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3. JlubdepeHnmanbl Beiciinx mopsakoB OHII

IIycts z = flx,y) nuddepenuupyema B oonactu D, c=D(Y) .
Ee nuddepennuan dz(M) — pyHKIUS IepeMEHHBIX X, V, dx, dy.
Jlanee oyneMm dz(M) HazwIBaTh Jughhepenuyuanom 1-20 nopsaoka.

3adukcupyeM 3HaueHUE dx u dy.
Torna dz(M) cranet pyHKIMEN IBYX IIEPEMEHHBIX X H ).

JHuddepenunan pynkuum dz(M) (eciny OH CYIIECTBYET) Ha3bIBACTCSA
ouggpepenyuanom 2-20 nopaoka yukuuu z = f(x,y) (Wm emo-

poim ougpgpepenuyuanom ynkuuu z = f(x,))) u 0003HAYAETCS
d?z, d*f(x)).

d?z(M) — pyHKIIUS IEpEMEHHOM X H .

Jnddepeniman pyHkuu d>z(M) (ecau OH CYIIECTBYET) Ha3bIBAIOT
ougppepenuyuanom mpemvezo nopsaoka yukuyuu z = f(x,y) (uim
mpemvum ougppepenyuanom Qynkuuu z = f(x,y)) u o0003Ha-
yaetcst d3z, d3f(x,y).



IIpomoixkas manee 3TOT MPOLECC, ONPEACINM Ougghepenuuan n-20

nopsoka (yukuuu z = f(x,y) Kak auddepeHunan ot ee audde-
peHumaina nopsaka n — 1. O0o3navarot: d"z, d"f(x,y).

3ameuanue. 3HadeHue auddepeHIMana n-ro nopsjaka (QyHKIAU
f(x,y) B TOUKE (X,,,) 0003HavaroT d"z(M,), d"f (xy.y,) -

JHuddepenunansl nopsaka n > 1 Ha3bIBaAlOT oughepenuuaiamu
8blCULUX NOPAOKOB.

Ecnu ¢pyskius z = f(x,y) umeer auddepeHumran mnopsjaka n, To €e
HA3BIBAIOT 71 pa3 oughghepenyupyemoi.

TEOPEMA 3 (o cBa3m auddepeHunana n-ro Mopsjgka M n-X
YaCTHBIX IMPOU3BOIHBIX).
Ecnu ece npouszsoouvie k-co nopsaoka ¢yuxyuu z = f(x,y) 6
obnacmu D nenpepwignvl, mo ona k pasz oupgepenyupyema.
LIpu smom umeem mecmo cumeoaudeckas hopmyna

k
dkzz(adx+6dyj f(x,y). (6

Ox oy



3ameuanue.

1) UroOsI 3anucath quddepeHiyan mo popmyie (6) HEOOXOIUMO:
a) (popMaabHO PACKPHITh CKOOKY IO OMHOMHAILHOMY 3aKOHY,
0) YMHOKHUTb MOJYUYMBIIIEECS BhIpakKeHHUE Ha f(x,)),
B) 3aMCHUTH KaXKJI0€ IIPOU3BEICHUE

(2] (&) re
0" f(x,y)

YaCTHOU MPOU3BOJHOMN

Hanpumep, g n = 2 mony4nm:

2
d’z = o f(dx) +2 o/ dxdy+ﬁ(dy)
Ox” Oy0ox oy

Jist n = 3 nony4um:

3 3 3 3
d%—ﬂ(dx) +3 azf (dx)*dy +3 oJ —dx(dy)’ +ﬁ(dy)
o ox“ oy Ox0y* oy’



2) CumBonmueckas popmyiia s HaxoxaeHus quddepennmana du
GyHKmMu u = f(x,,x,,...x,) OyIeT UMETh BUL

k
d*u = (éfcld +ai2dx2 +a§dxjf(xl,x2,...,xn)

IIPU YCIOBHUH, YTO X,,X,,...X, — HE3ABUCUMBIE apI'yMEHTHI.



§16. HacTHble npousBoaHblie Cja0KHbIX POHII.
JInpdepernnuannst ciaokHbix ©@HII

1. YacTHBIC MPOU3BOAHBIE CIOKHOW (DYHKIIAM

[lycte z=fx,y), rae x=@,u,v), »y=¢,u,v).
Torna z — craowcnas ynkyus HE3aBUCUMBIX IEPEMEHHBIX U U V.

HCpCMGHHBIG X W Yy HA3BIBAIOTCA IJISI Z HRPOMENCYMOUHbIMU
nepeEmMeEHHbIMU.

3AJIAYA: HaliTK YacTHBIE TPOU3BOAHBIC (DYHKIUU Z TI0 U U V.

TEOPEMA 1 ( 0 Ipou3BOAHOM CIIOKHOM (DYHKIIUHN).
Ilycts z = f(x,y), tne x= @, (u,v), y= @,(u,v).
Eciu f(x,), ¢,(u,v), ©,(u,v) 1udpdepeHIupyeMBbl, TO CIIPABEIIUBEI
(bopMyJIBI
Oz _ 0z Ox @Z Oy Oz 0Oz 6x 0z Oy

u  ox ou 8y ou’ ov  Ox 6\/ oy ov (1)




Teopema 1 ecrecTBeHHBIM O0pa3oM 0000ImIaeTcs Ha Clydau
(GYHKIMKA OOJBIIET0 YHCIAa HE3aBUCHUMBIX M IIPOMEKYTOUYHBIX
apryMEHTOB. A UMEHHO, €CJIA

u=fx,x,,....x,), raex,=o(t,t,....t. ) 01=12,...,n),
O bu ou Ox; Ou 0Ox, ou 0x,
— . _|_ . _|_ _|_ .

