
Âàðèàíò � 1

1.1. Íàéòè äèôôåðåíöèàëüíîå óðàâíåíèå ñåìåéñòâà ëèíèé

(x− a)2 + y2 = 1.

1.2. Ñ ïîìîùüþ èçîêëèí èçîáðàçèòü ñõåìàòè÷åñêè ðåøåíèå óðàâíåíèÿ

2(y + y′) = x+ 2.

1.3. Ðåøèòü óðàâíåíèÿ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè

1. (x3 + 2x)y2dy = x dx; 2. 2(x+ y)dy + (3x+ 3y − 1)dx = 0, y(0) = 2.

1.4. Ðåøèòü îäíîðîäíûå óðàâíåíèÿ

1. xy′ = y(ln y − lnx); 2. xy dy − y2dx = (x+ y)2e−y/xdx;

3. y′ =
x+ 2y − 3

4x− y − 3
; 4. (y2 − 3x2)dy + 2xy dx = 0, y(0) = 1.

1.5. Ðåøèòü óðàâíåíèÿ, ïðè íåîáõîäèìîñòè ñâåäÿ èõ ê ëèíåéíûì

1. y′ + 2xy = xe−x2
; 2. 2y dx+ (y2 − 6x)dy = 0;

3. (x2 − 1)y′ − xy = x3 − x, y(2) = 1,5.

1.6. Ðåøèòü óðàâíåíèå Áåðíóëëè

1. y′ = x3y3 − xy; 2. 2(xy′ + y) = y2 lnx, y(1) = 2.

1.7. Ðåøèòü óðàâíåíèå â ïîëíûõ äèôôåðåíöèàëàõ

1.
(
y +

2

x2

)
dx+

(
x+

3

y2

)
dy = 0; 2.

3x2 + y

y2
dx =

2x3 + xy + 2y3

y3
dy.

1.8. Íàéòè èíòåãðèðóþùèé ìíîæèòåëü è îáùåå ðåøåíèå óðàâíåíèÿ

(x2 + y2 + 2x)dx+ 2y dy = 0.

1.9. Ðåøèòü óðàâíåíèÿ

1. (xy2 + x)dx+ (y3 − x3y3)dy = 0; 2. xy′ + y = y2; 3. (y2 − 3x2)dy + 2xy dx = 0;

4. y′ =
y

x
(1 + ln y − lnx); 5. xey

2
dx+ (x2yey

2
+ tg2 y)dy = 0.

1.10. Ðåøèòü óðàâíåíèÿ

1. y = x+ y′ − ln y′; 2. x[(y′)2 − 1] = 2y′; 3. y = xy′ − (y′)2.

1.11. Íàéòè êðèâûå, äëÿ êîòîðûõ ïëîùàäü òðåóãîëüíèêà, îáðàçîâàííîãî êàñàòåëüíîé,
îðäèíàòîé òî÷êè êàñàíèÿ è îñüþ àáñöèññ, åñòü âåëè÷èíà ïîñòîÿííàÿ, ðàâíàÿ åäè-
íèöå.



Âàðèàíò � 2

2.1. Íàéòè äèôôåðåíöèàëüíîå óðàâíåíèå ñåìåéñòâà ëèíèé

y = aex/a.

2.2. Ñ ïîìîùüþ èçîêëèí èçîáðàçèòü ñõåìàòè÷åñêè ðåøåíèå óðàâíåíèÿ

xy′ = 3y.

2.3. Ðåøèòü óðàâíåíèÿ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè

1. ey(1 + y′) = 1; 2. y′ = 10x+y; 2. y′ =
1

3x+ y
, y(0) = 1.

2.4. Ðåøèòü îäíîðîäíûå óðàâíåíèÿ

1. y′ = x/y + y/x; 2. y′ = 2xy/(x2 − y2);

3. (2x− 2)dy = (x+ 2y − 3)dx; 4. (xy′ − y) arctg
y

x
= y2, y(1) = 0.

2.5. Ðåøèòü óðàâíåíèÿ, ïðè íåîáõîäèìîñòè ñâåäÿ èõ ê ëèíåéíûì

1. y′ + x2y = x2; 2. y dx− (3x+ 1 + ln y)dy = 0;

3. y′ + x/y = sin x, y(π) = 1/π.

2.6. Ðåøèòü óðàâíåíèå Áåðíóëëè

1. 3x dy = y(1 + x sinx− 3y3 sinx)dx;

2. 2y′ + y cosx = y−1(1 + sin x) cos x, y(0) = 1.

2.7. Ðåøèòü óðàâíåíèå â ïîëíûõ äèôôåðåíöèàëàõ

1. (2x3 − xy2)dx+ (2y3 − x2y)dy = 0; 2. eydx+ (xey − 2y)dy = 0.

2.8. Íàéòè èíòåãðèðóþùèé ìíîæèòåëü è îáùåå ðåøåíèå óðàâíåíèÿ

y

x
dx+ (y3 − lnx)dy = 0.

2.9. Ðåøèòü óðàâíåíèÿ

1. ey(1 + x2)dy − 2x(1 + ey)dx = 0; 2. y′ − y = y3;

3. (y4 − 2x2y)dx+ (x4 − 2xy3)dy = 0; 4. y′ =
x

y
2y/x +

y

x
;

5.
( x√

x2 + y2
+

1

x
+

1

y

)
dx+

( x√
x2 + y2

+
1

y
− x

y2

)
dy = 0.

2.10. Ðåøèòü óðàâíåíèÿ

1. x = (y′)3 + y′; 2. 2xy − y = y′ ln yy′; 3. y + xy′ = 4
√

y′.

2.11. Ìîòîðíàÿ ëîäêà äâèæåòñÿ â ñïîêîéíîé âîäå ñî ñêîðîñòü 12 êì/÷. Íà ïîëíîì õîäó
å�å ìîòîð áûë âûêëþ÷åí. ×åðåç t = 10 ñ ñêîðîñòü ëîäêè óìåíüøèëàñü äî 6 êì/÷.
Ñ÷èòàÿ, ÷òî ñèëà ñîïðîòèâëåíèÿ âîäû äâèæåíèþ ëîäêè ïðîïîðöèîíàëüíà å�å ñêî-
ðîñòè, íàéòè ñêîðîñòü ëîäêè ÷åðåç 1 ìèí ïîñëå îñòàíîâêè ìîòîðà.



Âàðèàíò � 3

3.1. Íàéòè äèôôåðåíöèàëüíîå óðàâíåíèå ñåìåéñòâà ëèíèé

x2 + y2 = ax.

3.2. Ñ ïîìîùüþ èçîêëèí èçîáðàçèòü ñõåìàòè÷åñêè ðåøåíèå óðàâíåíèÿ

yy′ + x = 0.

3.3. Ðåøèòü óðàâíåíèÿ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè

1. y2y′ = 1 + 2x; 2. y′(y + x) = 1, y(0) = 1.

3.4. Ðåøèòü îäíîðîäíûå óðàâíåíèÿ

1. x dy − y dx = y dy; 2. (x− y)dy = (x+ y)dx;

3. (x+ y − 2)dy = (2y − 2)dx; 4.
y′
√
y
=

√
y

x
−

√
y − x

2y − x
, y(1) = 1.

3.5. Ðåøèòü óðàâíåíèÿ, ïðè íåîáõîäèìîñòè ñâåäÿ èõ ê ëèíåéíûì

1. y′ + y ctg x = sin x; 2. xy′ − x2 cosx = y;

3. y′ − y

x
= −2 ln x

x
, y(1) = 1.

3.6. Ðåøèòü óðàâíåíèå Áåðíóëëè

1. 2xyy′ − y2 + x = 0; 2. 3(xy′ + y) = y2 lnx, y(1) = 3.

3.7. Ðåøèòü óðàâíåíèå â ïîëíûõ äèôôåðåíöèàëàõ

1.
x dx+ y dy√

x2 + y2
=

y dx− x dy

x2
; 2. (1 + x

√
x2 + y2)dx = (1− y

√
x2 + y2)dy.

3.8. Íàéòè èíòåãðèðóþùèé ìíîæèòåëü è îáùåå ðåøåíèå óðàâíåíèÿ

y(1 + xy)dx− x dy = 0.

3.9. Ðåøèòü óðàâíåíèÿ

1. (y4 + 1)x dx− y(1 + x2)dy = 0; 2. (1− x2)y′ − xy = xy2; 3. y′ =
xy − y2

x2 − 2xy
;

4. ex/ydx− x

y

(
ex/y +

y

x

)
dy = 0; 5.

(
xy2 +

x2

y2

)
dx+

(
x2y − 2x3

3y3

)
dy = 0.

3.10. Ðåøèòü óðàâíåíèÿ

1. y′(x− ln y′) = 1; 2. (y′)2 − (y′)3 = y2; 3. (y′)3 = 3(xy′ − y).

3.11. Íàéòè êðèâûå, îáëàäàþùèå ñëåäóþùèì ñâîéñòâîì: îòðåçîê îñè àáñöèññ, îòñåêàå-
ìûé êàñàòåëüíîé è íîðìàëüþ, ïðîâåä�åííîé èç ïðîèçâîëüíîé òî÷êè êðèâîé, ðàâåí
äâóì.



Âàðèàíò � 4

4.1. Íàéòè äèôôåðåíöèàëüíîå óðàâíåíèå ñåìåéñòâà ëèíèé

y = ax+ a2.

4.2. Ñ ïîìîùüþ èçîêëèí èçîáðàçèòü ñõåìàòè÷åñêè ðåøåíèå óðàâíåíèÿ

y(y′ + x) = 1.

4.3. Ðåøèòü óðàâíåíèÿ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè

1. x2y′ = sin
(1
x

)
tg y; 2. y′ =

√
2x+ y − 3, y(0) = 4.

4.4. Ðåøèòü îäíîðîäíûå óðàâíåíèÿ

1. xy′ − y =
√

x2 + y2; 2. x dy = y ln
y

x
dx;

3. (9x− y − 8)dy = (x+ 7y − 8)dx; 4. (y2 − 3x2)dy + 2xy dx = 0, y(0) = 1.

4.5. Ðåøèòü óðàâíåíèÿ, ïðè íåîáõîäèìîñòè ñâåäÿ èõ ê ëèíåéíûì

1. (1 + x2)y′ − 2xy = (1 + x2)2; 2. y′ = 2y + e3x;

3. y′ − 1

cosx
= y tg x, y(0) = 0.

4.6. Ðåøèòü óðàâíåíèå Áåðíóëëè

1. xy2dy = (1− xy3)dx; 2. y′ + xy = (1 + x)e−xy2, y(0) = 1.

4.7. Ðåøèòü óðàâíåíèå â ïîëíûõ äèôôåðåíöèàëàõ

1. (10xy − 8y + 1)dx+ (5x2 − 8x+ 3)dy = 0; 2.
1 + xy

x2y
dx+

1− xy

xy2
dy = 0.

4.8. Íàéòè èíòåãðèðóþùèé ìíîæèòåëü è îáùåå ðåøåíèå óðàâíåíèÿ

(x2 + y)dx− x dy = 0.

4.9. Ðåøèòü óðàâíåíèÿ

1. (1 + y2)dx− 2y(1 + x)2dy = 0; 2. (1 + ex)yy′ = ex; 3. y dx+ 2(
√
xy − x)dy = 0;

4. xy′ − y = x
(
1 + tg

y

x

)
; 5.

1 + xy

x2y
dx+

1− xy

xy2
dy = 0.

