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In modern manufacturing, the basic process is cut-
ting, which is highly accurate and requires relatively lit-
tle energy. At the same time, thanks to advances in the
production process such that the size and shape of the
blank are now close to those of the final part, cutting is
now more of a finishing process. Cutting speeds have
greatly increased, with considerable decrease in cross
section of the cut layer. As a result, the working section
of the cutting tool is the rounded tip of the blade. In
other words, cutting is a more constrained process, on
account of the greater curvature of the cutting edge.

In the present work, constrained cutting implies a
process in which the deformation of the cut layer corre-
sponds to a three-dimensional plastic-deformation
source in the chip-forming zone. Most cutting methods
are constrained. Their thorough investigation should
permit the development of scientific machining princi-
ples. Attempts to create a theory of cutting extend
throughout machining history and continue today [1].
Note that constrained oblique-angle cutting by a tool
with a curvilinear cutting edge is the least developed
process, although it is also the most common.

Before we consider the mechanics and physics of
constrained cutting, we need to refine some key con-
cepts regarding the region of direct tool–blank interac-
tion. The working part of any metal-cutting tool is the
blade (one or more), which removes the chip from the
blank and directly experiences the cutting forces and
thermal load. The blade surface in contact with the cut
layer and chip is the front surface; the surface in contact
with the surfaces of the blank is the rear surface. The
line formed by the front and rear surfaces is the cutting
edge. The point of the cutting edge that is introduced
most deeply into the blank is the tip of the blade. For a
curvilinear cutting edge, the division into primary and
auxiliary sections is meaningless.

In investigating constrained cutting and determining
the tool parameters, we use three rectangular coordi-
nate systems [2]: the tool system, the static system, and
the kinematic system. The tool coordinate system 

 

xyz

 

(Fig. 1), with origin 

 

O

 

 at the tip of the blade, is oriented

with respect to the geometric elements of the cutting
tool that form the basis. Since we will later assign a dif-
ferent meaning to the tool coordinate system, we refer
here instead to the machine-tool coordinate system,
which is oriented in the axial, radial, and tangential
direction relative to the rotating blank or rotating tool.
The origin of the static and kinematic coordinate sys-
tems is at point 

 

A

 

 of the cutting edge (which is curvilin-
ear in the general case). The static system is oriented
with respect to the direction of the primary cutting
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Fig. 1.

 

 Machine-tool and static coordinates for a curvilinear
blade.
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speed 

 

v

 

 (Fig. 1); the kinematic system is oriented with
respect to the direction of the resultant cutting speed 

 

v

 

s

 

.
To determine the blade geometry in the direction of

chip departure, we introduce the dynamic coordinate
system (Fig. 2): a rectangular coordinate system with
its origin at a given point of the cutting edge, oriented
with respect to the direction of initial chip departure in
constrained cutting.

All the systems share the following (Figs. 1 and 2):
—the working plane 

 

P

 

S

 

, in which the directions of
the primary cutting speed and supply lie;

—the normal secant plane 

 

P

 

N

 

, perpendicular to the
cutting edge at the given point;

—the front blade surface 

 

A

 

γ

 

, in contact with the cut
layer and chip during cutting;

—the rear blade surface 

 

A

 

α

 

, in contact with the sur-
faces of the blank during cutting.

It follows from Fig. 1 that, for any tool, the machine
tool (

 

xyz

 

) and static (

 

x

 

s

 

y

 

s

 

z

 

s

 

) coordinate systems have the
same orientation; switching from one to the other
involves parallel transfer of the 

 

xyz

 

 system from the
blade tip 

 

O

 

 to point 

 

A

 

 of the curvilinear cutting edge, for
which the geometric parameters are determined. To this
end, three mutually perpendicular planes are con-
structed through point 

 

A

 

:
—the primary static plane 

 

P

 

v

 

s

 

, perpendicular to the
primary cutting speed 

 

v

 

;
—the static cutting plane 

 

P

 

τ

 

s

 

, tangential to the cut-
ting edge and perpendicular to the primary static plane

 

P

 

v

 

s

 

;
—the static primary secant plane 

 

P

 

n

 

s

 

, perpendicular
to the line of intersection of the primary static plane 

 

P

 

v

 

s

 

and the static cutting plane 

 

P

 

n

 

s

 

.
In State Standard GOST 25762–83, incorrect

assumptions were made in defining the cutting plane
and the primary secant plane, in our view. Since the tan-
gential plane is traditionally denoted by subscript 0 and
the normal plane by subscript 

 

n

 

, we will use this nota-
tion for the coordinate planes.

