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§12. IloBepxnocTHbIM MHTErpaJ Il poxa
(Mo KoopaAUHATAM)

1. OTHOCTOPOHHHE U JIBYCTOPOHHHUE NOBEPXHOCTHU

ITycte (S) — rmagkas MOBEpPXHOCTh B mpocTtpaHcTtBe Oxyz, M —
mobast Touka Ha (S) .

1)IIpoenem B M  HopMmanp (BEKTOp, MEPICHAUKYISAPHBIA K
KacaTeJIbHOM MIOCKOCTH) K (S).
2) BeiOepem oiHO U3 IBYX HaIpaBICHUN HOPMaJIHU.



3) HenpepriBHO nepememaeM M BMecTe ¢ BRIOpaHHON HOPMAJIbIO

BIOJIb JTI000M 3amMKHyTOM KpuBoil (£) Ha (S), He mepecekaromeit
ec TPaHUIy

Eciu B mpexHee moONIOKeHHME Touyka M BEpHETCS C TEM Ke
HanpaBJICHUEM HOpMaJIH (U1 JI000M ToUukd M u 110001 KpUBOM
(€)), TO TOBEPXHOCTDH HA3BIBAIOT 0GYCHIOPOHHEIL



Eciim B mpexHee MNON0XKEHUE TOYKa M BepHerca ¢
IIPOTHBOIMOJIOKHBIM HaIpaBiICHUEM HOpMalu (XOTS OBl IS
oxHoi Toukn M u XOTs ObI ogHO# KpuBOii (£)), TO MOBEPXHOCTH
Ha3BIBAIOT 0OHOCHOPOHHEI



2. OnpenieIeHue U CBOMCTBA IMIOBEPXHOCTHOTO
uHrerpaia |l poma

IIycte (S) — JOBYCTOPOHHSS IIOBEPXHOCTh, C BBIOpAHHBIM
HallpaBlcHHEeM HopMmaiau (T.e. cTopoHoil) m Ha (S) 3amaHa
dyukous R(X,Y,2).

OITPEJIEJIEHUE.

1. Pa3zoOnem o6nacth (S) Mpon3BOIILHEIM 00pa3oM Ha N dYacTel, He
MMEIOIINX OOIUX BHYTPEHHUX TOYEK:

(AS,), (AS,), ..., (AS.).

2.B xaxmont oOmactm  (AS;) BbIOEpEM MPOHM3BOJBHYIO TOUKY
Ki(&ismi Gi)-

3. O0o3HaunMm uepes  ASyy) wromaas mpoeknuu  (AS)) Ha
mI0ckocTh XOY , B3ATYIO CO 3HAKOM «+», €CIU BBEIOpAaHHOE Ha

(S) mampaBnenne HopMmanu B Touke K, cocraBmser ¢ ocbro Oz
OCTPBIH YTOJ, M CO 3HAKOM «—» B IIPOTHBHOM CIIyYac.

4. Beruucium npoussenenne R(K) - AS;..



n
Cymmy 10(AS;, K;) = > R(K;)- AS; 4y
=1
HA30BeM uHmezpaivHou cymmon g ¢pyakmun R(X,Y,z) 1o
OBEPXHOCTH (S) IO MepeMEeHHBIM X U Y (COOTBETCTBYIOIICH
TaHHOMY pazouenHuto oonactu (S) ' 1aHHOMY BBIOOpY Todek K.).
Mycte d; — maamerp (AS)), A=maxd,

I<i<n
Yucno | nazvieaemcs npedenom unmezpanvuvix cymm 1 (AS;, K.)

npu A — 0, ecau ons mobozco € >0 cywecmeyem o >0 maxoe,
ymo 015 11006020 paszouenus nosepxrocmu (S) y komopoco A < 0,

npu JZiO6OJ|/l 8bl60p€ moudex Ki 6bLNOJIHACMCA HEPABECHCMEBO

Ecnu cywecmeyem npeoen unmezpanvhvix cymm | (AS,, Ki) npu
A — 0, mo ezo nazvisarom noeepxnocmuvim unmezpaniom |l

pooa om ¢yuxkuuu R(X)y,2) no nosepxmocmu (S) no
nepemennvim X u .
O003HayaIoT: ” R(X,Y,z)dxdy.
(S)



