
Ïðîãðàììà êóðñà
�Óïðàâëåíèå áîëüøèìè äàííûìè�

1. SVD-ðàçëîæåíèå ïðÿìîóãîëüíûõ ìàòðèö. Âèäû SVD-ðàçëîæåíèÿ: full SVD, truncated
SVD. Ñâîéñòâà SVD-ðàçëîæåíèÿ. Òåîðåìà Ýêêàðòà-ßíãà. Íèçêîðàíãîâàÿ àïïðîêñèìà-
öèÿ ìàòðèö.

Âîïðîñû:

(a) Ïóñòü A ∈ Rm×n, rankA = r. Äîêàçàòü, ÷òî{
Avi = σiui, i = 1, . . . , r

0, i = r + 1, . . . , n.

{
ATui = σivi, i = 1, . . . , r

0, i = r + 1, . . . ,m.
.

(b) Ïîêàçàòü, ÷òî ñïåêòðàëüíàÿ íîðìà è íîðìà Ôðîáåíèóñà ìàòðèöû íå ìåíÿþòñÿ ïðè
óìíîæåíèè ìàòðèöû íà ïðîèçâîëüíóþ îðòîãîíàëüíóþ ìàòðèöó.

(c) Ïîêàçàòü, ÷òî

∥ A ∥2= σ1, ∥ A ∥2=
√

σ2
1 + · · ·+ σ2

p,

ãäå p = min{m,n}.
(d) Ïóñòü ìàòðèöà A èìååò ñèíãóëÿðíîå ðàçëîæåíèå A = UΣV T . Ïîÿñíèòü ñìûñë

ìàòðèö U è V â ýòîì ðàçëîæåíèè.

(e) Ïîêàçàòü, ÷òî åñëè äâå ìàòðèöû îðòîãîíàëüíî ïîäîáíû, òî îíè èìåþò îäèíàêîâûå
ñèíãóëÿðíûå ÷èñëà è ñóùåñòâóåò ñâÿçü ìåæäó èõ ñèíãóëÿðíûìè âåêòîðàìè.

(f) Çíàÿ ñèíãóëÿðíûå ÷èñëà ìàòðèöû A íàéòè ñèíãóëÿðíûå ÷èñëà ìàòðèöû AT è αA,
α ∈ C.

(g) Ïîêàçàòü, ÷òî ìîäóëü îïðåäåëèòåëÿ ìàòðèöû ðàâåí ïðîèçâåäåíèþ åå ñèíãóëÿðíûõ
÷èñåë.

(h) Ïðåäïîëàãàÿ, ÷òî ìàòðèöà A íåâûðîæäåíà íàéòè ñâÿçü ìåæäó ñèíãóëÿðíûìè ÷èñ-
ëàìè ìàòðèöû A è A−1.

2. Ñêåëåòíîå ðàçëîæåíèå ìàòðèöû. Ïñåâäîîáðàòíàÿ ìàòðèöà è åå ñâîéñòâà. Âû÷èñëåíèå
ïñåâäîîáðàòíûõ ìàòðèö íà îñíîâå ñêåëåòíîãî è ñèíãóëÿðíîãî ðàçëîæåíèÿ.

3. Ìåòîä íàèìåíüøèõ êâàäðàòîâ. Ïñåâäîðåøåíèå ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâ-
íåíèé Ax = b. Ñèñòåìà íîðìàëüíûõ óðàâíåíèé è èññëåäîâàíèå åå ðåøåíèé. Ñòðóêòóðà
îáùåãî ïñåâäîðåøåíèÿ ñèñòåìû Ax = b. Íîðìàëüíîå ïñåâäîðåøåíèå. Ïðåäñòàâëåíèå
îáùåãî è íîðìàëüíîãî ïñåâäîðåøåíèÿ ÷åðåç ñèíãóëÿðíûå áàçèñû ìàòðèöû A.

Âîïðîñû:

(a) Ïîêàçàòü, ÷òî ìàòðèöà ïñåâäîîáðàòíàÿ ìàòðèöà A† ìàòðèöû A óäîâëåòâîðÿåò ñî-
îòíîøåíèÿì:

A†A = (A†A)T , AA† = (AA†)T , (AA†)2 = AA†, (A†A)2 = A†A.

(b) Ïóñòü A ∈ Rm×n èìååò ñèíãóëÿðíîå ðàçëîæåíèå A = UΣV T . Âûðàçèòü ÷åðåç U , Σ,
V ñèíãóëÿðíûå ðàçëîæåíèÿ ìàòðèö:

(ATA)−1, (ATA)−1AT , A(ATA)−1, A(ATA)−1AT .

(c) Äîêàçàòü, ÷òî äëÿ ëþáîé ìàòðèöû A è ÷èñëà α, íå ðàâíîãî íóëþ, (αA)† = 1
α
A†.

