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In constrained cutting, the stress–strain state in the
chip�formation zone is three�dimensional, especially in
cut�layer cross sections for which the cutting depth t
and supply S are comparable (t ≈ S). For forward (t � S)
and inverse (t � S) chips, plane plastic deformation of
two types occurs: 1) a plane stress state; 2) a plane strain
state. In the first case, there is no normal stress along the
third primary axis, but there is strain; in the second case,
there is normal stress, but no strain [1].

Consider the cross section of the chip�formation
zone in the direction of chip departure, specified by
initial departure angle η (Fig. 1). We may assume that
a plane strain state is present if the material in this
cross section is constrained by the closest cut layers.

Cross sections close to surfaces that have already
been machined and are about to be machined are
characterized by a plane stress state. This leads to
broadening of the chip (Figs. 1a and 1b). For blocked
cutting (channel cutting in turning), the whole chip�
formation zone is characterized by a plane strain state
(Fig. 1c).

The slip�line field in the plastic chip�formation
region for the case where the dynamic front (γd) and
rear (α) cutter angles in each cross section are zero was
considered in [2]. The slip field in the plastic region
(γd ≠ 0; α ≠ 0) was considered in [3] (Fig. 2). Formulas
for α and β slip lines starting at the front surface were
obtained:

(1)

where μfo is the frictional coefficient at the tip of the
front surface [2].

The boundary α line OAN (Fig. 2) passes through
the cutter tip and is described by the equation
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where
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The boundary β line EAA' is perpendicular to
the zd line and leaves point E, with the coordinates

yd = lpl cos γd, zd = –lpl sin γd. It is described by the
equation

(3)

where

The coordinates of point A are obtained by solving
Eqs. (2) and (3).

For the boundary α and β lines at the rear cutter sur�
face, when α ≠ 0, we may write the following formulas [3]:

(4)

(5)

where

μro is the frictional coefficient at the tip of the rear sur�
face [2].

The position of point B is determined by solution of
Eqs. (4) and (5). The boundary CA'K (Fig. 2) is parallel
to line OAN at a distance equal to the slip�band thick�
ness; AA' = OC = OB. The method of determining the
vertex coordinates for curvilinear plastic triangle KLM
was presented in [3].

Thus, we may calculate the coordinates of any
point on the boundaries of the plastic�deformation
zone by means of Eqs. (2)–(5).

In Fig. 3, we plot the boundaries of the plasticity
zone for two values of the dynamic front angle. The
initial data for the calculation are taken from the
experiments in [4]. Decrease in γd is accompanied by
expansion of the zone of secondary plastic deforma�
tion and broadening of the bands in the shear region.

If the front cutter surface is nonplane (with a hard�
ening facet, a chip�coiling groove, etc.), it is very diffi�
cult to obtain an analytical solution for the boundary
slip lines. We must resort to numerical calculation,

with step�by�step construction of an orthogonal slip�
line grid in the plastic zone [1].

The stress–strain state in the cutting zone may be
calculated by means of Fig. 2. Precise theoretical
determination of the stress–strain state is possible for
a rigid–plastic model of the blank, without harden�
ing. In that case, the resulting slip�line field in the
plastic region is clearly related to the stress state
there. Thus, the change in the mean stress σmeK along
the slip lines is proportional to the corresponding
angle of rotation [1, 5]

(6)

where L and K are points of the slip line; ωLK is the
angle of slip�line rotation on passing from point L to
point K; k is the maximum tangential stress in plastic
deformation.

For a plane stress–strain state, k = 0.5βσy, where
σy is the yield point of the blank; the coefficient β
depends on the type of stress–strain state: β = 1 for a

plane stress state; β =  for a plane strain state.

Knowing the mean stress at the given point of the
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slip line, we may calculate the stress components for
two�dimensional plasticity theory [1]

(7)

where ω is the angle between the tangent to the slip
line and the yd axis at the given point.

We now determine the stress at the left boundary
LKCBD (Fig. 2). At point L on the machined surface,

 = 0. (Correspondingly,  is the compressive

primary stress.). From the plasticity condition σ1 – σ2 =
±2k for this point, we find that σzL = –2k. At this point,
the mean stress σmeL = (σ1 + σ2)/2 = –k. The inclina�
tion of the tangent to the α slip lines is ωL = π/4.

On passing along the slip line from point L to point
K, according to Eq. (6)

Analogously, for points C, B, and D, the boundary
α slip line is
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where χD is the inclination of the α slip line at point D,
which may be determined by taking the derivative of
Eq. (4); s is the shear�band thickness [2].

