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§14. YacTHble NPOU3BOJAHbIC BBICIHUX MOPSAAKOB

Mycts z = fix,y) mmeer f,(x,¥) u f,(X,Y), onpenenennsie
Ha D C x0y .
Oynkumn f!(x,y) u f,(X,y) naseBator Takke uwacmmuvimu
NPOU3BOOHBIMU NEPBO20 NOPAOKaA (pyHKuuu f(x,))
(WU nepevimMu UaCMHLIMU RPOU3BOOHBIMU (PynKuuu f(x,))).

L) u f ): (X,¥) B obmem ciy4dae (PyHKIUHU ITIEPEMEHHBIX X U ) .

YacTHbIe IPOM3BOAHEIE IO X MO y oT  f/(x,y) u [f(x,)) ,
€CM OHM CYIIECTBYIOT, HAa3BIBAIOTCS HYACHMHBIMU NPOU3E00-
HbIMU 6MOP020 NOPAOKa (AU 6MOPLIMU YACMHBIMU NPOU3E00-

Hoimu) pyuxkuuu f(x,y).
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YacTHble MPOU3BOJIHBIC BTOPOIO MOPSAAKA B OOIIEM ClIydac SIBISIOT-
cs1 QYHKIUSAMU IBYX IEPEMECHHBIX.

X yacTHbIE MPOM3BOJHBIEC (€CIIM OHM CYIIECTBYIOT) Ha3bIBAIOT
YACMHBIMU  NPOU3BOOHBIMU  mMpembezo  nopsaoka  (UId
mpemvbumu 4YacmHbIMU BPOU3800HBIMU) PyHKYUuU z = f(X,)).

[Ipomoipkasg 3TOT IPOLIECC, HA30BEM UACHIHBIMU NPOU3BOOHBIMU
nopaoka n yukuyuu 7 = f(x,y) 4aCTHBIE IMPOU3BOIHBIE OT €€
YaCTHBIX MPOU3BOJHBIX (7 — 1)-TO mOpsiKa.

OO0o03HaYeHUs aHAJIOTMYHBI 0003HAYEHMSIM JIJISI YACTHBIX ITPOU3BO/I-
HBIX 2-TO nopsaka. Harmpumep:

0>z o (0%z 0>z o 8%z 0%z 0 0’z
8x28y_5y ox? )’ oxdyox  ox|\ oxoy | ox*dy*>  Oy| ox’ay

YacTHbeIC TPOU3BOAHBIE MOPsSAKAa 7 > 1 HA3BIBAOT YACHIHBIMU
NPOU3B00HBIMU BbICULIUX NOPAOKOE.




YacTHble IIPOU3BOAHBIC BbICIIHUX IIOPAAKOB, B3iTBIC IIO PA3HBIM
APpryMmMCHTaM, HA3bIBAKOTCA CMEULIAHHBIMU .

YacTHbIC IIPON3BOAHBIC BBICIIUX IIOPAAKOB, B3iATbIC II0 OJHOMY
APIr'YMCHTY, HA3bIBAKOT HMHOI'IA HECMEULAHHBIMU .

[TPUMEP. HaiiTu yacTHbIe NPOU3BOAHBIEC 2-TO MOPSAAKA OT (PYHKIIMHU
z=x%+3x%".

TEOPEMA 1 (ycioBrue HE3aBUCUMOCTH CMEIIAHHOW IPOM3BOJIHOM
OT IIOCJIEI0BATEILHOCTH AU PEPEHIIUPOBAHUIN ).

Ilycmov z = f(x,y) 6 nekomopou obaacmu D < xOy umeem 6ce
YyacmHuvle NPOU3800HbIE 00 N-20 NOPAOKA BKIHOYUMENbHO U MU
NpOU3800HbIE HENPEPLIGHBL.

Tozoa cmewannvle npoussoousvle nopsaoka m (m < n), omauda-
rowuecs Jaulb NOCie008amenabHoCmbvio  oupgepenyuposaruil,
cosnaoarom medxncoy coooll.



§15. AuddepenuupyeMocTs QYHKIMIA HECKOJIbKHX
NepeMeHHbIX

1. JlubdepeHuupyemble (GYHKIMHA HECKOIbKHX
IePEMEHHbIX

Ilycts z = f(x,y) , D(z) = D < xOy , D — obnacth (T.€. OTKPBITOE
CBSI3HOE MHOKECTBO).
ITycte VM (xy.p,)€D .

Ilpunagum x, U y, npupamenue Ax ¥ Ay COOTBETCTBEHHO (Tak,
4T00BbI TOUKa M(x, + Ax,y, + Ay)eD).
[Ipu 3TOM z = f(X,y) MOJYy4YUT OpHUPALICHUE
Az(M,) = M) — (M) = fix, + Ax,y, + Ay) — Axp.0)-

Az(M,) Ha3BIBAECTCA MONHBIM npupauiernuem Qynkyuu z = f(x,y) 6
mouxe M (x,y,), COOTBETCTBYIOIIMM Ax 1 Ay.



