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I'J/IABA III. ®yHKIHUHM HECKOJbKHUX NEepPeMEHHbIX

§12. Onpenenenne pyHKIMN HECKOJbKHUX MEePEeMEHHbIX.
Ilpenea u HenpepbiBHOCTL ©@HII

1. OnpeneneHue QYHKIMY HECKOJIbKUX IEPEMEHHBIX

OIIPEJAEJIEHUE.
Ilyecmo X={(x,%x,,...,x)|xeX cR}, UcR.
Dyuxyus . X — U Hazvieaemcs hynkuueil n nepemeHHbix .

3aIMChIBAIOT: u=fx;,x,,....x,),
r1e f — 3aKOH, 3aJal0IIHUNA COOTBETCTBUE MEKIY X;, X, , ..., X, U U .
3uayenue u = flx;, X, , ..., X)) OPU X|; = Xgp, Xy = Xgps «-r X, = Xgp
3alIUCHIBAIOT B BHUJE
U=fXg1s Xgp » -ver Xp,) HIH u‘

)Cl :x()l ,)C2 =X02 ye o .,Xn ZXOn



Ha3spiBaror:
X — o0nacte onpeneneHus pyukuun (O0o3HauaroT: D(u) ),
Xy Xy, ..., X, — AQPTYMEHTBI (HE3aBUCHMBIE IICPEMEHHBIE),
U — obnacte 3Hauenuii (O6o3HauaroT: E(u) ),
u (u €U) — 3aBucumas rniepeMeHHas (QyHKIHs).

CIIOCOBBI 3AJIAHN S OHII
1) c10BECHBIN;
2) TaOJINYHBIH;
3) aHATUTUYECKUIA:
a) ABHOE 3ajaHue (T.e. hopMynon u = flx,, X, , ..., X))
0) HesiBHOE 3aaanHue (T.e. ypaBHeHueM F(x,, x,, ..., x ,u)=0).
4) OyHKIMKO z = f(X,)) MOXHO 3aJaTh Ipa)MIECKH.

OIIPEAEJIEHUE. I'pagpuxom ¢yukuuu z = f(x,y) Hazvieaemcs
2eoMempuuecKkoe Mecmo mouek nPpoCMpancmaea ¢ KOOpoOUHamamu

(x5 v; fx,p)), V(x,y)€D(2).
['paduk Qpyskuum z = f(x,)) OyaeM TakKe Ha3bIBaTh «IIOBEPX-
HOCTBIO z = f(x,)) ».



Junueit ypoensa GyHkIuu z = f(x,y) HA3BIBAIOT T€OMETPHUUECKOE
MECTO TOYEK (X,)) IUIOCKOCTH, B KOTOPBIX (DYHKIHS NPHUHHUMAET
OJHO U TO ke 3Hauenue C.

—> 1) JIunus ypoBHA — JIuHHSA B D(z), KOTOpas UMeeT ypaBHECHHUE
fxy)=C.

2) JIuHus ypoBHS — MPOEKIUSA HA TNIOCKOCTh Xy JIMHUU TIepe-

ceueHus rpaduka yHkuu z = f(x,y) 1 miockoctu z = C .

[lonaraem C paBapimu C,, C,+h, C,+2h, ...,C, +nh.

[lolyduM JHMHUU YpPOBHS, MO PACIOJOKEHHUIO KOTOPBIX MOKHO
CyauTh O rpaduke (YHKIUM H, CICIOBATEIBHO, O XapakKTepe
U3MEHEHUS (DYHKIIHH.



X

(OYHKIUS H3MEHSIETCS

ObIcTpee (MOBEPXHOCTh, M300paxkaromias PyHKIHUIO, UACT Kpyde).

b

Takum oOpa3om, TaMm, IJ€ JUHUHM «TYIIE»



Ilosepxnocmoro ypoena GyHkuuu u = f(x,y,z) Ha3bIBalOT F€OMETPHU-
4ECKO€ MECTO TOYEK MPOCTpaHCTBA Oxyz, B KOTOPBIX (QYHKIHS
IMIPUHUMAET OJIHO U TO K€ 3HaueHue C.

YpaBHeHHE TOBEpPXHOCTU YpoBHs: f(x,y,z) = C .