4.10. Ðåøèòü óðàâíåíèÿ

1. (y′ + 1)3 = (y′ − y)2; 2. x = y′
√

(y′)2 + 1; 3. y = 2xy′ − 4(y′)3.

4.11. Ñêîðîñòü îáåñöåíèâàíèÿ îáîðóäîâàíèÿ âñëåäñòâèå èçíîñà ïðîïîðöèîíàëüíà â êàæ-
äûé ìîìåíò âðåìåíè åãî ôàêòè÷åñêèé ñòîèìîñòè. Åñëè íà÷àëüíàÿ ñòîèìîñòü îáî-
ðóäîâàíèÿ S0, êàêîâà áóäåò åãî ñòîèìîñòü ïî èñòå÷åíèè t ëåò?



Âàðèàíò � 5

5.1. Íàéòè äèôôåðåíöèàëüíîå óðàâíåíèå ñåìåéñòâà ëèíèé

(x2 + y2)2 = a2(x2 − y2).

5.2. Ñ ïîìîùüþ èçîêëèí èçîáðàçèòü ñõåìàòè÷åñêè ðåøåíèå óðàâíåíèÿ

y′ = y − x2.

5.3. Ðåøèòü óðàâíåíèÿ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè

1. y′ − xy2 = 2xy; 2. y′ =
2

x+ 2y
− 3, y(0) = 0,5.

5.4. Ðåøèòü îäíîðîäíûå óðàâíåíèÿ

1. y′ tg
y + 2

x+ 1
=

y + 2

x+ 1
; 2. xyy′ = x2 + y2;

3. y′ =
x+ y − 2

3x− y − 2
; 4. (y2 − x2)dy + 2xy dx = 0, y(0) = 1.

5.5. Ðåøèòü óðàâíåíèÿ, ïðè íåîáõîäèìîñòè ñâåäÿ èõ ê ëèíåéíûì

1. 2xy′ − y = x lnx; 2. (y′ − y)x = (1 + x2)ex;

3. y′ − y ctg x = 2x sinx, y(π/2) = 0.

5.6. Ðåøèòü óðàâíåíèå Áåðíóëëè

1. (1 + x2)dy = (xy + x2y2)dx; 2. 2y′ − 3y cosx = −e−2x(2 + 3 cosx)y−1, y(0) = 1.

5.7. Ðåøèòü óðàâíåíèå â ïîëíûõ äèôôåðåíöèàëàõ

1. (x3 − 3xy2 + 2)dx− (3x2y − y2)dy = 0; 2. (2x− ln(y + 1))dx− x+ y

y + 1
dy = 0.

5.8. Íàéòè èíòåãðèðóþùèé ìíîæèòåëü è îáùåå ðåøåíèå óðàâíåíèÿ

(x2 − sin2 y)dx+ x sin 2ydy = 0.

5.9. Ðåøèòü óðàâíåíèÿ

1. 3ex tg y dx+
1 + ex

cos2 y
dy = 0; 2. y(1 + x2)y′ = 1 + y2; 3. x dy = y

(
1 + ln

x

y

)
dx;

4. y2 − 4xy + 4x2y′ = 0; 5. (sin 2x− 2 cos(x+ y))dx− 2 cos(x+ y)dy = 0.

5.10. Ðåøèòü óðàâíåíèÿ

1. y′ = exy
′/y; 2. y = xy′ − 2x2(y′)3; 3. 2xy′ − y = ln y′.

5.11. Íàéòè êðèâûå, îáëàäàþùèå ñëåäóþùèì ñâîéñòâîì: åñëè ÷åðåç ëþáóþ òî÷êó êðè-
âîé ïðîâåñòè ïðÿìûå, ïàðàëëåëüíûå îñÿì êîîðäèíàò, äî ïåðåñå÷åíèÿ ñ ýòèìè îñÿ-
ìè, òî ïëîùàäü ïîëó÷åííîãî ïðÿìîóãîëüíèêà äåëèòñÿ êðèâîé â îòíîøåíèè 1:2.



Âàðèàíò � 6

6.1. Íàéòè äèôôåðåíöèàëüíîå óðàâíåíèå ñåìåéñòâà ëèíèé

y = ax2.

6.2. Ñ ïîìîùüþ èçîêëèí èçîáðàçèòü ñõåìàòè÷åñêè ðåøåíèå óðàâíåíèÿ

y′ = x− ey.

6.3. Ðåøèòü óðàâíåíèÿ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè

1. y′x2y + 1 = x2; 2. y′ =
2x+ 2y − 1

x+ y
, y(1) = 0.

6.4. Ðåøèòü îäíîðîäíûå óðàâíåíèÿ

1. (x2 + xy)y′ = x
√

x2 − y2 + xy + y2; 2. x(y′ + ey/x) = y;

3. xy′ − y =
√

x2 − y2, y(2) = 1; 4. y′ − x+ 3y + 4

3x− 6
, y(1) = 2.

6.5. Ðåøèòü óðàâíåíèÿ, ïðè íåîáõîäèìîñòè ñâåäÿ èõ ê ëèíåéíûì

1. y′ + 2xy = 2xe−x2
; 2. dy =

(3y
x

+ x
)
dx;

3. x(dy − y dx) = exdx, y(1) = e.

6.6. Ðåøèòü óðàâíåíèå Áåðíóëëè

1. x dy + 2y dx = x5y2dx; 2. y′ + 2y cthx = y2 chx, y(1) = 1/ sh 1.

6.7. Ðåøèòü óðàâíåíèå â ïîëíûõ äèôôåðåíöèàëàõ

1.
x dy

x2 + y2
−

( y

x2 + y2
− 1

)
dx = 0; 2. xy lnxy′ + yxy−1 = 0.

6.8. Íàéòè èíòåãðèðóþùèé ìíîæèòåëü è îáùåå ðåøåíèå óðàâíåíèÿ

xydx− (y3 + x2y + x2)dy = 0.

6.9. Ðåøèòü óðàâíåíèÿ

1. (y + y lnx)dx+ (x− xy)dy = 0; 2. yy′ + x = 1; 3. xy′ = y ln
y

x
;

4. (x2 + y2)dx+ 2xy dy = 0; 5. 3x2eydx+ (x3ey − 1)dy = 0.

6.10. Ðåøèòü óðàâíåíèÿ

1. y = (y′)2 + (y′)3; 2. y = ln(1 + y′); 3. 2(y′)2(y − xy′) = 1.

6.11. Êîëè÷åñòâî ñâåòà, ïîãëîùàåìîãî ïðè ïðîõîæäåíèè ÷åðåç òîíêèé ñëîé æèäêîñòè,
ïðîïîðöèîíàëüíî êîëè÷åñòâó ïàäàþùåãî ñâåòà è òîëùèíå ñëîÿ. Åñëè ïðè ïðî-
õîæäåíèè ñëîÿ òîëùèíîé 3 ì ïîãëîùàåòñÿ ïîëîâèíà ïåðâîíà÷àëüíîãî êîëè÷åñòâà
ñâåòà, òî êàêàÿ ÷àñòü ýòîãî ñâåòà äîéä�åò äî ãëóáèíû 15 ì?



Âàðèàíò � 7

7.1. Íàéòè äèôôåðåíöèàëüíîå óðàâíåíèå ñåìåéñòâà ëèíèé

x2 + y2 = a2.

7.2. Ñ ïîìîùüþ èçîêëèí èçîáðàçèòü ñõåìàòè÷åñêè ðåøåíèå óðàâíåíèÿ

xy′ + y = 0.

7.3. Ðåøèòü óðàâíåíèÿ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè

1. (x+ 1)yy′ + 3 = 2y; 2. y′ = cos(y − x), y(π) = 0.

7.4. Ðåøèòü îäíîðîäíûå óðàâíåíèÿ

1. y′ =
y

x
+ sin

(y
x

)
; 2. y′ =

x+ 2y − 3

4x− y − 3
;

3. y′ =
x− y

x+ y
, y(2) = 1; 4. y′ =

y2 + 2xy − x2

y2 + 2xy − x2
, y(1) = 1.

7.5. Ðåøèòü óðàâíåíèÿ, ïðè íåîáõîäèìîñòè ñâåäÿ èõ ê ëèíåéíûì

1. y′ − y ctg x = sin x; 2. y′ = x+ y;

3. chx dx = (1 + shx)dy, y(1) = ln 2.

7.6. Ðåøèòü óðàâíåíèå Áåðíóëëè

1. (1 + x2)dy − xy dx = x2y2dx; 2. y′ − y tg x = −2

3
y4 sinx, y(0) = 1.

7.7. Ðåøèòü óðàâíåíèå â ïîëíûõ äèôôåðåíöèàëàõ

1. e−xdy = (ye−x − 2x)dx; 2. (3x2 + 6xy − 2y2)dx+ (3x2 − 4xy − 3y2)dy = 0.

7.8. Íàéòè èíòåãðèðóþùèé ìíîæèòåëü è îáùåå ðåøåíèå óðàâíåíèÿ

y

x
dx+ (y3 − lnx)dy = 0.

7.9. Ðåøèòü óðàâíåíèÿ

1. e−x(1− x)dx− tg y dy = 0; 2. x2y′ + y2 = y; 3. (2x− y)dx+ (x+ y)dy = 0;

4. xy′ =
√

x2 − y2 + y; 5.
(
y2 +

y

cos2 x

)
dx+ (2xy + tg x)dy = 0.

7.10. Ðåøèòü óðàâíåíèÿ

1. (y′)4 − (y′)2 = y2; 2. 2xy′ − y = y′ ln(yy′); 3. y = 2xy′ +
1

(y′)2
.

7.11. Íàéòè êðèâûå, êàñàòåëüíûå ê êîòîðûì â ëþáîé òî÷êå îáðàçóþò ñ ïîëÿðíûì ðà-
äèóñîì è ïîëÿðíîé îñüþ ðàâíûå óãëû.
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8.1. Íàéòè äèôôåðåíöèàëüíîå óðàâíåíèå ñåìåéñòâà ëèíèé

y = ax+ b.

8.2. Ñ ïîìîùüþ èçîêëèí èçîáðàçèòü ñõåìàòè÷åñêè ðåøåíèå óðàâíåíèÿ

y′ =
y

x+ y
.

8.3. Ðåøèòü óðàâíåíèÿ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè

1. (2x+ xy)dy − (y − x2y)dx = 0; 2. y′ =
√
4x+ 2y − 1, y(1) = 1.

8.4. Ðåøèòü îäíîðîäíûå óðàâíåíèÿ

1. xy′ =
√

2x2 + y2 + y; 2. (2xy + y2)dx = (x2 − y2)dy;

3. y′ =
x+ 8y − 9

10x− y − 9
; 4. (x2 − 3y2)dx+ 2xy dy = 0, y(2) = 1.

8.5. Ðåøèòü óðàâíåíèÿ, ïðè íåîáõîäèìîñòè ñâåäÿ èõ ê ëèíåéíûì

1. y + y′ ln2 y = (x+ 2 ln y)y′; 2. dy + 3y dx = e2xdx;

3. y2(y2 + 4)dx+ 2xy(y2 + 4)dy = 2dy, y(π/8) = 2.

8.6. Ðåøèòü óðàâíåíèå Áåðíóëëè

1. dy +
y

x
dx = −xy2dx; 2. xy′ + y = y2 lnx, y(1) = 1.