OIIPEAEJIEHUE. @yuxyus z = f(x,y) nazvieaemcs oupghepenuu-

pyemou ¢ mouxe M (x,.y,) eciu ee noinoe npupaujenue 6 dmou
MoyKe Moxcem OblMb 3ANUCAHO 8 BUOE

Az(M)=A4-Ax+B-Ay+a,-Ax+ao,- Ay, (1)
eoe A, B—nexomopuie uucna,
a,,0, — beckoneyno manvie npu Ax — 0, Ay - 0

(WM, 9TO TO XK€, npu \/(Ax)z +(Ay) >0 ).

3ameuanue. DyHKIMH 0O, U O, 3aBUCAT OT X,,)V,,AX,Ap.

PaBenctBo (1) MOXHO 3amucarh U B 0oJiee c:kaTor (hopMe:
Az(M)=A-Ax+B-Ay+ap, 2)
2 2
te p=(A) + (),
o,

Oyukus z = f(x,y), iupdepeHuupyemas B KakJa0H TOYKE HEKOTO-
poii odiactu D, HazbiBaeTcs oudpgpepernuyupyemoii ¢ D.

a

— 0eckoHeuHO Maas npu p — 0.



Hanomaum: nna nuddepenuupyeMonn GyHKuuA y = f(x) crpasen-
JIUBBI YTBEPKICHUS:
1) y = fix) nudpdepentmpyema B x, < If '(x,);
2) y = f(x) nubdepennupyema B x, = y = f(x) HEIIPEPHIBHA B X,, .

TEOPEMA 1 (meo0xoaumeie ycioBus auddepennupyemoctu OHIT)

Llycmo pynuxyus z = f(x,y) ()udyq’zepeﬂuupyema 8 mouxe Mo(xo,yo).
Toz0a ona nenpepviéHa 6 >moU MouKe U UMeem 8 Hell YACHmHblLe

I’lpOl/L?GOaHble no obeum He3a6UCUMbIM NEePEeMeHHbIM. Hpuqu

f2(x0,y0) =4, f,(x¢,¥9)=B.

TIOKA3ATEJILCTBO



3ameuanu.

1) C ydyerom TeopemMsnl | paBeHcTBa (1) m (2) MOXKHO 3amucarh
COOTBETCTBEHHO B BHUJE:

P o
Az(M,) = Z()g;yo)-Ax-l— Z(’g’y’yo)-Ay+al.Ax+a2-Ay (3)

oz(x,, oz(x,,
AZ(MO): (a()xyO)'Ax+ (a()yyO)

-Ay+a-p (4)

rIIe o,,0., — 0eckoHeuno Maisle npu Ax — 0, Ay — 0,
1>%2 p )

p=+(Ax) +(Ap)’,

oL — OeckoHeuHO Manas npu p — 0.

2) YTBepxkaecHue oopatHoe Teopeme | HeBepHO. M3 HenpephIBHOCTH
(GYHKIMU JBYX MEPEMEHHBIX B TOYKE U CYIIECCTBOBAHUS B AITOM
TOYKE €€ YaCTHBIX IPOM3BOJIHBIX e€Ile He cleayeTr auddepeH-
UPYEMOCTh (DYHKIIHH.



[IPUMEP. ®ynkuus  z =x+ y +4/|x|-|y| HenpepbiBHa B ToUKe

(0;0) 1 UMeeT B ATOM TOYKE YaCTHHIC IPOM3BOJIHBIC, HO HE SIBIIS-
€TCsl B 9TOM TOUKE U PEepeHIIUPYEMOIA.

TEOPEMA 2 (nmoctatounsie ycinoBus nuddepennupyemoctu OHII)

Ilycmv pynxyua z = f(x,y) umeem 6 HeKOMOPOU OKPECMHOCHU
/

mouku My(x,,y,) uacmuvie npouzsoonvie  f.(X,y) u 1r(x,»),

npuiem 6 camou mouxke M, smu npouzeoonvie HenpepoleHbi.

Tocoa gpynkyus z = f(x,y) oupgepenyupyema 6 smoi mouxe.



2. Inddepenmman OHII

ITycte dynkuus z = f(x,y) nupdepennupyema B Touke M (x,,),).

Torm oy~ A G030) o, & (o.30)

ox oy
rae o,0, — 0eckoneyno Maisle npu Ax — 0, Ay — 0.

Ay +oa - Ax+a, - Ay

OIIPEAEJIEHUE. Ecau z = f(x,y) ouggepernuupyema 6 mouxe
M (x,.y,), mo aunelnas omnocumenrvHo Ax u Ay wacmo ee noi-
HO20 Npupaujerus 8 YMot mouxe, m.e.

of (X5 %) f (X9, ¥0)
- Ax + A
Ox oy Y
Ha3bleaemcsi ROJHbIM Ouppepenuyuanom ynukuyuu 7 = f(x.y) 6
mouxe M (x,.y,) u obosnawaemcs dz(M,) unu df(x,.y,).




T'EOMETPUYECKHNU CMBbICJI nosHoro nuddepenmana
¢yukuu JIBY X IIEPEMEHHBIX.