2. Ilpenen GyHKIIUM HECKOABKHUX ITEPEMEHHBIX

HammoMHum:
Yucno AeR nasvieaemcs npeoenom ynxkuyuu f(x) npu x
cmpemawemca K x, (npenenoM QyHKUuu f(x) B TOUKE X,), eciu
Ve>0 30>0 makoe, umo
eciu xeU(x,, 8) , mo flx)eU(4, ¢) .



V(x,y) <> MexOy ; YA

= z=flx,y) =fM), tne MeDcxOy . M (x:)
® b
S
X
V(x,p,2) <> MeOxyz zA
= u=f(x,y,z) = (M), tne MeDCOxyz . M (x;y;2)
.) b
>
y
X
ITo aHanoruu, nocien0BaTENbHOCTD (X, X, , ..., X,) OyIeM CUMUTATh

JIEKapTOBBIMH KOOPJAMHATAMM TOYKH 7-MEPHOI'O IIPOCTPAHCTBA M
paccMaTpuBaTh PYHKIMIO 7 TIEPEMEHHBIX KaK (DYHKIIMIO TOYKHU
3TOT0 MPOCTPAHCTBA.

O003HavaroT:
R" — n-MepHOE MPOCTPAHCTBO,
u=fM) , rne M(x;,x,,...,x )eR"— QyHknun n nepeMeHHbIX.



Ecimm M, (x,), M,(x,)eOx , TO paccTosiHuE MEXAy HUMH (0003Ha4a-
10T: | MM, |) Haxonutcd 1o popmyie:

‘Mle‘:‘xz _x1‘:\/(x2 _x1)2 -

Ecim M, (x,,y,), M,(x,,y,)exOy , TO
2 2
‘Mle‘ = \/(xz —x1) "+ =)

Ecmu M, (x,.y,,2,), My(X,,y,,2,)€Oxyz , TO
2 2 2
‘Mle‘ = \/(x2 —x) + (V=) +H (22"

O0o0mas 3tu hopMyJibl, OyJIEM CUMTATh, YTO PACCTOSTHUE MEXKIY
TOYKaMH 1-MEPHOTO IIPOCTPAHCTBA

M x,x,,....x), M\(y;, V5, ...,y )ERD

PaBHO

‘Mle‘:\/(J’l _x1)2 +(, —xz)z +...+(y, _xn)z'




IIycte My(xy, Xgp > ---» Xy,)€R? . MHOXkECTBO TOuek R" , Haxopns-
IIUXCA OT M, Ha pacCTOSAHMM MEHbUIEM €, OylIeM Ha3bIBaTh
e-oKkpecmnocmuio mouku M, v o6o3Ha4ats U(M),€).

naye roBops, €-0KpeCTHOCTE M (X, Xyps - --» X,) COCTOUT U3 TAKUX
Touek M(x,,x,,...,x_ ), LI KOTOPbIX UIMEET MECTO HEPABEHCTBO

‘MOM‘:\/(XI —x01)2 +(x, _xoz)2 +...+(x, _xon)2 <é&

Ilpu n=1
UMy,e) = {MeOx | MM|=|x —x,| <&} =(x,—€,x,+¢€).
IIpn n=2
U(Mq,2) = {M € x0y| [MoM|=(x=x0)” +(v= )" <&},
1.€. UWM,,€) Touku M, (x,.),) — KpYyr ¢ LeHTPOM B TouKe M (x,.),)
U PaJINyCOM € .
IIpn n=73
U(Mo,2)={M € Oxyz| \(x=x0)" + (v =30) + (2= 2)" <&},
1.e. UWM,e) Toukum M (xy,y0,Z,) — IIap C LEHTPOM B TOYKE
M (xy,y,2,) U PATHYCOM € .




€-OKPECTHOCTh TOYKH M€ Rr ©e3 caMoil TOYKHU M, Oynem
Ha3bIBaTh npokoomou u 0003Hayate U*(M,€)

Ilycte QyHKIUS n nepeMeHHbIX u = f(M) omnpeneineHa B HEKOTOPOU
OKPECTHOCTU TOUKH M € R" , kxpoMe, MOXKET OBITh, CAMOM M, .

