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I'nasa III. AHajuTH4YeCKasA reoMeTpus

AHaJMTHYECKass TeOMETpUsS — pas3jie]l TEeOMETPUH, B KOTOPOM
IPOCTEHUIINE JIMHUU U IOBEPXHOCTHU (IPSMBIE, IIIOCKOCTH, KPHUBHIC
M TOBEPXHOCTH BTOPOro IOpsAKA) MCCIECAYIOTCS CpeAcTBaMu
anreOpshl.

Jlunueit na naockocmu HA3BIBAIOT FE€OMETPUUECKOE MECTO TOUYEK
M(x;y), KOOpAWHATHI KOTOPHIX YIOBJICTBOPSIOT YPABHECHUIO
F(x,y) =0, (1)
rae F(x,y) — MHOTOYJICH CTEIICHU 7.
Ilosepxnocmwvio Ha3BIBAIOT TEOMETPUUECKOE MECTO ToUeK M(x;);z),
KOOPAWHATHI KOTOPBIX YIOBJIETBOPSAIOT YPABHEHUIO
F(x,y,z) =0, (2)
rae F(x,y,z) — MHOTOYIEH CTEIICHU H.
Junueiit ¢ npocmpancmee Ha3bIBAIOT IEPECCUCHHUE  IBYX
ITOBEPXHOCTEM.

YpaBuenuss (1) m (2) Ha3BIBAKOT 00wiuUMU YPAGHEHUAMU JTUHUU
Ha NJI0CKOCMU U NOBEPXHOCHU COOTBETCTBeHHO. (CTemneHb
MHorouwineHa F(x,y) ( F(x,y,z) ) Ha3bIBaAlOT HOPAOKOM JIUHUU
(nosepxnocmu).



§ 12. Ilpsimas HA MJIOCKOCTH

1. O011ee ypaBHEHHE IPSIMOM Ha INIOCKOCTH M €r0
MCCIICIOBAHUE

3AJIAYA 1. 3anucare ypaBHEHHE NOPAMOU, NPOXOJISAIIECH 4Yepes

TOUKY M (x,;),), IEPIEHAUKYIIAPHO BEKTOPY N = {A; B}.

N




YpaBHeHus (T —r,, N) =0 u A(x- x,) + B(y —y,) =0 Ha3bIBa-
I0T ypaeHeHuem npamoii, npoxooawein uepes mouxy M (xy:y,)
NepneHOUKYAPHO BEKMOPY N = {4; B} (B BEKTOPHON U KOOP]IU-
HaTHOM (pOpME COOTBETCTBEHHO).

Ypapuenus (r,N)+ C=0 u Ax+ By+ C=0 Ha3bIBalOT 00uium
ypasHeHuem  npAMON  Ha  niaockocmu (B BEKTOPHOM H
KOOPJAMHATHOM (hOpME COOTBETCTBEHHO).

BLEIBOJIBI:

1) IlpssMass Ha IUIOCKOCTH SIBISETCS JWHHUEH IEPBOro Iopsijaka. B

oOmiemM cirydae oHa 3agaeTrcs ypaBHeHuem Ax+By+C = 0, rae
A,B,C —gyucia.

2) Koapduumentel 4 1 B He oOpaliaroTcs B HOJIb OJJTHOBPEMEHHO,
TaK KaK C TIEOMETPUYECKONH TOYKM 3pPEHHS HTO KOOPJIUHATHI
BEKTOPA, NEPIECHIUKYJISIPHOrO MPSIMOIA.

BekTop, NEpNEHAUKYIAPHBIA IIPSAMOU, HA3BIBAOT HOPMATbHHIM
6EKMOPOM STON MPAMOH.



MCCJIEJOBAHMUE OBIIEI'O YPABHEHUSA MTPAIMOM.

Ecnu B ypaBHenun Ax+By+C =0 Bce koappunuenter 4,B u C
OTJIMYHBI OT HYJS, TO YPABHEHUE HA3BIBAIOT MOJIHbIM; €CIU XOTS

OBl OIMH U3 KO3 (PHUIMEHTOB PABEH HYJIIO — YPABHECHHUE HA3BIBAIOT
HEeNOJIHbIM.
1) Ilycte oOiiee ypaBHEHHE IPSIMOM — IMOJHOE. Torma ero MoOXKHO
3aIlicaTh B BUJC X
. X (5)

a b

C reoMeTpUYECKOM TOYKH 3pEHUSI a W b — OTPE3KH, OTCEKACMBIE
psIMOM HA KOOPAWMHATHBIX OCIX Ox W (y COOTBETCTBEHHO.
YpaBHeHue (5) Ha3BIBAIOT ypasHeHUeM NPAMOIL 6 OMPE3KaAXx.



2) IlycTp B 001IEM ypaBHECHUH TPSIMON KO3PPuumeHTtel A u B —
HEeHyJIeBbIE, a C = 0, T.€. ypaBHECHUE NIPSIMON UMEET BHU/I

Ax+By = 0.
Takasa npsimas npoxoauT yepe3 Hayano koopauHat ((0;0).




