
Èíäèâèäóàëüíîå çàäàíèå Âàðèàíò � 1

Âåêòîðíûé àíàëèç

1.1. Íàéòè ïðîèçâîäíóþ ñêàëÿðíîãî ïîëÿ u(x, y, z) = 4 ln(3+x2)−8xyz â òî÷êåM(1, 1, 1)
ïî íàïðàâëåíèþ ïðîõîäÿùåé ÷åðåç ýòó òî÷êó íîðìàëè ê ïîâåðõíîñòè x2 − 2y2 +
2z2 = 1, îáðàçóþùåé îñòðûé óãîë ñ ïîëîæèòåëüíûì íàïðàâëåíèåì îñè Oz.

1.2. Íàéòè ãðàäèåíò è ëàïëàñèàí îò ôóíêöèé (c, r), ln |r| è |r|m, m ∈ Z, ãäå c �
ïîñòîÿííûé âåêòîð, à r � ðàäèóñ-âåêòîð òî÷êè.

1.3. Íàéòè âåêòîðíûå ëèíèè âåêòîðíûõ ïîëåé:

1) A = xi+ 2yj;

2) A = xi− yj − 2zk.

1.4. Îïðåäåëèòü çíà÷åíèå ïàðàìåòðà α, ïðè êîòîðîì âåêòîðíîå ïîëå

a = yi− αxj + ezk

áóäåò ïîòåíöèàëüíûì, è íàéòè åãî ñêàëÿðíûé ïîòåíöèàë.

1.5. Ïîêàçàòü, ÷òî âåêòîðíîå ïîëå A ÿâëÿåòñÿ ñîëåíîèäàëüíûì è íàéòè åãî âåêòîðíûé
ïîòåíöèàë, åñëè

A = 3y2i− 3x2j − (y2 + 2x)k.

1.6. Âû÷èñëèòü:

1) (∇, φ(r)r),

2) [∇, φ(r)r],

3) (a,∇)φ(r)r, ãäå a � ïîñòîÿííûé âåêòîð.

1.7. Âû÷èñëèòü ïðè φ = (d,r)
r3

:

1) grad div(φr), 2) rot rot(φr).

1.8. Âû÷èñëèòü ëàïëàñèàí ñëåäóþùèõ ñêàëÿðíûõ ïîëåé (r = xi+ yj + zk, r = |r|)

1) u =
q

r
, q = const;

2) u =
1

r
v(r),

åñëè â ïîñëåäíåì âûðàæåíèè ôóíêöèÿ v(r) � ãàðìîíè÷åñêàÿ ôóíêöèÿ.

1.9. Èñïîëüçóÿ ôîðìóëó Îñòðîãðàäñêîãî-Ãàóññà, íàéòè ïîòîê âåêòîðíîãî ïîëÿ

a = x3i+ y3j + z3k

÷åðåç âíåøíþþ ïîâåðõíîñòü êóáà |x| < a, |y| < a, |z| < a.

1.10. Íàéòè ïîòåíöèàë ýëåêòðîñòàòè÷åñêîãî ïîëÿ çàðÿæåííîãî øàðà, ðàäèóñ êîòîðîãî
r0, à ïëîòíîñòü çàðÿäà � ñôåðè÷åñêè ñèììåòðè÷íàÿ ôóíêöèÿ, ðàâíàÿ

ρ(r) = ρ0

(
r

r0

)α

, α > 0.



1.11. Âû÷èñëèòü ãðàäèåíòû ñêàëÿðíûõ ïîëåé:

1) u =

{
φ0 − πρ2, ρ ≤ a,

φ0 − πa2
(
1 + 2 ln ρ

a

)
, ρ ≥ a;

2) u = ρ+ z cosφ,

çàäàííûõ â öèëèíäðè÷åñêèõ êîîðäèíàòàõ ρ, φ, z.

1.12. Ïåðåéòè ê öèëèíäðè÷åñêèì êîîðäèíàòàì â âûðàæåíèè âåêòîðíîãî ïîëÿ

a = 12x2yzi+ 4x3zj + (4x3y − 2e2z)k

è íàéòè rota.

1.13. Âû÷èñëèòü ïîòîê âåêòîðíîãî ïîëÿ a = ρeρ− zeφ+cosφez, çàäàííîãî â öèëèíäðè-
÷åñêîé ñèñòåìå êîîðäèíàò (ρ, φ, z), ÷åðåç çàìêíóòóþ ïîâåðõíîñòü, îáðàçîâàííóþ
öèëèíäðîì ρ = 2 è ïëîñêîñòÿìè z = 0 è z = 2.

1.14. Ñïåöèàëüíàÿ ñèñòåìà êîîðäèíàò âûòÿíóòîãî ýëëèïñîèäà âðàùåíèÿ u, v, φ â R3

ñâÿçàíà ñ äåêàðòîâûìè êîîðäèíàòàìè x, y, z ôîðìóëàìè

x = a shu sin v cosφ, y = a shu sin v sinφ, z = a chu cos v,

0 ≤ u < +∞, 0 ≤ v ≤ π, 0 ≤ φ < 2π.

Íàéòè:

1) êîîðäèíàòíûå ëèíèè è êîîðäèíàòíûå ïîâåðõíîñòè ñèñòåìû êîîðäèíàò;

2) ëîêàëüíûé áàçèñ ñèñòåìû êîîðäèíàò;

3) êîýôôèöèåíòû Ëàìå;

4) âûðàæåíèå äëÿ ãðàäèåíòà â óêàçàííûõ êîîðäèíàòàõ.



Èíäèâèäóàëüíîå çàäàíèå Âàðèàíò � 2

Âåêòîðíûé àíàëèç

2.1. Íàéòè ïðîèçâîäíóþ ñêàëÿðíîãî ïîëÿ u(x, y, z) = x+ ln(z2 + y2) â òî÷êå M(2, 1, 1)
ïî íàïðàâëåíèþ âåêòîðà l = −2i+ j − k.

2.2. Âû÷èñëèòü äèâåðãåíöèþ, ðîòîð è ëàïëàñèàí âåêòîðíûõ ïîëåé c|r|, c ln |r|, c|r|m
è r|r|m, m ∈ Z, ãäå c � ïîñòîÿííûé âåêòîð, à r � ðàäèóñ-âåêòîð òî÷êè.

2.3. Íàéòè âåêòîðíûå ëèíèè âåêòîðíûõ ïîëåé:

1) A = xi+ yj + zk;

2) A = (x2 − y2 − z2)i+ 2xyj + 2xzk.

2.4. Îïðåäåëèòü çíà÷åíèå ïàðàìåòðà α, ïðè êîòîðîì âåêòîðíîå ïîëå

a = i+ e2zj + αye2zk

áóäåò ïîòåíöèàëüíûì, è íàéòè åãî ñêàëÿðíûé ïîòåíöèàë.

2.5. Ïîêàçàòü, ÷òî âåêòîðíîå ïîëå A ÿâëÿåòñÿ ñîëåíîèäàëüíûì è íàéòè åãî âåêòîðíûé
ïîòåíöèàë, åñëè

A = yezi+ zexj + xeyk.

2.6. Äîêàçàòü, ÷òî
(F ,∇)F + [F , rotF ] = 0

ïðè F 2 = const.

2.7. Âû÷èñëèòü ïðè φ = (d,r)
r3

:

1) rot rot(φr), 2) div gradφ.

2.8. Âû÷èñëèòü ∆a, ãäå

1) a = x3yi+ y3zj + z3xk,

2) a =
x

y
i+

y

z
j +

z

x
k.

2.9. Íàéòè ïî ôîðìóëå Ñòîêñà öèðêóëÿöèþ ïîëÿ a âäîëü êîíòóðà L, îðèåíòèðîâàííîãî
ïî ÷àñîâîé ñòðåëêå ïðè âçãëÿäå íà íåãî èç íà÷àëà êîîðäèíàò, åñëè

a = z2i+ x2j + y2k, L = {x2 + y2 + z2 = 1, x+ y + z = 1}.

2.10. Íàéòè ïîòåíöèàë ýëåêòðîñòàòè÷åñêîãî ïîëÿ çàðÿæåííîãî øàðà, ðàäèóñ êîòîðîãî
r0, à ïëîòíîñòü çàðÿäà � ñôåðè÷åñêè ñèììåòðè÷íàÿ ôóíêöèÿ, ðàâíàÿ

ρ(r) =
ρ0r0

r0 + αr
, α > 0.

2.11. Âû÷èñëèòü ãðàäèåíòû ñêàëÿðíûõ ïîëåé:

1) u = E0r cos θ

(
1− R3

r3

)
,

2) u = µ
cos θ

r2
,

çàäàííûõ â ñôåðè÷åñêèõ êîîðäèíàòàõ r, θ, φ.



2.12. Ïåðåéòè ê öèëèíäðè÷åñêèì êîîðäèíàòàì â âûðàæåíèè âåêòîðíîãî ïîëÿ

a = yezi+ zexj + xeyk

è íàéòè diva.

2.13. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë∫
L

(a, dl), L : φ =
π

4
, z = 0, 0 ≤ ρ ≤ 1

îò âåêòîðíîãî ïîëÿ a = 2ρ cosφeρ + ρφeφ + ρφez, çàäàííîãî â öèëèíäðè÷åñêèõ
êîîðäèíàòàõ (ρ, φ, z).

2.14. Ñïåöèàëüíàÿ ñèñòåìà êîîðäèíàò ñïëþñíóòîãî ýëëèïñîèäà âðàùåíèÿ u, v, φ â R3

ñâÿçàíà ñ äåêàðòîâûìè êîîðäèíàòàìè x, y, z ôîðìóëàìè

x = a chu sin v cosφ, y = a chu sin v sinφ, z = a shu cos v,

0 ≤ u < +∞, 0 ≤ v ≤ π, 0 ≤ φ < 2π.

Íàéòè:

1) êîîðäèíàòíûå ëèíèè è êîîðäèíàòíûå ïîâåðõíîñòè ñèñòåìû êîîðäèíàò;

2) ëîêàëüíûé áàçèñ ñèñòåìû êîîðäèíàò;

3) êîýôôèöèåíòû Ëàìå;

4) âûðàæåíèå äëÿ äèâåðãåíöèè â óêàçàííûõ êîîðäèíàòàõ.