In view 

 

B

 

 (the top view of the blade), the static plane
angle 

 

ϕ

 

s

 

 is defined as the angle in the primary static
plane between the static cutting plane 

 

P

 

τ

 

s

 

 and the work-
ing plane 

 

P

 

S

 

. If point 

 

A

 

 is to the right of point 

 

O

 

, then 

 

ϕ

 

s

 

is negative.
The primary static angles of the cutting wedge at

point 

 

A

 

 are considered in the static primary secant plane

 

P

 

n

 

s

 

 and defined as follows:
—the static primary rear angle 

 

α

 

s

 

 is the angle
between the rear surface 

 

A

 

α

 

 of the blade and the static
cutting plane 

 

P

 

τ

 

s

 

;
—the static primary front angle 

 

γ

 

s

 

 is the angle
between the front surface 

 

A

 

γ

 

 of the blade and the pri-
mary static plane 

 

P

 

v

 

s

 

;
—the static primary sharpening angle 

 

β

 

s

 

 is the angle
between the front 

 

A

 

γ

 

 and rear 

 

A

 

α

 

 surfaces of the blade.

By definition, the sum of 

 

α

 

s, γs, and βs is π/2. The
conventional signs of the angles αs and γs are shown in
Fig. 1. If the front and rear surfaces of the blade are not
plane, the angles between the tangents to the surfaces
Aα and Aγ at point A are considered.

View C permits definition of the natural static incli-
nation λs of the edge as the angle in the static cutting
plane Pτs between the cutting edge and the primary
static plane Pvs. For a curvilinear cutting edge, the tan-
gent in the plane of Pτs is constructed at point A. The
signs for λs are shown in Fig. 1.

In the normal secant plane PN, the static normal
front angle γNs, normal rear angle αNs, and normal
sharpening angle βNs (equal to π/2) are defined.

The definitions for ϕs, αs, γs, and λs permit complete
description of the blade geometry at any point of the
cutting edge. The auxiliary angles ϕ1s, α1s, γ1s, and λ1s
are unnecessary. In the rectilinear sections of the cut-
ting edge, they are the same for any point. The situation
is more complex if complete description of the blade
geometry is required in static coordinates—i.e., when
both the cutting edge and the working surfaces are not
plane. In that case, at least two different approaches are
possible: (1) specification of the equations of the front
Aγ and rear Aα surfaces in the coordinates xyz, while the
equation of the cutting edge corresponds to the line of
intersection of these surfaces [3]; (2) numerical specifi-
cation of the working-surface topography and com-
puter description of the blade geometry [4]. Both
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approaches permit description of blade geometry of any
complexity. However, a deficiency of the first approach
is the complexity of analytical description of the tool
shape; a deficiency of the second is that approximate
solutions are obtained. A third approach was proposed
in [5, 6]. In that case, the mathematical apparatus of
vector algebra is employed, as we will briefly outline.

Suppose that the equation of the cutting edge in the
static coordinate system is specified in parametric form

(1)

At point A, we construct a tangent to the cutting

edge. The unit directional vector  of this tangent is
specified by the expression

(2)

where x'(t), y'(t), z'(t) are derivatives of Eq. (1).

On the other hand, by definition

(3)

From Eqs. (2) and (3)

The angles γs and αs specify the position of the front
Aγ and rear Aα surfaces in the static primary secant
plane Pns (Fig. 1). Then the corresponding unit direc-
tional vectors from point A are defined as follows:

for Aγ

for Aα

The position of the normal to the front surface at
point A is defined by the vector

