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1.11. Èññëåäîâàòü íà ýêñòðåìóì ôóíêöèîíàë

ϕx(t) =

1∫

0

[ẋ3(t) + ẋ(t)]dt, x(0) = 0, x(1) = 2.

1.12. Íàéòè ýêñòðåìàëè ôóíêöèîíàëà, çàâèñÿùåãî îò íåñêîëüêèõ ôóíêöèé

ϕ[x(t), y(t)] =

π/4∫

0

[2y(t)− 4x2(t) + ẋ2(t) + ẏ(t)]dt,

x(0) = 0, x(π/4) = 1, y(0) = 0, y(π/4) = 1.

1.1. Îïåðàòîð Â : C([0, π]) → C([0, π]) îïðåäåëåí ñîîòíîøåíèåì

Âϕ(x) =

π∫

0

[sin x sin 4t + sin 2x sin 3t +

+sin 3x sin 2t + sin 4x sin t]ϕ(t)dt.

Íàéòè âñå ñîáñòâåííûå ÷èñëà è ñîîòâåòñòâóþùèå ñîáñòâåííûå ôóíêöèè ýòîãî îïåðàòîðà.
1.2. Íàéòè ðåçîëüâåíòó è ðåøèòü èíòåãðàëüíîå óðàâíåíèå

ϕ(x) = 1 + x2 +

x∫

0

1 + x2

1 + t2
ϕ(t)dt.

1.3. Ðåøèòü èíòåãðàëüíîå óðàâíåíèå

ϕ(x) = λ

π∫

0

cos2(x− t)ϕ(t)dt + 1 + cos 4x.

1.4. Íàéòè èòåðèðîâàííîå ÿäðî K2(x, t) äëÿ óðàâíåíèÿ Ôðåäãîëüìà ñ K(x, t) = exp(|x|+ t); a = −1; b =
1.

1.5. Íàéòè âñå õàðàêòåðèñòè÷åñêèå ÷èñëà è ñîîòâåòñòâóþùèå ñîáñòâåííûå ôóíêöèè èíòåãðàëüíîãî
óðàâíåíèÿ

ϕ(x) = λ

π∫

0

[sinx sin 4t + sin 2x sin 3t + sin 3x sin 2t + sin 4x sin t]ϕ(t)dt.

1.6. Ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Ëàïëàñà ðåøèòü èíòåãðàëüíîå óðàâíåíèå

ϕ(x) = cosx +

x∫

0

ϕ(t)dt.

1.7. Íàéòè ïðîèçâîäíóþ Ôðåøå ïî u â òî÷êå u = 0 èíòåãðàëüíîãî îïåðàòîðà Â : C[0, 1] → C[0, 1] ñ
ïàðàìåòðîì λ:

Â(u) = u(x)− λ

1∫

0

(x + t− 2xt) exp[u(t)]dt.

Íàéòè âñå ðåøåíèÿ óðàâíåíèÿ Â′(0)h = x + x2.
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2.11. Ïðîâåðèòü âûïîëíåíèå óñëîâèÿ Ëåæàíäðà äëÿ ýêñòðåìàëè ôóíêöèîíàëà

ϕ[x] =

a∫

0

ẋ3(t)dt,

ïðîõîäÿùåé ÷åðåç òî÷êè x(a) = b > 0, a > 0.
2.12. Íàéòè ýêñòðåìàëè ôóíêöèîíàëà

ϕ[x] =

1∫

0

[x2(t) + ẋ2(t) + 2x(t)et]dt, x(0) = 0, 5, x(1) = e,

â êëàññå ãëàäêèõ êðèâûõ.
2.1. Îïåðàòîð Â : C([0, 1]) → C([0, 1]) îïðåäåëåí ñîîòíîøåíèåì

Âϕ(x) =

1∫

0

[(x

t

)2/5

+
( t

x

)2/5]
ϕ(t)dt.

Íàéòè âñå ñîáñòâåííûå ÷èñëà è ñîîòâåòñòâóþùèå ñîáñòâåííûå ôóíêöèè ýòîãî îïåðàòîðà.
2.2. Íàéòè ðåçîëüâåíòó è ðåøèòü óðàâíåíèå

ϕ(x) = exp(x2 + 2x) + 2

x∫

0

exp(x2 + t2)ϕ(t)dt.

2.3. Ðåøèòü èíòåãðàëüíîå óðàâíåíèå

ϕ(x) = λ

π∫

0

(sin t + t cos t)ϕ(t)dt + 1− 2x

p
.

2.4. Íàéòè èòåðèðîâàííîå ÿäðî K2(x, t) äëÿ óðàâíåíèÿ Ôðåäãîëüìà ñ K(x, t) = exp |x− t|; a = 0; b = 1.
2.5. Íàéòè âñå õàðàêòåðèñòè÷åñêèå ÷èñëà è ñîîòâåòñòâóþùèå ñîáñòâåííûå ôóíêöèè èíòåãðàëüíîãî

óðàâíåíèÿ

ϕ(x) = λ

1∫

0

[(x/t)2/5 + (t/x)2/5]ϕ(t)dt.

2.6. Ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Ëàïëàñà ðåøèòü óðàâíåíèå

ϕ(x) = exp x + 2

x∫

0

ϕ(t) cos(x− t)dt.

2.7. Íàéòè ïðîèçâîäíóþ Ôðåøå ïî u â òî÷êå u = 0 èíòåãðàëüíîãî îïåðàòîðà Â : C[0, 1] → C[0, 1] ñ ïàðà-
ìåòðîì λ:

Â(u) = u(x)− λ

1∫

0

(4xt− x2) sin[u(t)]dt.

Íàéòè âñå ðåøåíèÿ óðàâíåíèÿ Â′(0)h = x.
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3.11. Èññëåäîâàòü íà ýêñòðåìóì ôóíêöèîíàë

ϕ[x] =

1∫

0

[
t + 2ẋ(t) +

1
2
ẋ2(t)

]
dt, x(0) = x(1) = 0.

3.12. Íàéòè ýêñòðåìàëè ôóíêöèîíàëà, çàâèñÿùåãî îò íåñêîëüêèõ ôóíêöèé:

ϕ[x, y] =

1∫

−1

[
2tx(t)− ẋ2(t) +

ẏ3(t)
3

]
dt,

x(−1) = 2, x(1) = 0, y(−1) = −1, y(1) = 1.

3.1. Îïåðàòîð Â : C([0, 1]) → C([0, 1]) îïðåäåëåí ñîîòíîøåíèåì

Âϕ(x) =

1∫

0

(
x2t2 − 2

45

)
ϕ(t)dt.

Íàéòè âñå ñîáñòâåííûå ÷èñëà è ñîîòâåòñòâóþùèå ñîáñòâåííûå ôóíêöèè ýòîãî îïåðàòîðà.
3.2. Íàéòè ðåçîëüâåíòó è ðåøèòü óðàâíåíèå

ϕ(x) = exp x sin x +

x∫

0

2 + cos x

2 + cos t
ϕ(t)dt.

3.3. Ðåøèòü èíòåãðàëüíîå óðàâíåíèå

ϕ(x) = λ

π∫

0

sin(3x + t)ϕ(t)dt + cos x.

3.4. Íàéòè èòåðèðîâàííûå ÿäðà äëÿ óðàâíåíèÿ Ôðåäãîëüìà ñ ÿäðîì K(x, t) = expx cos t è a = 0, b = π.
3.5. Íàéòè âñå õàðàêòåðèñòè÷åñêèå ÷èñëà è ñîîòâåòñòâóþùèå ñîáñòâåííûå ôóíêöèè èíòåãðàëüíîãî

óðàâíåíèÿ

ϕ(x) = λ

1∫

0

(x2t2 − 2/45)ϕ(t)dt.

3.6. Ñ ïîìîùüþ èíòåãðàëüíîãî ïðåîáðàçîâàíèÿ Ëàïëàñà ðåøèòü óðàâíåíèå

ϕ(x) = 1 + 2

x∫

0

cos(x− t)ϕ(t)dt.

3.7. Íàéòè ïðîèçâîäíóþ Ôðåøå ïî u â òî÷êå u = 0 èíòåãðàëüíîãî îïåðàòîðà Â : C[−1, 1] → C[−1, 1] ñ
ïàðàìåòðîì λ:

Â(u) = u(x)− λ

1∫

−1

(2x4 + 5x3t) exp[u2(t)− u(t)]dt.

Íàéòè âñå ðåøåíèÿ óðàâíåíèÿ Â′(0)h = x2 − x4.
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4.11. Ïðîâåðèòü âûïîëíåíèå óñëîâèÿ Ëåæàíäðà äëÿ ýêñòðåìàëè ôóíêöèîíàëà

ϕ[x] =

1∫

0

{ẋ2(t)− x(t)ẋ3(t)}dt,

ïðîõîäÿùåé ÷åðåç òî÷êè x(0) = x(1) = 0.
4.12. Íàéòè ýêñòðåìàëè ôóíêöèîíàëà

ϕ[x] =

1∫

−1

{12tx(t)− ẋ2(t)}dt, x(−1) = 1, x(0) = 0,

â êëàññå ãëàäêèõ êðèâûõ.
4.1. Îïåðàòîð Â : C([0, 2π]) → C([0, 2π]) îïðåäåëåí ñîîòíîøåíèåì

Âϕ(x) =

2π∫

0

[cos2(x + t) + 1/2]ϕ(t)dt.

Íàéòè âñå ñîáñòâåííûå ÷èñëà è ñîîòâåòñòâóþùèå ñîáñòâåííûå ôóíêöèè ýòîãî îïåðàòîðà.
4.2. Íàéòè ðåçîëüâåíòó è ðåøèòü èíòåãðàëüíîå óðàâíåíèå

ϕ(x) = 1− 2x−
x∫

0

exp(x2 − t2)ϕ(t)dt.