AHaJIOTUYHO OIIPCACIIAIOTCA MHTCI'PAJIbI

I j P(x,y,z)dydz  n ”Q(X, y, z)dxdz
(S) (S)

Cymmy

”P(x, y,2)dydz + ”Q(X, y,z)dxdz + ”R(X, y, z)dxdy
(S) (S) (S)

3alIMCBIBAIOT B BHUJIC

”P(x, y,2)dydz + Q(X, y, z)dxdz + R(X, y, z)dxdy
(S)

U Hazvlearom noeepxHocmuvim unmezpaiom |l pooa (no
KOOpOUHamam).



CBOWCTBA TIOBEPXHOCTHOT'O MHTEIPAJIA
Il POJIA

3ameuanue: ipeanonaracM, 4To BCe pacCMaTpruBaeMble B CBOMCTBAX
MHTETPaIbl CYIECTBYIOT.

1. IIoBEepXHOCTHBIM HHTErpal Il poma 3aBUCHT OT CTOpPOHBI
MOBEPXHOCTH (T.€. OT BbIOOpa HOpMasH). [Ipu nmepemMeHe CTOPOHBI
OBEpXHOCTH (S) MOBEpPXHOCTHHIN mHTErpan |l poma MeHseT 3HaK.

2. IIocTOSSHHBIN MHOXKHUTEIb MOKHO BBIHOCHUTH 3a 3HAK OBEPXHOCT-
Horo uHTerpana ll poma, T.e.

c. Pdydz =c- ' .dedz,
(S) (S)

c-Qdxdz =c- || Qdxdz,
(S) (S)
c. Rdxdy =c- [ °Rdxdy.
(S) (S)




3. IloBepxHocTHBIM uHTErpal |l poma or anreOpandeckorl CyMMBI
IBYX (KOHEYHOTO YMCiia) (PYHKIIUM paBEeH are0OpandyeCcKor CyMMe
noBepxHOCTHBIX || pona oT aTux PyHkuMi, T.€.

[P, + P, Jdydz = || Rdydz + || P,dydz
(S) (S) (S)
j j [Q, +Q, |dxdz = j j Qdxdz + j IQdedz
(S) (S) (S)
I I [R, + R, |dxdy = I j R,dxdy + I j R,dxdy
(S) (S) (S)

4. Eciim moBepxHOCTh (S) pa3zburta Ha aBe yactu (S;) u (S,), HE
MMEIOIIUX OOIUX BHYTPEHHUX TOYCK, TO

j j Pdydz + Qdxdz + Rdxdy =
(S)
= || Pdydz +Quxdz + Rdxdy + || Pdydz +Qdxdz + Raxdy

(S1) (S2)
(CBOMCTBO aIMTUBHOCTH MOBEPXHOCTHOrO MHTerpaina Il poma).



5. Ecu (S) — numuHApUYecKas MOBEPXHOCTh C 00Pa3yOIIMMU, Ta-
pamtensHbIME ocu OX (T.e. uMmeromas ypaBaenue ¢(y,z)=0), To

”P(x, y,z)dydz =0

(S)
Eciou (S) — npnmmHgpudecKkas MOBEPXHOCTh ¢ 00pa3yIomuMU, Ia-
pamnensHbIME ocu QY (T.e. mmeromas ypasHenue y(X,z)=0), o

”Q(x, y,z2)dxdz =0
(S)

Eciou (S) — npnmmaapuyeckas MOBEPXHOCTh ¢ 00pa3yIoOmMMU, Ia-
pamnenbHeiMu ocu Oz (T.e. mmeromas ypasaenue y(X,y)=0), To

”R(x, y,z)dxdy =0
(S)



3. BeluucieHue noBepxHOoCcTHOro unrerpana Il poaa

ITycte (S) — ABYCTOPOHHSS IOBEPXHOCTh, 3aJaHHAs ypaBHCHUEM
z=1(xy),
(o) — npoekius (S) Ha miockocTh XOY, KBagpupyemas 001acTh
f(X,y) — HenpepbiBHa B 00nactu (Gyy) ,
R(X,y,z) — mHenpepsiBHA Ha (S) .