8.7. Ðåøèòü óðàâíåíèå â ïîëíûõ äèôôåðåíöèàëàõ

1.
( x√

x2 − y2
+y

)
dx+

(
x+

1

y2
− y√

x2 − y2

)
dy = 0; 2. (2x3−xy2)dx = (x2y−2y3)dy.

8.8. Íàéòè èíòåãðèðóþùèé ìíîæèòåëü è îáùåå ðåøåíèå óðàâíåíèÿ

(xy − x2)y′ + (y2 − 3xy − 2x2) = 0.

8.9. Ðåøèòü óðàâíåíèÿ

1. arctg x(1 + y2)dx+ y(1 + x2)dy = 0; 2. y′ sinx = y
√
ln y;

3. (x+ y)dx− (x+ y)dy = 0; 4. x2y′ = y2 + xy;

5.
y

x2
cos

x

y
dx−

(1
x
cos

y

x
+ 2y

)
dy = 0.

8.10. Ðåøèòü óðàâíåíèÿ

1. (y′)3 + y2 = xyy′; 2. y = 2xy′ + y2y′; 3. xy′ − y = ln y′.

8.11. Ïóëÿ, äâèãàÿñü ñî ñêîðîñòüþ v0 = 400 ì/ñ, âõîäèò â äîñòàòî÷íî òîëñòóþ ñòåíó.
Ñîïðîòèâëåíèå ñòåíû ñîîáùàåò ïóëå îòðèöàòåëüíîå óñêîðåíèå, ïðîïîðöèîíàëüíîå
êâàäðàòó å�å ñêîðîñòè ñ êîýôôèöèåíòîì ïðîïîðöèîíàëüíîñòè k = 7 ì−1. Íàéòè
ñêîðîñòü ïóëè ÷åðåç 0,001 ñ ïîñëå âõîæäåíèÿ â ñòåíó.
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9.1. Íàéòè äèôôåðåíöèàëüíîå óðàâíåíèå ñåìåéñòâà ëèíèé

y = ex(ax+ b).

9.2. Ñ ïîìîùüþ èçîêëèí èçîáðàçèòü ñõåìàòè÷åñêè ðåøåíèå óðàâíåíèÿ

x2 + y2y′ = 1.

9.3. Ðåøèòü óðàâíåíèÿ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè

1. (ln y)2y′ = y(1 + x2); 2. y′ − y = 2x− 3, y(1) = 2.

9.4. Ðåøèòü îäíîðîäíûå óðàâíåíèÿ

1. x dy − y cos
(
ln

y

x

)
dx = 0; 2. xy′ = y + x tg

y

x
;

3. 3y′ =
x2

y2
+ 10

y

x
+ 10; 4. xy′ + y

(
1 + ln

y

x

)
= 0, y(1) = e.

9.5. Ðåøèòü óðàâíåíèÿ, ïðè íåîáõîäèìîñòè ñâåäÿ èõ ê ëèíåéíûì

1. xy′ = y + x2 cosx; 2. y dx− dy = y2dx+ x dy;

3. (xy +
√
y)dy + y2dx = 0, y(−1/2) = 4.

9.6. Ðåøèòü óðàâíåíèå Áåðíóëëè

1. y′ + 4xy = 2xe−x2√
y; 2. xy′ − y = −y2(lnx+ 2) ln x, y(1) = 1.

9.7. Ðåøèòü óðàâíåíèå â ïîëíûõ äèôôåðåíöèàëàõ

1.
2x

y3
dx+

y2 − 3x2

y4
dy = 0; 2. 2x3y dy = −(3x2y2 + 7)dx.

9.8. Íàéòè èíòåãðèðóþùèé ìíîæèòåëü è îáùåå ðåøåíèå óðàâíåíèÿ

xy′ + (sin y − 3x2 cos y) cos y = 0.

9.9. Ðåøèòü óðàâíåíèÿ

1. y′ = e6x+y + e6x−y; 2. 1 + ln
y

x
+ ln2 y

x
=

x

y
y′; 3. (x+ 6

√
x2 + y2)y′ = y;

4.
ctg y

cos2 x
dx+

tg x

cos2 y
dy; 5. (2x− ln(y + 1))dx− x+y

y+1
dy = 0.

9.10. Ðåøèòü óðàâíåíèÿ

1. x[(y′)2 − e2y] = −2y′; 2. y = (y′ − 1)ey
′
; 3. y = xy′ + cos y′.

9.11. Íîðìàëü AB ê íåêîòîðîé êðèâîé ïåðåñåêàåò îñü Ox â òî÷êå B. Äîêàçàòü, ÷òî åñëè
àáñöèññà òî÷êè B âäâîå áîëüøå àáñöèññû òî÷êè A, òî êðèâàÿ ÿâëÿåòñÿ ðàâíîáî÷-
íîé ãèïåðáîëîé.
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10.1. Íàéòè äèôôåðåíöèàëüíîå óðàâíåíèå ñåìåéñòâà ëèíèé

y = a sin(x+ b).

10.2. Ñ ïîìîùüþ èçîêëèí èçîáðàçèòü ñõåìàòè÷åñêè ðåøåíèå óðàâíåíèÿ

y′ =
y − 3x

x+ 3y
.

10.3. Ðåøèòü óðàâíåíèÿ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè

1. xy2y′ = ln x; 2. (xy2 + x)dx+ (x2y − y)dy = 0, y(0) = 1.

10.4. Ðåøèòü îäíîðîäíûå óðàâíåíèÿ

1. xy′ = y +
√

x2 + y2; 2. (2x− y + 1)dx = (2x+ y − 1)dy;

3. xy′ = y +
y

sin(y/x)
, y(e) = πe; 4. (xy′ − y) arctg

y

x
= x, y(1) = 0.

10.5. Ðåøèòü óðàâíåíèÿ, ïðè íåîáõîäèìîñòè ñâåäÿ èõ ê ëèíåéíûì

1. y′ − ex(x2 + 1) =
2y

x+ 1
; 2. (1 + y2)dx = (arctg y − x)dy;

3. y′ − y tg x = cos−1 x, y(0) = 0.

10.6. Ðåøèòü óðàâíåíèå Áåðíóëëè

1. y′ = y(y3 cosx+ tg x); 2. 2(xy′ + y) = y2 lnx, y(1) = 0,5.

10.7. Ðåøèòü óðàâíåíèå â ïîëíûõ äèôôåðåíöèàëàõ

1. (2x− ln(y + 1))dx− x+ y

y + 1
dy = 0; 2. 3x2(1 + ln y)dx =

(
2y − x3

y

)
dy.

10.8. Íàéòè èíòåãðèðóþùèé ìíîæèòåëü è îáùåå ðåøåíèå óðàâíåíèÿ

(x2 + 1)(2xdx+ cos ydy) = 2x sin ydx.

10.9. Ðåøèòü óðàâíåíèÿ

1. y(x+ 2)dx+ x2(y − 1)dy = 0; 2.
√
1 + cos 2x+ (1 + sin y)y′ = 0;

3. y′ − y

x
= tg

y

x
; 4. (x+ ey)dx+ (cos y + xey)dy = 0; 5. (

√
xy − x)dy = −ydx.

10.10. Ðåøèòü óðàâíåíèÿ

1. x = 2y′ − ln y′; 2. (y′)2 − 2xy′ = x2 − 4y; 3. xy′(y′ + 2) = y.

10.11. Ìàòåðèàëüíàÿ òî÷êà ìàññîé m = 1 ã äâèæåòñÿ ïðÿìîëèíåéíî. Íà íå�å äåéñòâóåò â
íàïðàâëåíèè äâèæåíèÿ ñèëà, ïðîïîðöèîíàëüíàÿ âðåìåíè, ïðîòåêøåìó ñ ìîìåíòà,
êîãäà ñêîðîñòü òî÷êè áûëà ðàâíà íóëþ, ñ êîýôôèöèåíòîì ïðîïîðöèîíàëüíîñòè
k1 = 2 ã·ñì/ñ2. Êðîìå òîãî, òî÷êà èñïûòûâàåò ñîïðîòèâëåíèå ñðåäû, ïðîïîðöè-
îíàëüíîå ñêîðîñòè äâèæåíèÿ, ñ êîýôôèöèåíòîì ïðîïîðöèîíàëüíîñòè k2 = 3 ã/ñ.
Íàéòè ñêîðîñòü òî÷êè ÷åðåç 3 ñ ïîñëå íà÷àëà äâèæåíèÿ.
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11.1. Íàéòè äèôôåðåíöèàëüíîå óðàâíåíèå ñåìåéñòâà ëèíèé

y = ax2 + bx+ c.

11.2. Ñ ïîìîùüþ èçîêëèí èçîáðàçèòü ñõåìàòè÷åñêè ðåøåíèå óðàâíåíèÿ

y′ = y − x2.

11.3. Ðåøèòü óðàâíåíèÿ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè

1. xyy′ = 1− x2; 2. (x+ 2y)y′ = 1, y(0) = −1.

11.4. Ðåøèòü îäíîðîäíûå óðàâíåíèÿ

1. (x2 + y2)y′ = 2xy; 2. 3x4y2dy = (4x6 − y6)dx; 3. xy′ +
x3

y2
= y;

4. (y + 2)dx− (2x+ y − 4)dy, y(1) = 1.

11.5. Ðåøèòü óðàâíåíèÿ, ïðè íåîáõîäèìîñòè ñâåäÿ èõ ê ëèíåéíûì

1. y′ + 2xy = xe−x2
; 2. y = x(y′ − cosx);

3. (2xy +
√
y)dy + 2y2dx, y(−1/2) = 1.

11.6. Ðåøèòü óðàâíåíèå Áåðíóëëè

1. dy +
2y

x
dx =

2
√
y

cos2 x
; 2. xy′ − y = −y2(lnx+ 2) ln x, y(1) = 1.

11.7. Ðåøèòü óðàâíåíèå â ïîëíûõ äèôôåðåíöèàëàõ

1. (ey + yex + 3)dx = (2− xey − ex)dy; 2. yx ln y dx = −xyx−1dy.

11.8. Íàéòè èíòåãðèðóþùèé ìíîæèòåëü è îáùåå ðåøåíèå óðàâíåíèÿ

(x2 + 1)(2xdx+ cos ydy) = 2x sin ydx.

11.9. Ðåøèòü óðàâíåíèÿ

1. x(y + 1)dx− (x2 + 1)y dy = 0; 2. y′ = 3x2y − x2; 3. y′ =
y

x
+ ey/x;

4. (x2 + 2xy − y2)dx = (y2 + 2xy − x2)dy; 5.
(
3x2 +

2

y
cos

2x

y

)
dx− 2x

y

2

cos
2x

y
dy = 0.

11.10. Ðåøèòü óðàâíåíèÿ

1. y = (y′ − 1)ey
′
; 2. x = y′ cos y′; 3. y = xy′ + y′ +

√
y′.

11.11. Äîêàçàòü, ÷òî êðèâàÿ, âñå íîðìàëè êîòîðîé ïðîõîäÿò ÷åðåç îäíó è òó æå ôèêñè-
ðîâàííóþ òî÷êó, åñòü îêðóæíîñòü.
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12.1. Íàéòè äèôôåðåíöèàëüíîå óðàâíåíèå ñåìåéñòâà ëèíèé

(x− a)2 + (y − b)2 = 1.

12.2. Ñ ïîìîùüþ èçîêëèí èçîáðàçèòü ñõåìàòè÷åñêè ðåøåíèå óðàâíåíèÿ

y′ = (y − 1)x.

