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§ 14. Ilpsamasi B npocrpaHcTBe
1. YpaBHEHHUSI OPSIMOKM B IIPOCTPAHCTBE

ITycte A x+By+CztD,=0 u Ax+By+C,z+D,=0 — ypaBHeHHUS
TIO0BIX ABYX PA3JIWYHBIX MIIOCKOCTEM, COECpKAIUX MPSAMYIO ( .

Torna koopauHaThl JIOOOHM TOYKH TIPSIMOM ¢ YIOBJIETBOPSIIOT
OJTHOBPEMEHHO OOOMM YpPaBHECHHUSM, T.€. SIBIISIIOTCS PEIICHUSMU

CUCTCMBbI

{Alx +B,y+Ciz+D,=0, 0

Ax +B,y+Cyz+ D, =

Cucremy (1) Ha3pIBaIOT 00uiuMu ypaeHeHuamMu npAMoOU 6
npocmpancmee.



Jpyrue ¢GopMbl 3anydCcyd ypaBHEHUM HOPSIMOM B IIPOCTPAHCTBE —
I[TAPAMETPUYECKHUE u KAHOHUYECKUE ypaBHeHus.

3AJIAYA 1. 3ammcare ypaBHEHHE TIPSIMOM B MPOCTPAHCTBE,
NPOXOIAIIEN 4Yepe3 TOUKY M (Xy:Vo:20), MAPALIEIBHO BEKTOPY

t={m; n; p}
Bekrop, mnapajielbHbIM OPSIMOA B MNPOCTPAHCTBE, HA3BIBAKOT
HANRPABIAIOUWUM 6EKMOPOM ITOU NIPAMOU.




YpaBHeHUE r=r,+ tl (2%*)

rxzxo +17-m,
M CUCTEMY YPABHCHUU Y=y +t-n, (2)
Z=Zyt1l-p.

HA3bIBAIOT NAPAMEMPUUECKUMU YPACHEHUAMU NPAMOU 6 NPO-
cmpancmee (B BEKTOPHOH M KOOPAWHATHON (POpME COOTBET-
CTBEHHO).

[Iycte B 3amaue 1 Bekrop £ HE mapajjiecieH HM OJHOH W3
KoopauHaTHBIX ocer (T.e.m =0, n#=0 u p#0).

YpaBHeHUs A7X VTV _ 27 20 (3)
m n p

HA3bIBAIOT  KAHOHUYECKUMU  YPDAGHEHUAMU  HPAMOU @6

npocmpancmeae.




YacTHbIM  cilydaeM  KaHOHMYCCKMX  YPaBHCHHM  SIBJISFOTCS
YPABHEHHNA IIPAMOMU, TTIPOXOIAIIIEM YEPE3 JIBE
SAJAHHBIE TOYKHN.

ITycts npsiMas npoxoaut yepes Touku M, (x,,v,,z)) 1 M, (x,.,.2,) .

X=X _ VY= _z27%4 4)
Xo =X Vo= V1 274

HA3bIBAIOT YPAGHEHUAMU NPAMOU, NpPOXooauieil uepes o08e
mouku M (x,,y,,z)) 1 M,(x,,y,.,2,) .

YpaBHEHUS



2. Ilepexod oT 00X YPAaBHEHMH OPIMOM K KAHOHMYECKUM

ITycTs npsimast ¢ 3amaHa OOIIUMH YPaBHCHUSIMU:
Ax+By+Cgz+D,=0, 1
A, x +B,y+C,z+ D, =0. (
YToOBl 3amMcaTth KaHOHHUYECKHE (ITAapaMETPHUUYECKHE) YpaBHECHUSA
ATOW MPAMOU, HE0OX00UMO HAUMU ee HANPAGIAIouUl 86eKmop U
KOOpOUHamul Kakou-Hubyob mouku M(Xy;V:2,) HA NPAMOU.
a) Koopaunatel Touku M, — 5TO OJHO U3 peIEeHU cUCTEMEI (1).
0) Hampasmnsromuii Bektop ¢ =[N;,N, ]

rne N, = {4, By; €} u N, = {4,; B,; C,} — HOpMaJbHBbIE
BEKTOPBI K IIJIOCKOCTAM A, U A, , YypaBHEHUS KOTOPBIX BXOJAT B
o0I1e ypaBHEHUS IIPSIMOM. =




3. B3anMHOE€ pacroIoKEHUE MIPSIMBIX B IIPOCTPAHCTBE

B npocTpaHcTBe ABE NPSIMBbIE MOTYT:
a) OBITh MapajlJIeabHbBI, 0) IIEpeCceKaThbCs, B) CKPEIIUBATHCS.