BriOepeM BEPXHIOID CTOPOHY ITOBEPXHOCTH (T.€. Yroid MEXKIY
HOPMAJIBIO K MOBEPXHOCTU U 0CbI0 OZ OCTpHIif) .

Torpa:
I[ ”R(X’ y,z)dxdy = ”R(X, y, (X, y))dxdy

(S) (oyy)
BriOepeM HWKHIOIO CTOPOHY IIOBEPXHOCTH (T.€. Yroia MEXIy

HOpPMaJbIO K MOBEPXHOCTU U 0Chb0 OZ Tynoii) .

Torna:
”R(x, y,z)dxdy = — ”R(x, y, f(X,y))dxdy
(S) (Tyy)



AHAJIOTUYHO BBIYUCIIAIOTCS HHTCI'PAJIbI

.”P(X’ y,z)dydz  m ”Q(X, y, z)dxdz
(S) (S)

TEOPEMA 1 (noctatoyHbl€ yCIOBHUS CYIIECTBOBAHUS MOBEPXHOCT-
Horo uHterpana Il poga).
Ecnu evinonnenst yciosust.
a) (S) — 06ycmoponHsn nosepxHocmv, COCMOoAWAs U3 KOHeYHO-
20 Yuca s6HO 3a0anHvlx nosepxrocmeti Z = fi(X,y),
0) R(X,y,2) — xycouno-nenpepuisna na (S),
B) f:(X,y) — xycouno-nenpepwiena 6 xeaopupyemoti oonacmu (o)
(npoexyuu nosepxnocmu (S) na nrockocmos XQY),

Mo NOBEPXHOCMHbIU UHMESP Al j J' R(X,Y,z)dxdy cywyecmesyem.
(S)

AHaJIOrn4YHbIC YTBCPKACHUA CIIPABCIJIMBLI U JAJIsI HHTCI'PAJIOB

HP(X, y,z)dydz wu ”Q(x, y, 2)dxdz
(S) (S)



4. dopmyia Octporpaackoro —I'aycca

[Tycts (V) kyOupyemoe MUIMHAPHIECKOES TEIIO, OTPAaHUYSHHOE
IIOBEPXHOCTSIMHU (Sy): z =f,(x,y) (HU3),

(Sp): 2 = F,(xy) (epx),

(S3): o(X,y) = 0 (6okoBasi MOBEPXHOCTH),
dynaxmmm f,(X,y) u f,(X,y) HempepsIBHEI B KBaApUPyEeMOl 00J1acTH
(04y)€ XOy (mpoexunu (V) Ha miockocts XOY),

R(X,Y,Z) kxycouHo-HEeIpephIBHA M OTpaHUYCHA Ha IIOBEPXHOCTH (S)
R’(X,Y,Z) KycouHO-HEeNpephIBHA U orpaHnyeHa B oomactu (V)




Homyunin ﬁ R(X,y,z)dxdy = I j I R, dxdydz

+(S) V)

AHAJIOTAYHO TOJYy4aeM:

ﬁ P(X,V,z)dydz = ” j P, dxdydz
+(S) V)

ﬁ Q(X,y,2)dxdz = _[ _[ j Q, dxdydz

+(S) V)
B obmiem ciyuae:

ﬁ Pdydz + Qdxdz + Rdxdy = j j j (P, +Q, + R} )dxdydz

+(S)

— (popmyaia Ocrporpaackoro — I'aycca.



5. CBsi3p MKy MOBEPXHOCTHBIMHM MHTErpAJIaMU
| ull poma

ITycte (S) — HOBYCTOpPOHHSS TIIagKas IIOBEPXHOCTh, 3aJaHHAS
ypaBHeHueM Z = f(X,y)
(o) — npoeknus (S) Ha miockocTs XOY, KBaapupyemas 00nacTsb,
f(X,y) — menpepbiBHa B (G,y)
R(X,y,z) — HenpepniBHA Ha (S) .