x x t( );=

y y t( );=

z z t( ).=⎩
⎪
⎨
⎪
⎧

a1

a1 x ' t( )i y ' t( ) j z ' t( )k,+ +=

a1 λscos ϕscos i λscos ϕssin j λssin k.+ +=

ϕs y ' t( )/x ' t( )[ ];arctan=

λs z ' t( ).arcsin=

a2 γ scos ϕssin i– γ scos ϕscos j γ ssin k;–+=

a3 αssin– ϕssin i αssin ϕscos j αscos k.–+=

a4 a1 a2×=

=  λscos γ ssin ϕssin λssin γ scos ϕscos+( )i[

+ λscos γ ssin ϕs λssin γ scos ϕssin–cos( ) j

+ λscos γ scos k ] 1 λ2
ssin γ2

ssin– .×

while the normal to the rear surface is specified by the
vector

The angles of the cutting wedge in the normal secant
plane may be determined by means of formulas
describing the geometry of a blade with a plane front
surface at the given point of the cutting edge, in static
coordinates [3]

The dynamic coordinate system in Fig. 2 is used to
solve the following problems:

(a) transition from free cutting to constrained cut-
ting;

(b) determination of the front and rear angles and
inclinations of the blade in the direction of chip depar-
ture from the front surface;

(c) investigation of chip formation and twisting and
also the stress and thermal stress at the blade in con-
strained cutting.

The initial parameter for the dynamic coordinate
system is the angle of initial chip departure. The rele-
vant GOST State Standard defines it as the angle (in the
plane tangential to the front blade surface) between the
direction of chip departure and the track of the primary
secant plane. This definition cannot be regarded as ade-
quate. For a curvilinear blade, there are different values
of that angle at different points of the blade, whereas
the chip has the same integral direction of departure.
Therefore, another definition of the angle η of chip
departure was proposed in [7]: the angle (in the basic
dynamic plane Pvd) between the secant plane Ps of chip
departure and the working plane PS (Fig. 2). The plane
Ps passes through the direction of chip departure and
the cutting speed.

Switching from the static system xyz to the dynamic
coordinate system xdydzd entails counterclockwise rota-
tion by π/2 – η around the axis Ozd (Fig. 2). The new
coordinates take the form

(4)

a5 a4 a1×=

=  αssin λssin ϕscos αscos λscos ϕssin+( )i[

+ αssin λs ϕssinsin αscos λscos ϕscos–( ) j

– αssin λscos k ] 1 λ2
ssin α2

ssin– .×

αNtan αstan / λscos ;=

γ Ntan γ s λs;costan=

βN π/2 αN γ N.––=

xd ηxsin ηycos ;+=

yd ηxcos– ηysin ;+=

zd z.= ⎭
⎪
⎬
⎪
⎫
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Taking account of Eq. (4), we may express the direc-

tional vectors of the normals to the front  and rear

 blade surfaces in the form

where    are unit vectors of the dynamic coor-
dinate system.

Note that, with the introduction of the dynamic
coordinate system, the dynamic rear angle αd is no
longer the primary characteristic of the contact condi-
tions between the rear surface and the cutting surface at
the blank, since the secant plane Ps of chip departure is
perpendicular to the projection of the cutting edge onto
the primary plane Pd, in the general case. To permit
simultaneous consideration of processes at the front
and rear surfaces in constrained cutting by a curvilinear
blade, we must construct a discontinuous cross section
through edge A: along the front surface to the edge par-
allel to plane Ps and then along the normal to the cutting
edge (Fig. 2, dashed curve). For this reason, we speak
of the cutting blade, rather than the cutting wedge,
although that the term is often used elsewhere.

In constrained oblique-angle cutting by tools with a
curvilinear cutting edge, the standard system of geo-
metric parameters (γ, λ, ϕ, ϕ1, α, α1) cannot retain their
initial significance, since each point of the cutting edge
corresponds to a set of angles, which are no longer con-
stant for the whole blade. To obtain the minimum quan-
tity of initial data for description of the geometry of a
curvilinear blade, it is expedient to resort to the orienta-
tion of the tool’s plane front surface proposed by Taylor
[8]: the front surface is inclined at angle γx in the coor-
dinate plane zOx and angle γy in the coordinate plane
zOy. The orientation of the blade’s front surface with
positive values of these angles is illustrated in Fig. 3.
Analogously to the terms adopted in the sketch, γx will
be called the frontal angle, while γy is the profile angle.
(According to Taylor, these would be the lateral inclina-
tion and the rear inclination [8].) For a nonplane front
surface of complex configuration, these angles specify
the orientation of the cutting plate in the housing (com-
posite tools with interchangeable polymer inserts [6]).