3) Ilycth B 001IEM ypaBHEHHUM MPSMOM OJUH W3 KOA(POUIMEHTOB A

una B —HyneBon, a C =0, T.e. ypaBHEHHUE NMPSIMON UMEET BU/T
Ax+C=0 wnm By+C=0.

OTH ypaBHECHHUS MOXKHO 3alucaTh B BUIC
xX=a u y=»>b.

Ay Ay

5(0: )

>
A(a; 0) X X

Takum 00pa3oM, npsamas 8 ypasueHuu Komopou Omcymcmeyem oOHad
U3 KOOpouHam, napaiieibHa OCu OMmCymcmeyulelt KoopoOuHambl



4) Ilyctp B obOmieMm ypaBHeHnHu Ipsmoid C = 0 u oauH U3 KOd(-
(GuureHTOB A WM B TOXEe HYJIEBOH, T.€. YPABHCHHUE IIPSIMOU
UMEET BUJ Ax=0 wmm By=0.

OTH YPABHEHUS MOXKHO 3aIIUCATh B BUIE
x =0 (ypaBHeHUd KOOpAUHATHOM ocu Oy)
I/I y =0 (ypaBHeHus koopauHaTtHou ocu Ox).



3ameuanue. 1lycte npsimas (¢ He mpoxogutT yepe3 O(0;0).

YA

,BPO

a
<

O0o03HauUnM: O
1) Py(xy;y,) — OCHOBaHHE NEPIEHAMUKYIAPA, OIYLIEHHOIO Ha ¢ U3
Hadajaa KOOpAUHAaT, -
2) n = {cosa, cosP} —opt BekTtopa OP,,

3) p= ‘ OP, ‘ — pacCTOSHHUE OT Havajla KOOpJAMHAT 10 MpsMoit £ .

Torga ypaBHeHue ¢ MOXHO 3alMCaTh B BUE
cosax + cosP-y + C =0,
raie C=— p (n1oKa3aTh CaMHM).
DTOT 4YaCTHBIA Ciy4ad OOINEro ypaBHECHHUS MOPSAMOM Ha3bIBACTCS
HOPMAJIbHBIM YPAGHEHUEM NPAMOUL.



2. lpyrue GopMEbl 3aMCH YPAaBHECHHUS MPSIMOK HA IIJIOCKOCTH

1) ITapameTpuyeckne ypaBHeHUS NPAMOUA

3AJJAYA 2. 3anmcars ypaBHEHHE OPAMOM, NPOXOAAIICH depe3
104Ky M,(x,;y,), TapaLIenbHO BekTopy L = {m; n} .

Bektop, mnapajuiebHBIA TPSIMOU, HA3BIBAIOT HANPAGIAAIOUUM
8EKMOPOM STON MIPAMOHN.

0,

v T o |x=xy+t-m,
aBHEHUE I =ry+7¢-{ U cucreMy ypaBHCHUU
p 0 yYp Y=y, +t-n.

Ha3BIBAIOT HAPAMEMPUUECKUMU YPABGHEHUAMU NPAMOU (B BEK-
TOPHOM M KOOPJAMHATHOM (POPME COOTBETCTBEHHO).



2) KaHoHHYecKOe YypaBHEeHHE NPAMON HA MJIOCKOCTH

[IycTh B 3amade 2 BekTOp { HE mapajuieJIeH HU OJHOU M3 KOOp-
IUHATHBIX ocel (T.e. m#=0 u n#0).

Vpasuenue * ~*0 _ V7 )0 mnaswBaror kanonuueckum ypaenue-

. m n
HUéM npamou Had njioCKocmau.

3) YpaBHeHHe NIPSAMOH, IPOXOAALIEH Yepe3 ABe TOUKH — YACTHBIN
CJIy4al KAHOHUYECKOTO YPABHEHUS IIPSMOU.

ITycTh npsimMast mpoXoauT yepes ABe TOUKU M (x,,),) 1 M,(x,.,,) .

X —X — .
YpaBHeHUE L _ Y7 yasweBator ypasHeHuem npamoil,

Xo =X1 Vo=
npoxooauweit yepes 0ée mouku M, (x,,y,) n M,(x,,y,) .




4) YpaBHeHHE NPAMOii € YIJI0BbIM K03 (PUIHEHTOM

IIyctes mpsamasa ¢ He mapauienabHa ocu Ox. Torma oHa mepece-
KaeTcs ¢ Ox, o0pa3ys IPHU 3TOM JBE Mapbl BEPTUKAIBHBIX YTJIOB.

YT0JI (¢ , OTCYATBIBAEMBIN OT OCU OX K TIPSIMOM ¢ TIPOTUB 4aCOBOU
CTPEJIKU, HA3bIBAKOT y2710M HAKI0HA npamou ( K ocu Ox.

AV Ay

» »

_ . \<\\ -~
Yucnmo k = tge (ecim OHO CYIIECTBYET, T.€. €CIU mpsiMast ¢ He
napaaielbHa ocu  (Jy) Ha3bIBAIOT y2i06biM KO3(huuuenmom
nPAMOU.