4.3. Ðåøèòü èíòåãðàëüíîå óðàâíåíèå

ϕ(x) = λ

π∫

0

cos(2x + t)ϕ(t)dt + sin x.

4.4. Íàéòè èòåðèðîâàííûå ÿäðà äëÿ óðàâíåíèÿ Ôðåäãîëüìà ñ ÿäðîì K(x, t) = x exp t è a = 0, b = 1.
4.5. Íàéòè õàðàêòåðèñòè÷åñêèå ÷èñëà è ñîîòâåòñòâóþùèå ñîáñòâåííûå ôóíêöèè èíòåãðàëüíîãî óðàâ-

íåíèÿ

ϕ(x) = λ

2π∫

0

[cos2(x + t) + 1/2]ϕ(t)dt.

4.6. Ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Ëàïëàñà ðåøèòü óðàâíåíèå

ϕ(x) = sh x−
x∫

0

ch(x− t)ϕ(t)dt.

4.7. Íàéòè ïðîèçâîäíóþ Ôðåøå ïî u â òî÷êå u = 0 èíòåãðàëüíîãî îïåðàòîðà Â : C[0, π/4] → C[0, π/4] ñ
ïàðàìåòðîì λ:

Â(u) = u(x) = λ

π/4∫

0

(cos x cos t + 2 sin 2x sin 2t) sin[u3(t)− u(t)]dt.

Íàéòè âñå ðåøåíèÿ óðàâíåíèÿ Â′(0)h = cos x.
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5.11. Èññëåäîâàòü íà ýêñòðåìóì ôóíêöèîíàë

ϕ[x] =

2∫

0

{eẋ(t) + 3}dt, x(0) = 0, x(2) = 1.

5.12. Íàéòè ýêñòðåìàëè ôóíêöèîíàëà, çàâèñÿùåãî îò íåñêîëüêèõ ôóíêöèé:

ϕ[x, y] =

π/2∫

0

{ẋ2(t) + ẏ2(t)− 2x(t)y(t)}dt,

x(0) = 0, x(π/2) = 1, y(0) = 0, y(π/2) = 1.

5.1. Îïåðàòîð Â : C([0, 2π]) → C([0, 2π]) îïðåäåëåí ñîîòíîøåíèåì

Âϕ(x) =

2π∫

0

[sin(x + t) + 1/2]ϕ(t)dt.

Íàéòè âñå ñîáñòâåííûå ÷èñëà è ñîîòâåòñòâóþùèå ñîáñòâåííûå ôóíêöèè ýòîãî îïåðàòîðà.
5.2. Íàéòè ðåçîëüâåíòó è ðåøèòü óðàâíåíèå

ϕ(x) = x · 3x −
x∫

0

3x−tϕ(t)dt.

5.3. Ðåøèòü èíòåãðàëüíîå óðàâíåíèå

ϕ(x) = λ

π∫

0

sin(x− 2t)ϕ(t)dt + cos 2x.

5.4. Íàéòè èòåðèðîâàííûå ÿäðà äëÿ óðàâíåíèÿ Ôðåäãîëüìà ñ ÿäðîì K(x, t) = x+sin t è a = −π, b = π.
5.5. Íàéòè õàðàêòåðèñòè÷åñêèå ÷èñëà è ñîîòâåòñòâóþùèå ñîáñòâåííûå ôóíêöèè óðàâíåíèÿ

ϕ(x) = λ

2π∫

0

[sin(x + t) + 1/2]ϕ(t)dt.

5.6. Èñïîëüçóÿ ïðåîáðàçîâàíèå Ëàïëàñà, ðåøèòü óðàâíåíèå

ϕ(x) = x−
x∫

0

ex−tϕ(t)dt.

5.7. Íàéòè ïðîèçâîäíóþ Ôðåøå ïî u â òî÷êå u = 0 èíòåãðàëüíîãî îïåðàòîðà Â : C[0, 1] → C[0, 1] ñ ïàðà-
ìåòðîì λ:

Â(u) = u(x)− λ

1∫

0

(x− 1) exp[2u2(t)− u(t)]dt.

Íàéòè âñå ðåøåíèÿ óðàâíåíèÿ Â′(0)h = x.
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6.11. Ïðîâåðèòü âûïîëíåíèå óñëîâèÿ Ëåæàíäðà äëÿ ýêñòðåìàëè ôóíêöèîíàëà

ϕ[x] =

2∫

0

{6ẋ2(t)− ẋ4(t) + x(t)ẋ(t)}dt,

ïðîõîäÿùåé ÷åðåç òî÷êè x(0) = 0, x(2) = e.
6.12. Íàéòè ýêñòðåìàëè ôóíêöèîíàëà

ϕ[x] =

2∫

1

{ẋ2(t) + 2x(t)ẋ(t) + x2(t)}dt, x(1) = 1, x(2) = e,

â êëàññå ãëàäêèõ êðèâûõ.
6.1. Îïåðàòîð Â : C([−1, 1]) → C([−1, 1]) îïðåäåëåí ñîîòíîøåíèåì

Âϕ(x) =

1∫

−1

K(x, y)ϕ(y)dy + ax,

ãäå K(x, y) = 3x + xy − 5x2y2. Íàéòè âñå ñîáñòâåííûå ÷èñëà è ñîîòâåòñòâóþùèå ñîáñòâåííûå ôóíêöèè
ýòîãî îïåðàòîðà.

6.2. Íàéòè ðåçîëüâåíòó è ðåøèòü óðàâíåíèå

ϕ(x) = sin x + 2

x∫

0

exp(x− t)ϕ(t)dt.

6.3. Ðåøèòü èíòåãðàëüíîå óðàâíåíèå

ϕ(t) = λ

π∫

0

sin(2x + t)ϕ(t)dt + π − 2x.

6.4. Íàéòè èòåðèðîâàííûå ÿäðà äëÿ óðàâíåíèÿ Ôðåäãîëüìà ñ ÿäðîì K(x, t) = (x− t)2 è a = −1, b = 1
(n = 2, 3).

6.5. Íàéòè õàðàêòåðèñòè÷åñêèå ÷èñëà è ñîîòâåòñòâóþùèå ñîáñòâåííûå ôóíêöèè ÿäðà K(x, y) = 3x +
xy − 5x2y2 è ïðè âñåõ λ è a ðåøèòü óðàâíåíèå

ϕ(x) = λ

1∫

−1

K(x, y)ϕ(y)dy + ax.

6.6. Ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Ëàïëàñà ðåøèòü óðàâíåíèå

ϕ(x) = x−
x∫

0

(x− t)ϕ(t)dt.

6.7. Íàéòè ïðîèçâîäíóþ Ôðåøå ïî u â òî÷êå u = 0 èíòåãðàëüíîãî îïåðàòîðà Â : C[−1, 1] → C[−1, 1] ñ
ïàðàìåòðîì λ:

Â(u) = u(x)− λ

1∫

−1

(xt + x2t2) exp[u2(t)− 3u(t)]dt.

Íàéòè âñå ðåøåíèÿ óðàâíåíèÿ Â′(0)h = 6x2 + x4.
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7.11. Èññëåäîâàòü íà ýêñòðåìóì ôóíêöèîíàë

ϕ[x] =

1∫

0

et
{

x2(t) +
1
2
ẋ2(t)

}
dt, x(0) = 1, x(1) = e.

7.12. Íàéòè ýêñòðåìàëè ôóíêöèîíàëà, çàâèñÿùåãî îò íåñêîëüêèõ ôóíêöèé:

ϕ[x, y] =
1∫
0

{ẋ2(t) + ẏ2(t) + 2x(t)}dt,

x(0) = 1, x(1) = 1, 5, y(0), y(1) = 1.

7.1. Îïåðàòîð Â : C([−1, 1]) → C([−1, 1]) îïðåäåëåí ñîîòíîøåíèåì

Âϕ(x) =

1∫

−1

K(x, y)ϕ(y)dy + ax,

ãäå
K(x, t) =

{ − exp(−t) sh x, 0 < x < t;
− exp(−x) sh t, t < x < 1.

Íàéòè âñå ñîáñòâåííûå ÷èñëà è ñîîòâåòñòâóþùèå ñîáñòâåííûå ôóíêöèè ýòîãî îïåðàòîðà.
7.2. Íàéòè ðåçîëüâåíòó è ðåøèòü óðàâíåíèå

ϕ(x) = exp x +

x∫

0

exp(x− t)ϕ(t)dt.

7.3. Ðåøèòü èíòåãðàëüíîå óðàâíåíèå

ϕ(x) = λ

1∫

−1

[5 + 4xy − 3x2 − 3y2 + 9x2y2]dy + x.

7.4. Íàéòè äëÿ n = 2, 3 èòåðèðîâàííûå ÿäðà óðàâíåíèÿ Ôðåäãîëüìà ñ ÿäðîì K(x, t) = sin(x−t) è a = 0,
b = π/2.

7.5. Íàéòè õàðàêòåðèñòè÷åñêèå ÷èñëà è ñîîòâåòñòâóþùèå ñîáñòâåííûå ôóíêöèè îäíîðîäíîãî èíòå-
ãðàëüíîãî óðàâíåíèÿ ñ ñèììåòðè÷íûì ÿäðîì

K(x, t) =
{ − exp(−t) sh x, 0 < x < t;
− exp(−x) sh t, t < x < 1.

7.6. Ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Ëàïëàñà ðåøèòü óðàâíåíèå

ϕ(x) = x +

x∫

0

sin(x− t)ϕ(t)dt.

7.7. Íàéòè ïðîèçâîäíóþ Ôðåøå ïî u â òî÷êå u = 0 èíòåãðàëüíîãî îïåðàòîðà Â : C[0, π/4] → C[0, π/4] ñ
ïàðàìåòðîì λ:

Â(u) = u(x)− λ

π/4∫

0

sin(3x + t) sin[πu2(t) + u(t)]dt.

Íàéòè âñå ðåøåíèÿ óðàâíåíèÿ Â′(0)h = cos x.