a4( )
a5( )

a4 λscos γ s ϕs η+( )cossin[=

– λssin γ scos ϕs η+( )sin ]id λscos γ s ϕs η+( )cossin[+

× id λscos γ s ϕs η+( )cossin[+

+ λssin γ scos ϕs η+( )cos ] jd λscos γ scos kd μ;cos+

a5

=  αssin λssin ϕs η+( ) αscos λscos ϕs η+( )cos–sin[ ]

× id αssin λssin ϕs η+( )cos[–

+ αscos λscos ϕs η+( )sin ] jd αssin λscos kd μ,cos–

id, jd, kd

As a result of double rotation, the initial (machine-
tool) coordinate system xyz takes the position of the
tool coordinate system xtytzt (Fig. 3), i.e., a rectangular
coordinate system whose xtOyt plane is always in the
plane of the blade’s front (or supporting) surface. Con-
version from one coordinate system to another is based
on the formulas [5]

(5)

The following formulas permit conversion from the
xtytzt system back to the xyz system

(6)

On the basis of Eqs. (5) and (6), we may switch from
the proposed system of geometric parameters of the
blade to the standard system. We find λ and γ from the
formulas

(7)

(8)

Hence, for any point of the curvilinear cutting edge,
we may find the inclination λ of the cutting edge and
the primary front angle γ on the basis of the known
plane angle ϕ, frontal angle γx, and profile angle γy.

According to Eqs. (7) and (8), λ and γ are specified
by the same initial data. Therefore

In Fig. 4, we plot the front angle and the inclination
of the cutting edge as a function of the plane angle, in
the radial part of the blade. Thus when the position of
the front surface is specified by the frontal and profile
angles, the geometry of the curvilinear blade at each

xt x γ xcos y γ xsin γ ysin z γ xsin γ y;cos+–=

yt y γ ycos z γ y;sin+=

zt x γ xsin– y γ xcos γ ysin z γ xcos γ y.cos+–= ⎭
⎪
⎬
⎪
⎫

x xt γ xcos zt γ x;sin–=

y xt γ xsin γ ysin yt γ ycos zt γ xcos γ y;sin–+–=

z xt γ xsin γ ycos yt γ ysin zt γ xcos γ y.cos+ += ⎭
⎪
⎬
⎪
⎫

λsin ϕcos γ xsin ϕsin γ xcos γ y;sin+=

γsin ϕsin γ xsin ϕcos γ xcos γ y.sin–=

γsin λsin ϕtan γ xcos γ ysin 1 ϕ2tan+ .–=

 Front surface

Cutting edge

xt

y

x

ztz

γt

Fig. 3. Orientational angles of the blade’s front surface.

yt

γx
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point is variable. Here ϕ is determined by the corre-
sponding shape of the cutting edge, and λ and γ are not
specified values but rather parameters to be calculated.

Using the proposed system, we may also perform
appropriate transformation of the rear angles for a cur-
vilinear blade in constrained oblique-angle cutting [6].

Thus, if we specify the equation of the cutting edge
in the machine-tool or tool coordinate systems, con-
strained cutting by a curvilinear blade may be analyzed
using the frontal angle γx and profile angle γy.

The switch from the tool system to the dynamic
coordinate system is based on the formulas [4]

(7)

The following formulas permit transition from the dynamic system back to the tool system

(8)

xd xt γ xcos ηsin γ xsin γ ysin ηcos–( ) yt γ y ηcos zt γ xsin η γ xcos γ ysin ηcos+sin( )( );–cos+=

yd x– t γ xcos ηcos γ xsin γ ysin ηsin+( ) yt γ y ηsin zt γ xsin ηcos γ x γ y ηsinsincos–( );+cos+=

zd xt γ xcos γ xsin yt γ ysin zt γ xcos γ y γ y.cossin+ += ⎭
⎪
⎬
⎪
⎫

xt xd γ xcos ηsin γ xsin γ ysin ηcos–( ) yd γ x η γ xsin γ ysin ηsin+cos ) zd γ xsin γ ycos ;+cos(–=

yt xd γ ycos ηcos yd γ ycos ηsin zd γ y;sin+ +=

zt xd γ xsin ηsin γ xcos γ ysin ηcos+( )– yd γ y ηcos γ xcos γ ysin ηsin– ) zd γ xcos γ ycos .+sin(+= ⎭
⎪
⎬
⎪
⎫