12.3. Ðåøèòü óðàâíåíèÿ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè

1. y′ ln2(y − x) = (y − x) + ln2(y − x); 2. (1 + x2)y′ = 1 + y2, y(0) = 1.

12.4. Ðåøèòü îäíîðîäíûå óðàâíåíèÿ

1. (x+ y − 1)2dx = 2(y + 2)2dy; 2. xy′ = cos(ln y − lnx);

3. (xy′ − y) arctg
y

x
= x, 4. (y +

√
x2 + y2)dx− x dy = 0, y(1) = 0.

12.5. Ðåøèòü óðàâíåíèÿ, ïðè íåîáõîäèìîñòè ñâåäÿ èõ ê ëèíåéíûì

1. (1 + x2)y′ = 2xy + (1 + x2)2; 2. (1 + y2)
dx

dy
= arctg y − x;

3. 2(y3 − y + xy)dy = dx, y(0) = π.

12.6. Ðåøèòü óðàâíåíèå Áåðíóëëè

1. y′ − 2xy3 = y; 2. xy′ + y = 2y2 lnx, y(1) =
1

2
.

12.7. Ðåøèòü óðàâíåíèå â ïîëíûõ äèôôåðåíöèàëàõ

1. sin(x+ y)dx+ x cos(x+ y)(dx+ dy) = 0; 2.
x dy

x2 + y2
+
(
1− y

x2 + y2

)
dx = 0.

12.8. Íàéòè èíòåãðèðóþùèé ìíîæèòåëü è îáùåå ðåøåíèå óðàâíåíèÿ

x dy = (1 + xy)dx.

12.9. Ðåøèòü óðàâíåíèÿ

1. (xy2 + x)dx+ (y3 − x3y3)dy = 0; 2. xy′ + y = y2; 3. (y2 − 3x2)dy + 2xy dx = 0;

4. (2y2 − xy)dx = (x2 − xy + y2)dy; 5. (3x2 + 4y2)dx+ (8xy + ey)dy = 0.

12.10. Ðåøèòü óðàâíåíèÿ

1. y′ − sin y′ = 0; 2. y =
1

2
(y′)2 + ln y′; 3. y = 2xy′ − (y′)2.

12.11. Ìàññà ðàêåòû ñ ïîëíûì çàïàñîì òîïëèâà ðàâíà M , áåç òîïëèâà îíà ðàâíà m.
Íàéòè ñêîðîñòü ðàêåòû ïîñëå ñãîðàíèÿ òîïëèâà, ïðåíåáðåãàÿ ñèëîé òÿæåñòè è
ñîïðîòèâëåíèåì âîçäóõà, åñëè ñêîðîñòü èñòå÷åíèÿ ïðîäóêòîâ ãîðåíèÿ èç ðàêåòû
ðàâíà v, à íà÷àëüíàÿ ñêîðîñòü ðàêåòû ðàâíà íóëþ (ôîðìóëà Öèîëêîâñêîãî).
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13.1. Íàéòè äèôôåðåíöèàëüíîå óðàâíåíèå ñåìåéñòâà ëèíèé

y = a cos(x+ b).

13.2. Ñ ïîìîùüþ èçîêëèí èçîáðàçèòü ñõåìàòè÷åñêè ðåøåíèå óðàâíåíèÿ

y′ = y − x2.

13.3. Ðåøèòü óðàâíåíèÿ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè

1. y′ ctg x+ y = 2; 2. (1 + ex)yy′ = ex, y(0) = 1.

13.4. Ðåøèòü îäíîðîäíûå óðàâíåíèÿ

1. xy′ − y =
x

arctg(y/x)
; 2. x dy = 2(y −√

xy)dx;

3. y′ =
xy + y2e−x/y

x2
; 4. y′ =

3y + 3

2x+ y − 1
, y(1) = 1.

13.5. Ðåøèòü óðàâíåíèÿ, ïðè íåîáõîäèìîñòè ñâåäÿ èõ ê ëèíåéíûì

1. (xy′ − 1) ln x = 2y; 2. y′ − y

x lnx
= x lnx;

3. y′
√
1− x2 + y = arcsin x, y(0) = 0.

13.6. Ðåøèòü óðàâíåíèå Áåðíóëëè

1. y′ + 4xy = 2xe−x2√
y; 2. 2y′ + 3y cosx =

e2x(2 + 3 cosx)

y
, y(0) = 1.

13.7. Ðåøèòü óðàâíåíèå â ïîëíûõ äèôôåðåíöèàëàõ

1. (2x+ yexy)dx+ (1 + xexy)dy = 0; 2.
x dx+ y dy√

x2 + y2
=

y dx− x dy

x2
.

13.8. Íàéòè èíòåãðèðóþùèé ìíîæèòåëü è îáùåå ðåøåíèå óðàâíåíèÿ

(y cos y + x sin y)dx = (y sin y − x cos y)dy.

13.9. Ðåøèòü óðàâíåíèÿ

1. xy dx+ (1 + y2)
√
1 + x2 dy = 0; 2. (1 + x2)y′ + y

√
1 + x2 = xy;

3.
(
x− y cos

y

x

)
dx− x cos

y

x
dy = 0; 4. xy + y2 = 2(x2 + xy)y′;

5. (3x2y + 2y + 3)dx+ (x3 + 2x+ 3y2)dy = 0.

13.10. Ðåøèòü óðàâíåíèÿ

1. y′ = arctg
[ y

(y′)2

]
; 2. x = 2(ln y′ − y′); 3. y =

1

2
(xy′ + y′ ln y′).

13.11. Íàéòè êðèâóþ, ó êîòîðîé òî÷êà ïåðåñå÷åíèÿ ëþáîé êàñàòåëüíîé ñ îñüþ àáñöèññ
îäèíàêîâî óäàëåíà îò òî÷êè êàñàíèÿ è íà÷àëà êîîðäèíàò.
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14.1. Íàéòè äèôôåðåíöèàëüíîå óðàâíåíèå ñåìåéñòâà ëèíèé

y = ax3.

14.2. Ñ ïîìîùüþ èçîêëèí èçîáðàçèòü ñõåìàòè÷åñêè ðåøåíèå óðàâíåíèÿ

yy′ = −x

2
.

14.3. Ðåøèòü óðàâíåíèÿ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè

1. y′ =
x+ y + 1√
x+ y − 1

; 2. sinx cos y dx = sin y cosx dy, y
(π
4

)
=

π

3
.

14.4. Ðåøèòü îäíîðîäíûå óðàâíåíèÿ

1. x dy − y dx = y dy; 2. y′ =
y + 2

x+ 1
+ tg

y + 2

x+ 1
;

3. xy′ = y − xey/x, 4. (2x− 2)dy = (x+ y − 2)dx, y(1) = 0,5.

14.5. Ðåøèòü óðàâíåíèÿ, ïðè íåîáõîäèìîñòè ñâåäÿ èõ ê ëèíåéíûì

1. y′ sinx− y cosx = 1; 2. y′ − 2

x
y =

ex(x− 2)

x
;

3. ch y dx = (1 + x sh y)dy, y(1) = ln 2.

14.6. Ðåøèòü óðàâíåíèå Áåðíóëëè

1. y′ = y(y3 cosx+tg x); 2. y′ =
x(x2 + y2 − 1)

2y(x2 − 1)
; 3. 2(y′+yx) = (x−1)exy2, y(0) = 2.

14.7. Ðåøèòü óðàâíåíèå â ïîëíûõ äèôôåðåíöèàëàõ

1. (arcsinx+ 2xy)dx+ (x2 + 1 + arctg y)dy = 0; 2. yexdx+ (y + ex)dy = 0.

14.8. Íàéòè èíòåãðèðóþùèé ìíîæèòåëü è îáùåå ðåøåíèå óðàâíåíèÿ

(x2 cosx− y)dx+ x dy = 0.

14.9. Ðåøèòü óðàâíåíèÿ

1. ln cos y dx+ x tg y dy = 0; 2. x sin
y

x
y′ + x = y sin

y

x
;

3.
( 1

x2
+

3y2

x4

)
dx+

(
y − 2y

x

)
dy = 0; 4. y2y′ = 1− 2x;

5. (3x2y − 4xy2)dx+ (x3 + 12y3)dy = 0.

14.10. Ðåøèòü óðàâíåíèÿ

1. x = e2y
′
[2(y′)2 − 2y′ + 1]; 2. y = y′ ln y′; 3. y = xy′ +

√
4 + (y′)2.

14.11. Íàéòè ôîðìó çåðêàëà, îòðàæàþùåãî âñå ëó÷è, êîòîðûå âûõîäÿò èç îäíîé òî÷êè,
ïàðàëëåëüíî äàííîìó íàïðàâëåíèþ.



Âàðèàíò � 15

15.1. Íàéòè äèôôåðåíöèàëüíîå óðàâíåíèå ñåìåéñòâà ëèíèé

y = (x− a)3.

15.2. Ñ ïîìîùüþ èçîêëèí èçîáðàçèòü ñõåìàòè÷åñêè ðåøåíèå óðàâíåíèÿ

y′ = 2 + y2.

15.3. Ðåøèòü óðàâíåíèÿ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè

1. y′xy = x2 + 1; 2. xy′ = cos(x− y) + x, y
(π
4

)
=

π

6
.

15.4. Ðåøèòü îäíîðîäíûå óðàâíåíèÿ

1. xy′ = y sin(ln y − lnx); 2. y2 + x2y′ = xyy′;

3. (2x− 4y + 6) + (x+ y − 3)y′ = 0, 4.
dx

x2 − xy + y2
=

dy

2y2 − xy
, y(0) = 1.

15.5. Ðåøèòü óðàâíåíèÿ, ïðè íåîáõîäèìîñòè ñâåäÿ èõ ê ëèíåéíûì

1. y′ +
y

x
= 2 ln x+ 1; 2. xy′ = ex + xy;

3. 2y2dx+ (x+ e1/y)dy = 0, y(2) = 1.

15.6. Ðåøèòü óðàâíåíèå Áåðíóëëè

1. y′ + 2xy = 2(xy)3; 2. x dx =
(x2

y
− y3

)
dy, y(1/2) = 2.

15.7. Ðåøèòü óðàâíåíèå â ïîëíûõ äèôôåðåíöèàëàõ

1. (1 + x
√
x2 + y2)dx+ (

√
x2 + y2 − 1)y dy = 0; 2. ey + (xey − 2y)y′ = 0.

15.8. Íàéòè èíòåãðèðóþùèé ìíîæèòåëü è îáùåå ðåøåíèå óðàâíåíèÿ

y dx− x dy + lnx dx = 0.

15.9. Ðåøèòü óðàâíåíèÿ

1. sinx sin y dy = cos x cos y dx; 2. xy′ − y = x tg
y

x
; 3. y′ + xy = xy3;

4. 2x− 1− y

x2
=

(
2y − 1

x

)
y′; 5. (x2 + y2)dx+ xy dy = 0.

15.10. Ðåøèòü óðàâíåíèÿ

1. (y′)3 − xy4y′ − y5 = 0; 2. x3(y′)2 + x2yy′ + 2 = 0; 3. y =
(1
x
+ y′

)
+ y′.

15.11. Íàéòè êðèâóþ, çíàÿ, ÷òî òðåóãîëüíèê, îáðàçîâàííûé íîðìàëüþ ê íåé è îñÿìè êî-
îðäèíàò, ðàâíîâåëèê òðåóãîëüíèêó, îáðàçîâàííîìó îñüþ Ox, êàñàòåëüíîé è íîð-
ìàëüþ ê ýòîé æå êðèâîé.