8 Èíäèâèäóàëüíûå çàäàíèÿ

Âàðèàíò � 8

8.11. Ïðîâåðèòü âûïîëíåíèå óñëîâèÿ Ëåæàíäðà äëÿ ýêñòðåìàëè ôóíêöèîíàëà

ϕ[x] =

1∫

0

x(t)ẋ2(t) dt,

ïðîõîäÿùåé ÷åðåç òî÷êè x(0) = 3, x(1) = 3.
8.12. Íàéòè ýêñòðåìàëè ôóíêöèîíàëà

ϕ[x] =

e∫

1

{tẋ2(t) + x(t)ẋ(t)}dt, x(1) = 0, x(e) = 1,

â êëàññå ãëàäêèõ êðèâûõ.
8.1. Îïåðàòîð Â : C([−1, 1]) → C([−1, 1]) îïðåäåëåí ñîîòíîøåíèåì

Âϕ(x) =

1∫

−1

K(x, y)ϕ(y)dy + ax,

ãäå
K(x, y) =

{ − sin(x− π/n) sin(y − π/n), 0 ≤ x ≤ y;
− sin(y + π/n) sin(x− π/n), y ≤ x ≤ 1.

Íàéòè âñå ñîáñòâåííûå ÷èñëà è ñîîòâåòñòâóþùèå ñîáñòâåííûå ôóíêöèè ýòîãî îïåðàòîðà.
8.2. Íàéòè ðåçîëüâåíòó è ðåøèòü óðàâíåíèå

ϕ(x) = x +

x∫

0

(t− x)ϕ(t)dt.

8.3. Ðåøèòü èíòåãðàëüíîå óðàâíåíèå

ϕ(x) = λ

1∫

−1

(x2 − xt)ϕ(t)dt + x2 + x.

8.4. Íàéòè èòåðèðîâàííûå ÿäðà K(x, t) = x− t ïðè a = −1, b = 1.
8.5. Íàéòè õàðàêòåðèñòè÷åñêèå ÷èñëà è ñîîòâåòñòâóþùèå ñîáñòâåííûå ôóíêöèè îäíîðîäíîãî èíòå-

ãðàëüíîãî óðàâíåíèÿ ñ ñèììåòðè÷íûì ÿäðîì

K(x, t) =
{ − sin(x− π/n) sin(t− π/n), 0 ≤ x ≤ t;
− sin(t + π/n) sin(x− π/n), t ≤ x ≤ 1.

8.6. Ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Ëàïëàñà ðåøèòü óðàâíåíèå

ϕ(x) = x +

x∫

0

sin(x− t)ϕ(t)dt.

8.7. Íàéòè ïðîèçâîäíóþ Ôðåøå ïî u â òî÷êå u = 0 èíòåãðàëüíîãî îïåðàòîðà Â : C[−1, 1] → C[−1, 1] ñ
ïàðàìåòðîì λ:

Â(u) = u(x)− λ

1∫

−1

(3xt + 5x2t2) exp[2u2(t) + 2u(t)]dt.

Íàéòè âñå ðåøåíèÿ óðàâíåíèÿ Â′(0)h = x2 + x.
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9.11. Èññëåäîâàòü íà ýêñòðåìóì ôóíêöèîíàë

ϕ[x] =

1∫

0

ex(t)ẋ2(t) dt, x(0) = 0, x(1) = ln 4.

9.12. Íàéòè ýêñòðåìàëè ôóíêöèîíàëà, çàâèñÿùåãî îò íåñêîëüêèõ ôóíêöèé:

ϕ[x, y] =

π/2∫

0

{2x(t)x(t)− 2x2(t) + ẋ2(t)− ẏ2(t)}dt,

x(0) = 0, x(π/2) = 2, y(0) = 0, y(π/2) = 0.

9.1. Îïåðàòîð Â : C([−1, 1]) → C([−1, 1]) îïðåäåëåí ñîîòíîøåíèåì

Âϕ(x) =

1∫

−1

K(x, y)ϕ(y)dy + ax,

ãäå
K(x, t) =

{
sin x sin(y − 1), −π ≤ x ≤ y;
sin y sin(x− 1), y ≤ x ≤ π.

Íàéòè âñå ñîáñòâåííûå ÷èñëà è ñîîòâåòñòâóþùèå ñîáñòâåííûå ôóíêöèè ýòîãî îïåðàòîðà.
9.2. Íàéòè ðåçîëüâåíòó èíòåãðàëüíîãî óðàâíåíèÿ Âîëüòåððà ñ ÿäðîì

K(x, t) = −4x− 2
2x + 1

+
8(x− t)
2x + 1

.

9.3. Ðåøèòü èíòåãðàëüíîå óðàâíåíèå

ϕ(x) = λ

1∫

−1

(2xt3 + 5x2t2)ϕ(t)dt + 7xx4 + 3.

9.4. Ïîñòðîèòü ðåçîëüâåíòó äëÿ ÿäðà K(x, t) = exp(x + t) ïðè a = 0, b = 1.
9.5. Íàéòè õàðàêòåðèñòè÷åñêèå ÷èñëà è ñîîòâåòñòâóþùèå ñîáñòâåííûå ôóíêöèè èíòåãðàëüíîãî (îäíî-

ðîäíîãî) óðàâíåíèÿ ñ ñèììåòðè÷íûì ÿäðîì

K(x, t) =
{

sin x sin(t− 1), −π ≤ x ≤ t;
sin t sin(x− 1), t ≤ x ≤ π.

9.6. Ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Ëàïëàñà ðåøèòü óðàâíåíèå

ϕ(x) = 1 + x +

x∫

0

exp(−2x + 2t)ϕ(t)dt.

9.7. Íàéòè ïðîèçâîäíóþ Ôðåøå ïî u â òî÷êå u = 0 èíòåãðàëüíîãî îïåðàòîðà Â : C[0, π/3] → C[0, π/3] ñ
ïàðàìåòðîì λ:

Â(u) = u(x)− λ

π/3∫

0

(sin(x + t) sin[−u2(t) + 3u(t)]dt.

Íàéòè âñå ðåøåíèÿ óðàâíåíèÿ Â′(0)h = 1.
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10.11. Ïðîâåðèòü âûïîëíåíèå óñëîâèÿ Ëåæàíäðà äëÿ ýêñòðåìàëè ôóíêöèîíàëà

ϕ[x] =

3∫

2

t3

ẋ2(t)
dt,

ïðîõîäÿùåé ÷åðåç òî÷êè x(2) = 4, x(3) = 9.
10.12. Íàéòè ýêñòðåìàëè ôóíêöèîíàëà

ϕ[x] =

1∫

0

x(t)ẋ2(t) dt, x(0) = 1, x(1) = 3
√

4,

â êëàññå ãëàäêèõ êðèâûõ.
10.1. Îïåðàòîð Â : C([−1, 1]) → C([−1, 1]) îïðåäåëåí ñîîòíîøåíèåì

Âϕ(x) =

1∫

−1

K(x, y)ϕ(y)dy + ax,

ãäå K(x, y) = 1 + xy + x2y2, −1 ≤ x, y ≤ 1. Íàéòè âñå ñîáñòâåííûå ÷èñëà è ñîîòâåòñòâóþùèå ñîáñòâåííûå
ôóíêöèè ýòîãî îïåðàòîðà.

10.2. Ðåøèòü èíòåãðàëüíîå óðàâíåíèå è ïîñòðîèòü åãî ðåçîëüâåíòó

ϕ(x) = λ

x∫

0

(x− t)ϕ(t)dt + x2.

10.3. Ðåøèòü èíòåãðàëüíîå óðàâíåíèå

ϕ(x) = λ

1∫

−1

(2x4 + 5x3t)ϕ(t)dt + x2 − x4.

10.4. Ïîñòðîèòü ðåçîëüâåíòó äëÿ ÿäðà K(x, t) = sin x sin t ïðè a = 0, b = 1.
10.5. Íàéòè õàðàêòåðèñòè÷åñêèå ÷èñëà è ñîîòâåòñòâóþùèå ñîáñòâåííûå ôóíêöèè îäíîðîäíîãî èíòå-

ãðàëüíîãî óðàâíåíèÿ Ôðåäãîëüìà ñ ñèììåòðè÷íûì ÿäðîì K(x, t) = 1 + xt + x2t2, −1 ≤ x, t ≤ 1.
10.6. Ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Ëàïëàñà ðåøèòü óðàâíåíèå

ϕ(x) = cos x−
x∫

0

cos(x− t)ϕ(t)dt.

10.7. Íàéòè ïðîèçâîäíóþ Ôðåøå ïî u â òî÷êå u = 0 èíòåãðàëüíîãî îïåðàòîðà Â : C[−1, 1] → C[−1, 1] ñ
ïàðàìåòðîì λ:

Â(u) = u(x)− λ

1∫

−1

( 3
√

x + 3
√

t) exp[5u2(t)− 2u(t)]dt.

Íàéòè âñå ðåøåíèÿ óðàâíåíèÿ Â′(0)h = x2.
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11.11. Èññëåäîâàòü íà ýêñòðåìóì ôóíêöèîíàë

ϕ[x] =

2∫

−1

ẋ(t){1 + t2ẋ(t)}dt, x(−1) = 1, x(2) = 1.

11.12. Íàéòè ýêñòðåìàëè ôóíêöèîíàëà, çàâèñÿùåãî îò íåñêîëüêèõ ôóíêöèé:

ϕ[x, y] =

1∫

0

{ẋ2(t) + ẏ2(t)}dt,

x(0) = 0, x(1) = 1, y(0) = 0, y(1) = −3.

11.1. Îïåðàòîð Â : C([−π, π]) → C([−π, π]) îïðåäåëåí ñîîòíîøåíèåì

Âϕ(x) =

π∫

−π

(x cos t + sin x sin t)ϕ(t)dt + a + b cosx; a, b = const.