OIIPEJIEJIEHME.
Yucno AeR naszvisaemcs npeoenom pynxkuuu f(M) npu M
cmpemawemca Kk M, (npenenom pynkuuu f(M) B Touke M),

ecau Ve>0 30>0 maxoe, umo
eciu MeU*(M,, 5) , mo fiM)eU(4, ¢) .

3anMChIBAIOT B OOILIEM ClTydae:

1 M)=A4
Mi%f( )= 4, f(M)—> A, ipu M — M,
g byskum z = f(x,y):
lim f(x,y)=A.
X=X

Y=Y



3ameuanus.
1) Ycnosue MeU*(M,,8) o3HauaeT, YTO BBIIOJIHSAECTCS HEPABEH-
CTBO:

O<\/(x1 —x01)2 +(x, —x02)2 +...+(x, —xon)2 <0

2) Ycnoue f(M)eU(A,e) o3Hadaer, 4dto s f( BBITIOJIHSACTCS
HEPaBEHCTBO | (M)—A4|<ceg

3) Tak kak (popMalIbHO OmpeAciacHUE Ipeaciaa QYHKUHH 7 Iepe-
MEHHBIX HHMYEM HE OTJIMYAEeTCSI OT OIpeAcICHUs IMpeesa
(DYHKIIMM OJIHOM IIEPEMEHHOM, TO BCE YTBEPKICHHUS, KOTOpHIC
ObUIM IOJIYYEHBI O mOpeaenax (PYHKIMH OJJHON NMEPEMEHHOW W B
KOTOPBIX HE HMCIOJIB3YETCS YHOPSJAOYECHHOCTh TOYEK YHCIOBOM
OpSIMOM, OCTalOTCA BEPHBIMU M I IIpeAeiaa (QyHKUUU 7
IIepEMEHHbIX.

4) OnpeneneHue O0CCKOHEYHO OOJIBIION (PYHKIMH IIEPEHOCUTCS Ha
ciydailh ~ (QyHKUMH  #  IIEPEMEHHBIX  TOXE  JIOCJIOBHO
(chopmMyIHpOBaTH CAMOCTOSATEIBHO).



3. HenpepblBHOCTh (DYHKIIMH HECKOJIBKHX
[IEPEMEHHBIX

ITycts u = fiM) onpeneneHa B HEKOTOpoi okpecTHocTH M, e R" .
OIIPEAEJIEHUE 1. @ynkyus f(M) Hazvieaemcsi nenpepviéHoll 6
mouke M, ecnu cnpageonu6o pagencmeo

lim f(M)=f(M,)
M—-M,

unu, uHave 2osops, ecau Ve>0 30>0 maxoe, umo
eciu MeU(M,,,0) (t.e. | MM, | <0),

mo  AMEU(IMy),8) (re. |fIM)—fiMy)|<e).

CropaBeaIuBbl YTBEPKICHUS:

1) apudmeTnyeckue ornepanuu HaJl HENPEPHIBHBIMU B TOuke M,
(GYHKIUSMU NPUBOJISIT K HEMPEPHIBHBIM B ATOM TOYKE (DYHKIHSIM
(Opu yCIIOBUU, 4YTO JCJICHHUE MPOU3BOAUTCS HAa (YHKIUIO, HE
OOpalaloIIyOCs B HOJIb);

2) cnoxHast (PyHKIHS, COCTABJICHHAA M3 HECKOJIbKMX HEMPEPBIBHBIX
(YHKIIMH, TOXKE OYJET HEMPEPHIBHOM.



Ecin pynkuus u = f(M) omnpeaelieHa B HEKOTOPOM OKPECTHOCTHU
TOYKU M, (32 UCKIIOYEHUEM, MOXET ObITh, caMOi M), HO He
ABJISICTCS B OTOM TOYKE HEOPEPhIBHOH, TO €€ Ha3bIBAIOT
paspelenou 6 mouke M,, a camy TO4Ky M, — moukou paspuiea.

IIycts G — HexkoTOpoe MHOXkecTBO Touek B R" u M, eG .

Touka M, HasbIBaeTCsa ¢HympenHeiu moukou MHOXKeCTBA G, €ClH
JUM,,e)=C .

