MaremaTnyecKkum aHaInu3
Pazgen: JluddepeHunaibHOE HCUNCIICHUE

Tema: Ilpouseoonasn pynkuyuu

JlexTop PoxxkoBa C.B.

2023 r.



I'n1aBa Il. JlndpepeHnuajbHoe HCYUCICHUE
(pYHKIMH OHOM IEePEMEHHOHU

Jlugppepenyuanvnoe ucuucnenue — pazngen MaTEeMaTUKHA, B
KOTOPOM H3Yy4arOTCs MPOM3BOAHBIC U AU hepeHIHaIbl (hyHKIIHH
Y UX IPUMEHEHMUE K UCCIIeA0BAHUIO (DYHKITHM.

§5. IIpousBoaHass PyHKUMH

1. OnpeneneHre Npou3BOAHON QYHKIIHMN.
Heo0xoaumoe yCiaoBre CylnIeCTBOBAHUS MPOU3BOIHOM

IIycth y = f(x) onpenenena B TOYKE X, 1 HEKOTOPOU €€ OKPECTHOCTH.
[Ipunagum x, npupamenue Ax Takoe, 4To x, + AxeD(f) .
OyHKIMA TPU 3TOM HNOJYUYUT NPUPAILCHUE

Af(x,) = flx, + Ax) —flx,) .



OIIPEAEJIEHUE. Ilpouseéoonoi ¢pynkuyuu y = f(x) 6 mouke x,
Hazvleaemcs, npeoei OMHOWEHUs NPUpaujeHus QYHKYuu 6 3motu
MOYKe K NpUpaueHuo apeymeﬂma Ax, npu Ax — 0 (ecau smom
npeoes cyujecmeyem u KOHe4eH), m.e.

lim Af(xo) _ lim / (Xo +Ax) - f (xo)
Ax—>0 Ax Ax— 0 Ax
d d
Obosuauaiom: '(xy), y(x) : (%), f(xo).
dx dx
IIpouseoonon ¢ynkuyuu y = f(x) 6 mouxe x, cnpasa (cresa)
Ha3vl8AEMCSl Af(x,) A
lim X0 ( lim f(x())j
Ax—>+0  Ax Ax—> -0 Ax

(eciu amom npeoden cyujecmayem u KOHeuen).
O0o03Ha4aroT:

Vi(x9), fi(xy) —mpousBomuasy=f(x) BTOUKE X, CIpaBa,

Y (x9), f'(xy) —nmpomsBomHasy=f{x) BTOYKE X, CIEBa.



TEOPEMA 1 (HeoOXoauMoe M JOCTaTOYHOE YCIOBHE CYIIECTBO-
BaHUS IPOU3BOIHOMN).
Dyuxkyua y = f(x) umeem npouzeooHyio 8 mouKe X, <> 6 9mou
MoYKe CYyuecmeyrom u pasHvl MexHcoy Cco00U NPoOU3800HbIE
@yuxyuu cnpasa u ciesa. llpuuem

S (%) = f{(x0) = f2(x0).

TEOPEMA 2 (HeoO0XoauMoO€ YCJIOBHE CYIIECTBOBAaHHUS IIPOM3BOI-
HOW (PYHKIIMH B TOUKE).
Ecmu @ynxkyus y = f(x) umeem npoussoOnyio 6 mouke X,, mo
dyHkyus f(x) 6 omoii mouke HenpepuvleHa.

3ameuanue. HenpepblBHOCTh QYHKIUU B TOYKE X, HE SABIAETCA
AOCTATOYHBIM  YCJIOBUEM CYIIECTBOBAHMA B OTOM  TOYKE
POXU3BOJHON (DYHKIIHH.
Hanpumep, GpyHKIUA y = | x | HEmpepbIBHA Ha BCEW 00J1aCTH OMpe-
JIEJICHNS, HO HE UMEET IIPOU3BOIHOU B TOUKE X, = 0.