Íàéòè âñå ñîáñòâåííûå ÷èñëà è ñîîòâåòñòâóþùèå ñîáñòâåííûå ôóíêöèè ýòîãî îïåðàòîðà.
11.2. Ìåòîäîì äèôôåðåíöèðîâàíèÿ ðåøèòü èíòåãðàëüíîå óðàâíåíèå

ϕ(x) = λ

x∫

0

ex−tϕ(t)dt + x2.

11.3. Ðåøèòü èíòåãðàëüíîå óðàâíåíèå

ϕ(x) = λ

1∫

−1

(x1/3 + t1/3)ϕ(t)dt− 1 + 6x2.

11.4. Ïîñòðîèòü ðåçîëüâåíòó óðàâíåíèÿ Ôðåäãîëüìà ñ ÿäðîì K(x, t) = x exp t ïðè a = −1, b = 1.
11.5. Íàéòè õàðàêòåðèñòè÷åñêèå ÷èñëà è ñîîòâåòñòâóþùèå ñîáñòâåííûå ôóíêöèè ÿäðà K(x, t) è ðåøèòü

èíòåãðàëüíîå óðàâíåíèå

ϕ(x) = λ

π∫

−π

(x cos t + sin x sin t)ϕ(t)dt + a + b cosx; a, b = const.

11.6. Ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Ëàïëàñà ðåøèòü óðàâíåíèå

ϕ(x) = x− λ

x∫

0

(x− t)ϕ(t)dt.

11.7. Íàéòè ïðîèçâîäíóþ Ôðåøå ïî u â òî÷êå u = 0 èíòåãðàëüíîãî îïåðàòîðà Â : C[0, π/4] → C[0, π/4]
ñ ïàðàìåòðîì λ:

Â(u) = u(x)− λ

π/4∫

0

sin(x− 2t) exp[u2(t)− 3u(t)]dt.

Íàéòè âñå ðåøåíèÿ óðàâíåíèÿ Â′(0)h = cos 2x.
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12.11. Ïðîâåðèòü âûïîëíåíèå óñëîâèÿ Ëåæàíäðà äëÿ ýêñòðåìàëè ôóíêöèîíàëà

ϕ[x] =

2∫

1

{tẋ4(t)− 2x(t)ẋ3(t)}dt,

ïðîõîäÿùåé ÷åðåç òî÷êè x(1) = 0, x(2) = 1.
12.12. Íàéòè ýêñòðåìàëè ôóíêöèîíàëà

ϕ[x] =

π∫

0

{4x(t) cos t + ẋ2(t)− x2(t)}dt, x(0) = x(π) = 0,

â êëàññå ãëàäêèõ êðèâûõ.
12.1. Îïåðàòîð Â : C([0, π]) → C([0, π]) îïðåäåëåí ñîîòíîøåíèåì

Âϕ(x) =

π∫

0

cos xϕ(t)dt

Íàéòè âñå ñîáñòâåííûå ÷èñëà è ñîîòâåòñòâóþùèå ñîáñòâåííûå ôóíêöèè ýòîãî îïåðàòîðà.
12.2. Ìåòîäîì äèôôåðåíöèðîâàíèÿ ðåøèòü èíòåãðàëüíîå óðàâíåíèå

x∫

0

exp(x + t)ϕ(t)dt = x.

12.3. Ðåøèòü èíòåãðàëüíîå óðàâíåíèå

ϕ(x) = λ

1∫

−1

(xt + x2t2)ϕ(t)dt + 6x2 + x4.

12.4. Ïîñòðîèòü ðåçîëüâåíòó óðàâíåíèÿ Ôðåäãîëüìà ñ ÿäðîì K(x, t) = (1 + x)(1− t) ïðè a = −1, b = 1.
12.5. Èññëåäîâàòü óðàâíåíèå

ϕ(x) = λ

π∫

0

cos xϕ(t)dt

íà ðàçðåøèìîñòü ïðè âñåõ çíà÷åíèÿõ ïàðàìåòðà λ.
12.6. Ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Ëàïëàñà ðåøèòü óðàâíåíèå

ϕ(x) = exp 2x +

x∫

0

exp(t− x)ϕ(t)dt.

12.7. Íàéòè ïðîèçâîäíóþ Ôðåøå ïî u â òî÷êå u = 0 èíòåãðàëüíîãî îïåðàòîðà Â : C[−1, 1] → C[−1, 1] ñ
ïàðàìåòðîì λ:

Â(u) = u(x)− λ

1∫

−1

(x1/3 + t1/3) sin[u2(t) + 2u(t)]dt.

Íàéòè âñå ðåøåíèÿ óðàâíåíèÿ Â′(0)h = −1 + 6x2.
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13.11. Èññëåäîâàòü íà ýêñòðåìóì ôóíêöèîíàë

ϕ[x] =

2∫

1

t3

ẋ2(t)
dt, x(1) = 1, x(2) = 4.

13.12. Íàéòè ýêñòðåìàëè ôóíêöèîíàëà, ñîäåðæàùåãî ñòàðøèå ïðîèçâîäíûå:

ϕ[x] =
1
2

1∫

0

ẍ2(t)dt, x(0) = x(1) = 0, ẋ(0) = 0, ẋ(1) = 1.

13.1. Îïåðàòîð Â : C([−1, 1]) → C([−1, 1]) îïðåäåëåí ñîîòíîøåíèåì

Âϕ(x) =

1∫

−1

(x sh t− t ch x)ϕ(t)dt.

Íàéòè âñå ñîáñòâåííûå ÷èñëà è ñîîòâåòñòâóþùèå ñîáñòâåííûå ôóíêöèè ýòîãî îïåðàòîðà.
13.2. Íàéòè ðåçîëüâåíòó èíòåãðàëüíîãî óðàâíåíèÿ Âîëüòåððà ñ ÿäðîì

K(x, t) = 2− (x− t) λ = 1.

13.3. Ðåøèòü èíòåãðàëüíîå óðàâíåíèå

ϕ(x) = λ

2π∫

0

(cos x cos t + cos 2x cos 2t)ϕ(t)dt + cos 3x.

13.4. Ïîñòðîèòü ðåçîëüâåíòó èíòåãðàëüíîãî óðàâíåíèÿ Ôðåäãîëüìà ñ ÿäðîì K(x, t) = x2t2 ïðè a = −1,
b = 1.

13.5. Íàéòè õàðàêòåðèñòè÷åñêèå ÷èñëà è ñîîòâåòñòâóþùèå ñîáñòâåííûå ôóíêöèè îäíîðîäíîãî èíòå-
ãðàëüíîãî óðàâíåíèÿ ñ âûðîæäåííûì ÿäðîì

ϕ(x)− λ

1∫

−1

(x sh t− t chx)ϕ(t)dt = 0.

13.6. Ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Ëàïëàñà ðåøèòü óðàâíåíèå

ϕ(x) = 1− 2x− 4x2 +

x∫

0

[3 + 6(x− t)− 4(x− t)2]ϕ(t)dt.

13.7. Íàéòè ïðîèçâîäíóþ Ôðåøå ïî u â òî÷êå u = 0 èíòåãðàëüíîãî îïåðàòîðà Â : C[0, π/2] → C[0, π/2] ñ
ïàðàìåòðîì λ:

Â(u) = u(t)− λ

π/2∫

0

sin(2x + t) exp[−4u2(t) + u(t)]dt.

Íàéòè âñå ðåøåíèÿ óðàâíåíèÿ Â′(0)h = +π − 2x.
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14.11. Ïðîâåðèòü âûïîëíåíèå óñëîâèÿ Ëåæàíäðà äëÿ ýêñòðåìàëè ôóíêöèîíàëà

ϕ[x] =

2∫

0

{ẋ4(t) + ẋ2(t)}dt,

ïðîõîäÿùåé ÷åðåç òî÷êè x(0) = 1, x(2) = 5.
14.12. Èññëåäîâàòü íà ýêñòðåìóì ôóíêöèîíàë

ϕ[x] =

2π∫

0

{ẋ2(t)− x2(t)}dt, x(0) = x(2π) = 1,

â êëàññå ãëàäêèõ êðèâûõ.
14.1. Îïåðàòîð Â : C([−1, 1]) → C([−1, 1]) îïðåäåëåí ñîîòíîøåíèåì

Âϕ(x) =

1∫

−1

(x ch t− t2 shx)ϕ(t)dt.

Íàéòè âñå ñîáñòâåííûå ÷èñëà è ñîîòâåòñòâóþùèå ñîáñòâåííûå ôóíêöèè ýòîãî îïåðàòîðà.
14.2. Íàéòè ðåçîëüâåíòó èíòåãðàëüíîãî óðàâíåíèÿ Âîëüòåððà ñ ÿäðîì K(x, t) = −2 + 3(x− t), λ = 1.
14.3. Ðåøèòü èíòåãðàëüíîå óðàâíåíèå

ϕ(x) = λ

2π∫

0

(cos x cos t + 2 sin 2x sin 2t)ϕ(t)dt + cos x.

14.4. Ïîñòðîèòü ðåçîëüâåíòó èíòåãðàëüíîãî óðàâíåíèÿ Ôðåäãîëüìà ñ ÿäðîì K(x, t) = xt ïðè a = −1,
b = 1.

14.5. Íàéòè õàðàêòåðèñòè÷åñêèå ÷èñëà è ñîîòâåòñòâóþùèå ñîáñòâåííûå ôóíêöèè îäíîðîäíîãî èíòå-
ãðàëüíîãî óðàâíåíèÿ ñ âûðîæäåííûì ÿäðîì

ϕ(x)− λ

1∫

−1

(x ch t− t2 sh x)ϕ(t)dt = 0.

14.6. Ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Ëàïëàñà ðåøèòü óðàâíåíèå

ϕ(x) = exp x−
x∫

0

exp(x− t)ϕ(t)dt.