Èíäèâèäóàëüíîå çàäàíèå Âàðèàíò � 3

Âåêòîðíûé àíàëèç

3.1. Íàéòè ïðîèçâîäíóþ ñêàëÿðíîãî ïîëÿ u = ln(x2 + y2) â òî÷êå M0(x0, y0) â íàïðàâ-
ëåíèè, ïåðïåíäèêóëÿðíîì ê ëèèíèè óðîâíÿ, ïðîõîäÿùåé ÷åðåç ýòó òî÷êó.

3.2. Ïóñòü â ïðîñòðàíñòâåííîé îáëàñòè D çàäàíà äèôôåðåíöèðóåìàÿ âåêòîðíàÿ ôóíê-
öèÿ a(r). Íàéòè ñêîðîñòü èçìåíåíèÿ ýòîé ôóíêöèè ïðè äâèæåíèè òî÷êè âäîëü
êðèâîé, çàäàííîé âåêòîðíûì óðàâíåíèåì r = r(t).

3.3. Íàéòè âåêòîðíûå ëèíèè âåêòîðíûõ ïîëåé:

1) A = xi+ 2yj;

2) ïîëÿ E =
qr

r3
òî÷å÷íîãî çàðÿäà q, ãäå r − ðàññòîÿíèå îò òî÷êè íàáëþäåíèÿ äî çàðÿäà.

3.4. Îïðåäåëèòü çíà÷åíèå ïàðàìåòðà α, ïðè êîòîðîì âåêòîðíîå ïîëå

a = yi+ (x− 2z)j + αyk

áóäåò ïîòåíöèàëüíûì, è íàéòè åãî ñêàëÿðíûé ïîòåíöèàë.

3.5. Ïîêàçàòü, ÷òî âåêòîðíîå ïîëå A ÿâëÿåòñÿ ñîëåíîèäàëüíûì è íàéòè åãî âåêòîðíûé
ïîòåíöèàë, åñëè

A = yi+ zj + xk.

3.6. Ïóñòü âåêòîð-ôóíêöèè a(r) è b(r) äèôôåðåíöèðóåìû, r = xi + yj + zk, r = |r|.
Äîêàçàòü, ÷òî:

1) ∇(a(r), r) = a(r) + (a′(r), r)
r

r
;

2) ∇(a(r), b(r)) = ((a′(r), b(r)) + (a(r), b′(r)))
r

r
.

3.7. Íàéòè div gradφ(r), r = xi+ yj + zk, r = |r|.

3.8. Ïîêàçàòü, ÷òî
∆(uv) = u∆v + v∆u+ 2(∇u,∇v).

3.9. Ïóñòü ïîëå u äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìî â Ω, G � îáëàñòü èç Ω òàêàÿ,
÷òî G ⊂ Ω è ãðàíèöà ∂G ÿâëÿåòñÿ ïîâåðõíîñòüþ óðîâíÿ ïîëÿ u. Äîêàçàòü, ÷òî∫∫∫

G

∆udv = ±
∫∫
∂G

|∇u|dσ,

ãäå ñëåäóåò âûáðàòü îäèí èç çíàêîâ. Îáúÿñíèòü âûáîð çíàêà.

3.10. Íàéòè ïîòåíöèàë ýëåêòðîñòàòè÷åñêîãî ïîëÿ çàðÿæåííîãî øàðà, ðàäèóñ êîòîðîãî
r0, à ïëîòíîñòü çàðÿäà � ñôåðè÷åñêè ñèììåòðè÷íàÿ ôóíêöèÿ, ðàâíàÿ

ρ(r) =
ρ0r

2
0

r20 + α2r2
, α > 0.



3.11. Âû÷èñëèòü ãðàäèåíòû ñêàëÿðíûõ ïîëåé:

1) u =
qa2

r3
(1− 3 cos2 θ),

2) u = 2πρ

(
R2 − 1

3
r2
)
,

çàäàííûõ â ñôåðè÷åñêèõ êîîðäèíàòàõ r, θ, φ.

3.12. Ïåðåéòè ê ñôåðè÷åñêèì êîîðäèíàòàì â âûðàæåíèè âåêòîðíîãî ïîëÿ

a = (y sin 2xy + z sin 2xz)i+ (x sin 2xy + 1)j + x sin 2xzk

è íàéòè rota.

3.13. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë∫
L

(a, dl), L : ρ = R, z = φ, 0 ≤ φ ≤ 2π

îò âåêòîðíîãî ïîëÿ a = ln ρ sinφeρ+ρ
2 sinφeφ+ρ

2ez, çàäàííîãî â öèëèíäðè÷åñêèõ
êîîðäèíàòàõ (ρ, φ, z).

3.14. Ñïåöèàëüíàÿ ñèñòåìà êîîðäèíàò ýëëèïòè÷åñêîãî öèëèíäðà u, v, z â R3 ñâÿçàíà ñ
äåêàðòîâûìè êîîðäèíàòàìè x, y, z ôîðìóëàìè

x = a chu cos v, y = a shu sin v, z = z,

0 ≤ u < +∞, 0 ≤ v ≤ 2π, −∞ < z < +∞.

Íàéòè:

1) êîîðäèíàòíûå ëèíèè è êîîðäèíàòíûå ïîâåðõíîñòè ñèñòåìû êîîðäèíàò;

2) ëîêàëüíûé áàçèñ ñèñòåìû êîîðäèíàò;

3) êîýôôèöèåíòû Ëàìå;

4) âûðàæåíèå äëÿ ðîòîðà â óêàçàííûõ êîîðäèíàòàõ.



Èíäèâèäóàëüíîå çàäàíèå Âàðèàíò � 4

Âåêòîðíûé àíàëèç

4.1. Íàéòè ïðîèçâîäíóþ ñêàëÿðíîãî ïîëÿ u(x, y, z) = x
√
y + y

√
z â òî÷êå M(2, 4, 4) ïî

íàïðàâëåíèþ ïðîõîäÿùåé ÷åðåç ýòó òî÷êó íîðìàëè ê ïîâåðõíîñòè 4z+2x2−y2 = 8,
îáðàçóþùåé îñòðûé óãîë ñ ïîëîæèòåëüíûì íàïðàâëåíèåì îñè Oz.

4.2. Íàéòè íàïðÿæåííîñòü ýëåêòðè÷åñêîãî ïîëÿ E, åñëè ðàñïðåäåëåíèå ïîòåíöèàëà φ
â ïðîñòðàíñòâå èìååò âèä:

1) φ = −Az2, 2) φ = k ln r, 3) φ =
(d, r)

r3
.

4.3. Ïî çàäàííîìó ïîòåíöèàëó ñêîðîñòåé ïëîñêîãî äâèæåíèÿ èäåàëüíîé íåñæèìàåìîé
æèäêîñòè áåç èñòî÷íèêîâ è ñòîêîâ íàéòè òðàåêòîðèè äâèæåíèÿ ÷àñòèö æèäêîñòè,
à òàêæå âåëè÷èíó è íàïðàâëåíèå ñêîðîñòè äâèæåíèÿ, åñëè

1) φ = x, 2) φ =
x

x2 + y2
.

4.4. Îïðåäåëèòü çíà÷åíèå ïàðàìåòðà α, ïðè êîòîðîì âåêòîðíîå ïîëå

a = αxzi+ 2yzj + (x2 + y2)k

áóäåò ïîòåíöèàëüíûì, è íàéòè åãî ñêàëÿðíûé ïîòåíöèàë.

4.5. Íàéòè òàêóþ äèôôåðåíöèðóåìóþ ôóíêöèþ f(r), ÷òîáû ïîëå A = f(r)r, r =
xi+ yj + zk, r = |r|, áûëî ñîëåíîèäàëüíûì.

4.6. Ïðîâåðèòü óêàçàííûå ðàâåíñòâà, èñïîëüçóÿ ñèìâîë ∇ è ïðàâèëà äåéñòâèÿ ñ íèì
(u, a, b � äèôôåðåíöèðóåìûå ñêàëÿðíîå è âåêòîðíûå ïîëÿ, c � ïîñòîÿííûé âåêòîð)

1) rot(ua) = u rota+ [gradu,a];

2) rot[a, b] = a div b− b diva+ (b,∇)a− (a,∇)b.

4.7. Â ÷àñòè ïðîñòðàíñòâà, ñâîáîäíîé îò èñòî÷íèêîâ, ìàãíèòíîå ïîëåH óäîâëåòâîðÿåò
óðàâíåíèÿì:

rotH = 0, divH = 0.

Ïîêàçàòü, ÷òî îòñþäà ñëåäóåò

H = − gradφ, ∆φ = 0,

ãäå φ � ïîòåíöèàë ïîëÿ H .

4.8. Ïðîâåðèòü, ÿâëÿþòñÿ ëè ñëåäóþùèå ñêàëÿðíûå ïîëÿ ãàðìîíè÷åñêèìè:

1) u = x2 + 2xy − y2,

2) u = x2y + y2z + z2x,

3) u = ln(x2 − y2).

4.9. Èñïîëüçóÿ ôîðìóëó Îñòðîãðàäñêîãî-Ãàóññà, íàéòè ïîòîê âåêòîðíîãî ïîëÿ

a = (z − y)i+ (x− z)j + (y − x)k

÷åðåç ïîëíóþ âíåøíþþ ïîâåðõíîñòü òåòðàýäðà, îãðàíè÷åííîãî ïëîñêîñòÿìè x +
y + z = 1, x+ y − z = 1, y = 0, x = 0.



4.10. Âû÷èñëèòü îáúåìíûé ïîòåíöèàë øàðà ðàäèóñà r0, åñëè çàðÿä âíóòðè øàðà ðàñ-
ïðåäåëåí ñî ñôåðè÷åñêè ñèììåòðè÷íîé ïëîòíîñòüþ

ρ(r) = ρ0e
−αr

r0 , α > 0,

ãäå r =
√
x2 + y2 + z2.

4.11. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðîâ:

1) a =
2 cos θ

r2
er + sin θeθ,

2) a =
cosφ

r
er + φeφ − 2

r
eθ,

çàäàííûõ â ñôåðè÷åñêèõ êîîðäèíàòàõ r, θ, φ.

4.12. Ïåðåéòè ê ñôåðè÷åñêèì êîîðäèíàòàì â âûðàæåíèè âåêòîðíîãî ïîëÿ

a = 2yi− zj + 2xk

è íàéòè diva.

4.13. Âû÷èñëèòü ïîòîê âåêòîðíîãî ïîëÿ a = ρeρ + φeφ − zez, çàäàííîãî â öèëèíäðè-
÷åñêîé ñèñòåìå êîîðäèíàò (ρ, φ, z), ÷åðåç çàìêíóòóþ ïîâåðõíîñòü, îáðàçîâàííóþ
öèëèíäðîì ρ = 1, ïîëóïëîñêîñòÿìè φ = 0, φ = π/2 è ïëîñêîñòÿìè z = 1, z = −1.