ITycth S — ITOBEPXHOCTH,
P, — (huKcUpOBaHHAs TOYKA HA IOBEPXHOCTH I,

P — Texymas Touka Ha MOBEPXHOCTH .
IIposeaem cexyinyto npsamyrwo PP,

I110cKOCTE, IpOXOAsAIIAs Yepe3 TOUKY F,, Ha3bIBACTCI Kacameib-
HOU NJ10CKOCMbI0 K noeepxHocmu S ¢ mouke P, eciu yron
MEXIy Cekymen PP, W 3TOW INUIOCKOCTBIO CTPEMHTCS K HYJIIO
Korjna Toyka P crpeMurcs K P, ABUTasCh 10 IMOBEPXHOCTH S

IIPOU3BOJIBHBIM 00Pa30M.

L/



IIpsimast, mpoxozasinas 4epe3 TOUKy P, NIEPIEHANKYIAPHO KacaTelb-
HOM TIUJIOCKOCTH K TIIOBEPXHOCTH B ITOM TOYKE, HA3BIBACTCS
HOPMAJIbIO K noeepxnocmu ¢ mouke P,

JIOKA3AHO, 4o

1) ecnmn ynkumd z = f(x,y) nuddepenuupyema B Touke M (xy.0,),
TO MOBEPXHOCTb z = f(x,y) mMeeT B TOUKE Py (XY X0.)V))
KacaTeIbHYIO IIOCKOCT.

Ee ypaBHeHuUe:

z = f(xg,¥0) = S (Xg, Yo )(x = Xo) + f):(’xOLyO)(y — Vo)
—> ypaBHEHHUE HOPMAJIH K MOBEPXHOCTH z = f(x,)) B Py(X.V0./(X:)0)):
X=X _ V=™ )Vo _ z — f (Xg, Vo)
S+ (xg>¥0) fy'(xm)’o) —1




2) eclii MOBEPXHOCTh 3a7jaHa ypaBHeHUeM F(x,y,z) =0,

F(x,y,z) — nupdepenuupyeMa B Py (x,.V,Z,), IPpUIEM XOTA OBl
OZIHA U3 €€ YACTHBIX IIPOU3BOJHBIX HE 0Opamaercsa B P, B HOJIb,

TO KacaTellbHas IIOCKOCTh K IMOBEPXHOCTH B TOUYKE Py (X,.)0,2,)
CYIIECTBYET U €€ YPABHCHHUE

FL(Py)(x—x0) + F (B)(y— o)+ F,(B)(z—29) =0
—> ypPaBHEHUS HOPMAJH K IOBEPXHOCTH F(x,),2) = 0 B P(xX,.)0,2,):
X=Xy _V=Vo _ 2720
F{(B) Fy(B) F.(R)

3ameuanue.

Touka Py(x,y2,) NoBepxHOCTH F(x,,2z) = 0, B KOTOpOH BCE
YacTHBIC NPOMU3BOJIHBIE (QYHKIUM F(x,y,z) oOpaliatoTCs B HOJIb,
HAa3bIBACTCS 0CO00I MOUKOU NOGEPXHOCHMU.



ITycte pynkuus z = f(x,y) nupdepennupyema B Touke M (x,.),).

—> NOBEPXHOCTh z = f(x,y) umeer B TOUKE P (X0.V,.f(X):)0))
KacaTeabHYIO IJIOCKOCTh. Ee ypaBHEHUe:

z= f(x050) = 1 (Xg, Yo (X — Xg) +fy’(x0>J’0)(y ~ Vo)

O0o3HauuM x —x,=Ax, y—y,= Ay.
Torna ypaBHeHHE KacaTelIbHON MIIOCKOCTH IPUMET BUIL:

z— f(Xg,)0) = fx’(xo»J’o)Ax"‘fy’(xo»J’o)Ay

TAKHWM OBPA3OM, nonaeid quddepeHnyan QyHkoun z = f(x,))
B Touke M (x,,y,) DpPaBEH NPUPAILECHHUIO, KOTOpOE  TOJTydaeT
anIuKaTa TOYKH  Py(x0,0,./(x,.),)) KacaTeabHOW INIOCKOCTH K
IIOBEPXHOCTH z = f(x,y), KOraa €e KOOpAMHATBL X, HU Y,
MOJIy4YaroT npupameHuss Ax u Ay COOTBETCTBEHHO.






OueBUIHO, YTO COOTBETCTBHUE (X,.V0,Ax,Ay) — df(x,),) sABIgeTCA
(yHKIMEH (4eThIpeX MEPEMEHHBIX ).

Ee Ha3bpIBaKOT noinbvim oudphepenuyuanom pynkuyuu 7 = f(x,y) u
o0o03HauawT dz win df(x,y).

Jlerko mokaszarb, 4TO IOJHBIA JAuddepeHnran (yHKIHUA #n Mepe-
MEHHBIX 00jIaJaeT TEMHU K€ CBOMCTBAMHM, 4TO M AuddEepeHIHA
(OYHKIIMH OJHOUW ITEPEMEHHOM.

B wactHoctn, s df(x,y) CylIeCcTBYeT BTOpas, UHBAPUAHMHAA
¢opma 3anucu:

dz = fy(x,y)-dx+ f,(x,y)-dy. ()
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