14.7. Íàéòè ïðîèçâîäíóþ Ôðåøå ïî u â òî÷êå u = 0 èíòåãðàëüíîãî îïåðàòîðà Â : C[0, π/2] → C[0, π/2]
ñ ïàðàìåòðîì λ:

Â(u) = u(x)−
π/2∫

0

sin x cos t sin[−u2(t)− u(t)]dt.

Íàéòè âñå ðåøåíèÿ óðàâíåíèÿ Â′(0)h = cos 2x.
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15.11. Èññëåäîâàòü íà ýêñòðåìóì ôóíêöèîíàë

ϕ[x] =

a∫

0

dt

ẋ2(t)
, x(0) = 0, x(a) = b > 0, a > 0.

15.12. Íàéòè ýêñòðåìàëè ôóíêöèîíàëà, ñîäåðæàùåãî ñòàðøèå ïðîèçâîäíûå:

ϕ[x] =

1∫

0

{x2(t) + 2ẋ2(t) + ẍ(t)}dt,

x(0) = x(1) = 0, ẋ(0) = 1, ẋ(1) = − sh 1.

15.1. Îïåðàòîð Â : C([0, π/4]) → C([0, π/4]) îïðåäåëåí ñîîòíîøåíèåì

Âϕ(x) =

π/4∫

0

sin2 xϕ(t)dt.

Íàéòè âñå ñîáñòâåííûå ÷èñëà è ñîîòâåòñòâóþùèå ñîáñòâåííûå ôóíêöèè ýòîãî îïåðàòîðà.
15.2. Íàéòè ðåçîëüâåíòó èíòåãðàëüíîãî óðàâíåíèÿ Âîëüòåððà ñ ÿäðîì

K(x, t) = 2
3 + cos x

3 + cos t
.

15.3. Ðåøèòü èíòåãðàëüíîå óðàâíåíèå

ϕ(x) = λ

2π∫

0

(sinx sin t + 3 cos 2x sin 2t)ϕ(t)dt + sin x.

15.4. Ïîñòðîèòü ðåçîëüâåíòó èíòåãðàëüíîãî óðàâíåíèÿ Ôðåäãîëüìà ñ ÿäðîì K(x, t) = sin x cos t +
cos 2x sin 2t ïðè a = 0, b = 2π.

15.5. Íàéòè õàðàêòåðèñòè÷åñêèå ÷èñëà è ñîîòâåòñòâóþùèå ñîáñòâåííûå ôóíêöèè îäíîðîäíîãî èíòå-
ãðàëüíîãî óðàâíåíèÿ ñ âûðîæäåííûì ÿäðîì

ϕ(x)− λ

π/4∫

0

sin2 xϕ(t)dt = 0.

15.6. Ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Ëàïëàñà ðåøèòü óðàâíåíèå

ϕ(x) = sin x +

x∫

0

J1(x− t)ϕ(t)dt.

15.7. Íàéòè ïðîèçâîäíóþ Ôðåøå ïî u â òî÷êå u = 0 èíòåãðàëüíîãî îïåðàòîðà Â : C[0, π/2] → C[0, π/2]
ñ ïàðàìåòðîì λ:

Â(u) = u(x)− λ

π/2∫

0

(sin t + t cos t) exp[4u2(t)− 2u(t)]dt.

Íàéòè âñå ðåøåíèÿ óðàâíåíèÿ Â′(0)h = 1− 2x
π .
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16.11. Ïðîâåðèòü âûïîëíåíèå óñëîâèÿ Ëåæàíäðà äëÿ ýêñòðåìàëè ôóíêöèîíàëà

ϕ[x] =

1∫

−1

{t2ẋ2(t) + 12x2(t)}dt,

ïðîõîäÿùåé ÷åðåç òî÷êè x(−1) = 1, x(1) = 1.
16.12. Íàéòè ýêñòðåìàëè ôóíêöèîíàëà

ϕ[x] =

t1∫

t0

{2tx(t) + [t2 + ex]ẋ(t)]dt, x(t0) = x0, x(t1) = x1,

â êëàññå ãëàäêèõ êðèâûõ.
16.1. Îïåðàòîð Â : C([0, 2π]) → C([0, 2π]) îïðåäåëåí ñîîòíîøåíèåì

Âϕ(x) =

2π∫

0

sin x cos tϕ(t)dt.

Íàéòè âñå ñîáñòâåííûå ÷èñëà è ñîîòâåòñòâóþùèå ñîáñòâåííûå ôóíêöèè ýòîãî îïåðàòîðà.
16.2. Ìåòîäîì äèôôåðåíöèðîâàíèÿ ðåøèòü èíòåãðàëüíîå óðàâíåíèå

ϕ(x) = x−
x∫

0

ex−tϕ(t)dt.

16.3. Ðåøèòü èíòåãðàëüíîå óðàâíåíèå

ϕ(x) = λ

1∫

−1

( 3
√

x + 3
√

t)ϕ(t)dt + x2.

16.4. Íàéòè ðåçîëüâåíòó äëÿ ÿäðà K(x, t) = 1 + (2x− 1)(2t− 1) ïðè a = 0, b = 1.
16.6. Íàéòè õàðàêòåðèñòè÷åñêèå ÷èñëà è ñîáñòâåííûå ôóíêöèè äëÿ îäíîðîäíîãî èíòåãðàëüíîãî óðàâ-

íåíèÿ ñ âûðîæäåííûì ÿäðîì

ϕ(x)− λ

2π∫

0

sin x cos tϕ(t)dt = 0.

16.6. Ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Ëàïëàñà ðåøèòü èíòåãðàëüíîå óðàâíåíèå

ϕ(x) = exp(−4x)− 6

x∫

0

ch 4(x− t)ϕ(t)dt.

16.7. Íàéòè ïðîèçâîäíóþ Ôðåøå ïî u â òî÷êå u = 0 èíòåãðàëüíîãî îïåðàòîðà Â : C[0, π/4] → C[0, π/4]
ñ ïàðàìåòðîì λ:

Â(u) = u(x)− λ

π/4∫

0

cos2(x− t) sin[5u2(t)− u(t)]dt.

Íàéòè âñå ðåøåíèÿ óðàâíåíèÿ Â′(0)h = 1 + cos 4x.
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17.11. Èññëåäîâàòü íà ýêñòðåìóì ôóíêöèîíàë

ϕ[x] =

1∫

0

(1 + t)ẋ2(t)dt, x(0) = 0, x(1) = 1.

17.12. Íàéòè ýêñòðåìàëè ôóíêöèîíàëà, ñîäåðæàùåãî ñòàðøèå ïðîèçâîäíûå:

ϕ[x] =

t1∫

t0

{x(t) + ẍ(t)}dt,

x(t0) = x0, x(t1) = x1, ẋ(t0) = ẋ0, ẋ(t1) = ẋ1.

17.1. Îïåðàòîð Â : C([0, 2π]) → C([0, 2π]) îïðåäåëåí ñîîòíîøåíèåì

Âϕ(x) =

2π∫

0

sin x sin tϕ(t)dt.

Íàéòè âñå ñîáñòâåííûå ÷èñëà è ñîîòâåòñòâóþùèå ñîáñòâåííûå ôóíêöèè ýòîãî îïåðàòîðà.
17.2. Ìåòîäîì äèôôåðåíöèðîâàíèÿ ðåøèòü èíòåãðàëüíîå óðàâíåíèå

x∫

0

ϕ(t)ex−tdt = x.

17.3. Ðåøèòü èíòåãðàëüíîå óðàâíåíèå

ϕ(x) = λ

1∫

0

(x− 1)ϕ(t)dt + x.

17.4. Íàéòè ðåçîëüâåíòó äëÿ ÿäðà K(x, t) = x− sh t ïðè −1 ≤ x ≤ 1, −1 ≤ t ≤ 1.
17.5. Íàéòè õàðàêòåðèñòè÷åñêèå ÷èñëà è ñîáñòâåííûå ôóíêöèè äëÿ îäíîðîäíîãî èíòåãðàëüíîãî óðàâ-

íåíèÿ ñ âûðîæäåííûì ÿäðîì

ϕ(x)− λ

2π∫

0

sin x sin tϕ(t)dt = 0.

17.6. Ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Ëàïëàñà ðåøèòü èíòåãðàëüíîå óðàâíåíèå

ϕ(x) = cosx +

x∫

0

J1(x− t)ϕ(t)dt.

17.7. Íàéòè ïðîèçâîäíóþ Ôðåøå ïî u â òî÷êå u = 0 èíòåãðàëüíîãî îïåðàòîðà Â : C[0, 1] → C[0, 1] ñ
ïàðàìåòðîì λ:

Â(u) = u(x)− λ

1∫

0

2ex+t exp[u2(t)− 4u(t)]dt.

Íàéòè âñå ðåøåíèÿ óðàâíåíèÿ Â′(0)h = ex.
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18.11. Ïðîâåðèòü âûïîëíåíèå óñëîâèÿ Ëåæàíäðà äëÿ ýêñòðåìàëè ôóíêöèîíàëà

ϕ[x] =

1∫

0

{ẋ2(t)− x(t)ẋ(t)}dt,

ïðîõîäÿùåé ÷åðåç òî÷êè x(0) = x(1) = 0.
18.12. Íàéòè ýêñòðåìàëè ôóíêöèîíàëà

ϕ[x] =

1∫

0

{ex(t) + tẋ(t)}dt, x(0) = 0, x(1) = x1,

â êëàññå ãëàäêèõ êðèâûõ.
18.1. Îïåðàòîð Â : C([0, 2π]) → C([0, 2π]) îïðåäåëåí ñîîòíîøåíèåì

Âϕ(x) =

2π∫

0

cos(x + t)ϕ(t)dt.