Âàðèàíò � 16

16.1. Íàéòè äèôôåðåíöèàëüíîå óðàâíåíèå ñåìåéñòâà ëèíèé

x2 − a2y − 2y = 0.

16.2. Ñ ïîìîùüþ èçîêëèí èçîáðàçèòü ñõåìàòè÷åñêè ðåøåíèå óðàâíåíèÿ

y′(x2 + 2) = y.

16.3. Ðåøèòü óðàâíåíèÿ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè

1.
xy′

1 + y2
=

ln2 x

arctg y
; 2. y′ sinx = y ln y, y(π/2) = e.

16.4. Ðåøèòü îäíîðîäíûå óðàâíåíèÿ

1. x2y′ − y2 = 2x2; 2. (x− y)dy = (x+ y)dx;

3. y′ = 2xy/(x2 − y2); 4. (9x− y − 8)dy = (x+ 7y − 8)dx, y(1) = 1.

16.5. Ðåøèòü óðàâíåíèÿ, ïðè íåîáõîäèìîñòè ñâåäÿ èõ ê ëèíåéíûì

1. y′ − x =
2xy

x2 − 1
; 2. y′ =

y2

x+ y
;

3. ch y dx = (x+ sh y)dy, y(1) = ln 2.

16.6. Ðåøèòü óðàâíåíèå Áåðíóëëè

1. xy2dy = (1− xy3)dx; 2. 2(xy′ + y) = y2 lnx, y(1) = 2.

16.7. Ðåøèòü óðàâíåíèå â ïîëíûõ äèôôåðåíöèàëàõ

1.
x dx+ y dy√

x2 + y2
=

y dx− x dy

x2
; 2.

(
y +

2

x2

)
dx+

(
x+

3

y2

)
dy = 0.

16.8. Íàéòè èíòåãðèðóþùèé ìíîæèòåëü è îáùåå ðåøåíèå óðàâíåíèÿ

(x2 + y2 + 2x)dx+ 2y dy = 0.

16.9. Ðåøèòü óðàâíåíèÿ

1. 3ex tg y dx+
1 + ex

cos2 y
dy = 0; 2. y(1 + x2)y′ = 1 + y2; 3. x dy = y

(
1 + ln

x

y

)
dx;

4. y2 − 4xy + 4x2y′ = 0; 5. [sin 2x− 2 cos(x+ y)]dx− 2 cos(x+ y)dy = 0.

16.10. Ðåøèòü óðàâíåíèÿ

1. y = (y′ − 1)ey
′
; 2. x = y′ cos y′; 3. y = xy′ + y′ +

√
y′.

16.11. Äâå æèäêîñòè ìàññàìè x è y ïîäâåðãàþòñÿ äèñòèëëÿöèè. Èçâåñòíî, ÷òî â ëþ-
áîé ìîìåíò âðåìåíè îòíîøåíèå ìàññ èñïàð�åííûõ æèäêîñòåé ïðîïîðöèîíàëüíî îò-
íîøåíèþ ìàññ, íàõîäÿùèõñÿ åù�å â æèäêîì ñîñòîÿíèè. Îïðåäåëèòü çàâèñèìîñòü
ìåæäó x è y.



Âàðèàíò � 17

17.1. Íàéòè äèôôåðåíöèàëüíîå óðàâíåíèå ñåìåéñòâà ëèíèé

ay − sin ax = 0.

17.2. Ñ ïîìîùüþ èçîêëèí èçîáðàçèòü ñõåìàòè÷åñêè ðåøåíèå óðàâíåíèÿ

y′(x+ y) = y.

17.3. Ðåøèòü óðàâíåíèÿ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè

1. dy =

√
1− y2

1− x2
dx; 2. y′ =

√
2x+ y − 3, y(0) = 4.

17.4. Ðåøèòü îäíîðîäíûå óðàâíåíèÿ

1. y′ =
x

y
+

y

x
; 2. xy′ = y(ln y − lnx);

3. (y2 − x2)dy + 2xy dx = 0, 4. (y2 − 3x2)dy + 2xy dx = 0, y(0) = 1.

17.5. Ðåøèòü óðàâíåíèÿ, ïðè íåîáõîäèìîñòè ñâåäÿ èõ ê ëèíåéíûì

1. y dx− (3x+ 1 + ln y)dy = 0; 2. y′ + y ctg x = sin x;

3. (x2 − 1)y′ − xy = x3 − x, y(2) = 1,5.

17.6. Ðåøèòü óðàâíåíèå Áåðíóëëè

1. (1 + x2)dy = (xy + x2y2)dy; 2. 2y′ + y cosx = y−1(1 + sin x) cos x, y(0) = 1.

17.7. Ðåøèòü óðàâíåíèå â ïîëíûõ äèôôåðåíöèàëàõ

1. (2x3 − xy2)dx+ (2y3 − x2y)dy = 0; 2.
[
x− y

(x+ 2y)2

]
dx+

x dy

(x+ 2y)2
= 0.

17.8. Íàéòè èíòåãðèðóþùèé ìíîæèòåëü è îáùåå ðåøåíèå óðàâíåíèÿ

y(1 + xy)dx− x dy = 0.

17.9. Ðåøèòü óðàâíåíèÿ

1. ey(1 + x2)dy − 2x(1 + ey)dx = 0; 2. y′ − y = y3;

3. (y4 − 2x2y)dx+ (x4 − 2xy3)dy = 0; 4. y′ =
x

y
2y/x +

y

x
;

5.
( x√

x2 + y2
+

1

x
+

1

y

)
dx+

( x√
x2 + y2

+
1

y
− x

y2

)
dy = 0.

17.10. Ðåøèòü óðàâíåíèÿ

1. y′ − sin y′ = 0; 2. y =
1

2
(y′)2 + ln y′; 3. y = 2xy′ − (y′)2.

17.11. Íàéòè êðèâûå, ó êîòîðûõ ïëîùàäü òðàïåöèè, îãðàíè÷åííîé îñÿìè êîîðäèíàò, êà-
ñàòåëüíîé è îðäèíàòîé òî÷êè êàñàíèÿ, åñòü âåëè÷èíà, ðàâíàÿ òðåì.



Âàðèàíò � 18

18.1. Íàéòè äèôôåðåíöèàëüíîå óðàâíåíèå ñåìåéñòâà ëèíèé

x− ay2 − by − c = 0.

18.2. Ñ ïîìîùüþ èçîêëèí èçîáðàçèòü ñõåìàòè÷åñêè ðåøåíèå óðàâíåíèÿ

x2 − y2 + 2xyy′ = 0.

18.3. Ðåøèòü óðàâíåíèÿ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè

1. y′ + sin
x+ y

2
= sin

x− y

2
; 2. y′ =

√
2x+ y − 3, y(0) = 4.

18.4. Ðåøèòü îäíîðîäíûå óðàâíåíèÿ

1. y2 + x2y′ = xyy′; 2. xy dy − y2dx(x+ y)2e−y/xdx;

3. (x+ y − 2)dy = (2y − 2)dx; 4. (xy′ − y) arctg
y

x
= 2x, y(1) = 0.

18.5. Ðåøèòü óðàâíåíèÿ, ïðè íåîáõîäèìîñòè ñâåäÿ èõ ê ëèíåéíûì

1. (1 + y2)
dy

dx
= arctg y − x; 2. y′ + x2y = x2;

3. y′ + 2xy = xe−x2
sinx, y(0) = 1.

18.6. Ðåøèòü óðàâíåíèå Áåðíóëëè

1. y′ = x3y3 − xy; 2. 3(xy′ + y) = y2 lnx, y(1) = 3.

18.7. Ðåøèòü óðàâíåíèå â ïîëíûõ äèôôåðåíöèàëàõ

1. (1 + x
√

x2 + y2)dx = (1− y
√

x2 + y2)dy; 2.
1 + xy

x2y
dx+

1− xy

xy2
dy = 0.

18.8. Íàéòè èíòåãðèðóþùèé ìíîæèòåëü è îáùåå ðåøåíèå óðàâíåíèÿ

y

x
dx+ (y3 − lnx)dy = 0.

18.9. Ðåøèòü óðàâíåíèÿ

1. (xy2 + x)dx+ (y3 − x3y3)dy = 0; 2. xy′ + y = y2; 3. (y2 − 3x2)dy + 2xy dx = 0;

4. y′ =
y

x
(1 + ln y − lnx); 5. xey

2
dx+ (x2yey

2
+ tg2 y)dy = 0.

18.10. Ðåøèòü óðàâíåíèÿ

1. (y′ + 1)3 = (y′ − y)2; 2. x = y′
√

(y′)2 + 1; 3. y = 2xy′ − 4(y′)3.

18.11. Â ìîìåíò âðåìåíè t = 0 èìååòñÿ x0 ïåðâè÷íîãî ðàäèîàêòèâíîãî âåùåñòâà ñ ïî-
ñòîÿííîé ðàñïàäà λ1, â ïðîöåññå ðàñïàäà êîòîðîãî îáðàçóåòñÿ âòîðè÷íîå ðàäèîàê-
òèâíîå âåùåñòâî ñ ïîñòîÿííîé ðàñïàäà λ2 ̸= λ1. Îïðåäåëèòü êîëè÷åñòâî íåðàñïàâ-
øèõñÿ ê ìîìåíòó âðåìåíè t âåùåñòâ.



Âàðèàíò � 19

19.1. Íàéòè äèôôåðåíöèàëüíîå óðàâíåíèå ñåìåéñòâà ëèíèé

(x− a)2 + by2 = 1.

19.2. Ñ ïîìîùüþ èçîêëèí èçîáðàçèòü ñõåìàòè÷åñêè ðåøåíèå óðàâíåíèÿ

y′ =
1

1 + x2
.

19.3. Ðåøèòü óðàâíåíèÿ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè

1. xy′ + y2 = y; 2. y′ =
1

3x+ y
, y(0) = 1.

19.4. Ðåøèòü îäíîðîäíûå óðàâíåíèÿ

1. y′ =
y2

x2
− 2; 2. x dy = (xey/x + y)dx;

3. y′ =
x+ 2y − 3

4x− y − 3
; 4. (y2 − x2)dy + 2xy dx = 0, y(0) = 1.

19.5. Ðåøèòü óðàâíåíèÿ, ïðè íåîáõîäèìîñòè ñâåäÿ èõ ê ëèíåéíûì

1. y′ + 2xy = xe−x2
; 2. 2y dx+ (y2 − 6x)dy = 0;

3. y′ + x2 = 3y/x, y(2) = 6.

19.6. Ðåøèòü óðàâíåíèå Áåðíóëëè

1. y′ + y = xy3; 2. 2y′ − 3y cosx = −e−2x(2 + 3 cosx)y−1, y(0) = 1.

19.7. Ðåøèòü óðàâíåíèå â ïîëíûõ äèôôåðåíöèàëàõ

1. (2x− ln(y + 1))dx− x+ y

y + 1
dy = 0; 2. e−xdy = (ye−x − 2x)dx.

19.8. Íàéòè èíòåãðèðóþùèé ìíîæèòåëü è îáùåå ðåøåíèå óðàâíåíèÿ

(x2 + y)dx− x dy = 0.

19.9. Ðåøèòü óðàâíåíèÿ

1. (y4 + 1)x dx− y(1 + x2)dy = 0; 2. (1− x2)y′ − xy = xy2; 3. y′ =
xy − y2

x2 − 2xy
;

4. ex/ydx− x

y

(
ex/y +

y

x

)
dy = 0; 5.