MHOXeCcTBO, Kaxkaas TOYKa KOTOPOr0 — BHYTPEHHSsS, HA3bIBACTCS
OMKPHLIMbBIM.

Touka M, Ha3wIBaeTCA cpanuunou moukoi MHOXecTBa G, €ClM B
TI000H €€ €-OKPECTHOCTH €CTh KaK TOYKHM M3 (G, TaK U TOYKH, HE
npuHaiexkamue G.

MHOK€CTBO BCEX I'PAHUYHBIX TOYECK MHOKECTBA (G HA3BIBACTCSA €TI0
cpanuuen.
MHO0XECTBO, COJiepKaIIEee CBOK IPAHUILY, HA3bIBACTCA 3AMKHYHLbIM.



MHuoxecTBO (G Ha3bIBACTCS CEA3HBIM, €CJIU JTIOOBIE JIBE €r0 TOYKHU
MOXHO COCJIMHUTHh HENPEPHIBHOU KPUBOM, COCTOAIIEHM U3 TOYEK
3TOT0 MHOECTBA.

3ameuanue.
HenpepblBHOM KpUBOM B #-MEPHOM IMPOCTPAHCTBE HA3BIBACTCS
reoMeTpuYecKoe Mecto Toyek M(x,, x, , ..., X,), KOOPAMHATHI
KOTOPBIX YAOBIETBOPSIOT YPaBHEHUSIM

x, =x0, %,=x0), ..., x,=x(),

rae x, =x,(¢) ,x, =x,(), ..., x, = x_(f) — HEIpepbIBHbIE (PYHKIUU
napameTpa re(a;f) .

CBSI3HOE OTKPBHITOE MHOKECTBO HA3BIBAECTCS 001ACHIBIO.

CBsi3HOE€  3aMKHYTO€  MHOXECTBO  HA3bIBACTCS  3AMKHYMOU
ooacmoio.

O06nacTh, IEIUKOM JeXKallas B HEKOTOPOM €-OKPECTHOCTH TOYKH
0(0,0,...,0), Ha3bIBACTCS 0ZPAHUUEHHOIL.



TEOPEMA (ananor teopem Beliepmrpacca u Ko st @HII).

Ecmu ¢ynkyua n  nepemennvix u = f(M) Henpepvliéna 6
3aMKHYmMou u ocparudernHou ooracmu D, mo ona

1) oepanuuena;

2) docmuecaem 6 D ceoeco Haubovuieco U HAUMEHbULESO 3HA-
YEeHUsL,

3) npunumaem 8ce NPOMeNHCYmouHble 3HAYSHUS MeHCOY TH0ObIMU
08YMSL CBOUMU 3HAYECHUSIMU.



§13. YacTrHble NMpPOU3BOJIHBbIC

JI1s HarJIsiAHOCTH, 3/€Ch U Jlaliee BCE OIPEACICHUS U YTBEPKIACHUS
Oyaem ¢GopmyaupoBaTh Adsi (QyHKOuM 2-Xx (mam - 3-X)
nepeMeHHbIX. Ha ciaydail Oojbplliero 4ucia HEU3BECTHBIX OHM
0000I111al0TCSI €CTECTBEHHBIM 00pa30M.

Ilycte z=f(x,y), D(z) =D < xOy , D — oTKpbITast 00JIaCTh.

ITycte VM (xy.y,)€D .

Ilpugagum  x, npupameHue Ax, OCTaBjsAsl 3HAYEHHE ), HEU3-
MEHEHHBIM (Tax, 4YTOOBI TOUKa M(x, + Ax,y,) D).

IIpu 3TOM z = f(X,y) MOJYYUT OpHUpPALICHUE

AXZ(M()) = (M) _f(Mo) :f(xo + Axa)’()) _f(xoayo)-

A z(M,) Ha3bIBaeTCA wacmmuvim npupauiernuem QyHKUUU z = f(x,y)
no x ¢ mouxke M (x,.y,).