(d) Äîêàçàòü, ÷òî äëÿ ëþáûõ îðòîãîíàëüíûõ ìàòðèö U è V :

(UA)† = A†UT , (AV )† = V TA†.



(e) Äîêàçàòü, ÷òî ñèíãóëÿðíûå áàçèñû ìàòðèöû A ÿâëÿþòñÿ ñèíãóëÿðíûìè è äëÿ ïñåâ-
äîîáðàòíîé ìàòðèöû A†.

(f) Íàéòè ñâÿçü ìåæäó ñîáñòâåííûìè çíà÷åíèÿìè ìàòðèö A è A†.

(g) Ïîêàçàòü, ÷òî íîðìàëüíîå ïñåâäîðåøåíèå ẑ ñèñòåìû Ax = b ìîæåò áûòü ïðåä-
ñòàâëåíî â âèäå

ẑ =
r∑

i=1

αkvk,

ãäå {vk} - ñèíãóëÿðíûé áàçèñ ìàòðèöû A, r = rankA.

4. QR-ðàçëîæåíèå ìàòðèö. Âèäû QR-ðàçëîæåíèÿ. QR-ðàçëîæåíèå ñ èñïîëüçîâàíèåì ìåòî-
äà Ãðàìà-Øìèäòà. QR-ðàçëîæåíèå ñ èñïîëüçîâàíèåì îðòîãîíàëüíûõ ïðåîáðàçîâàíèé.
Ìàòðèöû âðàùåíèÿ. Ìàòðèöû îòðàæåíèÿ.

5. QR-àëãîðèòì. Òåîðåìà Øóðà. Íàõîæäåíèå ñîáñòâåííûõ çíà÷åíèé è ñîáñòâåííûõ âåê-
òîðîâ ìàòðèö.

Âîïðîñû:

(a) Ïîêàçàòü, ÷òî îðòîãîíàëüíûå ïðåîáðàçîâàíèÿ ñîõðàíÿþò äëèíû è óãëû ìåæäó
âåêòîðàìè.

(b) Äàí íåíóëåâîé âåêòîð x ∈ Rn è âåêòîð e1 = (1, 0, . . . , 0)T . Ïîñòðîèòü ìàòðèöó
âðàùåíèÿ G òàêóþ, ÷òî Gx = µe1, ãäå µ - ÷èñëî (ÿñíî, ÷òî |µ| = |x|).

(c) Íàéòè óñëîâèå íà âåêòîð u, ïðè âûïîëíåíèè êîòîðîãî ìàòðèöà âèäà H = I−2uuT

áóäåò îðòîãîíàëüíîé.

(d) Äàí íåíóëåâîé âåêòîð x ∈ Rn è âåêòîð e1 = (1, 0, . . . , 0)T . Ïîñòðîèòü ìàòðèöó
îòðàæåíèÿ H òàêóþ, ÷òî Hx = µe1, ãäå µ - ÷èñëî (ÿñíî, ÷òî |µ| = |x|).

(e) Íàéòè îïðåäåëèòåëü ìàòðèöû âðàùåíèÿ è ìàòðèöû îòðàæåíèÿ.

(f) Íàéòè ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå âåêòîðû ìàòðèöû îòðàæåíèÿ.

(g) Äîêàçàòü, ÷òî ïðîèçâåäåíèå ìàòðèö îòðàæåíèÿ åñòü îðòîãîíàëüíàÿ ìàòðèöà. Íàé-
äèòå îïðåäåëèòåëü ïðîèçâåäåíèÿ ìàòðèö îòðàæåíèÿ.

(h) Ñôîðìóëèðîâàòü àëãîðèòì ïðèâåäåíèÿ ìàòðèöû A ê âåðíåìó òðåóãîëüíîìó âèäó
ñ ïîìîùüþ ïðåîáðàçîâàíèé Ãèâåíñà.

(i) Ñôîðìóëèðîâàòü àëãîðèòì ïðèâåäåíèÿ ìàòðèöû A ê âåðíåìó òðåóãîëüíîìó âèäó
ñ ïîìîùüþ ïðåîáðàçîâàíèé Õàóñõîëäåðà.

(j) Ïóñòü Ak = QkRk, Ak+1 = RkQk, k = 0, 1, 2, . . .. Ïîêàçàòü, ÷òî äëÿ k ≥ 0 âûïîëíÿ-
þòñÿ ðàâåíñòâà

Ak = (Q0 . . . Qk−1)
−1A(Q0 . . . Qk−1), Ak = (Q0 . . . Qk−1)(R0 . . . Rk−1).

(k) Ïóñòü Ak − skI = QkRk, Ak+1 = RkQk + skI, k = 0, 1, 2, . . .. Ïîêàçàòü, ÷òî äëÿ k ≥ 0
âûïîëíÿþòñÿ ðàâåíñòâà

k∏
i=0

(A− siI) = (Q0 . . . Qk−1)(R0 . . . Rk−1).
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