4.14. Ïàðàáîëè÷åñêèå êîîðäèíàòû σ, τ , φ â R3 ñâÿçàíû ñ äåêàðòîâûìè êîîðäèíàòàìè
x, y, z ôîðìóëàìè

x = στ cosφ, y = στ sinφ, z =
1

2
(τ 2 − σ2),

0 ≤ σ < +∞, 0 ≤ τ < +∞, 0 ≤ φ < 2π.

Íàéòè:

1) êîîðäèíàòíûå ëèíèè è êîîðäèíàòíûå ïîâåðõíîñòè ñèñòåìû êîîðäèíàò;

2) ëîêàëüíûé áàçèñ ñèñòåìû êîîðäèíàò;

3) êîýôôèöèåíòû Ëàìå;

4) âûðàæåíèå äëÿ ãðàäèåíòà â óêàçàííûõ êîîðäèíàòàõ.



Èíäèâèäóàëüíîå çàäàíèå Âàðèàíò � 5

Âåêòîðíûé àíàëèç

5.1. Íàéòè ïðîèçâîäíóþ ñêàëÿðíîãî ïîëÿ u(x, y, z) = x2y−
√
xy + z2 â òî÷êåM(1, 5,−2)

ïî íàïðàâëåíèþ âåêòîðà l = 2j − 2k.

5.2. Íàéòè íàïðÿæåííîñòü ýëåêòðè÷åñêîãî ïîëÿ E, åñëè ðàñïðåäåëåíèå ïîòåíöèàëà φ
â ïðîñòðàíñòâå èìååò âèä:

1) φ = − q

x
, 2) φ = Aeax, 3) φ = q

e−r/a

r
.

5.3. Ïî çàäàííîìó ïîòåíöèàëó ñêîðîñòåé ïëîñêîãî äâèæåíèÿ èäåàëüíîé íåñæèìàåìîé
æèäêîñòè áåç èñòî÷íèêîâ è ñòîêîâ íàéòè òðàåêòîðèè äâèæåíèÿ ÷àñòèö æèäêîñòè,
à òàêæå âåëè÷èíó è íàïðàâëåíèå ñêîðîñòè äâèæåíèÿ, åñëè

1) φ = x, 2) φ = x+
x

x2 + y2
.

5.4. Îïðåäåëèòü çíà÷åíèå ïàðàìåòðà α, ïðè êîòîðîì âåêòîðíîå ïîëå

a = y3/2i+ αxy1/2j + 2zk

áóäåò ïîòåíöèàëüíûì, è íàéòè åãî ñêàëÿðíûé ïîòåíöèàë.

5.5. Íàéòè âåêòîðíûé ïîòåíöèàë ìàãíèòíîãî ïîëÿ áåñêîíå÷íîãî ïðÿìîãî ïðîâîäíèêà
ïîñòîÿííîãî òîêà I (îñü Oz íàïðàâëåíà ïî ïðîâîäíèêó)

H = 2I
−yi+ xj

x2 + y2
.

5.6. Ïðîâåðèòü óêàçàííûå ðàâåíñòâà, èñïîëüçóÿ ñèìâîë ∇ è ïðàâèëà äåéñòâèÿ ñ íèì
(u, a, b � äèôôåðåíöèðóåìûå ñêàëÿðíîå è âåêòîðíûå ïîëÿ, c � ïîñòîÿííûé âåêòîð)

1) rot[c,a] = c diva− (c,∇)a;

2) div[a, b] = (b, rota)− (a, rot b).

5.7. Äîêàçàòü ðàâåíñòâà

1) [∇, ua] = [∇u,a] + u[∇,a];

2) (∇, [a, b]) = (b, [∇,a])− (a, [∇, b]).

5.8. Ïðîâåðèòü, ÿâëÿþòñÿ ëè ñëåäóþùèå ñêàëÿðíûå ïîëÿ ãàðìîíè÷åñêèìè:

1) u =
z

(x2 + y2 + z2)3/2
,

2) u = ln(2z + y),

3) u = ln(x2 − y2).

5.9. Èñïîëüçóÿ ôîðìóëó Ñòîêñà, âû÷èñëèòü ïîâåðõíîñòíûé èíòåãðàë∫∫
S

(rota,n)dσ,

ãäå a = yi+ zj+xk, à ïîâåðõíîñòü èíòåãðèðîâàíèÿ S åñòü ñå÷åíèå öèëèíäðà x2+
y2 = 4 ïëîñêîñòüþ y+z = 2. Åäèíè÷íûé âåêòîð íîðìàëè n èìååò íåîòðèöàòåëüíóþ
ïðîåêöèþ íà îñü Oz.



5.10. Âû÷èñëèòü îáúåìíûé ïîòåíöèàë øàðà ðàäèóñà r0, åñëè çàðÿä âíóòðè øàðà ðàñ-
ïðåäåëåí ñî ñôåðè÷åñêè ñèììåòðè÷íîé ïëîòíîñòüþ

ρ(r) = ρ0 sh
αr

r0
, α > 0,

ãäå r =
√
x2 + y2 + z2.

5.11. Âû÷èñëèòü ðîòîð îñåñèììåòðè÷íûõ ïîëåé:

1) a = aρ(ρ, z)eρ + az(ρ, z)ez,

2) a = ρ2zeρ − ρz2ez.

5.12. Ïåðåéòè ê öèëèíäðè÷åñêèì êîîðäèíàòàì â âûðàæåíèè âåêòîðíîãî ïîëÿ

a = (2x sin y − y sinx)i+ (x2 cos y − z + cosx)j − yk

è íàéòè rota.

5.13. Âû÷èñëèòü ïîòîê âåêòîðíîãî ïîëÿ a = r2θer + reθeθ, çàäàííîãî â ñôåðè÷åñêîé
ñèñòåìå êîîðäèíàò (r, θ, φ), ÷åðåç âíåøíþþ ñòîðîíó âåðõíåé ïîëóñôåðû ðàäèóñà
R ñ öåíòðîì â íà÷àëå êîîðäèíàò.

5.14. Êîîðäèíàòû ïàðàáîëè÷åñêîãî öèëèíäðà σ, τ , z â R3 ñâÿçàíû ñ äåêàðòîâûìè êîîð-
äèíàòàìè x, y, z ôîðìóëàìè

x = στ, y =
1

2
(τ 2 − σ2), z = z,

−∞ < σ < +∞, 0 ≤ τ < +∞2π, −∞ < z < +∞.

Íàéòè:

1) êîîðäèíàòíûå ëèíèè è êîîðäèíàòíûå ïîâåðõíîñòè ñèñòåìû êîîðäèíàò;

2) ëîêàëüíûé áàçèñ ñèñòåìû êîîðäèíàò;

3) êîýôôèöèåíòû Ëàìå;

4) âûðàæåíèå äëÿ äèâåðãåíöèè â óêàçàííûõ êîîðäèíàòàõ.



Èíäèâèäóàëüíîå çàäàíèå Âàðèàíò � 6

Âåêòîðíûé àíàëèç

6.1. Íàéòè ïðîèçâîäíóþ ñêàëÿðíîãî ïîëÿ u = xyz â òî÷êåM0(1,−1, 1) ïî íàïðàâëåíèþ
îò òî÷êè M0 ê òî÷êå M1(2, 3, 1).

6.2. Íàéòè ãðàäèåíò ñêàëÿðíîé ôóíêöèè φ:

1) φ = r3(c, r), 2) φ = ((a, r)) sin(b, r)), 3) φ = (r, [ar, b]).

6.3. Ìàãíèòíîå ïîëå ïðÿìîãî áåñêîíå÷íîãî ïðîâîäíèêà ïîñòîÿííîãî òîêà I(I > 0) çàäà-
åòñÿ êàê ïîëå âåêòîðà íàïðÿæåííîñòè H . Åñëè îñü Oz ñîâìåñòèòü ñ ïðîâîäíèêîì
ïî íàïðàâëåíèþ òîêà, òî

H = 2I
−yi+ xj

x2 + y2
.

Íàéòè âåêòîðíûå ëèíèè íàïðÿæåííîñòè ìàãíèòíîãî ïîëÿ.

6.4. Îïðåäåëèòü çíà÷åíèå ïàðàìåòðà α, ïðè êîòîðîì âåêòîðíîå ïîëå

a = αzi− 4e−yj + xk

áóäåò ïîòåíöèàëüíûì, è íàéòè åãî ñêàëÿðíûé ïîòåíöèàë.

6.5. Ýëåêòðè÷åñêèé çàðÿä q, äâèæóùèéñÿ ñ ïîñòîÿííîé ñêîðîñòüþ v, ñîçäàåò â ïðî-
ñòðàíñòâå (âàêóóìå) â ôèêñèðîâàííûé ìîìåíò âðåìåíè ìàãíèòíîå ïîëå íàïðÿ-
æåííîñòè

H(M) =
[qv, r]

4πr3
,

ãäå r � âåêòîð ñ íà÷àëîì â çàðÿäå, à êîíöîì â M , r = |r|. Íàéòè âåêòîðíûé
ïîòåíöèàë ýòîãî ïîëÿ.

6.6. Ïîëó÷èòü ôîðìóëû:

1) ∇(∇, uc) = (c,∇)∇u, c = const;

2) ∇(∇, uA) = u∇(∇,A) + (∇,A)∇u+ [∇u, [∇,A]] + (A,∇)∇u+ (∇u,∇)A;

3) [∇, [∇u, c]] = (c,∇)∇u− c∆u.

6.7. Äîêàçàòü ðàâåíñòâà

1) [∇, [∇,a]] = ∇(∇,a)−∆a;

2) [∇, [a, b]] = (a,∇)b+ (b,∇)a+ a(∇, b)− b(∇,a).

6.8. Íàéòè

1) âñå ãàðìîíè÷åñêèå ïîëÿ, çàâèñÿùèå òîëüêî îò x;

2) âñå ðåøåíèÿ óðàâíåíèÿ Ïóàññîíà ∆u = xn−2, çàâèñÿùèå òîëüêî îòx.

6.9. Ïóñòü u è a � íåïðåðûâíî äèôôåðåíöèðóåìûå ïîëÿ â Ω, G � îáëàñòü èç Ω, G ⊂ Ω,
∂G � êóñî÷íî-ãëàäêàÿ ïîâåðõíîñòü, îðèåíòèðîâàííàÿ âíåøíåé íîðìàëüþ. Äîêà-
çàòü, ÷òî ∫∫

∂G

(ua,n)dσ =

∫∫∫
G

(u(∇,a) + (a,∇u))dv.