Íàéòè âñå ñîáñòâåííûå ÷èñëà è ñîîòâåòñòâóþùèå ñîáñòâåííûå ôóíêöèè ýòîãî îïåðàòîðà.
18.2. Ìåòîäîì äèôôåðåíöèðîâàíèÿ ðåøèòü èíòåãðàëüíîå óðàâíåíèå

ϕ(x) =

x∫

0

ϕ(t)dt + ex.

18.3. Ðåøèòü èíòåãðàëüíîå óðàâíåíèå

ϕ(x) = λ

1∫

0

2ex+tϕ(t)dt + eλ.

18.4. Íàéòè ðåçîëüâåíòó äëÿ ÿäðà K(x, t) = sin(x + t) ïðè 0 ≤ x ≤ 2π, 0 ≤ t ≤ 2π.
18.5. Íàéòè õàðàêòåðèñòè÷åñêèå ÷èñëà è ñîáñòâåííûå ôóíêöèè äëÿ îäíîðîäíîãî èíòåãðàëüíîãî óðàâ-

íåíèÿ ñ âûðîæäåííûì ÿäðîì

ϕ(x)− λ

2π∫

0

cos(x + t)ϕ(t)dt = 0.

18.6. Ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Ëàïëàñà ðåøèòü èíòåãðàëüíîå óðàâíåíèå

ϕ(x) = x3 +

x∫

0

sin(x− t)ϕ(t)dt.

18.7. Íàéòè ïðîèçâîäíóþ Ôðåøå ïî u â òî÷êå u = 0 èíòåãðàëüíîãî îïåðàòîðà Â : C[0, π/4] → C[0, π/4]
ñ ïàðàìåòðîì λ:

Â(u) = u(x)− λ

π/4∫

0

cos(2x + t) sin[u2(t)− 3u(t)]dt.

Íàéòè âñå ðåøåíèÿ óðàâíåíèÿ Â′(0)h = sinx.
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19.11. Èññëåäîâàòü íà ýêñòðåìóì ôóíêöèîíàë

ϕ[x] =

1∫

−1

{ẋ3(t) + ẋ2(t)}dt, x(−1) = −1, x(1) = 3.

19.12. Íàéòè ýêñòðåìàëè ôóíêöèîíàëà, ñîäåðæàùåãî ñòàðøèå ïðîèçâîäíûå:

ϕ[x] =

t1∫

t0

{ẋ2(t) + x(t)ẍ(t)}dt,

x(t0) = x0, x(t1) = x1, ẋ(t0) = ẋ0, ẋ(t1) = ẋ1.

19.1. Îïåðàòîð Â : C([1, e]) → C([1, e]) îïðåäåëåí ñîîòíîøåíèåì

Âϕ(x) =

e∫

1

(45x2 ln t− 9t2 ln x)ϕ(t)dt.

Íàéòè âñå ñîáñòâåííûå ÷èñëà è ñîîòâåòñòâóþùèå ñîáñòâåííûå ôóíêöèè ýòîãî îïåðàòîðà.
19.2. Ìåòîäîì äèôôåðåíöèðîâàíèÿ ðåøèòü èíòåãðàëüíîå óðàâíåíèå

ϕ(x) = 2

x∫

0

2t + 1
(2x + 1)2

ϕ(t)dt + 1.

19.3. Ðåøèòü èíòåãðàëüíîå óðàâíåíèå

ϕ(x) = λ

1∫

0

(x + t− 2xt)ϕ(t)dt + x + x2.

19.4. Íàéòè ðåçîëüâåíòó äëÿ ÿäðà K(x, t) = ex−t ïðè a = 0, b = 1.
19.5. Íàéòè õàðàêòåðèñòè÷åñêèå ÷èñëà è ñîáñòâåííûå ôóíêöèè äëÿ îäíîðîäíîãî èíòåãðàëüíîãî óðàâ-

íåíèÿ ñ âûðîæäåííûì ÿäðîì

ϕ(x)− λ

1∫

0

(45x2 ln t− 9t2 ln x)ϕ(t)dt = 0.

19.6. Ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Ëàïëàñà ðåøèòü èíòåãðàëüíîå óðàâíåíèå

ϕ(x) = J0(x) +

x∫

0

J1(x− t)ϕ(t)dt.

19.7. Íàéòè ïðîèçâîäíóþ Ôðåøå ïî u â òî÷êå u = 0 èíòåãðàëüíîãî îïåðàòîðà Â : C[0, 1] → C[0, 1] ñ
ïàðàìåòðîì λ:

Â(u) = u(x) +

1∫

0

ex−t exp[u2(t) + 2u(t)]dt.

Íàéòè âñå ðåøåíèÿ óðàâíåíèÿ Â′(0)h = ex.
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20.11. Âûïîëíåíî ëè óñëîâèå ßêîáè äëÿ ýêñòðåìàëè ôóíêöèîíàëà

ϕ[x] =

a∫

0

{ẋ2(t) + t2}dt,

ïðîõîäÿùåé ÷åðåç òî÷êè x(0) = 0, x(a) = 3, a > 0?
20.12. Íàéòè ýêñòðåìàëè ôóíêöèîíàëà

ϕ[x] =

π/4∫

0

{ẋ2(t)− x2(t)]dt, x(0) = 0, x
(π

4

)
=
√

2
2

,

â êëàññå ãëàäêèõ êðèâûõ.
20.1. Îïåðàòîð Â : C([0, 1]) → C([0, 1]) îïðåäåëåí ñîîòíîøåíèåì

Âϕ(x) =

1∫

0

(2xt− 4x2)ϕ(t)dt.

Íàéòè âñå ñîáñòâåííûå ÷èñëà è ñîîòâåòñòâóþùèå ñîáñòâåííûå ôóíêöèè ýòîãî îïåðàòîðà.
20.2. Íàéòè ðåçîëüâåíòó èíòåãðàëüíîãî óðàâíåíèÿ Âîëüòåððà ñ ÿäðîì K(x, t) = exp(x2 − t2).
20.3. Ðåøèòü èíòåãðàëüíîå óðàâíåíèå

ϕ(x)− λ

2π∫

0

(sin(x + t)ϕ(t)dt = 1.

20.4. Íàéòè ðåçîëüâåíòó äëÿ ÿäðà K(x, t) = 4xt− x2 ïðè a = 0, b = 1.
20.5. Íàéòè õàðàêòåðèñòè÷åñêèå ÷èñëà è ñîáñòâåííûå ôóíêöèè äëÿ îäíîðîäíîãî èíòåãðàëüíîãî óðàâ-

íåíèÿ ñ âûðîæäåííûì ÿäðîì

ϕ(x)− λ

1∫

0

(2xt− 4x2)ϕ(t)dt = 0.

20.6. Ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Ëàïëàñà ðåøèòü èíòåãðàëüíîå óðàâíåíèå

ϕ(x) = cos 5x− 7
4

x∫

0

sh(4(x− t))ϕ(t)dt.

20.7. Íàéòè ïðîèçâîäíóþ Ôðåøå ïî u â òî÷êå u = 0 èíòåãðàëüíîãî îïåðàòîðà Â : C[−1, 1] → C[−1, 1] ñ
ïàðàìåòðîì λ:

Â(u) = u(x)− λ

1∫

−1

(2xt3 + 5x2t2) sin[5u2(t) + u(t)]dt.

Íàéòè âñå ðåøåíèÿ óðàâíåíèÿ Â′(0)h = 7x4 + 3.
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21.11. Èññëåäîâàòü íà ýêñòðåìóì ôóíêöèîíàë

ϕ[x] =

π/4∫

0

{4x2(t)− ẋ2(t) + 8x(t)}dt, x(0) = −1, x(π/4) = 0.

21.12. Íàéòè ýêñòðåìàëè ôóíêöèîíàëà, ñîäåðæàùåãî ñòàðøèå ïðîèçâîäíûå:

ϕ[x] =

e∫

−e

{1
2
ẍ2(t) + 24x(t)

}
dt,

x(−e) = x(e) = ẋ(−e) = ẋ(e) = 0.

21.13. Îïåðàòîð Â : C([−1, 1]) → C([−1, 1]) îïðåäåëåí ñîîòíîøåíèåì

Âϕ(x) =

1∫

−1

(5xt3 + 4x2t)ϕ(t)dt.

Íàéòè âñå ñîáñòâåííûå ÷èñëà è ñîîòâåòñòâóþùèå ñîáñòâåííûå ôóíêöèè ýòîãî îïåðàòîðà.
21.18. Íàéòè ðåçîëüâåíòó èíòåãðàëüíîãî óðàâíåíèÿ Âîëüòåððà ñ ÿäðîì

K(x, t) =
1 + x2

1 + t2
.

21.19. Ðåøèòü èíòåãðàëüíîå óðàâíåíèå

ϕ(x)− λ

1∫

0

(2x− t)ϕ(t)dt = x/6.

21.20. Íàéòè ðåçîëüâåíòó äëÿ ÿäðà K(x, t) = 1 + xt ïðè a = 0, b = 1.
21.21. Íàéòè õàðàêòåðèñòè÷åñêèå ÷èñëà è ñîáñòâåííûå ôóíêöèè äëÿ îäíîðîäíîãî èíòåãðàëüíîãî óðàâ-

íåíèÿ ñ âûðîæäåííûì ÿäðîì

ϕ(x)− λ

1∫

−1

(5xt3 + 4x2t)ϕ(t)dt = 0.

21.22. Ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Ëàïëàñà ðåøèòü èíòåãðàëüíîå óðàâíåíèå

ϕ(x) = x4 − a

x∫

0

sh(a(x− t))ϕ(t)dt.
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22.11. Âûïîëíåíî ëè óñëîâèå ßêîáè äëÿ ýêñòðåìàëè ôóíêöèîíàëà

ϕ[x] =

1∫

−1

{12tx(t) + ẋ2(t) + t2}dt,

ïðîõîäÿùåé ÷åðåç òî÷êè x(−1) = −2, x(1) = 0.
22.12. Íàéòè ýêñòðåìàëè ôóíêöèîíàëà

ϕ[x] =

1∫

0

{2ex(t) − x2(t)}dt, x(0) = 1, x(1) = e,

â êëàññå ãëàäêèõ êðèâûõ.
22.13. Îïåðàòîð Â : C([−1, 1]) → C([−1, 1]) îïðåäåëåí ñîîòíîøåíèåì

Âϕ(x) =

1∫

−1

(5xt3 + 4x2t + 3xt)ϕ(t)dt.