ITycts npsimble €, u ¢, 3anaHbl KAHOHUYECKUMU YPABHEHUSAMU:

TS DT S S A X TXy YT _Z74

l,: = = , Ly = = :
m " P m, n %,
1) IIycte npsimble €, u ¢, napasieNbHBL: _
\Jl

l

P!

ITony4aeM: npsamvie napanienbhbl <> Ux HANPAaeIAUUue 6eKmo-
pol 0y ={my; n; pit MLy ={my; ny; py} KoliuneapHovie, T.€.
BBITIOJIHSIETCS YCIIOBUE: m, n, p,

m, n, p,



2) Ilyctes npsimble ¢ u (, nepecekaroTcs:

[Honyuunu: npsmoie 4 1 u @2 nepecekamcs < OHU He napajileibHbl
) )= 3k
U 0151 HUX 6bINOJIHAEMCA ycaosue (M 1M2 , gl, gz )_ 0, (7 )

UilU, 8 KOOpOUHaAmMHOU gpopme,
X1 =Xy Vi7)V2 21725
n, n pi |=0. (7)

m, n, P

3) Ecau nnst npsmeix € u (¢, He BbimosHseTcs ycinosue (6) u (7)
((7*)), TO IpsAMBIE€ CKPEIIUBAIOTCS.



4. 33)13‘11/1, CBA3dAHHLIC C BO3MOXXHBIM B3dMMHBIM
PAcCIIOJIOKCHHUCM IIPAMbBIX

B03MOXKHOE PaACIIONIOKEHUE TPSAMBIX B IIPOCTPAHCTBE MPUBOJUT K
CIEIYIOLIMM 3a1a4aM:

1) mapannenbHbIe MPSIMbIC —>  PacCTOSTHUE MEXK]Y MPSIMBIMU
(T.€. pacCTOSIHUE OT TOYKHU A0 IMPSIMOi)?
2) nepeceKaruecs npsiMple  —> a) yrojia Mexay NpsiMbIMuU ?
0) TouKa nepeceucHus IPSIMbIX ?
3) CKpEIIMBAOIIMECS MPSIMBbIE —> a) YTOJI MEXKTY MPSIMBIMU?
0) pacCTOSIHUE MEXKAY IPSIMBIMU?

IIyCcTh aHbl 2 TIpSIMBIE:
/. - X=X Y=V _Z2—Z1 gy 0, X=Xy V—)Vy Z—2p
1. - -_ . - -
m n P1 m, " %)

Z,. ={m;;n;; p;} — HaIlpaBJIoIUil BekTop npsimoit (. ,
Mi(xpypz)e 6 (i=1,2)



3AJIAYA 2. Haitu yron Mexay IepecekarolmuMucs (CKpeniuBa-
IOIIUMMUCS ) IPSIMBIMM B IIPOCTPAHCTRBE.

OITIPEJAEJIEHUE. Yenom mexncoy oeyma ckpeuwiusarowgumucs
npameimu €, u €, nazvieaemcs yeon medcoy npamou € u
npoexyuetl hpamoti Uy na 1106y10 ni0CKOCHb, NPOXOOAULYIO Hepes

npsimyio {; . > f

A

T.e., yroa Mexy CKPEIIMBAOIUMUCS TIPSIMBIMU — 3TO YIOJI MEXKIY
JIBYMS MIEPECEKAIIUMUCA MIPSIMBIMU, NIAPATIICTbHBIMU JAHHBIM.

[Tony4yaewm:

COS @, 2=

‘(51952)‘ ‘m1m2+n1n2+p1p2‘

Y ‘ ‘ / ‘ 2, .2, 2 [ 2 2 2
‘ 1] %2 mi +ny+ p7 -m5 +n5+ p;
rI€ 3HaK IUTIOC OepeTcs Uisi OCTPOrO yrila, a 3HaK MUHYC — JUIs

TYTOTO.




X—X — zZ—z
ITycth nana npsimast £ : 0 Y=o _ .,

m n p

M, (x,;y,;z,) — TOUKa, He IpuHaIexkamas ( .

3AJIAYA 3. Hantu pacCTOsTHUE OT TOUKHU A0 MPSIMOM B MMPOCTPAHCTBE.
O6o3naunM: { ={m;n; p} — HaIPaBJIAIOIIUI BEKTOp npsamMoit ( ,
M (x4;Y:2,) — TOUKA Ha TIpsIMOH
d — paccrosinue oT Touku M, mo € .