(
xy2 +

x2

y2

)
dx+

(
x2y − 2x3

3y3

)
dy = 0.

19.10. Ðåøèòü óðàâíåíèÿ

1. (y′)4 − (y′)2 = y2; 2. 2xy′ − y = y′ ln(yy′); 3. y = 2xy′ +
1

(y′)2
.

19.11. Íàéòè êðèâóþ, êîòîðàÿ èìååò ñëåäóþùåå ñâîéñòâî: îòðåçîê îñèOx îò íà÷àëà êîîð-
äèíàò äî ïåðåñå÷åíèÿ ñ êàñàòåëüíîé ê ýòîé êðèâîé â ëþáîé òî÷êå ïðîïîðöèîíàëåí
îðäèíàòå ýòîé òî÷êè.



Âàðèàíò � 20

20.1. Íàéòè äèôôåðåíöèàëüíîå óðàâíåíèå ñåìåéñòâà ëèíèé

x = a(t− sin t), y = a(1− cos t).

20.2. Ñ ïîìîùüþ èçîêëèí èçîáðàçèòü ñõåìàòè÷åñêè ðåøåíèå óðàâíåíèÿ

xy′ = 2y.

20.3. Ðåøèòü óðàâíåíèÿ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè

1. ey(1 + y′) = 1; 2. 2(x+ y)dy + (3x+ 3y − 1)dx = 0, y(0) = 2.

20.4. Ðåøèòü îäíîðîäíûå óðàâíåíèÿ

1. xy′ − y =
√

x2 + y2; 2. y′ =
y

x
+ cos

(y
x

)
;

3. (2x− 2)dy = (x+ 2y − 3)dx; 4. (y2 − 3x2)dy + 2xy dx = 0, y(1) = 2.

20.5. Ðåøèòü óðàâíåíèÿ, ïðè íåîáõîäèìîñòè ñâåäÿ èõ ê ëèíåéíûì

1. xy′ − x2 cosx = y; 2. 2xy′ − y = x lnx;

3. 2(y3 − y + xy)dy = dx, y(0) = π.

20.6. Ðåøèòü óðàâíåíèå Áåðíóëëè

1. 2xyy′ − y2 + x = 0; 2. y′ + xy = (1 + x)e−xy2, y(0) = 1.

20.7. Ðåøèòü óðàâíåíèå â ïîëíûõ äèôôåðåíöèàëàõ

1.
3x2 + y

y2
dx =

2x3 + xy + 2y3

y3
dy; 2. eydx+ (xey − 2y)dy = 0.

20.8. Íàéòè èíòåãðèðóþùèé ìíîæèòåëü è îáùåå ðåøåíèå óðàâíåíèÿ

(xy − x2)y′ + (y2 − 3xy − 2x2) = 0.

20.9. Ðåøèòü óðàâíåíèÿ

1. (1 + y2)dx− 2y(1 + x)2dy = 0; 2. (1 + ex)yy′ = ex; 3. y dx+ 2(
√
xy − x)dy = 0;

4. xy′ − y = x
(
1 + tg

y

x

)
; 5.

1 + xy

x2y
dx+

1− xy

xy2
dy = 0.

20.10. Ðåøèòü óðàâíåíèÿ

1. y = x+ y′ − ln y′; 2. x[(y′)2 − 1] = 2y′; 3. y = xy′ − (y′)2.

20.11. Ýëåêòðè÷åñêàÿ öåïü ñîñòîèò èç êëþ÷à è ïîñëåäîâàòåëüíî ñîåäèí�åííûõ åìêîñòè C
è èíäóêòèâíîñòè L. Â ìîìåíò âðåìåíè t = 0 êëþ÷ çàìûêàåòñÿ. Íàéòè çàêîí èçìå-
íåíèÿ íàïðÿæåíèÿ íà åìêîñòíîì ýëåìåíòå, åñëè ïåðâîíà÷àëüíî îí áûë çàðÿæåí
äî íàïðÿæåíèÿ E.



Âàðèàíò � 21

21.1. Íàéòè äèôôåðåíöèàëüíîå óðàâíåíèå ñåìåéñòâà ëèíèé

y = ax2.

21.2. Ñ ïîìîùüþ èçîêëèí èçîáðàçèòü ñõåìàòè÷åñêè ðåøåíèå óðàâíåíèÿ

y′ = x− ey.

21.3. Ðåøèòü óðàâíåíèÿ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè

1. y′ =
2x+ 2y − 1

x+ y
, 2. yxy′ = ln2 x, y(1) = 2.

21.4. Ðåøèòü îäíîðîäíûå óðàâíåíèÿ

1. (x2 + xy)y′ = x
√

x2 − y2 + xy + y2; 2. y2dx+ x2dy = xy dy;

3. xy′ − y =
√

x2 − y2, 4. y′ − x+ 3y + 4

3x− 6
, y(1) = 2.

21.5. Ðåøèòü óðàâíåíèÿ, ïðè íåîáõîäèìîñòè ñâåäÿ èõ ê ëèíåéíûì

1. y′ − e3x = 2y; 2. y′ + 2xy = 2xe−x2
;

3. y′ +
xy

2(1− x2)
=

x

2
, 4. x(dy − y dx) = exdx, y(1) = e.

21.6. Ðåøèòü óðàâíåíèå Áåðíóëëè

1. x dy + 2y dx = x5y2dx; 2. y′ + 2y cthx = y2 chx, y(1) = 1/ sh 1.

21.7. Ðåøèòü óðàâíåíèå â ïîëíûõ äèôôåðåíöèàëàõ

1.
x dy

x2 + y2
−

( y

x2 + y2
− 1

)
dx = 0; 2. xy lnxy′ + yxy−1 = 0.

21.8. Íàéòè èíòåãðèðóþùèé ìíîæèòåëü è îáùåå ðåøåíèå óðàâíåíèÿ

xydx− (y3 + x2y + x2)dy = 0.

21.9. Ðåøèòü óðàâíåíèÿ

1. (y + y lnx)dx+ (x− xy)dy = 0; 2. yy′ + x = 1; 3. xy′ = y ln
y

x
;

4. (x2 + y2)dx+ 2xy dy = 0; 5. 3x2eydx+ (x3ey − 1)dy = 0.

21.10. Ðåøèòü óðàâíåíèÿ

1. y = (y′)2 + (y′)3; 2. y = ln(1 + y′); 3. 2(y′)2(y − xy′) = 1.

21.11. Êîëè÷åñòâî ñâåòà, ïîãëîùàåìîãî ïðè ïðîõîæäåíèè ÷åðåç òîíêèé ñëîé æèäêîñòè,
ïðîïîðöèîíàëüíî êîëè÷åñòâó ïàäàþùåãî ñâåòà è òîëùèíå ñëîÿ. Åñëè ïðè ïðî-
õîæäåíèè ñëîÿ òîëùèíîé 3 ì ïîãëîùàåòñÿ ïîëîâèíà ïåðâîíà÷àëüíîãî êîëè÷åñòâà
ñâåòà, òî êàêàÿ ÷àñòü ýòîãî ñâåòà äîéä�åò äî ãëóáèíû 15 ì?



Âàðèàíò � 22

22.1. Íàéòè äèôôåðåíöèàëüíîå óðàâíåíèå ñåìåéñòâà ëèíèé

y = a sin(x+ b).

22.2. Ñ ïîìîùüþ èçîêëèí èçîáðàçèòü ñõåìàòè÷åñêè ðåøåíèå óðàâíåíèÿ

y′ =
y − 3x

x+ 3y
.

22.3. Ðåøèòü óðàâíåíèÿ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè

1. (x+ 2y)y′ = 1, 2. (xy2 + x)dx+ (x2y − y)dy = 0, y(0) = 1.

22.4. Ðåøèòü îäíîðîäíûå óðàâíåíèÿ

1. (2x− y + 1)dx = (2x+ y − 1)dy; 2. xy′ = y(ln y − lnx);

3. xy′ = y +
y

sin(y/x)
, 4. (xy′ − y) arctg

y

x
= x, y(1) = 0.

22.5. Ðåøèòü óðàâíåíèÿ, ïðè íåîáõîäèìîñòè ñâåäÿ èõ ê ëèíåéíûì

1. (1 + y2)dx = (arctg y − x)dy; 2. y′ + y = sin x;

3. y′ − y tg x = cos−1 x, y(0) = 0.

22.6. Ðåøèòü óðàâíåíèå Áåðíóëëè

1. y′ = y(y3 cosx+ tg x); 2. 2(xy′ + y) = y2 lnx, y(1) = 0,5.

22.7. Ðåøèòü óðàâíåíèå â ïîëíûõ äèôôåðåíöèàëàõ

1. (2x− ln(y + 1))dx− x+ y

y + 1
dy = 0; 2. 3x2(1 + ln y)dx =

(
2y − x3

y

)
dy.

22.8. Íàéòè èíòåãðèðóþùèé ìíîæèòåëü è îáùåå ðåøåíèå óðàâíåíèÿ

(x2 + 1)(2xdx+ cos ydy) = 2x sin ydx.

22.9. Ðåøèòü óðàâíåíèÿ

1. y(x+ 2)dx+ x2(y − 1)dy = 0; 2.
√
1 + cos 2x+ (1 + sin y)y′ = 0;

3. y′ − y

x
= tg

y

x
; 4. (x+ ey)dx+ (cos y + xey)dy = 0; 5. (

√
xy − x)dy = −y dx.

22.10. Ðåøèòü óðàâíåíèÿ

1. x = 2y′ − ln y′; 2. (y′)2 − 2xy′ = x2 − 4y; 3. xy′(y′ + 2) = y.

22.11. Ìàòåðèàëüíàÿ òî÷êà ìàññîé m = 1 ã äâèæåòñÿ ïðÿìîëèíåéíî. Íà íå�å äåéñòâóåò â
íàïðàâëåíèè äâèæåíèÿ ñèëà, ïðîïîðöèîíàëüíàÿ âðåìåíè, ïðîòåêøåìó ñ ìîìåíòà,
êîãäà ñêîðîñòü òî÷êè áûëà ðàâíà íóëþ, ñ êîýôôèöèåíòîì ïðîïîðöèîíàëüíîñòè
k1 = 2 ã·ñì/ñ2. Êðîìå òîãî, òî÷êà èñïûòûâàåò ñîïðîòèâëåíèå ñðåäû, ïðîïîðöè-
îíàëüíîå ñêîðîñòè äâèæåíèÿ, ñ êîýôôèöèåíòîì ïðîïîðöèîíàëüíîñòè k2 = 3 ã/ñ.
Íàéòè ñêîðîñòü òî÷êè ÷åðåç 3 ñ ïîñëå íà÷àëà äâèæåíèÿ.



Âàðèàíò � 23

23.1. Íàéòè äèôôåðåíöèàëüíîå óðàâíåíèå ñåìåéñòâà ëèíèé

x2 + y2 = a2.

23.2. Ñ ïîìîùüþ èçîêëèí èçîáðàçèòü ñõåìàòè÷åñêè ðåøåíèå óðàâíåíèÿ

xy′ + y = 0.

23.3. Ðåøèòü óðàâíåíèÿ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè

1. (x+ 1)yy′ + 3 = 2y; 2. y′ = cos(y − x), y(π) = 0.