From Eq. (7), we may determine the dynamic front
angle γd (Fig. 2) as the angle (in the secant plane Ps of

chip departure) between the axis yd of the dynamic
coordinate system and the front surface Aγ

(9)γ dcos γ y
2cos η2sin γ xcos ηcos γ x γ y ηsinsinsin+( )2+ .±=

The dynamic inclination λd of the front surface is
defined as the angle between axis xd of the dynamic sys-

tem and the front surface Aγ

(10)λdcos γ y
2cos η2cos γ xcos η γ x γ y ηcossinsin–sin( )2+ .±=

According to Fig. 3, we take the minus sign ahead of
the square root in Eq. (9) for cos γd, and the plus sign in
Eq. (10) for cos λd.

Analysis of Eqs. (9) and (10) shows that γd and λd do
not depend on the shape of the cutting edge. This is a

significant benefit of the proposed description of blade
geometry in terms of the frontal and profile angles.

Constrained cutting may involve a single curvilinear
blade, several linear blades, or a combination of linear
and curvilinear cutting edges. The cross section of the cut
layer depends on the plane geometry of the blade, the
cutting kinematics, the cutting depth, and the supply.

A sharpened blade for external longitudinal turning
with γx = γy = 0 is shown in Fig. 5. Since λ = 0, this cor-
responds to constrained orthogonal cutting. The equa-
tions of the cutting edges in the machine-tool coordi-
nate system take the form

(11)

Here ϕ1 is the auxiliary plane angle.

The equations of the preceding position of the cut-
ting edges are as follows

(12)

y ϕx when x 0;≥tan=

y ϕ1x when x 0.<tan–=⎩
⎨
⎧

y ϕ x S+( ) when x S– ;≥tan=

y ϕ1 x S+( ) when x S.–<tan–=⎩
⎨
⎧

20

10

0

–10

–20

–80 –40 40 80

λ, γ°

ϕ°

λ

γ

Fig. 4. Influence of the angle ϕ in the radial part of the blade
on the angles γ and λ: γx = γy = 10°.
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The key points of the cut-layer cross section corre-
spond to the coordinates

It follows from Fig. 5 that, with a long primary cut-
ting edge, the thickness of the cut layer is constant, by
definition

(13)

The width of the cut layer for the section of the cut-
ting surface adjacent to the primary cutting edge is

The area of the cut layer is determined by the area
AOBA'

In constrained cutting, we often consider the cross
section of the cut layer in the direction of chip depar-
ture. Switching to the dynamic coordinate system on
the basis of Eq. (7), we obtain the following key coor-
dinates of the cut layer

(14)

A t ϕ t;cot{ }; A ' t ϕcot S t;–{ };

B
S ϕtan
ϕtan ϕ1tan+

--------------------------------
S ϕtan ϕ1tan

ϕtan ϕ1tan+
--------------------------------;–

⎩ ⎭
⎨ ⎬
⎧ ⎫

.

a S ϕsin .=

b t/ ϕsin .=

f tS
S2 ϕtan ϕ1tan

2 ϕtan ϕ1tan+( )
----------------------------------------–= .

A t ηsin ϕcot ηcos+( ) t ηsin η ϕcotcos–( );{ };

B
S ϕtan ηcos ϕ1tan ηsin–( )

ϕtan ϕ1tan+
----------------------------------------------------------------;

⎩
⎨
⎧

S ϕtan ηcos ϕ1tan ηsin+( )
ϕtan ϕ1tan+

-----------------------------------------------------------------
⎭
⎬
⎫

;

A ' t ϕcot ηsin ηcos+( ) S η;sin–{
t ηsin ϕcot ηcos–( ) S ηcos+ }. ⎭

⎪
⎪
⎪
⎪
⎪
⎬
⎪
⎪
⎪
⎪
⎪
⎫

The cut-layer thickness in the direction of chip
departure varies as follows (Fig. 5): from point A to
point A', it increases linearly from zero to the value

(15)

Then the cut-layer thickness remains constant to
point O, beyond which it declines linearly to zero at
point B.