BriOepeM BEpXHIOK CTOPOHY IOBEPXHOCTH (T.€. YrOJ MEXKIY
HOPMAJIbIO K IIOBEPXHOCTU B 0ChI0 OZ OCTpEIIL) .

Torpa cymectsyeTr uHTerpail

”R(x, y, z)dxdy
(S)



)

(AS;

3

a>




[Homyuunnu:

”R(x, y,z2)dxdy = ”R(x, Y,Z) - CoSs yds
(S) (S)
dopMyna ocTaeTcs CpaBeAIMBOM U IIPHU BbIOOPE HUIKHEW CTOPOHBI
IIOBEPXHOCTH.

AHAJIOTUYHO JOKA3bIBACTCS CIPaBEIJIUBOCTh (POPMYII

"P(x, y,z)dydz = "P(x,y,z)-cosads

(S) (S)

. .Q(x, y,z2)dxdz = ' 'Q(x, y,Z)-Cos f£ds
(S) (s)

Takum oOpazom, B 00I1IEM CiTydae MOJITyqdaeMm:

([ Pdydz + Qdxdz + Rdxdy = [[(P-cosa +Q-cos 5+ R-cosy )ds
(%) (S)

— CBsI3b MOBEPXHOCTHBIX MHTErpasioB | u |l pona.



JIEMMA 2.
Ilycmo 1) enaokas  0sycmoponnsis  noeepxuocms (S)  umeem
ypasnenue Z = f(X,y),
2) (oyy) — k6adpupyemasn obracme, npoexyus (S) na XOy.

Ecnu cywecmeyem unmezpain
J I Pdydz + Qdxdz + Rdxdy
+(S)

mo cnpaseoiuéo paseHcmeo

”dedz +Qdxdz + Rdxdy = ”(— fy-P—1,-Q+ R)dxdy
+(S) (oy)



7. ®opmyina CTokca

ITycte (S) — ABYCTOpPOHHSS HE3aMKHYTasl IOBEPXHOCTH, KOTOpas
MO>KET OBITh 3aJIaHa SIBHO, HaIpuMep, ypaBHeHHeM Z = f(X,Y);
(0yy) — mpoexnus (S) Ha miockocTs XOY,

(L) — rparuna (S), KycouHo-TIaaKkas 3aMKHYTast KpUBas,
() — mpoeknus (L) ma mmockocts XOY (= KycouyHO-TJIagKas
3aMKHYTasi). —

N

BriOepeM  BEpXHIOIO  CTOPOHY z /
IIOBEPXHOCTU (T.€. YTOJI MEXIY
HOPMaJIbIO K TOBEPXHOCTH M
ocbto OZ oCTphIN) . (L)
Bri6epem Hanpasienue ooxona (L) |
TaK, 4TOOBbI IIPU JBWKECHHUH IIO |
|
|

(L) B BEIOpaHHOM HampaBJICHHH

obmacte (S) ocraBajach clieBa
(IIOJIOKUTENIFHOE  HAIIPABJICHHE < (o) >

00x0/1a). ¢ — ()




[Tycts f(X,y) — HenpepbiBHa B 06s1acTu (O, );
P(x,y,2), Q(x,y,2), R(X,y,2) — HenpepriBHEI Ha (S) BMecTe CO
CBOMMU YaCTHBIMH IIPOU3BOIHBIMH.

Torma cyuiecTByeT UHTErpal
§ P(x,y,z)dx+Q(X,Y,z)dy +R(X,Y,z)dz
+(L)

1 OJI1 HETO CIIPAaBCIJIMBO PaBCHCTBO.

}de +Qdy + Rdz =
HL)
= [[ (R} —Q})dydz + (P — Ry)dxdz + (Q; — Py )dxdly

(S)
— (popmysia Crokca