CoorBerctBHE X, —> f'(X,) ABIIAeTCA (PyHKLMEH, ONPEICICHHON HA
MHO)kecTBe D, D(f).

Ee Ha3bIBaIOT npou3e00Hoi hpynkyuu y = f(x) u 0003HAYAIOT
, dy , df
Yo d—a f ()C), —.
X dx
Onepanuio HaxXOXACHUS s QyHKIMH Y = f(X) €€ IMpOM3BOJIHOMU
(YHKIIUM HA3BIBAIOT Oughepenuuposanuem pynkuyuu f(x).



2. DU3NYECKUNA U TE€OMETPUYECKUN CMBICII
IIPOU3BOIHOU

1) ®u3nvyecKkuid CMbICJI POU3BO/THOIA.

Ecin dynkums y = f(x) u ee apryMEHT X SIBISIOTCS (PU3NYCCKUMU
BEJIMYUHAMU, TO npou3sooHas f'(x) — cxopocmvb uzmeHeHus
BENUYUHBL ) OMHOCUMENbHO BEAUYUHBL X .

[TPUMEPDI.

a) Ilycte S = S(¥) — paccTossHUE, TPOXOAUMOE TOYKOM 3a BpeMs £.
Torna npoussonHasa S’ (¢,) — ckopocme 6 Momenm epemenu t,.

0) Ilyctb g = ¢(f) — KOJIMYECTBO SJIEKTPHUYECTBA, IMPOTEKAIOIIEE
yepes3 NOIMEPEYHOEe CEUYECHUE IPOBOIHUKA B MOMEHT BPEMEHU 1.
Torna q'(#,) — CKOPOCTh U3BMEHEHMS KOJIUYECTBA DIEKTPUUECTBA
B MOMCHT BPEMCHHU [, T.C. CUIA MOKA 8 MOMEHM 8PEMEHU [.

B) IlycTe m = m(x) — macca orpeska [a ; x].

Torma m ' (x) — CKOPOCTb U3MEHEHHS MAaCChl B TOYKE X,, T.€.
JUHEUHAS NIOMHOCb 8 MOYKe X,,.



2) I'eomeTprYecKUMA CMBICJ IPOM3BOTHOM.

ITycte { — Hexoropas kpuBast, M, — To4uka Ha KpuBou (.

Jlhobas npsamas, nepecekarowas { He menee uem 8 08YX MOUKAX,
HA3bl8AEMC A CeKyuiel.

Kacamenvnou x kxpueou U ¢ mouxe M, naszvieaemcs npeoenvroe
nonooicernue cekyweu M,M,, ecau mouka M, cmpemumcs k M,
08U2ASICL NO KPUBOL.

OueBuAHO, YTO e€CIM KacarelbHas K KpHBOM B TOuke M,
CYILIECTBYET, TO OHA €IMHCTBEHHAA.



PaccMotpum kpuByro y = f(x).
[Iycts B TOuke M (x, ; f(X,)) OHA UMEET HEBEPTUKAIBHYIO KacaTelb-
Hyro MN.

e

|
/1 -
- X Xo+Ax

Takum oOpasom, noayuwmnu: f '(x,) — yerosou xkosgguyuenm
kacamenvhou K cpaguky ynkyuu 'y = f(x) 6 mouxe M (x, ; f(x,)).
(r€OMETPUYECKUI CMBICIT IPOXU3BOJHON (DYHKIIUM B TOUKE).

—VYpaBHeHHe KacaTenbHOU K KpuBoil ¥ = f{x) B Touke M (x,;f(x,))

MOKHO 3aITMCaTh B BHJIE ,
y—=f(xg) =1 (x) (x—xp)



3ameuanu.

1) Ilpsimas, NPOXOAAIIAs HEPE3 TOUKY M, nepneHauKyIJIsIpHO
KacaTeIbHOH, MPOBEICHHON K KPUBOU B TOYKE M|, Ha3bIBaeTCA
HOPMAJIbIO K Kpueou 6 mouke M,.