Passing along the β line successively from point K
to points N and M (Fig. 2), from point N along the α
line to point A, and then along the β line from point A
to point E, we may calculate the mean stress at the
points on the right boundary of the plasticity zone.

From Eq. (7), we find the stress components. The
stress components at the left and right boundaries of
the plastic zone are shown in Figs. 4 and 5 for the cor�
responding conditions in Fig. 3. Sharp change in the
stress–strain state of the blank is observed in the region
of the plastic triangle KLM and at the cutter tip.

We now calculate the contact stress at the front and
read cutter surfaces. This is important in determining
the cutting force and the heat released in friction. To
this end, we divide the plastic contact section OE
(Fig. 2) into n equal sections of length ydj = (lpl/n)j
(j = 1, 2, …, n). The coordinates of the resulting points
are substituted into Eq. (1) for the α slip lines, and
then the constants of integration CIj are successively
determined
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Substituting the results into Eq. (1), we obtain n
equations for the α slip lines leaving the section of the
front cutter surface adjacent to plastic contact of the
secondary plastic�deformation zone.

By differentiating of each successive α�line equa�
tion j, with corresponding substitution of the front�
surface coordinates, we obtain formulas for the angles
of the slip lines at the front surface
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Fig. 1. Regions of plane strain state (A) and plane stress
state (B) in turning: (a) sharp tip; (b) rounded tip;
(c) channel.
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The components of the tangential stress are deter�
mined from the formula τyzj = –kcos2ϕj; the
normal stresses are  = /μj, where μj =

.

The second approach to calculating the contact�
stress components is their determination from the
mean stress on passing along the β line from point A to
point E [6]. To this end, we determine the inclination
of the α lines at the boundary AE and then the angles
of rotation of the α lines on traveling to the front sur�
face. Hence, we determine the corresponding mean
stress.

We calculate the contact stresses for the rear cutter
surface analogously.

This approach to stress calculation in the chip�for�
mation zone may be verified on the basis of the consis�
tency between the results obtained by the two methods.

In Fig. 6, we show the results for the stress–strain
state at the front cutter surface on the basis of the data
in Fig. 3. In Fig. 6, σz is the normal stress; τyz is the tan�
gential stress.

The stress–strain state may be calculated by the
proposed method on the basis of a special Mathcad
program [3]. This program permits the derivation of
numerical values for the stress components and graph�
ical representation of the zones.

The algorithm embodied in the program is as follows.
(1) Input the initial data: the yield point σy of the

blank; the cut�layer thickness a; the shrinkage ζ; the
front angle γd; the rear angle α; and the frictional coef�
ficient μn0 at the cutter tip.

σzd j
τydzd
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(2) Construct the boundaries of the plasticity
zones.

(3) Calculate and plot stress curves along the right
and left boundaries of the plasticity zone (σme, ,

, ).

(4) Calculate and plot the contact�stress distribu�
tion at the working surfaces.

In plastic deformation, most materials are hard�
ened. In other words, in the plastic state beyond the
yield point, further deformation is associated with
increase in the stress required for deformation. This
changes the physicomechanical properties of the chip
and machined surface (cold working of the surface
layer) relative to the remainder of the blank.

On the other hand, plastic deformation, like fric�
tion, is a thermoactive process, accompanied by heat
formation in the slip�field zone and at the frictional
areas. On heating, the blank becomes softer. As yet, we
are unable to take account of the resultant influence of
these factors on the stress–strain state in the cutting
zone, although attempts have been made [5].

We suggest the following approach to constrained
cutting, on the basis of the information in [1, 7, 8].
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(1) Description of the geometry of the chip�forma�
tion zone, by means of the cutting method, the tool
geometry, and the cutting kinematics [7].

(2) Derivation of a chip�formation configuration
with a single conditional shear surface and consequent
determination of the direction of chip departure and
cutting�zone orientation in the dynamic coordinate
system [8].

(3) Successive consideration of cross sections of the
chip�formation zone at the angle of chip departure
and solution of the two�dimensional plasticity�theory
problem for each on the basis of the specified charac�
teristics—the type of stress–strain state; the contact�
stress distribution; the contact length—so as to deter�
mine the contact stress at the front and rear cutter sur�
faces.

(4) Calculation of the physical components of the
cutting force by integration of the contact stress over
the contact areas.

(5) Depending on the selected goal, determination
of the technological components of the cutting force or
solution of thermophysical problems [3], problems of
cutter strength and wear [9], and engineering problems.

In subsequent development of the theory, all of the
solutions must be formalized as algorithms, on
account of the complexity of constrained cutting. A
specialized system for automation of the calculations
is also required.
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