OIIPEAEJIEHUE. IIpeden npu Ax — 0 ommuowenus

A.z(M) _ J(xg+Ax,y0)— f(x4,)0)
Ax Ax

(ecli OH CYIIECTBYET M KOHEYCH) HA3bl8AEMCs UACHHOU
npou3e00Hou (ynkuuu z = f(x,y) no nepemMeHHoll X 6 mouke

M()(x()ay())'
O003HayaroT:
8z(x0,yo), 2. (X9, 0)s 8f(x0,y0)’ S (x0>0)
Ox Ox
WU 6z(M ) 2 (M) of (M) (M)

Ox Ox



3ameuanu.
1) O603HauyeHUs

0z(xy, V) - of (x4, ¥p)
Ox Ox

HAAO0 IOHMMAaTh KaK IICJIbIE CHUMBOJIbI, & HE€ KaK YacTHOE JBYX
BeJIMYUH. OTHEIBHO B3ATHIC BBIPAXKEHUA 0z(X,,),) U OX CMBICIA
HE UMEIOT.

2) z.(M ) xapakrepusyer CKOPOCTb U3MeHeHHs QYyHKIUH Z = f(X,))
no x B Touke M, (x,),) (PU3NYECKUH CMBICII YaCTHOM
MPOU3BOIHOM I10 X).

AHQJIOTUYHO ONpPENENsAeTCd 4YacTHas MPOM3BOAHAS  (PYHKIUHU
z = f(x,y) o nepeMeHHou y B TouKe M (x,.),):

A z(M _
lim —2 (M) _ i 4 (Fo:Yo +AV) = f(X4,1)
A0 Ay Ay—0 Ay

O003Hayaror:

0z(x, : of (x0,20)
(xé;)yyO), Zy(MO)a 9;))/0 , fy(MO)



COOTBETCTBHE
(x0510) = fx(x0520) (@ (Xp50) = f;é(xoﬂ’o) )
ABIAETCA QyHKUUEH, onpeneiennon Ha D, (D,)= D(f).
Ee Ha3pIBalOT 4acmHOll npou3eoonoil Gyukuyuu z = f(x,y) no
nepemennou x (y) 1 0003HAYAIOT

oz , Iy ey of (M) 1M

T Ox
=, dwy oFM)

Onepanusa HaxoxjaeHUs s QYHKIUM z = f(x,)) €€ YacTHBIX

IPOU3BOAHBIX fi(xy) m fi(x,p)

Ha3bIBacTCA Ouppepenuyuposanuem pynkuyuu 7z = f(x,y) no

nepemeuuoii X U y COOTBCTCTBCHHO.



dakrrueckn,  f,(x,)) ( () ) — 3T0 OOBLIKHOBEHHAS IPO-

n3BOAHAsA (PYHKUMU z = f(X,y), pacCMaTpuBaeMOM Kak (hyHKIIHS
OJHOW MEPEMEHHOM X (COOTBETCTBEHHO V) MPHU MOCTOSTHHOM
3HAYECHUU JAPYrou MEPEMEHHOM.

[IoaTOMY, BBIYHMCJICHHUE YAaCTHBIX HPOM3BOJHBIX MPOM3BOIUTCS I10
TEM K€ CcaMbIM IIpaBWjaM, 4YTO W I (YHKUMHA OJHOM
nepemMeHo. IIpm 3TOM, OJHA M3 MNEPEMEHHBIX CUYHATACTCS
KOHCTAHTOM.

[TPUMEP. Haititi yacTHBIE MPOU3BOJHBIC MO X U 1O y PYHKIIUU
Jory) =x2+xy? +y?



TEOMETPUYECKHNIN CMBICJI 4acTHBIX IPOU3BOIHBIX (DYHKIUH
JIBY X IIEPEMEHHDBIX.

IIycte @ynkumsa z = f(x,y) umeer B M (x,,y,) YaCTHYIO IIPOU3-
BOJHYIO IO X ()).
IIycTh mOBepXHOCTH S — rpad@uk GyHKIUU z = f(X,)).

X X
§\\ N
SN

X (04

Torna fi(Mo)=tga ([, (My)=tgp),
rae ou(3) — yroa HakinoHa K ocu Ox((Oy) KacaTenbHOM, IPOBECH-

HOU B TOYKE Py (X, [(X0.V)) K JTUHUU TIIEPECEYEHUS TIOBEPXHOC-
TH S M INIOCKOCTH Y = Y, (X = X,).
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