6.10. Â øàðå, ðàäèóñ êîòîðîãî r0, ðàñïðåäåëåí çàðÿä ñî ñôåðè÷åñêè ñèììåòðè÷íîé ïëîò-

íîñòüþ ρ(r) = ρ0

(
k − r

r0

)
. Ñóùåñòâóþò ëè çíà÷åíèÿ k òàêèå, ÷òî ýëåêòðè÷åñêîå

ïîëå âíå øàðà ðàâíî íóëþ? Êàêîâ ïîòåíöèàë øàðà â ýòîì ñëó÷àå?

6.11. Âû÷èñëèòü ðîòîð ïîëåé:

1) a = sinφeρ +
cosφ

ρ
eφ − ρzez,

2) a =
cos θ

r3
er +

sin θ

r3
eθ.

6.12. Ïåðåéòè ê öèëèíäðè÷åñêèì êîîðäèíàòàì â âûðàæåíèè âåêòîðíîãî ïîëÿ

a = yex
2

i+ 2yzj − (2xyzex
2

+ z2)k

è íàéòè diva.

6.13. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë∫
L

(a, dl), L : r = 1, φ = 0, 0 ≤ θ ≤ π

îò âåêòîðíîãî ïîëÿ a = r sin θer +3θ2eθ +φρeφ, çàäàííîãî â ñôåðè÷åñêèõ êîîðäè-
íàòàõ (r, θ, φ).

6.14. Áèöèëèíäðè÷åñêèå êîîðäèíàòû σ, τ , z â R3 ñâÿçàíû ñ äåêàðòîâûìè êîîðäèíàòàìè
x, y, z ôîðìóëàìè

x =
a sh τ

ch τ − cosσ
, y =

a sinσ

ch τ − cosσ
, z = z,

0 ≤ σ < 2π, −∞ < τ < +∞, −∞ < z < +∞.

Íàéòè:

1) êîîðäèíàòíûå ëèíèè è êîîðäèíàòíûå ïîâåðõíîñòè ñèñòåìû êîîðäèíàò;

2) ëîêàëüíûé áàçèñ ñèñòåìû êîîðäèíàò;

3) êîýôôèöèåíòû Ëàìå;

4) âûðàæåíèå äëÿ ðîòîðà â óêàçàííûõ êîîðäèíàòàõ.



Èíäèâèäóàëüíîå çàäàíèå Âàðèàíò � 7

Âåêòîðíûé àíàëèç

7.1. Íàéòè ïðîèçâîäíóþ ñêàëÿðíîãî ïîëÿ u(x, y, z) = x2y/4−
√
x2 + 5z2 â òî÷êåM(−2, 1/2, 1)

ïî íàïðàâëåíèþ ïðîõîäÿùåé ÷åðåç ýòó òî÷êó íîðìàëè ê ïîâåðõíîñòè z2 = x2 +
4y2 − 4, îáðàçóþùåé îñòðûé óãîë ñ ïîëîæèòåëüíûì íàïðàâëåíèåì îñè Oz.

7.2. Íàéòè ãðàäèåíò ñêàëÿðíîé ôóíêöèè φ:

1) φ =
e(a,r)

r
, 2) φ =

(a, r)3

r2
, 3) φ =

sin r

r
.

7.3. Íàéòè âåêòîðíûå ëèíèè âåêòîðíûõ ïîëåé:

1) A = xi+ 2yj + zk;

2) A = (b, r)c, ãäå b, c � ïîñòîÿííûå âåêòîðû,

ãäå r = xi+ yj + zk.

7.4. Îïðåäåëèòü çíà÷åíèå ïàðàìåòðà α, ïðè êîòîðîì âåêòîðíîå ïîëå

a = zex+yi− αzex+yj + ex+yk

áóäåò ïîòåíöèàëüíûì, è íàéòè åãî ñêàëÿðíûé ïîòåíöèàë.

7.5. Ïîêàçàòü, ÷òî âåêòîðíîå ïîëå A ÿâëÿåòñÿ ñîëåíîèäàëüíûì è íàéòè åãî âåêòîðíûé
ïîòåíöèàë, åñëè

A = 2yi− zj + 2xk.

7.6. Ïîêàçàòü, ÷òî

1) div[∇u,∇v] = 0;

2) âåêòîðûA = u∇v è rotA ïåðïåíäèêóëÿðíû.

7.7. Äîêàçàòü ðàâåíñòâà

1) ∆(uv) = u∆v + v∆u+ 2(∇u,∇v);

2) ∇(a, b) = (a,∇)b+ (b,∇)a+ [a, rot b] + [b, rota].

7.8. Ïîêàçàòü, ÷òî

1) ∆f(φ) = f ′(φ)∆φ+ f ′′(φ)(∇φ)2;

2) ∆φα = αφα−2[φ∆φ+ (α− 1)(∇φ)2].

7.9. Èñïîëüçóÿ ôîðìóëó Îñòðîãðàäñêîãî-Ãàóññà, íàéòè ïîòîê âåêòîðíîãî ïîëÿ

a = y2zi− yz2j + x(y2 + z2)k

÷åðåç ïîëíóþ âíåøíþþ ïîâåðõíîñòü öèëèíäðà y2 + z2 ≤ a2, 0 ≤ x ≤ a.

7.10. Íàéòè ïîòåíöèàë ýëåêòðîñòàòè÷åñêîãî ïîëÿ çàðÿæåííîãî øàðà, ðàäèóñ êîòîðîãî
r0, à ïëîòíîñòü çàðÿäà � ñôåðè÷åñêè ñèììåòðè÷íàÿ ôóíêöèÿ, ðàâíàÿ

ρ(r) =
ρ0r0r

r20 + α2r2
, α > 0.



7.11. Âû÷èñëèòü ðîòîð ïîëåé:

1) a = rer + (b+ r) sin θeφ,

2) a = (2r + b cos θ)er − b sin θeθ + r cos θeφ.

7.12. Ïåðåéòè ê ñôåðè÷åñêèì êîîðäèíàòàì â âûðàæåíèè âåêòîðíîãî ïîëÿ

a =

(√
x+

1

y

)
i+

1− x

y2
j + (2− 3z2)k

è íàéòè rota.

7.13. Âû÷èñëèòü ïîòîê âåêòîðíîãî ïîëÿ a = 2 cos θ
r3

er +
sin θ
r3

eθ, çàäàííîãî â ñôåðè÷åñêîé
ñèñòåìå êîîðäèíàò (r, θ, φ), ÷åðåç âíåøíþþ ñòîðîíó ñôåðû ðàäèóñà R ñ öåíòðîì
â íà÷àëå êîîðäèíàò.

7.14. Òîðîèäàëüíûå êîîðäèíàòû σ, τ , φ â R3 ñâÿçàíû ñ äåêàðòîâûìè êîîðäèíàòàìè x,
y, z ôîðìóëàìè

x =
a sh τ cosφ

ch τ − cosσ
, y =

a sh τ sinφ

ch τ − cosσ
, z =

a sinσ

ch τ − cosσ
,

−π ≤ σ ≤ π, 0 ≤ τ < +∞, 0 ≤ φ < 2π.

Íàéòè:

1) êîîðäèíàòíûå ëèíèè è êîîðäèíàòíûå ïîâåðõíîñòè ñèñòåìû êîîðäèíàò;

2) ëîêàëüíûé áàçèñ ñèñòåìû êîîðäèíàò;

3) êîýôôèöèåíòû Ëàìå;

4) âûðàæåíèå äëÿ ãðàäèåíòà â óêàçàííûõ êîîðäèíàòàõ.



Èíäèâèäóàëüíîå çàäàíèå Âàðèàíò � 8

Âåêòîðíûé àíàëèç

8.1. Íàéòè ïðîèçâîäíóþ ñêàëÿðíîãî ïîëÿ u(x, y, z) = y ln(1 + x2) − arctg z â òî÷êå
M(0, 1, 1) ïî íàïðàâëåíèþ âåêòîðà l = 2i− 3j − 2k.

8.2. Íàéòè äèâåðãåíöèþ è ðîòîð âåêòîðíîãî ïîëÿ A(r):

1) A = r(a, r)n, n ∈ Z, 2) A = [a, r] tg r2, 3) A =
[a
r
, (r, b)c

]
,

ãäå a, b, c � ïîñòîÿííûå âåêòîðû.

8.3. Íàéòè âåêòîðíûå ëèíèè âåêòîðíûõ ïîëåé:

1) A = f(r)r;

2) A = [c, r], c = const,

ãäå r = xi+ yj + zk, r = |r|.

8.4. Îïðåäåëèòü çíà÷åíèå ïàðàìåòðà α, ïðè êîòîðîì âåêòîðíîå ïîëå

a =
2xy√
1 + x2

i− α
√
1 + x2j + k

áóäåò ïîòåíöèàëüíûì, è íàéòè åãî ñêàëÿðíûé ïîòåíöèàë.

8.5. Ïîêàçàòü, ÷òî âåêòîðíîå ïîëå A ÿâëÿåòñÿ ñîëåíîèäàëüíûì è íàéòè åãî âåêòîðíûé
ïîòåíöèàë, åñëè

A = yex
2

i+ 2yzj −
(
2xyzex

2

+ z2
)
k.

8.6. Âû÷èñëèòü [∇, [c, f(r)r]], ãäå c � ïîñòîÿííûé âåêòîð, r = |r| � äëèíà ðàäèóñ-
âåêòîðà r, à ôóíêöèÿ f(r) äèôôåðåíöèðóåìà.

8.7. Çàïèñàòü âûðàæåíèÿ äëÿ ∇u è ∇2u äëÿ öåíòðàëüíûõ (ñôåðè÷åñêèõ) è îñåâûõ
(öèëèíäðè÷åñêèõ) ñêàëÿðíûõ ïîëåé u = u(r) ñîîòâåòñòâåííî â ñôåðè÷åñêèõ è
öèëèíäðè÷åñêèõ êîîðäèíàòàõ.

8.8. Ïîêàçàòü, ÷òî

1) ∆ lnφ =
∆φ

φ
−
(
∇φ

φ

)2

;

2) ∆eφ = eφ[∆φ+ (∇φ)2].