= .. (Vk =1,m)
5tk 5)61 5tk 5)62 5tk 5)6 8tk

n



YACTHDBIE CIIYUHAMU cnoxuonn OHII

1) IIycts z = flx,y), tae x=@,(¢), ¥y = @,(?).
Torma z — cimoxHast GyHKUIHUEH OJTHOM IEPEMEHHOM Y.

Eciu f(x,y), ¢,(?), ¢,(¢) nupdepeHurpyemsl, TO CIpaBeAINBa

dbopmyna
dz 0z dx 0z dy

dr " ox di oy di (2)

2) Iyers z = f(x,y), TOe y = @(x)
Torma z — cimoxHast GyHKIKWEH OJJHOM IEPEMECHHOU X.

Ecmm f(x,y), ¢(x) muddepeHmpyemMbl, TO ClipaBeaInBa GopMyia

dz 0Oz 0Oz dy
dx oOx o0y dx ()
ITpon3BogHAas % B JIeBOoM 4dacTu (opmyJibl (3) Ha3bIBaeTCS

NOJIHOU RNPOU3BOOHOU (DYHKUUU Z.



2. JluddepeHnman Ci0xHONW (hYHKIIHU

Ilycth z = f(x,y) — mudpdepernuupyemas GyHKIUSA 2-X He3aBUCHMBbIX
IEPEMEHHBIX.

Torpaa, 1o onpeaeIeHuto

dz = fi(x,y)-Ax+ f(x,3)- Ay (4)
WIN, B IPYTOM BUJIE,
dz = Z g+ Z gy
Ox oy (5)

dopmyna (5) ocTaeTcs BEpHA U B TOM ClIydae, €ClIM z = f(X,)) — CIOXK-
Hast QYHKIIUS.

®opmyna (5) 3amucu nojgHOro auddepeHnrasa Ha3bIBACTCS
UHBAPUAHMHOU.

YIIPAJKHEHME 1.
[TokazaTh, yTO (popmya (4) HEBEpHA, €CIIM X U Y — (PYHKIHH.



IIycth z = f(x,y) — n pa3 qpupPepenunpyemas PyHKIusa 2-X He3aBHU-
CHUMBIX IEPEMEHHBIX.
Torma Vk<n

dkzz(ﬁder&d )kf(x )
Ox oy Y > (6)

dopmyna (6) ToxKe HE SBISICTCS HHBAPHUAHTHOMM.

YIIPA’KHEHHUE 2.
Haiitu guddepenumnan 2-ro mopsaka ecim z = f(x,y), TAeC

X = (PI(U,V), Y= (PZ(U,V).



§17. AuddepenuupoBanue HesIBHbIX (PYHKIUU

TEOPEMA | (cymiecTBOBaHUS HEIBHOM (DYHKIIMK).

[lycmo @ynxyus F(x,, x, , ..., X, , U) U 6ce ee yacmuvie NPous-
800HblE 1-20 nopsoka onpeoeieHbl U HENPepvl8Hbl 8 HEKOMOpOU
okpecmHocmu mouku Py(Xy, , Xqy s --» Xy, 5 Up)-
— /
Ecuu — F(P)=0 u EF!(R)#0 ,
mo 3 maxas oKpecmmocnb U mouxu My(Xy; 5 Xgp > o5 Xg)> 6
KOMOpOU YPABHEHUE
Flx,xy, ...,x ,u)=0
onpeoeisem HenpepuleHyo QYHKYuo u = f(x,, x, , ..., x_), npuiem
1) AiMy)=u,;
2) ona mobou mouku M(x,, x,, ...,x )eU
/ .
F(x),X%y,.005X,, f(X],X9,...,%,)) #0;
3) pynkyua u = f(x,, x, , ..., x,) umeem 6 okpecmnocmu U

HenpepbleHble YACNnHble I/ZPOMS’GOaHble no ecem apcymenmam.



3AJIAYA. HailTu 4acTHBIC IIPOU3BOJHBIE HESIBHO 3aJaHHOM (DYHKIIWH.

1) Ilycte F(x,y) yIOBIETBOPSIET YCIOBHUSIM TEOPEMBI | B HEKOTOPOH
OKPECTHOCTH P (xX,.,V,)

Tornma ypaBHenue  F(x,y) = 0  omnpenensser B HEKOTOPOH
oKpecTHOCTH U TOYKH X,,, HEIPEPBIBHYIO PYHKIMIO ) = f(x).
d F)
= (1)
dx F,

2) [lycts  F(x,y,z) yIOBJIETBOPAET YyCIOBUSIM TeopeMbl 1 B
OKPECTHOCTH P (X,,V,Z,) -
Torna ypaBHenue F(x,y,z) = 0 ompenenaseT B HEKOTOPOHM OKPECT-
Hoctu U Touku M,(x,.y,) HEOpPepbIBHYIO QyHKUUIO z = f(X,)).

Oz
Tak Kak (pakTUYEeCKU ™ 3TO OOBIKHOBCHHASI MPOX3BOIHASA (DYHK-
X

muu  z = f(x,y), paccMaTpuBaecMoOM KakK (PYHKIUS OJHOH IEpe-
MEHHOM IpHU MOCTOSHHOM 3HA4YE€HWHU APYTrou, To mo dopmyne (1)

noJy4aeMm Oz ol Oz F;
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