Íàéòè âñå ñîáñòâåííûå ÷èñëà è ñîîòâåòñòâóþùèå ñîáñòâåííûå ôóíêöèè ýòîãî îïåðàòîðà.
22.18. Íàéòè ðåçîëüâåíòó èíòåãðàëüíîãî óðàâíåíèÿ Âîëüòåððà ñ ÿäðîì K(x, t) = ex−t.
22.19. Ðåøèòü èíòåãðàëüíîå óðàâíåíèå

ϕ(x) = λ

1∫

−1

(3xt + 5x2t2)ϕ(t)dt + x2 + x.

22.20. Íàéòè ðåçîëüâåíòó äëÿ ÿäðà K(x, t) = x + t + 1 ïðè a = −1, b = 1.
22.21. Íàéòè õàðàêòåðèñòè÷åñêèå ÷èñëà è ñîáñòâåííûå ôóíêöèè äëÿ îäíîðîäíîãî èíòåãðàëüíîãî óðàâ-

íåíèÿ ñ âûðîæäåííûì ÿäðîì

ϕ(x)− λ

1∫

−1

(5xt3 + 4x2t + 3xt)ϕ(t)dt = 0.

22.22. Ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Ëàïëàñà ðåøèòü èíòåãðàëüíîå óðàâíåíèå

ϕ(x) = sin 2x− 8
3

x∫

0

sh 3(x− t)ϕ(t)dt.
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23.11. Èññëåäîâàòü íà ýêñòðåìóì ôóíêöèîíàë

ϕ[x] =

2∫

1

{t2ẋ2(t)− 12x2(t)}dt, x(1) = 1, x(2) = 8.

23.12. Íàéòè ýêñòðåìàëè ôóíêöèîíàëà, ñîäåðæàùåãî ñòàðøèå ïðîèçâîäíûå:

ϕ[x] =

π/2∫

0

{ẍ2(t)− x2(t) + t2}dt,

x(0) = 1, x(π/2) = 0, ẋ(0) = 0, ẋ(π/2) = −1.

23.13. Îïåðàòîð Â : C([−1, 1]) → C([−1, 1]) îïðåäåëåí ñîîòíîøåíèåì

Âϕ(x) =

1∫

−1

(x ch t− t sh x)ϕ(t)dt.

Íàéòè âñå ñîáñòâåííûå ÷èñëà è ñîîòâåòñòâóþùèå ñîáñòâåííûå ôóíêöèè ýòîãî îïåðàòîðà.
23.18. Íàéòè ðåçîëüâåíòó èíòåãðàëüíîãî óðàâíåíèÿ Âîëüòåððà ñ ÿäðîì K(x, t) = (2 + cos x)/(2 + cos t).
23.19. Ðåøèòü èíòåãðàëüíîå óðàâíåíèå

ϕ(x)− λ

1∫

0

(4xt− x2)ϕ(t)dt = x.

23.20. Íàéòè ðåçîëüâåíòó äëÿ ÿäðà K(x, t) = sin x cos t ïðè a = 0, b = 2π.
23.21. Íàéòè õàðàêòåðèñòè÷åñêèå ÷èñëà è ñîáñòâåííûå ôóíêöèè äëÿ îäíîðîäíîãî èíòåãðàëüíîãî óðàâ-

íåíèÿ ñ âûðîæäåííûì ÿäðîì

ϕ(x)− λ

1∫

−1

(x ch t− t shx)ϕ(t)dt = 0.

23.22. Ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Ëàïëàñà ðåøèòü èíòåãðàëüíîå óðàâíåíèå

2ϕ(x)−
x∫

0

ϕ(t)ϕ(x− t)dt = sinx.
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24.11. Âûïîëíåíî ëè óñëîâèå ßêîáè äëÿ ýêñòðåìàëè ôóíêöèîíàëà

ϕ[x] =

1∫

0

{1 + ẋ2(t)}dt,

ïðîõîäÿùåé ÷åðåç òî÷êè x(0) = x(1) = 0?
24.12. Íàéòè ýêñòðåìàëè ôóíêöèîíàëà

ϕ[x] =

2∫

1

ẋ(t){1 + t2ẋ(t)}dt, x(1) = 3, x(2) = 1,

â êëàññå ãëàäêèõ êðèâûõ.
24.13. Îïåðàòîð Â : C([−1, 1]) → C([−1, 1]) îïðåäåëåí ñîîòíîøåíèåì

Âϕ(x) =

1∫

−1

(3xt + 5x2t2)ϕ(t)dt + x2 + 2x.

Íàéòè âñå ñîáñòâåííûå ÷èñëà è ñîîòâåòñòâóþùèå ñîáñòâåííûå ôóíêöèè ýòîãî îïåðàòîðà.
24.18. Íàéòè ðåçîëüâåíòó èíòåãðàëüíîãî óðàâíåíèÿ Âîëüòåððà ñ ÿäðîì K(x, t) = chx/ ch t.
24.19. Ðåøèòü èíòåãðàëüíîå óðàâíåíèå

ϕ(x) +

1∫

0

ex−tϕ(t)dt = ex.

24.20. Íàéòè ðåçîëüâåíòó äëÿ ÿäðà K(x, t) = sin x− sin t ïðè a = 0, b = 2π.
24.21. Íàéòè õàðàêòåðèñòè÷åñêèå ÷èñëà è ñîáñòâåííûå ôóíêöèè äëÿ îäíîðîäíîãî èíòåãðàëüíîãî óðàâ-

íåíèÿ ñ âûðîæäåííûì ÿäðîì

ϕ(x) =

1∫

−1

(3xt + 5x2t2)ϕ(t)dt + x2 + 2x.

24.22. Ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Ëàïëàñà ðåøèòü èíòåãðàëüíîå óðàâíåíèå

ϕ(x) =
1
2

x∫

0

ϕ(t)ϕ(x− t)dt− 1
2

shx.
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25.11. Èññëåäîâàòü íà ýêñòðåìóì ôóíêöèîíàë

ϕ[x] =

π/4∫

0

{x2(t)− ẋ2(t) + 6x(t) sin 2t}dt, x(0) = 0, x(π/4) = 1.

25.12. Íàéòè ýêñòðåìàëè ôóíêöèîíàëà, ñîäåðæàùåãî ñòàðøèå ïðîèçâîäíûå:

ϕ[x] =

0∫

−1

{240x(t)− ...
x 2(t)}dt,

x(−1) = 1, x(0) = 0, ẋ(−1) = −4, 5, ẋ(0) = 0,

ẍ(−1) = 16, ẍ(0) = 0.

25.13. Îïåðàòîð Â : C([−π, π]) → C([−π, π]) îïðåäåëåí ñîîòíîøåíèåì

Âϕ(x) =

π∫

−π

(x sin t + cos x)ϕ(t)dt + 2x + 1.

Íàéòè âñå ñîáñòâåííûå ÷èñëà è ñîîòâåòñòâóþùèå ñîáñòâåííûå ôóíêöèè ýòîãî îïåðàòîðà.
25.18. Íàéòè ðåçîëüâåíòó äëÿ èíòåãðàëüíîãî óðàâíåíèÿ Âîëüòåððà ñ ÿäðîì K(x, t) = ax−t, (a > 0).
25.19. Ðåøèòü èíòåãðàëüíîå óðàâíåíèå

ϕ(x)−
2π∫

0

sinx cos tϕ(t)dt = cos 2x.

25.20. Íàéòè ðåçîëüâåíòó äëÿ ÿäðà K(x, t) = x2t− xt2 ïðè 0 ≤ x ≤ 1.
25.21. Íàéòè õàðàêòåðèñòè÷åñêèå ÷èñëà è ñîáñòâåííûå ôóíêöèè äëÿ îäíîðîäíîãî èíòåãðàëüíîãî óðàâ-

íåíèÿ ñ âûðîæäåííûì ÿäðîì

ϕ(x) = λ

π∫

−π

(x sin t + cos x)ϕ(t)dt + 2x + 1.

25.22. Ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Ëàïëàñà ðåøèòü èíòåãðàëüíîå óðàâíåíèå

ϕ(x) = x5 −
x∫

0

sh(x− t)ϕ(t)dt.
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26.11. Âûïîëíåíî ëè óñëîâèå ßêîáè äëÿ ýêñòðåìàëè ôóíêöèîíàëà

ϕ[x] =

2π∫

0

{ẋ2(t)− x2(t)}dt,

ïðîõîäÿùåé ÷åðåç òî÷êè x(0) = 0, x(2π) = 1?
26.12. Íàéòè ýêñòðåìàëè ôóíêöèîíàëà

ϕ[x] =

2∫

0

√
1 + ẋ2(t)
x(t)

dt, x(0) = 2, x(2) = 0, x > 0,

â êëàññå ãëàäêèõ êðèâûõ.
26.13. Îïåðàòîð Â : C([0, π]) → C([0, π]) îïðåäåëåí ñîîòíîøåíèåì

Âϕ(x) =

π∫

0

(cos2 x cos 2t + cos 3x cos3 t)ϕ(t)dt.

Íàéòè âñå ñîáñòâåííûå ÷èñëà è ñîîòâåòñòâóþùèå ñîáñòâåííûå ôóíêöèè ýòîãî îïåðàòîðà.
26.18. Ìåòîäîì äèôôåðåíöèðîâàíèÿ ðåøèòü èíòåãðàëüíîå óðàâíåíèå

ϕ(x) =
1

1 + x2
−

x∫

0

tϕ(t)
1 + x2

dt.