The total width of the cut layer from A to B is

In the general case (Fig. 6), linear sections of the pri-
mary and secondary cutting blades are involved in cut-
ting, as well as the rounded tip (radius r).

The equations of the cutting edges in the xOy system
take the form

(16)

The equations of the preceding position of the cut-
ting edges take the form

(17)

a S ϕsin / ϕ η+( )sin .=

b ' t ηsin ϕcot ηcos+( )=

–
S ϕ ηcos ϕtan ηsin–( )tan

ϕtan ϕ1tan+
--------------------------------------------------------------.

y x( )

ϕxtan r 1 ϕcos– tgϕ ϕsin–( )+

when  x r ϕsin ;>

r r2 x2––  when r ϕsin x r ϕ1sin ;–≥>
ϕ1xtan– r 1 ϕ1cos ϕ1 ϕ1sintan––( )+

when x r ϕ1.sin–<⎩
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎧

=

y x( )

=  

ϕ x S+( )tan r 1 ϕcos– ϕ ϕsintan–( )+

when x r ϕsin S–> ;

r r2 x S+( )2––

when r ϕsin x r ϕ1sin– S;–> >
ϕ1 x S+( )tan– r 1 ϕ1cos ϕ1 ϕ1sintan––( )+

when x r ϕ1sin– S.–<⎩
⎪
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎪
⎧

xd

x

t
A

O
S

N
B

y yd

ϕ 1
η

ϕ

A'

Fig. 5. Cross section of the cut layer for constrained orthog-
onal cutting by a sharpened blade.
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Fig. 6. Cut-layer cross section for a rounded blade.
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The coordinates of the key points (Fig. 6) are

The area of the layer removed by the rounded tip is

In the dynamic coordinate system, the coordinates
of the key points take the form

A
t r–( ) ϕcos r+

ϕsin
------------------------------------ t;

⎩ ⎭
⎨ ⎬
⎧ ⎫

 when t r ϕcos ;>

A 2rt t2– t;{ } when t r ϕcos< ;

A ' t r–( ) ϕcos r+
ϕsin

------------------------------------ S t;–
⎩ ⎭
⎨ ⎬
⎧ ⎫

 when t r ϕcos ;>

A ' 2rt t2– S t;–{ } when t r ϕcos ;<
C r ϕ r 1 ϕcos–( );sin{ };

C ' r ϕsin S r 1 ϕcos–( );–{ };

B
S
2
--- r r2 S2

4
-----––;–

⎩ ⎭
⎨ ⎬
⎧ ⎫

.

f S t
1
3
--- r r2 S2

4
-----––⎝ ⎠

⎛ ⎞– .=

x2A

t r–( ) ϕcos r+
ϕsin

------------------------------------ ηsin t ηcos+

when t r ϕ;cos>

2rt t2– ηsin t η when t r ϕ;cos>cos+⎩
⎪
⎪
⎨
⎪
⎪
⎧

=

y2A

t r–( ) ϕcos r+
ϕsin

------------------------------------– ηcos t ηsin+

when t r ϕ;cos>

2rt t2–– ηcos t η when t r ϕ;cos<sin+⎩
⎪
⎪
⎨
⎪
⎪
⎧

=

x2A '

t r–( ) ϕcos r+
ϕsin

------------------------------------ S– ηsin t ηcos+

when t r ϕ;cos>

2rt t2– S–( ) ηsin t ηcos+

when t r ϕ;cos<⎩
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎧

=

y2A '

S
t r–( ) ϕcos r+

ϕsin
------------------------------------– ηcos t ηsin+

when t r ϕ;cos>

S 2rt t2––( ) ηcos t ηsin+

when t r ϕ;cos>⎩
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎧

=

As for a sharpened tip, the thickness a' of the cut
layer is a variable; when t > rcos ϕ, it is calculated from
Eq. (15).

In considering chip formation, we cannot calculate
cutting force, the cutting temperature, and the wear of
the blade in constrained cutting unless we know the cut-
layer cross section in the xOy plane and its projection
onto the front surface of the tool. If we use Eq. (5) for a
sharpened tip, the first relations in Eqs. (11) and (12)
with zt = 0 will be

(18)

(19)

Equations (18) and (19) describe the projections of
the current and previous positions of the primary cut-
ting edge on the plane front surface, whose position is
specified by the frontal angle γx and profile angle γy. The
distance between these positions along the normal
determines the projection of the chip thickness a' onto
the front surface

(20)

where

When γx = γy = 0, Eq. (20) reduces to Eq. (13).