23.4. Ðåøèòü îäíîðîäíûå óðàâíåíèÿ

1. y′ =
y

x
+ sin

(y
x

)
; 2. y′ =

x+ 2y − 3

4x− y − 3
;

3. y′ =
x− y

x+ y
, y(2) = 1; 4. y′ =

y2 + 2xy − x2

y2 + 2xy − x2
, y(1) = 1.

23.5. Ðåøèòü óðàâíåíèÿ, ïðè íåîáõîäèìîñòè ñâåäÿ èõ ê ëèíåéíûì

1. y′ − y ctg x = sin x; 2. y′ = x+ y;

3. chx dx = (1 + shx)dy, y(1) = ln 2.

23.6. Ðåøèòü óðàâíåíèå Áåðíóëëè

1. (1 + x2)dy − xy dx = x2y2dx; 2. y′ − y tg x = −2

3
y4 sinx, y(0) = 1.

23.7. Ðåøèòü óðàâíåíèå â ïîëíûõ äèôôåðåíöèàëàõ

1. e−xdy = (ye−x − 2x)dx; 2. (3x2 + 6xy − 2y2)dx+ (3x2 − 4xy − 3y2)dy = 0.

23.8. Íàéòè èíòåãðèðóþùèé ìíîæèòåëü è îáùåå ðåøåíèå óðàâíåíèÿ

y

x
dx+ (y3 − lnx)dy = 0.

23.9. Ðåøèòü óðàâíåíèÿ

1. e−x(1− x)dx− tg y dy = 0; 2. x2y′ + y2 = y; 3. (2x− y)dx+ (x+ y)dy = 0;

4. xy′ =
√

x2 − y2 + y; 5.
(
y2 +

y

cos2 x

)
dx+ (2xy + tg x)dy = 0.

23.10. Ðåøèòü óðàâíåíèÿ

1. (y′)4 − (y′)2 = y2; 2. 2xy′ − y = y′ ln(yy′); 3. y = 2xy′ +
1

(y′)2
.

23.11. Íàéòè êðèâûå, êàñàòåëüíûå ê êîòîðûì â ëþáîé òî÷êå îáðàçóþò ñ ïîëÿðíûì ðà-
äèóñîì è ïîëÿðíîé îñüþ ðàâíûå óãëû.



Âàðèàíò � 24

24.1. Íàéòè äèôôåðåíöèàëüíîå óðàâíåíèå ñåìåéñòâà ëèíèé

y = a cos(x+ b).

24.2. Ñ ïîìîùüþ èçîêëèí èçîáðàçèòü ñõåìàòè÷åñêè ðåøåíèå óðàâíåíèÿ

y′ = y − x2.

24.3. Ðåøèòü óðàâíåíèÿ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè

1. y′ ctg x+ y = 2; 2. (1 + ex)yy′ = ex, y(0) = 1.

24.4. Ðåøèòü îäíîðîäíûå óðàâíåíèÿ

1. xy′ − y =
x

arctg(y/x)
; 2. x dy = 2(y −√

xy)dx;

3. y′ =
xy + y2e−x/y

x2
; 4. y′ =

3y + 3

2x+ y − 1
, y(1) = 1.

24.5. Ðåøèòü óðàâíåíèÿ, ïðè íåîáõîäèìîñòè ñâåäÿ èõ ê ëèíåéíûì

1. (xy′ − 1) ln x = 2y; 2. y′ − y

x lnx
= x lnx;

3. y′
√
1− x2 + y = arcsin x, y(0) = 0.

24.6. Ðåøèòü óðàâíåíèå Áåðíóëëè

1. y′ + 4xy = 2xe−x2√
y; 2. 2y′ + 3y cosx =

e2x(2 + 3 cosx)

y
, y(0) = 1.

24.7. Ðåøèòü óðàâíåíèå â ïîëíûõ äèôôåðåíöèàëàõ

1. (2x+ yexy)dx+ (1 + xexy)dy = 0; 2.
x dx+ y dy√

x2 + y2
=

y dx− x dy

x2
.

24.8. Íàéòè èíòåãðèðóþùèé ìíîæèòåëü è îáùåå ðåøåíèå óðàâíåíèÿ

(y cos y + x sin y)dx = (y sin y − x cos y)dy.

24.9. Ðåøèòü óðàâíåíèÿ

1. xy dx+ (1 + y2)
√
1 + x2 dy = 0; 2. (1 + x2)y′ + y

√
1 + x2 = xy;

3.
(
x− y cos

y

x

)
dx− x cos

y

x
dy = 0; 4. xy + y2 = 2(x2 + xy)y′;

5. (3x2y + 2y + 3)dx+ (x3 + 2x+ 3y2)dy = 0.

24.10. Ðåøèòü óðàâíåíèÿ

1. y′ = arctg
[ y

(y′)2

]
; 2. x = 2(ln y′ − y′); 3. y =

1

2
(xy′ + y′ ln y′).

24.11. Íàéòè êðèâóþ, ó êîòîðîé òî÷êà ïåðåñå÷åíèÿ ëþáîé êàñàòåëüíîé ñ îñüþ àáñöèññ
îäèíàêîâî óäàëåíà îò òî÷êè êàñàíèÿ è íà÷àëà êîîðäèíàò.



Âàðèàíò � 25

25.1. Íàéòè äèôôåðåíöèàëüíîå óðàâíåíèå ñåìåéñòâà ëèíèé

ay − sin ax = 0.

25.2. Ñ ïîìîùüþ èçîêëèí èçîáðàçèòü ñõåìàòè÷åñêè ðåøåíèå óðàâíåíèÿ

y′(x+ y) = y.

25.3. Ðåøèòü óðàâíåíèÿ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè

1. dy =

√
1− y2

1− x2
dx; 2. y′ =

√
2x+ y − 3, y(0) = 4.

25.4. Ðåøèòü îäíîðîäíûå óðàâíåíèÿ

1. y′ =
x

y
+

y

x
; 2. xy′ = y(ln y − lnx);

3. (y2 − x2)dy + 2xy dx = 0, 4. (y2 − 3x2)dy + 2xy dx = 0, y(0) = 1.

25.5. Ðåøèòü óðàâíåíèÿ, ïðè íåîáõîäèìîñòè ñâåäÿ èõ ê ëèíåéíûì

1. y dx− (3x+ 1 + ln y)dy = 0; 2. y′ + y ctg x = sin x;

3. (x2 − 1)y′ − xy = x3 − x, y(2) = 1,5.

25.6. Ðåøèòü óðàâíåíèå Áåðíóëëè

1. (1 + x2)dy = (xy + x2y2)dy; 2. 2y′ + y cosx = y−1(1 + sin x) cos x, y(0) = 1.

25.7. Ðåøèòü óðàâíåíèå â ïîëíûõ äèôôåðåíöèàëàõ

1. (2x3 − xy2)dx+ (2y3 − x2y)dy = 0; 2.
[
x− y

(x+ 2y)2

]
dx+

x dy

(x+ 2y)2
= 0.

25.8. Íàéòè èíòåãðèðóþùèé ìíîæèòåëü è îáùåå ðåøåíèå óðàâíåíèÿ

y(1 + xy)dx− x dy = 0.

25.9. Ðåøèòü óðàâíåíèÿ

1. ey(1 + x2)dy − 2x(1 + ey)dx = 0; 2. y′ − y = y3;

3. (y4 − 2x2y)dx+ (x4 − 2xy3)dy = 0; 4. y′ =
x

y
2y/x +

y

x
;

5.
( x√

x2 + y2
+

1

x
+

1

y

)
dx+

( x√
x2 + y2

+
1

y
− x

y2

)
dy = 0.

25.10. Ðåøèòü óðàâíåíèÿ

1. y′ − sin y′ = 0; 2. y =
1

2
(y′)2 + ln y′; 3. y = 2xy′ − (y′)2.

25.11. Íàéòè êðèâûå, ó êîòîðûõ ïëîùàäü òðàïåöèè, îãðàíè÷åííîé îñÿìè êîîðäèíàò, êà-
ñàòåëüíîé è îðäèíàòîé òî÷êè êàñàíèÿ, åñòü âåëè÷èíà, ðàâíàÿ òðåì.



Âàðèàíò � 26

26.1. Íàéòè äèôôåðåíöèàëüíîå óðàâíåíèå ñåìåéñòâà ëèíèé

y = (x− a)3.

26.2. Ñ ïîìîùüþ èçîêëèí èçîáðàçèòü ñõåìàòè÷åñêè ðåøåíèå óðàâíåíèÿ

y′ = 2 + y2.

26.3. Ðåøèòü óðàâíåíèÿ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè

1. y′xy = x2 + 1; 2. xy′ = cos(x− y) + x, y
(π
4

)
=

π

6
.

26.4. Ðåøèòü îäíîðîäíûå óðàâíåíèÿ

1. xy′ = y sin(ln y − lnx); 2. y2 + x2y′ = xyy′;

3. (2x− 4y + 6) + (x+ y − 3)y′ = 0, 4.
dx

x2 − xy + y2
=

dy

2y2 − xy
, y(0) = 1.

26.5. Ðåøèòü óðàâíåíèÿ, ïðè íåîáõîäèìîñòè ñâåäÿ èõ ê ëèíåéíûì

1. y′ +
y

x
= 2 ln x+ 1; 2. xy′ = ex + xy;

3. 2y2dx+ (x+ e1/y)dy = 0, y(2) = 1.

26.6. Ðåøèòü óðàâíåíèå Áåðíóëëè

1. y′ + 2xy = 2(xy)3; 2. x dx =
(x2

y
− y3

)
dy, y(1/2) = 2.

26.7. Ðåøèòü óðàâíåíèå â ïîëíûõ äèôôåðåíöèàëàõ

1. (1 + x
√
x2 + y2)dx+ (

√
x2 + y2 − 1)y dy = 0; 2. ey + (xey − 2y)y′ = 0.

26.8. Íàéòè èíòåãðèðóþùèé ìíîæèòåëü è îáùåå ðåøåíèå óðàâíåíèÿ

y dx− x dy + lnx dx = 0.

26.9. Ðåøèòü óðàâíåíèÿ

1. sinx sin y dy = cos x cos y dx; 2. xy′ − y = x tg
y

x
; 3. y′ + xy = xy3;

4. 2x− 1− y

x2
=

(
2y − 1

x

)
y′; 5. (x2 + y2)dx+ xy dy = 0.

26.10. Ðåøèòü óðàâíåíèÿ

1. (y′)3 − xy4y′ − y5 = 0; 2. x3(y′)2 + x2yy′ + 2 = 0; 3. y =
(1
x
+ y′

)
+ y′.

26.11. Íàéòè êðèâóþ, çíàÿ, ÷òî òðåóãîëüíèê, îáðàçîâàííûé íîðìàëüþ ê íåé è îñÿìè êî-
îðäèíàò, ðàâíîâåëèê òðåóãîëüíèêó, îáðàçîâàííîìó îñüþ Ox, êàñàòåëüíîé è íîð-
ìàëüþ ê ýòîé æå êðèâîé.



Âàðèàíò � 27

27.1. Íàéòè äèôôåðåíöèàëüíîå óðàâíåíèå ñåìåéñòâà ëèíèé

x = a(t− sin t), y = a(1− cos t).

27.2. Ñ ïîìîùüþ èçîêëèí èçîáðàçèòü ñõåìàòè÷åñêè ðåøåíèå óðàâíåíèÿ

xy′ = 2y.

27.3. Ðåøèòü óðàâíåíèÿ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè

1. ey(1 + y′) = 1; 2. 2(x+ y)dy + (3x+ 3y − 1)dx = 0, y(0) = 2.