26.19. Ðåøèòü èíòåãðàëüíîå óðàâíåíèå

ϕ(x)− 1
ln 2

1∫

0

xϕ(t)
1 + t2

dt = 1− x2.

26.20. Íàéòè ðåçîëüâåíòó äëÿ ÿäðà K(x, t) = sin(x− 2t) ïðè a = 0, b = 2π.
26.21. Íàéòè õàðàêòåðèñòè÷åñêèå ÷èñëà è ñîáñòâåííûå ôóíêöèè äëÿ îäíîðîäíîãî èíòåãðàëüíîãî óðàâ-

íåíèÿ ñ âûðîæäåííûì ÿäðîì

ϕ(x) = λ

π∫

0

(cos2 x cos 2t + cos 3x cos3 t)ϕ(t)dt.

26.22. Ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Ëàïëàñà ðåøèòü èíòåãðàëüíîå óðàâíåíèå

ϕ(x) = sin x +

x∫

0

(x− t)ϕ(t)dt.
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27.11. Èññëåäîâàòü íà ýêñòðåìóì ôóíêöèîíàë

ϕ[x] =

2∫

0

{1− e−ẋ4(t)}dt, x(0) = 0, x(2) = 1.

27.12. Íàéòè ýêñòðåìàëè ôóíêöèîíàëà, ñîäåðæàùåãî ñòàðøèå ïðîèçâîäíûå:

ϕ[x] =

1∫

0

{ẋ2(t) + ẍ2(t)}dt,

x(0) = 0, x(1) = sh 1, ẋ(0) = 1, ẋ(1) = ch 1.

27.13. Îïåðàòîð Â : C([0, 1]) → C([0, 1]) îïðåäåëåí ñîîòíîøåíèåì

Âϕ(x) = (3x− 2)

1∫

0

tϕ(t)dt.

Íàéòè âñå ñîáñòâåííûå ÷èñëà è ñîîòâåòñòâóþùèå ñîáñòâåííûå ôóíêöèè ýòîãî îïåðàòîðà.
27.18. Ìåòîäîì äèôôåðåíöèðîâàíèÿ ðåøèòü èíòåãðàëüíîå óðàâíåíèå

ϕ(x) = ex2
+

x∫

0

ex2−t2ϕ(t)dt.

27.19. Ðåøèòü èíòåãðàëüíîå óðàâíåíèå

ϕ(x) +
1
2π

π∫

0

[cos(x + t) + cos(x− t)]ϕ(t)dt = cos x.

27.20. Íàéòè ðåçîëüâåíòó äëÿ ÿäðà K(x, t) = x sin t + sin 2x ïðè a = −π, b = π.
27.21. Íàéòè õàðàêòåðèñòè÷åñêèå ÷èñëà è ñîáñòâåííûå ôóíêöèè äëÿ îäíîðîäíîãî èíòåãðàëüíîãî óðàâ-

íåíèÿ ñ âûðîæäåííûì ÿäðîì

ϕ(x) = λ(3x− 2)

1∫

0

tϕ(t)dt.

27.22. Ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Ëàïëàñà ðåøèòü èíòåãðàëüíîå óðàâíåíèå

ϕ(x) = x +
1
2

x∫

0

(x− t)2ϕ(t)dt.
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28.11. Âûïîëíåíî ëè óñëîâèå ßêîáè äëÿ ýêñòðåìàëè ôóíêöèîíàëà

ϕ[x] =

1∫

0

{ẋ2(t) + 9x2(t)− 3t}dt,

ïðîõîäÿùåé ÷åðåç òî÷êè x(0) = x(1) = 0?
28.12. Íàéòè ýêñòðåìàëè ôóíêöèîíàëà

ϕ[x] =

t1∫

t0

√
1 + ẋ2(t)dt, x(t0) = t0, x(t1) = t1,

â êëàññå ãëàäêèõ êðèâûõ.
28.13. Îïåðàòîð Â : C([0, π/4]) → C([0, π/4]) îïðåäåëåí ñîîòíîøåíèåì

Âϕ(x) =

π/4∫

0

sin2 xϕ(t)dt.

Íàéòè âñå ñîáñòâåííûå ÷èñëà è ñîîòâåòñòâóþùèå ñîáñòâåííûå ôóíêöèè ýòîãî îïåðàòîðà.
28.18. Ìåòîäîì äèôôåðåíöèðîâàíèÿ ðåøèòü èíòåãðàëüíîå óðàâíåíèå

ϕ(x) = xex −
x∫

0

ex−tϕ(t)dt.

28.19. Ðåøèòü èíòåãðàëüíîå óðàâíåíèå

ϕ(x)− π

1∫

0

(1− x) sin 2πtϕ(t)dt =
1
2
(1− x).

28.20. Íàéòè ðåçîëüâåíòó äëÿ ÿäðà
K(x, t) = x

(
1− 3

2
t
)

ïðè a = 0, b = 1.
28.21. Íàéòè õàðàêòåðèñòè÷åñêèå ÷èñëà è ñîáñòâåííûå ôóíêöèè äëÿ îäíîðîäíîãî èíòåãðàëüíîãî óðàâ-

íåíèÿ

ϕ(x) = λ

π/4∫

0

sin2 xϕ(t)dt.

28.22. Ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Ëàïëàñà ðåøèòü èíòåãðàëüíîå óðàâíåíèå

x3

6
=

x∫

0

ϕ(t)ϕ(x− t)dt.
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29.11. Èññëåäîâàòü íà ýêñòðåìóì ôóíêöèîíàë

ϕ[x] =

1∫

0

{ẋ2(t)− x(t)ẋ3(t)}dt, x(0) = x(1) = 0.

29.12. Ìåòîäàìè âàðèàöèîííîãî èñ÷èñëåíèÿ íàéòè ðàññòîÿíèå ìåæäó ïàðàáîëîé y = x2 è ïðÿìîé
x− y = 5.

29.13. Îïåðàòîð Â : C([0, 1]) → C([0, 1]) îïðåäåëåí ñîîòíîøåíèåì

Âϕ(x) =
∫ 1

0

(x sh t− t chx)ϕ(t)dt.

Íàéòè âñå ñîáñòâåííûå ÷èñëà è ñîîòâåòñòâóþùèå ñîáñòâåííûå ôóíêöèè ýòîãî îïåðàòîðà.
29.18. Ìåòîäîì äèôôåðåíöèðîâàíèÿ ðåøèòü èíòåãðàëüíîå óðàâíåíèå

ϕ(x) = 2x2+2x +

x∫

0

2x2−t2+1ϕ(t)dt.

29.19. Ðåøèòü èíòåãðàëüíîå óðàâíåíèå

ϕ(x)− ln 2
2

1∫

0

2x+tϕ(t)dt = x.

29.20. Íàéòè ðåçîëüâåíòó äëÿ ÿäðà K(x, t) = x sin(2πt) ïðè a = 0, b = 1.
27.21. Íàéòè õàðàêòåðèñòè÷åñêèå ÷èñëà è ñîáñòâåííûå ôóíêöèè äëÿ îäíîðîäíîãî èíòåãðàëüíîãî óðàâ-

íåíèÿ
ϕ(x) = λ

∫
(x sh t− t ch x)ϕ(t)dt.

27.22. Ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Ëàïëàñà ðåøèòü èíòåãðàëüíîå óðàâíåíèå
x∫

0

J0(x− t)ϕ(t)dt = sin x.
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30.11. Âûïîëíåíî ëè óñëîâèå ßêîáè äëÿ ýêñòðåìàëè ôóíêöèîíàëà

ϕ[x] =

a∫

0

{ẋ2(t)− x2(t)}dt,

ïðîõîäÿùåé ÷åðåç òî÷êè x(0) = x(a) = 0?
30.12. Ìåòîäàìè âàðèàöèîííîãî èñ÷èñëåíèÿ íàéòè ðàññòîÿíèå îò òî÷êè A(1, 0) äî ýëëèïñà 4x2 + 9y2 =

36.
30.13. Îïåðàòîð Â : C([−1, 1]) → C([−1, 1]) îïðåäåëåí ñîîòíîøåíèåì

Âϕ(x) = (3x− 2)

1∫

−1

(5xt3 + 4x2 + 3xt)ϕ(t)dt.

Íàéòè âñå ñîáñòâåííûå ÷èñëà è ñîîòâåòñòâóþùèå ñîáñòâåííûå ôóíêöèè ýòîãî îïåðàòîðà.
30.18. Ìåòîäîì äèôôåðåíöèðîâàíèÿ ðåøèòü èíòåãðàëüíîå óðàâíåíèå

ϕ(x) =

x∫

0

ϕ(t)dt + ex + 1.

30.19. Ïîêàçàòü, ÷òî äëÿ óðàâíåíèÿ

ϕ(x) = f(x) +

x∫

0

K(x− t)ϕ(t)dt

âñå ïîâòîðíûå ÿäðà è ðåçîëüâåíòà òàêæå çàâèñÿò îò ðàçíîñòè (x− t).
30.20. Äîêàçàòü, ÷òî åñëè ÿäðà L(x, t) è M(x, t) îðòîãîíàëüíû, òî ðåçîëüâåíòà ÿäðà K(x, t) = L(x, t) +

M(x, t) ðàâíà ñóììå ðåçîëüâåíò ÿäåð L(x, t) è M(x, t).
30.21. Íàéòè õàðàêòåðèñòè÷åñêèå ÷èñëà è ñîáñòâåííûå ôóíêöèè äëÿ îäíîðîäíîãî èíòåãðàëüíîãî óðàâ-

íåíèÿ

ϕ(x)− λ(3x− 2)

1∫

−1

(5xt3 + 4x2 + 3xt)ϕ(t)dt = 0.

30.22. Ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Ëàïëàñà ðåøèòü èíòåãðàëüíîå óðàâíåíèå
x∫

0

e2(x−t)ϕ(t)dt = x2ex.