8.9. Èñïîëüçóÿ ôîðìóëó Ñòîêñà, âû÷èñëèòü ïîâåðõíîñòíûé èíòåãðàë∫∫
S

(rota,n)dσ,

ãäå a = xzi − yj + xyk, à ïîâåðõíîñòü èíòåãðèðîâàíèÿ S åñòü òðåóãîëüíèê ñ
âåðøèíàìè (1, 0, 0), (0, 1, 0), (0, 0, 1). Åäèíè÷íûé âåêòîð íîðìàëè n èìååò íåîòðè-
öàòåëüíóþ ïðîåêöèþ íà îñü Oz.



8.10. Âû÷èñëèòü îáúåìíûé ïîòåíöèàë øàðà ðàäèóñà r0, åñëè çàðÿä âíóòðè øàðà ðàñ-
ïðåäåëåí ñî ñôåðè÷åñêè ñèììåòðè÷íîé ïëîòíîñòüþ

ρ(r) = ρ0 cos
αr

r0
, α > 0,

ãäå r =
√
x2 + y2 + z2.

8.11. Íàéòè ãðàäèåíòû ñêàëÿðíûõ ïîëåé:

1) u(ρ, φ, z) = ρ2 + 2ρ cosφ− ez sinφ;

2) u(r, θ, φ) = r2 cos θ.

8.12. Ïåðåéòè ê ñôåðè÷åñêèì êîîðäèíàòàì â âûðàæåíèè âåêòîðíîãî ïîëÿ

a = x(z2 − y2)i+ y(x2 − z2)j + z(y2 − x2)k

è íàéòè diva.

8.13. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë∫
L

(a, dl), L : φ = π, θ =
π

4
, 0 ≤ r ≤ 1

îò âåêòîðíîãî ïîëÿ a = 3r2 tg φ
4
er + θφeθ + sin2 φeφ, çàäàííîãî â ñôåðè÷åñêèõ

êîîðäèíàòàõ (r, θ, φ).

8.14. Áèïîëÿðíûå êîîðäèíàòû σ, τ , φ â R3 ñâÿçàíû ñ äåêàðòîâûìè êîîðäèíàòàìè x, y,
z ôîðìóëàìè

x =
a sinσ cosφ

ch τ − cosσ
, y =

a sinσ sinφ

ch τ − cosσ
, z =

a sh τ

ch τ − cosσ
,

−∞ < τ < +∞, 0 ≤ σ < π, 0 ≤ φ < 2π.

Íàéòè:

1) êîîðäèíàòíûå ëèíèè è êîîðäèíàòíûå ïîâåðõíîñòè ñèñòåìû êîîðäèíàò;

2) ëîêàëüíûé áàçèñ ñèñòåìû êîîðäèíàò;

3) êîýôôèöèåíòû Ëàìå;

4) âûðàæåíèå äëÿ äèâåðãåíöèè â óêàçàííûõ êîîðäèíàòàõ.



Èíäèâèäóàëüíîå çàäàíèå Âàðèàíò � 9

Âåêòîðíûé àíàëèç

9.1. Âû÷èñëèòü ïðîèçâîäíóþ ñêàëÿðíîãî ïîëÿ u = arctg(xy) â òî÷êå M0(1, 1), ïðèíàä-
ëåæàùåé ïàðàáîëå y = x2, ïî íàïðàâëåíèþ ýòîé êðèâîé (â íàïðàâëåíèè âîçðàñòà-
íèÿ àáñöèññû).

9.2. Íàéòè äèâåðãåíöèþ è ðîòîð âåêòîðíîãî ïîëÿ A(r):

1) A = c sin(k, r), 2) A = [a, r] cos
1

r
, 3) A =

[a, r]

(a, r)
,

ãäå a, k, c � ïîñòîÿííûå âåêòîðû.

9.3. Íàéòè âåêòîðíûå ëèíèè âåêòîðíûõ ïîëåé:

1) A = xi+ yj + zk;

2) A = a1i+ a2j + a3k, ãäå a1, a2, a3 = const.

9.4. Îïðåäåëèòü çíà÷åíèå ïàðàìåòðà α, ïðè êîòîðîì âåêòîðíîå ïîëå

a = − x√
1 + x2

i+
αy3z√
1 + y4

j +
√

1 + y4k

áóäåò ïîòåíöèàëüíûì, è íàéòè åãî ñêàëÿðíûé ïîòåíöèàë.

9.5. Ïîêàçàòü, ÷òî âåêòîðíîå ïîëå A ÿâëÿåòñÿ ñîëåíîèäàëüíûì è íàéòè åãî âåêòîðíûé
ïîòåíöèàë, åñëè

A = x(z2 − y2)i+ y(x2 − z2)j + z(y2 − x2)k.

9.6. Ïîêàçàòü, ÷òî äëÿ ïðîèçâîäíîé (b,∇)a âåêòîðíîãî ïîëÿ a ïî íàïðàâëåíèþ âåê-
òîðíîãî ïîëÿ b âûïîëíÿåòñÿ ðàâåíñòâî

2(b,∇)a = [∇, [a, b]] +∇(a, b)− a(∇, b) + b(∇,a)− [a, [∇, b]]− [b, [∇,a]].

9.7. Â ýëåêòðîäèíàìèêå ïîêàçûâàåòñÿ, ÷òî íàïðÿæåííîñòü E ýëåêòðè÷åñêîãî ïîëÿ ñ
ïëîòíîñòüþ ρ îáúåìíîãî çàðÿäà q â êàæäîé òî÷êå îáëàñòè Ω ïîëÿ óäîâëåòâîðÿåò
óðàâíåíèÿì Ìàêñâåëëà äëÿ ýëåêòðîñòàòè÷åñêîãî ïîëÿ

divE =
4π

ε
ρ, rotE = 0.

Íàéòè ïîëå E.

9.8. Ïîêàçàòü, ÷òî åñëè ôóíêöèÿ ψ ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ ∆ψ+ k2ψ = 0 è a �
íåêîòîðûé ïîñòîÿííûé âåêòîð, òî âåêòîðíûå ôóíêöèè

F 1 = gradψ, F 2 = rot(aψ), F 3 = rotF 2

óäîâëåòâîðÿþò óðàâíåíèþ ∆F + k2F = 0.

9.9. Ïóñòü îãðàíè÷åííàÿ îáëàñòü G èìååò êóñî÷íî-ãëàäêóþ ãðàíèöó ∂G, ôóíêöèÿ u,
îïðåäåëåííàÿ â G, ãàðìîíè÷íà â G, à gradu íåïðåðûâåí â G. Äîêàçàòü, ÷òî∫∫

∂G

∂u

∂n
dσ = 0,

ãäå n � íîðìàëü ê ∂G.



9.10. Âû÷èñëèòü îáúåìíûé ïîòåíöèàë øàðà ðàäèóñà r0, åñëè çàðÿä âíóòðè øàðà ðàñ-
ïðåäåëåí ñî ñôåðè÷åñêè ñèììåòðè÷íîé ïëîòíîñòüþ

ρ(r) = ρ0
r0
r
sin

αr

r0
, α > 0,

ãäå r =
√
x2 + y2 + z2.

9.11. Íàéòè äèâåðãåíöèè âåêòîðíûõ ïîëåé:

1) a(ρ, φ, z) = φ arctg ρeρ + 2eφ − z2ezez (ρ, φ, z � öèëèíäðè÷åñêèå êîîðäèíàòû);

2) a(r, θ, φ) =
2 cos θ

r3
er +

sin θ

r3
eθ (r, θ, φ � ñôåðè÷åñêèå êîîðäèíàòû).

9.12. Ïåðåéòè ê öèëèíäðè÷åñêèì êîîðäèíàòàì â âûðàæåíèè âåêòîðíîãî ïîëÿ

a =
i+ j + k

x+ y + z

è íàéòè rota.

9.13. Âû÷èñëèòü öèðêóëÿöèþ âåêòîðíîãî ïîëÿ a ïî çàäàííîìó êîíòóðó L

a = ρ sinφeρ + 2ρφeφ + zφez, L : ρ = 1, z = 0, φ = 0, φ =
π

2
.

9.14. Âûòÿíóòûå ñôåðîèäàëüíûå êîîðäèíàòû λ, µ, φ â R3 ñâÿçàíû ñ äåêàðòîâûìè êî-
îðäèíàòàìè x, y, z ôîðìóëàìè

x = cλµ, y = c
√

(λ2 − 1)(1− µ2) cosφ, z = c
√

(λ2 − 1)(1− µ2) sinφ.

Íàéòè:

1) êîîðäèíàòíûå ëèíèè è êîîðäèíàòíûå ïîâåðõíîñòè ñèñòåìû êîîðäèíàò;

2) ëîêàëüíûé áàçèñ ñèñòåìû êîîðäèíàò;

3) êîýôôèöèåíòû Ëàìå;

4) âûðàæåíèå äëÿ ðîòîðà â óêàçàííûõ êîîðäèíàòàõ.



Èíäèâèäóàëüíîå çàäàíèå Âàðèàíò � 10

Âåêòîðíûé àíàëèç

10.1. Íàéòè ïðîèçâîäíóþ ñêàëÿðíîãî ïîëÿ u(x, y, z) = xz2 −
√
x3y â òî÷êå M(2, 2, 4) ïî

íàïðàâëåíèþ ïðîõîäÿùåé ÷åðåç ýòó òî÷êó íîðìàëè ê ïîâåðõíîñòè x2−y2−3z+12 =
0, îáðàçóþùåé îñòðûé óãîë ñ ïîëîæèòåëüíûì íàïðàâëåíèåì îñè Oz.

10.2. Íàéòè äèâåðãåíöèþ è ðîòîð âåêòîðíîãî ïîëÿ A:

1) A = ce(k,r), 2) A = [a, r] sin r, 3) A =
r

r
e(c,r).

10.3. Íàéòè âåêòîðíûå ëèíèè âåêòîðíûõ ïîëåé:

1) A = xi+ zk;

2) A = x3i+ y2j.

10.4. Îïðåäåëèòü çíà÷åíèå ïàðàìåòðà α, ïðè êîòîðîì âåêòîðíîå ïîëå

a = z3i− j + αxz2k

áóäåò ïîòåíöèàëüíûì, è íàéòè åãî ñêàëÿðíûé ïîòåíöèàë.

10.5. Ïîêàçàòü, ÷òî âåêòîðíîå ïîëå A ÿâëÿåòñÿ ñîëåíîèäàëüíûì è íàéòè åãî âåêòîðíûé
ïîòåíöèàë, åñëè

A = (1 + 2xy)i− y2zj + (z2y − 2zy + 1)k.