Jmst mpsiMou, mapayuiesibHOM ocu  Ox, yTOJ HAKJIOHA IPSIMOM K

ocu Ox CcUMTalOT paBHBIM Hym0. (CreaoBaTelbHO, YIJIOBOM
K03 PUIMEeHT Takol npsimont k = tg0 = 0.




ITycts mpsimas ¢ He mapasienbHa ocn Ox u Oy ¥ IPOXOIUT Yepe3
Touku M, (x,,),) u Mz(xzv,yz) (rome x, <x,). Haiinem yriosou
KO3 (PUIIMEHT 3TON MPSMOI.

Ay
| M2
1K
| - >
X X
[Tonyywmnn: k=tgp= V27N
Xy =X
YpaBHEHUE NPAMOH, NPOXOIAIIECH Yepe3 ABE TOUKU IEPEIIUIIEM B
y=W= -(x —X 1)
Xy =X
H_/

k



YpaBHeHue y —y, =k - (x —x,) — DTO ypasnenue npamoii, npoxo-
Oawenr uepes mouky M (x,,y,) u umewuwien y2no6oi Koig-
duuyuenm k.

IIepenumiem 510 ypaBHeHHE B BUIe ) = kx + b (rae b =y, — kx,).
Ero Ha3pIBAlOT ypasHeHUuem nNpaMou ¢ Y2i06bim Koihgu-

uuenmom. C TeOMETPHUYECKOM TOYKM 3pE€HHS b — OTpE30K,
OTCEKaeMBbIM MPAMOM Ha ocu Oy.

Jameuanue.
YpaBHEHUE TPSIMOU C YIIOBBIM KO3(PPUIIMEHTOM OBLIO MOJYYECHO
B IIPEAIIOJIOKEHUH, YTO IpsAMas HE napasuienabHa ocu Ox u Oy.
Jlna npsimol, mnapamienbHor Ox  0o0Iiee ypaBHEHHE MOYKHO
paccMaTpuBaTh KaKk YPaBHEHHUE C YIIIOBBIM KOA(MD(UIIMEHTOM.

J1eMCTBUTEILHO, YPABHEHUE TAKOU IIPAMOU
y=b um y=0-x+b,
rae k=0 — yriaoBor KO3(POUIMEHT IPSIMOM.



3. B3auMHO€ pacmoiokE€HUE MPSIMbIX HA MIOCKOCTH

Ha miockocTu B MpsIMbIE MOTYT:
a) OBITh MapaJlJICIbHEI,
0) mepecekaThCs.

IlycTb ypaBHEeHUA OpAMBIX ¢, U ¢, UMEIOT BUJ:
(,: Ax+By+C, =0 wm y=kx+b,
(;; Ax+By+C,=0 nwm y=kx+b,



1) IlycTh npsiMbIe TTapajIeIbHBI:

N, l l,
N,
% @, X
)
l,

[lonydaem, uto mnpsausie ¢, u (, napaiieivHvl Mo20a U MOALKO
mozaoa, K020a 8 UX OOWUX YPABHEHUsX KO uyueHmsl npu
COOMBEMCMBYIOUUX HEUZBECTHBIX NPONOPYUOHATIbHYL, Hl.¢€.

4, B,

4, B,
WU UX y2noevie Koaghguyuenmsol pasuol, m.e.
k,=k,.



2) IlycTh npsiMble IEPECEKAFOTCS

cosy, _‘(Np 2)‘ ‘AlAz"‘Ble‘
NNy J<A1>2+<Bl>2-J<A2>2+<Bz)2

rAe 3HaK IUIIOC OepeTcss B TOM Ciydae, KOrja HaJa0 HaWTh
BCJIWYWHY OCTPOIr0 yrijia, a 3HAaK MHHYC — KOIJla HaJ0 HAWTH

BCJIMYMUHY TYIIOI'O YyIJIA.

Kpumepuii nepnenduxkynapuocmu npamvlx, 3a0aHHBIX 00uwUMU
YPABHEHUAMU: (N,,N,)= 4,4, + BB, =0



<Y

gy, =%

l+k, -k,

IJ€ 3HAK IJII0C OEpETCs B TOM CiIydae, KOrja Haa0 HaWTH BEIUYUHY
OCTpOr0 yrIJa, a 3HaK MUHYC — KOTJIa HaJI0 HAUTHU BEJIIMYHUHY TYIIOTO
yIJa.

Kpumepuu nepneHoOuKkyniapHocmu npamvix, UMEIOUWUU Y2/108ble
Koy(puyuenmut k, u k;: 1

fy =——
2 k]



4. PacCTOSIHHE OT TOYKH JIO IIPSMOM

3AJIAYA 3. IlycTts npsmas ¢ 3aaaHa OOIMM ypaBHEHHUEM
Ax+By+C=0,
M (x,;y,) — TOUKa, HE IPUHAUIEKALIAS IPAMOM (.
Hawntu paccrosgaue ot Touku M, 10 npsmon (.

0 AN
d
M, 0

L INMMy)| v+ By +C

‘N‘ VA% + B
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