T.x. ans yriaoBeix K03 (PUIIMEHTOB MEePHEHANKYIISIPHBIX HPSMBIX
CIIpaBEIIMBO PABEHCTBO K, - k, =—1, TO ypaBHEHUE HOPMAJIHU K
y =flx) BTOUKE M (X, ;f(x,) OyIdeT UMETH BUA

y_f(xo):—f,(lxo)'(x—xo) , €CIIH f'(xo);tO,

Ecimu xe f '(x,) =0, To KacareiapHas K KpUBOM y = f(x) B TOYKE
M (x,; f(x,)) Oymer umMeTh BUA

y =fxy),

a HOpMaJb X = X,



2) Ilycte kpuBas y = f(x) umeer B Touke M (x, ; f(x,)) BEPTUKAIbHYIO
KacarenbHyro M N, o — yroi HakioHa cekymen MM, x Ox.

Taxum obpasoMm, ecau kpueas y = f(x) umeem ¢ mouxe My(x, ; f(x,))
BEPMUKATILHYIO KACAMENbHYI0, MO (QyHKYus y = f(x) ne umeem 6
mouke X, Nnpou3so0HOU.

Tak kak B cocemHux ¢ M, Toukax KpuBad y = f(x) umeer
KacaTelIbHbIC M MX yIroJl HakKjIoHa K ocu Ox ctpeMutrcs k 90° mpu
Ax = 0, T0 x, aeraemcsa ona Qyuxkyuu f(x) moukou paspeiea 11

pooa, npuiem lim f'(x)=o0
X—>Xg



3. IIpaBuna auddepeHnupoBaHus

1) Ilpouszsoonasn koncmanmeol pasHa Hyao, T.¢.
C'=0, rme C — xoHCTaHTA.

2) Ilpouszsoonas cymmsr (paznocmu) pasHa cymme (pazHocmut)
NpPOU3600HbIX, T.€.

(utv) =u"£v
3) Ilpouzsoouas npouszsederus Haxooumcs no NPasuLy:

(u-v)=u-v+u-
3ameuanue. Dopmyna gudepeHIUPOBaHNS TPOU3BEACHUS MOXKET
OBITH JIETKO 000O0IIEHA HA CIIydal OOJIBIIEr0 YMCiIa MHOKHTEIICH.
Hanpumep,

(w-v-w)=u-v-w+tu-v-wt+u-v-w',

(w-v-w-t) =u"-v-wt+u-v-wt+u-v-w-t+u-v-w-t.



4) (C-u)'=C-u', rmne C— KOHCTaHTA.
[ OBOpAT: «KKOHCTAHTA BBIHOCUTCS 32 3HAK MIPOU3BOTHOMN.

5) IIpouzsoonas Opodbu HaxoPumMcs no nPasulLy:

(uj — u'-v—zu v (v(x) # O).

v v

6) Ecnu ¢hynkuus @(t) umeem npouzeoo0Hyo 8 mouke t, a pynKyus
Au) umeem npouszsoounyro 6 mouke u = @(t), mo Cl0XM#CHAA
dyukyus vy = f(Q(t)) umeem npouzsoouyro 8 mouke t, npuiem

y'=f(u)-u
(mpaBui10 AU HEPEHIUPOBAHUS CI0KHON (PYHKIIUM).

7) TEOPEMA 3 (0 npou3BOgHOM 00paTHON (PYHKIIHAM ).
[lycmo @ynkyua y = f(x) umeem npousgoomyro 6 mouke X,

npuvem [ '(x,) # 0. Ecamu cywecmeyem obpammuas @DyHKYus
X = @(y), mo ona umeem npouzeoonyio 6 mouke y, = f(x,) u

, 1
P (¥o) = 7(x0)
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