10.6. Äîêàçàòü ôîðìóëû

(a(r),∇)r = a(r), ∇
(
(c, r)

r3

)
= −[∇,

[c, r]

r3
],

ãäå a(r) � âåêòîðíàÿ ôóíêöèÿ ðàäèóñ-âåêòîðà r òî÷êè, r = |r| è c � ïîñòîÿííûé
âåêòîð.

10.7. Çàïèñàòü ôîðìóëó Îñòðîãðàäñêîãî-Ãàóññà äëÿ âåêòîðà gradφ. Ïîëüçóÿñü ïîëó-
÷åííûì ñîîòíîøåíèåì, ïîêàçàòü, ÷òî åñëè φ � ãàðìîíè÷åñêàÿ ôóíêöèÿ â îáëàñòè
Ω, îãðàíè÷åííîé ïîâåðõíîñòüþ S, òî∫∫

S

∂φ

∂n
dσ = 0.

10.8. Âû÷èñëèòü ëàïëàñèàí âåêòîðíîãî ïîëÿ

1) a =
[µ, r]

r2
,

2) a = f(r),

ãäå µ � ïîñòîÿííûé âåêòîð.

10.9. Èñïîëüçóÿ ôîðìóëó Îñòðîãðàäñêîãî-Ãàóññà, íàéòè ïîòîê âåêòîðíîãî ïîëÿ

a = 2xi+ 2yj − zk

÷åðåç ïîëíóþ âíåøíþþ ïîâåðõíîñòü êîíóñà
√
x2 + y2 ≤ z ≤ H.



10.10. Íàéòè îáúåìíûé ïîòåíöèàë øàðà, ðàäèóñ êîòîðîãî r0, åñëè ïëîòíîñòü ðàâíà

ρ(r, θ, φ) = ρ0 cos θ.

10.11. Íàéòè ðîòîð âåêòîðíûõ ïîëåé:

1) a(ρ, φ, z) = cosφeρ −
sinφ

ρ
eφ + ρ2ez;

2) a(r, θ, φ) = r2er + 2 cos θeθ − φeφ.

10.12. Ïåðåéòè ê öèëèíäðè÷åñêèì êîîðäèíàòàì â âûðàæåíèè âåêòîðíîãî ïîëÿ

a = (1 + 2xy)i− y2zj + (z2y − 2zy + 1)k

è íàéòè diva.

10.13. Âû÷èñëèòü ïîòîê âåêòîðíîãî ïîëÿ a = rer+r sin θeθ−3rφ sin θeφ, çàäàííîãî â ñôå-
ðè÷åñêîé ñèñòåìå êîîðäèíàò (r, θ, φ), ÷åðåç çàìêíóòóþ ïîâåðõíîñòü, îãðàíè÷åííóþ
âåðõíåé ïîëóñôåðîé r = R è ïëîñêîñòüþ θ = π/2.

10.14. Ñïëþñíóòûå ñôåðîèäàëüíûå êîîðäèíàòû λ, µ, φ â R3 ñâÿçàíû ñ äåêàðòîâûìè
êîîðäèíàòàìè x, y, z ôîðìóëàìè

x = cλµ sinφ, y = c
√
(λ2 − 1)(1− µ2), z = cλµ cosφ.

Íàéòè:

1) êîîðäèíàòíûå ëèíèè è êîîðäèíàòíûå ïîâåðõíîñòè ñèñòåìû êîîðäèíàò;

2) ëîêàëüíûé áàçèñ ñèñòåìû êîîðäèíàò;

3) êîýôôèöèåíòû Ëàìå;

4) âûðàæåíèå äëÿ ãðàäèåíòà â óêàçàííûõ êîîðäèíàòàõ.



Èíäèâèäóàëüíîå çàäàíèå Âàðèàíò � 11

Âåêòîðíûé àíàëèç

11.1. Íàéòè ïðîèçâîäíóþ ñêàëÿðíîãî ïîëÿ u(x, y, z) = sin(x+2y)+
√
xyz â òî÷êåM(π/2, 3π/2, 3)

ïî íàïðàâëåíèþ âåêòîðà l = 4i+ 3j.

11.2. Íàéòè äèâåðãåíöèþ è ðîòîð âåêòîðíîãî ïîëÿ A:

1) A = [a, r], 2) A =
[µ, r]

r3
, 3) A = [

a

r
, r].

11.3. Íàéòè âåêòîðíûå ëèíèè âåêòîðíûõ ïîëåé:

1) A = 2xi+ yj;

2) A = xi− yj.

11.4. Îïðåäåëèòü çíà÷åíèå ïàðàìåòðà α, ïðè êîòîðîì âåêòîðíîå ïîëå

a = (z2 + 3x2)i+ z2j + αz(x+ y)k

áóäåò ïîòåíöèàëüíûì, è íàéòè åãî ñêàëÿðíûé ïîòåíöèàë.

11.5. Ïîêàçàòü, ÷òî âåêòîðíîå ïîëå A ÿâëÿåòñÿ ñîëåíîèäàëüíûì è íàéòè åãî âåêòîðíûé
ïîòåíöèàë, åñëè

A = xyi− (y + x)j + (z − zy)k.

11.6. Äëÿ êàæäîãî èç ïåðå÷èñëåííûõ âåêòîðíûõ ïîëåé A(r)

c|r|, c ln |r|, c|r|m, r|r|m,m ∈ Z,

ãäå c� ïîñòîÿííûé âåêòîð, à r � ðàäèóñ-âåêòîð òî÷êè, íàéòè [∇, [∇,A]],∇(∇,A)
è (c,∇)A.

11.7. Íàéòè

1) div grad(uv),

2) rot rot(uc),

ãäå u, v � äâàæäû äèôôåðåíöèðóåìûå ñêàëÿðíûå ôóíêöèè, c � ïîñòîÿííûé âåê-
òîð.

11.8. Âû÷èñëèòü ëàïëàñèàí ñëåäóþùèõ ñêàëÿðíûõ ïîëåé

1) u =
1

rn
,

2) u =
(µ, r)

r2
.

11.9. Íàéòè ïî ôîðìóëå Ñòîêñà öèðêóëÿöèþ ïîëÿ a âäîëü êîíòóðà L, îðèåíòèðîâàííîãî
ïî ÷àñîâîé ñòðåëêå ïðè âçãëÿäå íà íåãî èç íà÷àëà êîîðäèíàò, åñëè

a = yi− xj + zk, L = {x2 + y2 + z2 = 4, x2 + y2 = z2, z ≥ 0}.

11.10. Íàéòè îáúåìíûé ïîòåíöèàë øàðà, ðàäèóñ êîòîðîãî r0, åñëè ïëîòíîñòü ðàâíà

ρ(r, θ, φ) = ρ0
r

r0
sin θ cosφ.



11.11. Íàéòè âñå ãàðìîíè÷åñêèå ôóíêöèè âèäà (ρ, φ, z � öèëèíäðè÷åñêèå êîîðäèíàòû):

1) u = u(ρ), 2) u = u(φ), 3) u = u(z).

11.12. Ïåðåéòè ê ñôåðè÷åñêèì êîîðäèíàòàì â âûðàæåíèè âåêòîðíîãî ïîëÿ

a = yzi+ xzj + xyk

è íàéòè rota.

11.13. Âû÷èñëèòü öèðêóëÿöèþ âåêòîðíîãî ïîëÿ a ïî çàäàííîìó êîíòóðó L

a = ρφeρ + ρz2 cosφeφ + ρ2 cos zez, L : ρ = R, z = 1.

11.14. Ñïåöèàëüíàÿ ñèñòåìà êîîðäèíàò âûòÿíóòîãî ýëëèïñîèäà âðàùåíèÿ u, v, φ â R3

ñâÿçàíà ñ äåêàðòîâûìè êîîðäèíàòàìè x, y, z ôîðìóëàìè

x = a shu sin v cosφ, y = a shu sin v sinφ, z = a chu cos v,

0 ≤ u < +∞, 0 ≤ v ≤ π, 0 ≤ φ < 2π.

Íàéòè:

1) êîîðäèíàòíûå ëèíèè è êîîðäèíàòíûå ïîâåðõíîñòè ñèñòåìû êîîðäèíàò;

2) ëîêàëüíûé áàçèñ ñèñòåìû êîîðäèíàò;

3) êîýôôèöèåíòû Ëàìå;

4) âûðàæåíèå äëÿ äèâåðãåíöèè â óêàçàííûõ êîîðäèíàòàõ.



Èíäèâèäóàëüíîå çàäàíèå Âàðèàíò � 12

Âåêòîðíûé àíàëèç

12.1. Íàéòè ïðîèçâîäíóþ ñêàëÿðíîãî ïîëÿ u = xey + yex − z2 â òî÷êå M0(3, 0, 2) ïî
íàïðàâëåíèþ îò òî÷êè M0 ê òî÷êå M1(2,−1, 3).

12.2. Âåêòîðíûé ïîòåíöèàë ìàãíèòíîãî ïîëÿ êðóãîâîãî (ðàäèóñà a) òîêà I íà áîëüøèõ
ðàññòîÿíèÿõ R (R ≥ a) îò íåãî îïðåäåëÿåòñÿ ïî ôîðìóëå

A =
1

R3
[µ,R],

ãäå µ � ìàãíèòíûé ìîìåíò òîêà. Âû÷èñëèòü íàïðÿæåííîñòü ïîëÿ H .

12.3. Íàéòè âåêòîðíûå ëèíèè âåêòîðíûõ ïîëåé:

1) A = xi+ zk;

2) A = zj − yk.

12.4. Îïðåäåëèòü çíà÷åíèå ïàðàìåòðà α, ïðè êîòîðîì âåêòîðíîå ïîëå

a = yi+ (x+ αz)j − (2z + y)k

áóäåò ïîòåíöèàëüíûì, è íàéòè åãî ñêàëÿðíûé ïîòåíöèàë.

12.5. Ïîêàçàòü, ÷òî âåêòîðíîå ïîëå A ÿâëÿåòñÿ ñîëåíîèäàëüíûì è íàéòè åãî âåêòîðíûé
ïîòåíöèàë, åñëè

A = x2yzi+ 2xyzj − z2(xy + x)k.

12.6. Äîêàçàòü, ÷òî âåêòîð F = u∇v îðòîãîíàëåí ê [∇,F ].

12.7. Íàéòè

1) grad divF , åñëè F = x3i+ y3j + z3k,

2) rot rotF , åñëè F = xy2i+ yz2j + zx2k.