The direction of chip departure specified in the
machine-tool coordinates xyz by the equation y = –xtanη
(Fig. 5) corresponds to a straight line in the plane of the
front surface

(21)

Solving Eqs. (21) and (18), we obtain the coordi-
nates of point N (Fig. 6). Then the cut-layer thickness

x2C r ϕsin ηsin r 1 ϕcos–( ) η;cos+=

y2C r ϕsin– ηcos r 1 ϕcos–( ) η;sin+=

x2C ' r ϕsin S–( ) ηsin r 1 ϕcos–( ) η;cos+=

y2C ' S r ϕsin–( ) ηcos r 1 ϕcos–( ) η;sin+=

x2B
S
2
--- ηsin– r

S2

4
-----–⎝ ⎠

⎛ ⎞ η;cos+=

y2B
S
2
--- ηcos r2 S2

4
-----–⎝ ⎠

⎛ ⎞ η.sin+=

yt xt

γ xsin γ ysin ϕtan γ xcos+
γ ycos

----------------------------------------------------------;=

yt xt

γ xsin γ ysin ϕtan γ xcos+
γ ycos

---------------------------------------------------------- S ϕtan
γ ycos

---------------.+=

a '
S ϕstan

γ ycos
---------------- ϕ ',cos=

ϕ '
γ xsin γ ysin ϕtan γ xcos+

γ ycos
----------------------------------------------------------arctan .=

y3 x3

γ xsin γ ysin η γ xcostan–
γ ycos

----------------------------------------------------------.=
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 at the front surface in the direction of chip departure
is determined by the length of segment MN

(22)

When γx = γy = 0, Eq. (22) reduces to Eq. (15).
For a curvilinear blade, the analytical formulas for

the thickness of the cut layer in the direction of chip
departure are complex. Therefore, it is expedient to use
numerical methods, by specifying the position of point
M of the blade (Fig. 6), through which we construct the
line of chip departure, defined as

(23)

Solving Eqs. (23) and (17), we obtain the coordi-
nates of point N for the previous blade position. Then
the thickness of the cut layer at point M is determined
as the distance between these points

(24)

In Fig. 7, we present the results given by Eq. (24) for
the thickness of the cut layer in the curvilinear section of
the blade, at three values of the chip departure angle η.
Obviously, with change in the direction of chip depar-
ture, not only the absolute thickness of the cut layer
changes but also its variation along the blade; this does
not entail any changes in the distribution of contact loads
and thermal loads.

The projection of the cut-layer thickness  onto the
plane rear surface, which specifies the length of chip
contact, is determined from Eq. (5), by switching to the
coordinates of points M and N. Calculations show that
the increase in  relative to a' for the angles γ and λ is
of no significance. Thus, with ±20° variation in γx, the
increase in  is 3–4%. However, this difference must
be taken into account when determining the contact
length of the chip with the front surface and also for
tools with large λ and γ.

The width of the cut layer, which specifies the chip
width in constrained cutting by a rounded blade, is

a1'

a1'
S ϕtan γ2

ycos γ x ηtancos γ x γ ysinsin–( )2+
γ x γ y ϕtan ηtan+( )coscos

----------------------------------------------------------------------------------------------------------= .

y yM– η x xM–( ).tan–=

a ' xM xN–( )2 yN yM–( )2+ .=

a1'

a1'

a1'

b '

t r–( ) ϕcos r+
ϕsin

------------------------------------ S
2
---+ ηsin

+ t r– r2 S2

4
-----–+⎝ ⎠

⎛ ⎞ η when t r ϕcos ;>cos

2rt t2– S
2
---+⎝ ⎠

⎛ ⎞ ηsin t r– r2 S2

4
-----–+⎝ ⎠

⎛ ⎞ ηcos+

when t ϕcos .<⎩
⎪
⎪
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎪
⎪
⎧

=

Analogously, we may determine the parameters of
the cut-layer cross section for cutting edges of any
shape. In general, the coordinates of points of the edge
may be specified.
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