27.4. Ðåøèòü îäíîðîäíûå óðàâíåíèÿ

1. xy′ − y =
√

x2 + y2; 2. y′ =
y

x
+ cos

(y
x

)
;

3. (2x− 2)dy = (x+ 2y − 3)dx; 4. (y2 − 3x2)dy + 2xy dx = 0, y(1) = 2.

27.5. Ðåøèòü óðàâíåíèÿ, ïðè íåîáõîäèìîñòè ñâåäÿ èõ ê ëèíåéíûì

1. xy′ − x2 cosx = y; 2. 2xy′ − y = x lnx;

3. 2(y3 − y + xy)dy = dx, y(0) = π.

27.6. Ðåøèòü óðàâíåíèå Áåðíóëëè

1. 2xyy′ − y2 + x = 0; 2. y′ + xy = (1 + x)e−xy2, y(0) = 1.

27.7. Ðåøèòü óðàâíåíèå â ïîëíûõ äèôôåðåíöèàëàõ

1.
3x2 + y

y2
dx =

2x3 + xy + 2y3

y3
dy; 2. eydx+ (xey − 2y)dy = 0.

27.8. Íàéòè èíòåãðèðóþùèé ìíîæèòåëü è îáùåå ðåøåíèå óðàâíåíèÿ

(xy − x2)y′ + (y2 − 3xy − 2x2) = 0.

27.9. Ðåøèòü óðàâíåíèÿ

1. (1 + y2)dx− 2y(1 + x)2dy = 0; 2. (1 + ex)yy′ = ex; 3. y dx+ 2(
√
xy − x)dy = 0;

4. xy′ − y = x
(
1 + tg

y

x

)
; 5.

1 + xy

x2y
dx+

1− xy

xy2
dy = 0.

27.10. Ðåøèòü óðàâíåíèÿ

1. y = x+ y′ − ln y′; 2. x[(y′)2 − 1] = 2y′; 3. y = xy′ − (y′)2.

27.11. Ýëåêòðè÷åñêàÿ öåïü ñîñòîèò èç êëþ÷à è ïîñëåäîâàòåëüíî ñîåäèí�åííûõ åìêîñòè C
è èíäóêòèâíîñòè L. Â ìîìåíò âðåìåíè t = 0 êëþ÷ çàìûêàåòñÿ. Íàéòè çàêîí èçìå-
íåíèÿ íàïðÿæåíèÿ íà åìêîñòíîì ýëåìåíòå, åñëè ïåðâîíà÷àëüíî îí áûë çàðÿæåí
äî íàïðÿæåíèÿ E.



Âàðèàíò � 28

28.1. Íàéòè äèôôåðåíöèàëüíîå óðàâíåíèå ñåìåéñòâà ëèíèé

x2 + y2 = ax.

28.2. Ñ ïîìîùüþ èçîêëèí èçîáðàçèòü ñõåìàòè÷åñêè ðåøåíèå óðàâíåíèÿ

yy′ + x = 0.

28.3. Ðåøèòü óðàâíåíèÿ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè

1. y2y′ = 1 + 2x; 2. y′(y + x) = 1, y(0) = 1.

28.4. Ðåøèòü îäíîðîäíûå óðàâíåíèÿ

1. x dy − y dx = y dy; 2. (x− y)dy = (x+ y)dx;

3. (x+ y − 2)dy = (2y − 2)dx; 4.
y′
√
y
=

√
y

x
−

√
y − x

2y − x
, y(1) = 1.

28.5. Ðåøèòü óðàâíåíèÿ, ïðè íåîáõîäèìîñòè ñâåäÿ èõ ê ëèíåéíûì

1. y′ + y ctg x = sin x; 2. xy′ − x2 cosx = y;

3. y′ − y

x
= −2 ln x

x
, y(1) = 1.

28.6. Ðåøèòü óðàâíåíèå Áåðíóëëè

1. 2xyy′ − y2 + x = 0; 2. 3(xy′ + y) = y2 lnx, y(1) = 3.

28.7. Ðåøèòü óðàâíåíèå â ïîëíûõ äèôôåðåíöèàëàõ

1.
x dx+ y dy√

x2 + y2
=

y dx− x dy

x2
; 2. (1 + x

√
x2 + y2)dx = (1− y

√
x2 + y2)dy.

28.8. Íàéòè èíòåãðèðóþùèé ìíîæèòåëü è îáùåå ðåøåíèå óðàâíåíèÿ

y(1 + xy)dx− x dy = 0.

28.9. Ðåøèòü óðàâíåíèÿ

1. (y4 + 1)x dx− y(1 + x2)dy = 0; 2. (1− x2)y′ − xy = xy2; 3. y′ =
xy − y2

x2 − 2xy
;

4. ex/ydx− x

y

(
ex/y +

y

x

)
dy = 0; 5.

(
xy2 +

x2

y2

)
dx+

(
x2y − 2x3

3y3

)
dy = 0.

28.10. Ðåøèòü óðàâíåíèÿ

1. y′(x− ln y′) = 1; 2. (y′)2 − (y′)3 = y2; 3. (y′)3 = 3(xy′ − y).

28.11. Íàéòè êðèâûå, îáëàäàþùèå ñëåäóþùèì ñâîéñòâîì: îòðåçîê îñè àáñöèññ, îòñåêàå-
ìûé êàñàòåëüíîé è íîðìàëüþ, ïðîâåä�åííîé èç ïðîèçâîëüíîé òî÷êè êðèâîé, ðàâåí
äâóì.



Âàðèàíò � 29

29.1. Íàéòè äèôôåðåíöèàëüíîå óðàâíåíèå ñåìåéñòâà ëèíèé

y = ax2 + bx+ c.

29.2. Ñ ïîìîùüþ èçîêëèí èçîáðàçèòü ñõåìàòè÷åñêè ðåøåíèå óðàâíåíèÿ

y′ = y − x2.

29.3. Ðåøèòü óðàâíåíèÿ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè

1. xyy′ = 1− x2; 2. (x+ 2y)y′ = 1, y(0) = −1.

29.4. Ðåøèòü îäíîðîäíûå óðàâíåíèÿ

1. (x2 + y2)y′ = 2xy; 2. 3x4y2dy = (4x6 − y6)dx; 3. xy′ +
x3

y2
= y;

4. (y + 2)dx− (2x+ y − 4)dy, y(1) = 1.

29.5. Ðåøèòü óðàâíåíèÿ, ïðè íåîáõîäèìîñòè ñâåäÿ èõ ê ëèíåéíûì

1. y′ + 2xy = xe−x2
; 2. y = x(y′ − cosx);

3. (2xy +
√
y)dy + 2y2dx, y(−1/2) = 1.

29.6. Ðåøèòü óðàâíåíèå Áåðíóëëè

1. dy +
2y

x
dx =

2
√
y

cos2 x
; 2. xy′ − y = −y2(lnx+ 2) ln x, y(1) = 1.

29.7. Ðåøèòü óðàâíåíèå â ïîëíûõ äèôôåðåíöèàëàõ

1. (ey + yex + 3)dx = (2− xey − ex)dy; 2. yx ln y dx = −xyx−1dy.

29.8. Íàéòè èíòåãðèðóþùèé ìíîæèòåëü è îáùåå ðåøåíèå óðàâíåíèÿ

(x2 + 1)(2xdx+ cos ydy) = 2x sin ydx.

29.9. Ðåøèòü óðàâíåíèÿ

1. x(y + 1)dx− (x2 + 1)y dy = 0; 2. y′ = 3x2y − x2; 3. y′ =
y

x
+ ey/x;

4. (x2 + 2xy − y2)dx = (y2 + 2xy − x2)dy; 5.
(
3x2 +

2

y
cos

2x

y

)
dx− 2x

y

2

cos
2x

y
dy = 0.

29.10. Ðåøèòü óðàâíåíèÿ

1. y = (y′ − 1)ey
′
; 2. x = y′ cos y′; 3. y = xy′ + y′ +

√
y′.

29.11. Äîêàçàòü, ÷òî êðèâàÿ, âñå íîðìàëè êîòîðîé ïðîõîäÿò ÷åðåç îäíó è òó æå ôèêñè-
ðîâàííóþ òî÷êó, åñòü îêðóæíîñòü.



Âàðèàíò � 30

30.1. Íàéòè äèôôåðåíöèàëüíîå óðàâíåíèå ñåìåéñòâà ëèíèé

x− ay2 − by − c = 0.

30.2. Ñ ïîìîùüþ èçîêëèí èçîáðàçèòü ñõåìàòè÷åñêè ðåøåíèå óðàâíåíèÿ

x2 − y2 + 2xyy′ = 0.

30.3. Ðåøèòü óðàâíåíèÿ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè

1. y′ + sin
x+ y

2
= sin

x− y

2
; 2. y′ =

√
2x+ y − 3, y(0) = 4.

30.4. Ðåøèòü îäíîðîäíûå óðàâíåíèÿ

1. y2 + x2y′ = xyy′; 2. xy dy − y2dx(x+ y)2e−y/xdx;

3. (x+ y − 2)dy = (2y − 2)dx; 4. (xy′ − y) arctg
y

x
= 2x, y(1) = 0.

30.5. Ðåøèòü óðàâíåíèÿ, ïðè íåîáõîäèìîñòè ñâåäÿ èõ ê ëèíåéíûì

1. (1 + y2)
dy

dx
= arctg y − x; 2. y′ + x2y = x2;

3. y′ + 2xy = xe−x2
sinx, y(0) = 1.

30.6. Ðåøèòü óðàâíåíèå Áåðíóëëè

1. y′ = x3y3 − xy; 2. 3(xy′ + y) = y2 lnx, y(1) = 3.

30.7. Ðåøèòü óðàâíåíèå â ïîëíûõ äèôôåðåíöèàëàõ

1. (1 + x
√

x2 + y2)dx = (1− y
√

x2 + y2)dy; 2.
1 + xy

x2y
dx+

1− xy

xy2
dy = 0.

30.8. Íàéòè èíòåãðèðóþùèé ìíîæèòåëü è îáùåå ðåøåíèå óðàâíåíèÿ

y

x
dx+ (y3 − lnx)dy = 0.

30.9. Ðåøèòü óðàâíåíèÿ

1. (xy2 + x)dx+ (y3 − x3y3)dy = 0; 2. xy′ + y = y2; 3. (y2 − 3x2)dy + 2xy dx = 0;

4. y′ =
y

x
(1 + ln y − lnx); 5. xey

2
dx+ (x2yey

2
+ tg2 y)dy = 0.

30.10. Ðåøèòü óðàâíåíèÿ

1. (y′ + 1)3 = (y′ − y)2; 2. x = y′
√

(y′)2 + 1; 3. y = 2xy′ − 4(y′)3.

30.11. Â ìîìåíò âðåìåíè t = 0 èìååòñÿ x0 ïåðâè÷íîãî ðàäèîàêòèâíîãî âåùåñòâà ñ ïî-
ñòîÿííîé ðàñïàäà λ1, â ïðîöåññå ðàñïàäà êîòîðîãî îáðàçóåòñÿ âòîðè÷íîå ðàäèîàê-
òèâíîå âåùåñòâî ñ ïîñòîÿííîé ðàñïàäà λ2 ̸= λ1. Îïðåäåëèòü êîëè÷åñòâî íåðàñïàâ-
øèõñÿ ê ìîìåíòó âðåìåíè t âåùåñòâ.


