepPOOIHYeCKHX
¢pynxkumii Ha C.7 onopubix koHcnekToB (OK).

IIpumepsnl.
dx sin’ x . dx
1. J‘ —. 2. j—4dx. 3. J-sm2 xcos”* xdx . 4. J‘ﬁdx.
sin x cos” x sin” xcos" x
§ NUHTerpupoBanue HEKOTOPHIX MPPALMOHATBHBIX (yHKIMIA
Onpenenenue QOyHKIMS HA3bIBACTCS aNreOpandeckoil MPpPalHOHAIBHOM, €Cli OHa
HPPaALMOHAIBHOMN [OJly4YeHa IyTEM NPUMEHEHUs K apryMEHTy X KOHEYHOro 4ucia
(pyHKIMH ornepanuil ClI0KE€HUs, BBIUNTAHUS, YMHOKEHUS, I€JICHUSI U BO3BEICHUS
B PAIIMOHAJIBHYIO CTEIICHb.

PexomeHnganum no cnoco6aM MHTErpPHPOBAaHUS HPPALMOHAIBHBIX QpyHKIMT
Ha C.8 onopubix koHcnekToB (OK).

IIpumepsr: 1. J\/_+3\/_ 2. I \/:dx 3. J\/x +1dx. 4. IF

x dx 2
6. | V3—-2x—x" dx.
J‘w/(1+2x I e

[Tpu HaxoXXaeHNH 1TepBOOOPa3HOI (HyHKIIMU MOKHO ITOJIB30BATHCS CIIEAYIOMINM AATOPUTMOM:

1. TlombITaTbesi MPUMEHUTH HETMOCPEACTBEHHOE MHTETPHUPOBAHUE U MOJIBECHUE (PYHKIIUH MO

3HaK auddepennuana;

2. Ecnu 3T0 He MPUBOJUT K yCIIEXY, ONMPEASTUTh KIacC MOABIHTErpatbHON QyHKIMH (IpoOHas
panMoHaNbHAs,  TPUTOHOMETpPHUYECKas,  HppaluoHaidbHAas  (QYHKOMS) W [PUMCHHTH
COOTBETCTBYIOIIUE [TOJICTAHOBKH,

3. aecnu QyHKIUS CMEIIAHHBIX KJIACCOB — MHTETPUPOBAHUE MO YACTSIM.
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