14

[lonyuaewm:




ITycTh JaHbBI ABE CKPEIIUBAIOIIUECS IPSIMBIC:
/,: X=X _V=h_2-42 4 ‘,: X=X V=W _ 272
m m P my L) P>
b={mun;p} ~ HaIlpaBJstoIUil BekTop npsmoit (. ,
M(x;ysz)e b (i=1,2).
3AJIAYA 4. Haiitu pacctosiHue mexay ¢, u (5 .

OIIPEAEJIEHUE. Paccmosinuem medncoy 08yMs CKpeuusarouuMucs
NPSAMbIMU HA3bI8AEMCA OJIUHA UX 00Ue20 nepneHouKyiapa.

Lo ‘
2 dyl 4 [Tomyuaem:
\ kj/{gl d_‘Ax2+By2+CZ2+D‘
1 /‘ﬁl 2 JA? + B +C?

rie Ax + By + Cz + D = (0 — o011ee ypaBHEHHE IJIOCKOCTH A ,
M,(x5; v5; z,) — IF0OAst TOUKA Ha TPSIMOM ¢, .



Torma d — BeIcOTa NUpamuIbl, OMyIIEHHAS U3 TOYKA M,.

CrenoBareiIbHO:

_ 3V _ 3-;‘(?1,?2,M1M2)‘ _ ‘(zl,?z,Mle)‘
SOCH I ‘[szz]‘ ‘[zl z2:”



HYCTB HaHbI IBC IICPCCCKAOIINCCA IIPSIMbIC

Zl:x_xl _YTh _F7a ézzx_xz _Y TV _EZ75

m, n D1 m, n, ) %)

3AJIAYA 5. HanTu TOUKY NEpECCUCHUS MPAMBIX.

Ilycte My(xy:V0:2,) — TOUKA IEPECEUCHUS NIPAMBIX.
Torma (x4:v4;2,) — PEILIEHUE CUCTEMBI YPABHEHUM

(x=x1+t-m1,

X=X _ Y= _z-% y=n+t-n,
- - )

m n z=z;+1-

) 1 1 P1 Wi - 1 P1s

x_xZ_y_yz_Z—Zz x:.X2+T'm2,
- — )

. My 1, P> Y=Yy t7-ny,

\Z:ZZ‘l'T’pz.




5. B3anMHOE pacnojioKEHUE OpsIMON U
IJIOCKOCTH B IIPOCTPAHCTBE

ITycTh B HpOCTpaHCTBE 3aJlaHbl IUIOCKOCTh A W mpsiMast ¢ . OHHu
MOTryT 1) OBITh MapaJICIbHBI;

2) TipsiMasi MOKET JIEKATh B INIOCKOCTH;

3) npsiMasi ¥ MIIOCKOCTh MOTYT IEPECEKATHCI B OJTHOM TOUKE.

Ilyctb A Ax+By+Cz+D=0wu /: x_x():y_yOZZ_ZO,
m n %

Torma N= {A; B; C} — HOpMaJIbHBIA BEKTOP IIJIOCKOCTH A,
( ={m;n; p} —HAIPABIAIOIMI BEKTOP NPAMOH ( .



Aﬁ_g) Ny MZ//
/) =L

a) Ecnu ipsiMast mapasuienibHa MIIOCKOCTH WIIM TPSAMast TPUHAAICKUT

IIJIOCKOCTH, TO (N z): 0 (10)
WJIA B KOOPJAUHATHOM (hopme
Am+Bn+Cp=0. (11)

Ecnu ycnosue (10) (ycnosue (11)) ne svinonnsemcs, mo npsamas u
NJI0CKOCMb Nepecekaromcs 8 0OHOU mouKe.

0) Eciin nipsiMast mpuHAIICKUT IUIOCKOCTH, TO KOOPJAWHATHI JIIOOOH
€€ TOYKM  YJOBJICTBOPSIOT  YPaBHEHUIO  IUIOCKOCTH, W,
cienoBaresibHO, Kpome ycaoBus (10) ((11)) BeimonHsieTcs yciaoBue

Axy+ By, +Cz, + D=0,
e My(xy;)0:2o) — JIF00ast TOYKA MPAMOM.



YacTHBIM CIIy4yaeM NEPEeCceUYEeHUs NPSIMOM U IUIOCKOCTU B OJIHOM
TOYKE SABJISAETCA MEPIEHAUKYIIAPHOCTH NPSIMOU U TIOCKOCTH

/

N

B stom ciiyuae N ¢ T.e. -2




OIIPEJAEJEHUE. Yznom mencoy npamoii € u niockocmuvio A
nazvigaemcsi yeon © medxcoy npsamou ( u ee npoexyueil Ha
niockocmo A .

N3 onpeneneHust Cleayer, YTO Yyrojl MEKAY MPSIMOM U INTOCKOCTBEO

BCET1a OCTPBHIM.
VL
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