12.8. Âû÷èñëèòü ëàïëàñèàí ñëåäóþùèõ ñêàëÿðíûõ ïîëåé

1) u =
(µ, r)

rn
,

2) u = f(r).

12.9. Ïóñòü îãðàíè÷åííàÿ îáëàñòü G èìååò êóñî÷íî-ãëàäêóþ ãðàíèöó ∂G, ôóíêöèÿ u,
îïðåäåëåííàÿ â G, ãàðìîíè÷íà â G, à gradu íåïðåðûâåí â G. Äîêàçàòü, ÷òî åñëè
u = 0 íà ∂G, òî u = 0 â G, ò.å. ãàðìîíè÷åñêàÿ ôóíêöèÿ îäíîçíà÷íî îïðåäåëÿåòñÿ
ñâîèìè çíà÷åíèÿìè íà ãðàíèöå.

12.10. Íàéòè íüþòîíîâ ïîòåíöèàë øàðà, ðàäèóñ êîòîðîãî r0, à ïëîòíîñòü ìàññû

ρ(x, y, z) = ρ0
z

r0
.

12.11. Íàéòè âñå ãàðìîíè÷åñêèå ôóíêöèè âèäà (r, θ, φ � ñôåðè÷åñêèå êîîðäèíàòû):

1) u = u(r), 2) u = u(θ), 3) u = u(φ).



12.12. Ïåðåéòè ê ñôåðè÷åñêèì êîîðäèíàòàì â âûðàæåíèè âåêòîðíîãî ïîëÿ

a = xyi− (y + x)j + (z − zy)k

è íàéòè diva.

12.13. Âû÷èñëèòü ïîòîê âåêòîðíîãî ïîëÿ a = r2er + 2 cos θeθ − φeφ, çàäàííîãî â ñôåðè-
÷åñêîé ñèñòåìå êîîðäèíàò (r, θ, φ), ÷åðåç çàìêíóòóþ ïîâåðõíîñòü, îãðàíè÷åííóþ
êîîðäèíàòíûìè ïîâåðõíîñòÿìè r = R, φ = 0, φ = π/2, θ = π/2 è ëåæàùóþ â
ïåðâîì îêòàíòå.

12.14. Ñïåöèàëüíàÿ ñèñòåìà êîîðäèíàò ñïëþñíóòîãî ýëëèïñîèäà âðàùåíèÿ u, v, φ â R3

ñâÿçàíà ñ äåêàðòîâûìè êîîðäèíàòàìè x, y, z ôîðìóëàìè

x = a chu sin v cosφ, y = a chu sin v sinφ, z = a shu cos v,

0 ≤ u < +∞, 0 ≤ v ≤ π, 0 ≤ φ < 2π.

Íàéòè:

1) êîîðäèíàòíûå ëèíèè è êîîðäèíàòíûå ïîâåðõíîñòè ñèñòåìû êîîðäèíàò;

2) ëîêàëüíûé áàçèñ ñèñòåìû êîîðäèíàò;

3) êîýôôèöèåíòû Ëàìå;

4) âûðàæåíèå äëÿ ðîòîðà â óêàçàííûõ êîîðäèíàòàõ.



Èíäèâèäóàëüíîå çàäàíèå Âàðèàíò � 13

Âåêòîðíûé àíàëèç

13.1. Íàéòè ïðîèçâîäíóþ ñêàëÿðíîãî ïîëÿ u(x, y, z) = arctg(y/x)+xz â òî÷êåM(2, 2,−1)
ïî íàïðàâëåíèþ ïðîõîäÿùåé ÷åðåç ýòó òî÷êó íîðìàëè ê ïîâåðõíîñòè x2+y2−2z =
10, îáðàçóþùåé îñòðûé óãîë ñ ïîëîæèòåëüíûì íàïðàâëåíèåì îñè Oz.

13.2. Íàéòè äèâåðãåíöèþ è ðîòîð ñëåäóþùèõ âåêòîðîâ:

1) (a, r)b,

2) [a, r],

3) [r, [a, r]], ãäå a è b � ïîñòîÿííûå âåêòîðû.

13.3. Íàéòè âåêòîðíóþ ëèíèþ ïîëÿ A, ïðîõîäÿùóþ ÷åðåç òî÷êó M , åñëè

1) A = x2i− y3j + z2k, M(1/2;−1/2; 1);

2) A = xzi+ yzj + (x2 + y2)k, M(1; 1; 0).

13.4. Îïðåäåëèòü çíà÷åíèå ïàðàìåòðà α, ïðè êîòîðîì âåêòîðíîå ïîëå

a = αxz2i− y3j − 2x2zk

áóäåò ïîòåíöèàëüíûì, è íàéòè åãî ñêàëÿðíûé ïîòåíöèàë.

13.5. Ïîêàçàòü, ÷òî âåêòîðíîå ïîëå A ÿâëÿåòñÿ ñîëåíîèäàëüíûì è íàéòè åãî âåêòîðíûé
ïîòåíöèàë, åñëè

A = (y2 + z2)i− (xy + z3)j + (y2 + zx)k.

13.6. Äîêàçàòü, ÷òî âåêòîð F = [∇u,∇v] ñîëåíîèäàëåí, åñëè u è v � äèôôåðåíöèðóåìûå
ñêàëÿðíûå ôóíêöèè.

13.7. Íàéòè

1) div grad(uv),

2) ∆F , åñëè F = x(y2 + z2)i+ y(x2 + z2)j + z(x2 + y2)k,

ãäå u, v � äâàæäû äèôôåðåíöèðóåìûå ñêàëÿðíûå ôóíêöèè.

13.8. Âû÷èñëèòü ∆a, ãäå

1) a = ln(y2 + z2)i+ ln(z2 + x2)j + ln(x2 + y2)k,

2) a =
x

y
i+

y

z
j +

z

x
k.

13.9. Èñïîëüçóÿ ôîðìóëó Îñòðîãðàäñêîãî-Ãàóññà, íàéòè ïîòîê âåêòîðíîãî ïîëÿ

a = (x+ z)i+ (y + x)j + (z + y)k

÷åðåç âíåøíþþ ïîâåðõíîñòü òåëà x2 + y2 ≤ R2, 0 ≤ z ≤ y.

13.10. Íàéòè íüþòîíîâ ïîòåíöèàë øàðà, ðàäèóñ êîòîðîãî r0, à ïëîòíîñòü ìàññû

ρ(x, y, z) = ρ0
z2

r20
.



13.11. Íàéòè ∆u, åñëè

1) u(ρ, φ, z) = ρ2φ+ z2φ3 − ρφ2;

2) u(r, θ, φ) = r2φθ + r3φ2 + φ+ θ2.

13.12. Ïåðåéòè ê öèëèíäðè÷åñêèì êîîðäèíàòàì â âûðàæåíèè âåêòîðíîãî ïîëÿ

a = ex sin yi+ ex cos yj + k

è íàéòè rota.

13.13. Âû÷èñëèòü öèðêóëÿöèþ âåêòîðíîãî ïîëÿ a ïî çàäàííîìó êîíòóðó L

a = ρ sinφeρ + ρ cos zeφ + ρφez, L : ρ = sinφ, z = 0, 0 ≤ φ ≤ π.

13.14. Ñïåöèàëüíàÿ ñèñòåìà êîîðäèíàò ýëëèïòè÷åñêîãî öèëèíäðà u, v, z â R3 ñâÿçàíà ñ
äåêàðòîâûìè êîîðäèíàòàìè x, y, z ôîðìóëàìè

x = a chu cos v, y = a shu sin v, z = z,

0 ≤ u < +∞, 0 ≤ v ≤ 2π, −∞ < z < +∞.

Íàéòè:

1) êîîðäèíàòíûå ëèíèè è êîîðäèíàòíûå ïîâåðõíîñòè ñèñòåìû êîîðäèíàò;

2) ëîêàëüíûé áàçèñ ñèñòåìû êîîðäèíàò;

3) êîýôôèöèåíòû Ëàìå;

4) âûðàæåíèå äëÿ ãðàäèåíòà â óêàçàííûõ êîîðäèíàòàõ.



Èíäèâèäóàëüíîå çàäàíèå Âàðèàíò � 14

Âåêòîðíûé àíàëèç

14.1. Íàéòè ïðîèçâîäíóþ ñêàëÿðíîãî ïîëÿ u(x, y, z) = x3+
√
y2 + z2 â òî÷êåM(1,−3, 4)

ïî íàïðàâëåíèþ âåêòîðà l = j − k.

14.2. Íàéòè äèâåðãåíöèþ è ðîòîð ñëåäóþùèõ âåêòîðîâ:

1) (a, r)r,

2) φ(r)[a, r],

3) [r, [a, r]], ãäå a � ïîñòîÿííûé âåêòîð.

14.3. Íàéòè âåêòîðíóþ ëèíèþ ïîëÿ A, ïðîõîäÿùóþ ÷åðåç òî÷êó M , åñëè

1) A = −yi+ xj + ck, c = const, M(1; 0; 0);

2) A = x2i− y3j + z2k, M(1/2;−1/2; 1).

14.4. Îïðåäåëèòü çíà÷åíèå ïàðàìåòðà α, ïðè êîòîðîì âåêòîðíîå ïîëå

a = − 2xz

x2 + y2 + 1
i+

αyz

x2 + y2 + 1
j +

1

x2 + y2 + 1
k

áóäåò ïîòåíöèàëüíûì, è íàéòè åãî ñêàëÿðíûé ïîòåíöèàë.

14.5. Íàéòè òàêóþ äèôôåðåíöèðóåìóþ ôóíêöèþ Φ, ÷òîáû ïîëå A = Φ(r)r, r = xi +
yj + zk, r = |r|, áûëî ñîëåíîèäàëüíûì.

14.6. Íàéòè

1) grad div(ua),

2) grad div(uF ),

ãäå a � ïîñòîÿííûé âåêòîð, u � ñêàëÿðíàÿ ôóíêöèÿ, F � âåêòîðíàÿ ôóíêöèÿ.

14.7. Äîêàçàòü, ÷òî ëþáîå ðåøåíèå óðàâíåíèÿ [∇, [∇,F ]] = k2F , óäîâëåòâîðÿþùåå
óñëîâèþ ñîëåíîèäàëüíîñòè, óäîâëåòâîðÿåò âåêòîðíîìó óðàâíåíèþ Ãåëüìãîëüöà
∆F + k2F = 0.

14.8. Âû÷èñëèòü ëàïëàñèàí ñëåäóþùèõ ñêàëÿðíûõ ïîëåé (r = xi+ yj + zk, r = |r|)

1) u = 2µ ln
1

r
, µ = const;

2) u = r2v(r),

åñëè â ïîñëåäíåì âûðàæåíèè ôóíêöèÿ v(r) � ãàðìîíè÷åñêàÿ ôóíêöèÿ.

14.9. Èñïîëüçóÿ ôîðìóëó Ñòîêñà, âû÷èñëèòü ïîâåðõíîñòíûé èíòåãðàë∫∫
S

(rota,n)dσ,

ãäå a = yzi − xzj + k, à ïîâåðõíîñòü èíòåãðèðîâàíèÿ S åñòü ÷àñòü ïàðàáîëîèäà
x2 + y2 = z, 0 ≤ z ≤ 1. Åäèíè÷íûé âåêòîð íîðìàëè n èìååò íåîòðèöàòåëüíóþ
ïðîåêöèþ íà îñü Oz.



14.10. Íàéòè ïîòåíöèàë ýëåêòðîñòàòè÷åñêîãî ïîëÿ çàðÿæåííîãî øàðà, ðàäèóñ êîòîðîãî
r0, à ïëîòíîñòü çàðÿäà � ñôåðè÷åñêè ñèììåòðè÷íàÿ ôóíêöèÿ, ðàâíàÿ

ρ(r) = ρ0

(
r

r0

)α

, α > 0.

14.11. Íàéòè âåêòîð íàïðÿæåííîñòè ìàãíèòíîãî ïîëÿ ïðè çàäàííîì âåêòîðíîì ïîòåíöè-
àëå A = {Aρ, Aφ, Az}. Íàéòè divA.

1) A =

{
0,

1

2
H0ρ, 0

}
, 2) A = A0

{
zρ2, 0,−ρz2

}
.

14.12. Ïåðåéòè ê öèëèíäðè÷åñêèì êîîðäèíàòàì â âûðàæåíèè âåêòîðíîãî ïîëÿ

a = x2yzi+ 2xyzj − z2(xy + x)k

è íàéòè diva.

14.13. Âû÷èñëèòü ïîòîê âåêòîðíîãî ïîëÿ a = r2er, çàäàííîãî â ñôåðè÷åñêîé ñèñòåìå
êîîðäèíàò (r, θ, φ), ÷åðåç çàìêíóòóþ ïîâåðõíîñòü, îãðàíè÷åííóþ âåðõíåé ïîëó-
ñôåðîé r = R è ïëîñêîñòüþ θ = π/2.

14.14. Ïàðàáîëè÷åñêèå êîîðäèíàòû σ, τ , φ â R3 ñâÿçàíû ñ äåêàðòîâûìè êîîðäèíàòàìè
x, y, z ôîðìóëàìè

x = στ cosφ, y = στ sinφ, z =
1

2
(τ 2 − σ2),

0 ≤ σ < +∞, 0 ≤ τ < +∞, 0 ≤ φ < 2π.

Íàéòè:

1) êîîðäèíàòíûå ëèíèè è êîîðäèíàòíûå ïîâåðõíîñòè ñèñòåìû êîîðäèíàò;

2) ëîêàëüíûé áàçèñ ñèñòåìû êîîðäèíàò;

3) êîýôôèöèåíòû Ëàìå;

4) âûðàæåíèå äëÿ äèâåðãåíöèè â óêàçàííûõ êîîðäèíàòàõ.



Èíäèâèäóàëüíîå çàäàíèå Âàðèàíò � 15

Âåêòîðíûé àíàëèç

15.1. Âû÷èñëèòü ïðîèçâîäíóþ ñêàëÿðíîãî ïîëÿ u = ln(x2 + y2) â òî÷êå M0(1, 2), ïðè-
íàäëåæàùåé ïàðàáîëå y2 = 4x, ïî íàïðàâëåíèþ ýòîé êðèâîé.

15.2. Âû÷èñëèòü:

1) grad(F (r), r),

2) div(φ(r)F (r)),

3) (a,∇)φ(r)F (r), ãäå a � ïîñòîÿííûé âåêòîð.

15.3. Îïðåäåëèòü âåêòîðíûå ëèíèè ïîëåé

1) A = f(r)r, r = xi+ yj + zk;

2) A = (a, r)b, a, b−−ïîñòîÿííûå âåêòîðû.

15.4. Îïðåäåëèòü çíà÷åíèå ïàðàìåòðà α, ïðè êîòîðîì âåêòîðíîå ïîëå

a = y2exy
2

i+ αxyexy
2

j + k

áóäåò ïîòåíöèàëüíûì, è íàéòè åãî ñêàëÿðíûé ïîòåíöèàë.

15.5. Íàéòè âåêòîðíûé ïîòåíöèàë ìàãíèòíîãî ïîëÿ áåñêîíå÷íîãî ïðÿìîãî ïðîâîäíèêà
ïîñòîÿííîãî òîêà I (îñü Oz íàïðàâëåíà ïî ïðîâîäíèêó)

H = 2I
−yi+ xj

x2 + y2
.

15.6. Â ïðîñòåéøåì ñëó÷àå íåïðîâîäÿùåé îäíîðîäíîé è èçîòðîïíîé ñðåäû ïðè îòñóò-
ñòâèè çàðÿäîâ è òîêîâ çàêîíû êëàññè÷åñêîé òåîðèè ýëåêòðîìàãíåòèçìà ïîñòóëè-
ðóþòñÿ â âèäå ñèñòåìû óðàâíåíèé Ìàêñâåëëà

ε

c

∂E

∂t
= [∇,H ], −µ

c

∂H

∂t
= [∇,E],

(∇,E) = 0, (∇,H) = 0.

Ïîêàçàòü, ÷òî âåêòîð E óäîâëåòâîðÿåò âîëíîâîìó óðàâíåíèþ

∂2E

∂t2
=
c2

εµ
∆E.

15.7. Íàéòè (r = xi+ yj + zk, r = |r|):

1) div grad r2, 2) div(f(r)c), c = const, 3) div[c, r], c = const.

15.8. Ïðîâåðèòü, ÿâëÿþòñÿ ëè ñëåäóþùèå ñêàëÿðíûå ïîëÿ ãàðìîíè÷åñêèìè:

1) u =
2z2 − x2 − y2

(x2 + y2 + z2)5/2
,

2) u = ln(zyz),

3) u = ln(x2 + y2).



15.9. Ïóñòü îãðàíè÷åííàÿ îáëàñòü G èìååò êóñî÷íî-ãëàäêóþ ãðàíèöó ∂G, ôóíêöèÿ u,
îïðåäåëåííàÿ â G, ãàðìîíè÷íà â G, à gradu íåïðåðûâåí â G. Äîêàçàòü, ÷òî åñëè
∂u
∂n = 0 íà ∂G, òî u = const â G, ò.å. ãàðìîíè÷åñêàÿ ôóíêöèÿ îïðåäåëÿåòñÿ ñ
òî÷íîñòüþ äî ïîñòîÿííîé çíà÷åíèÿìè ñâîåé íîðìàëüíîé ïðîèçâîäíîé íà ãðàíèöå.

15.10. Âû÷èñëèòü îáúåìíûé ïîòåíöèàë øàðà ðàäèóñà r0, åñëè çàðÿä âíóòðè øàðà ðàñ-
ïðåäåëåí ñî ñôåðè÷åñêè ñèììåòðè÷íîé ïëîòíîñòüþ

ρ(r) = ρ0e
−αr

r0 , α > 0,

ãäå r =
√
x2 + y2 + z2.

15.11. Íàéòè âåêòîð íàïðÿæåííîñòè ìàãíèòíîãî ïîëÿ ïðè çàäàííîì âåêòîðíîì ïîòåíöè-
àëå A = {Aρ, Aφ, Az}. Íàéòè divA.

1) A = {0, 0, B ln ρ} , 2) A = A0

{
zρ2, z3φ,− z4

4ρ

}
.

15.12. Ïåðåéòè ê ñôåðè÷åñêèì êîîðäèíàòàì â âûðàæåíèè âåêòîðíîãî ïîëÿ

a =

(
1

z
− y

x2

)
i+

(
1

x
− z

y2

)
j +

(
1

y
− x

z2

)
k

è íàéòè rota.

15.13. Âû÷èñëèòü öèðêóëÿöèþ âåêòîðíîãî ïîëÿ a ïî çàäàííîìó êîíòóðó L

a = er sin θer + r2 sin θeφ, L : r = 1, θ =
π

4
.

15.14. Êîîðäèíàòû ïàðàáîëè÷åñêîãî öèëèíäðà σ, τ , z â R3 ñâÿçàíû ñ äåêàðòîâûìè êîîð-
äèíàòàìè x, y, z ôîðìóëàìè

x = στ, y =
1

2
(τ 2 − σ2), z = z,

−∞ < σ < +∞, 0 ≤ τ < +∞2π, −∞ < z < +∞.

Íàéòè:

1) êîîðäèíàòíûå ëèíèè è êîîðäèíàòíûå ïîâåðõíîñòè ñèñòåìû êîîðäèíàò;

2) ëîêàëüíûé áàçèñ ñèñòåìû êîîðäèíàò;

3) êîýôôèöèåíòû Ëàìå;

4) âûðàæåíèå äëÿ ðîòîðà â óêàçàííûõ êîîðäèíàòàõ.



Èíäèâèäóàëüíîå çàäàíèå Âàðèàíò � 16

Âåêòîðíûé àíàëèç

16.1. Íàéòè ïðîèçâîäíóþ ñêàëÿðíîãî ïîëÿ u(x, y, z) =
√
x2 + y2−z â òî÷êåM(3, 4, 1) ïî

íàïðàâëåíèþ ïðîõîäÿùåé ÷åðåç ýòó òî÷êó íîðìàëè ê ïîâåðõíîñòè x2+y2 = 24z+1,
îáðàçóþùåé îñòðûé óãîë ñ ïîëîæèòåëüíûì íàïðàâëåíèåì îñè Oz.

16.2. Âû÷èñëèòü:

1) grad(F (r),G(r)),

2) rot(φ(r)F (r)),

3) (a,∇)φ(r)F (r), ãäå a � ïîñòîÿííûé âåêòîð.

16.3. Îïðåäåëèòü âåêòîðíûå ëèíèè ïîëåé

1) A =
1

x
i+

1

y
j +

1

z
k;

2) A = (z − y)i+ (x− z)j + (y − x)k.

16.4. Îïðåäåëèòü çíà÷åíèå ïàðàìåòðà α, ïðè êîòîðîì âåêòîðíîå ïîëå

a = αey−xi+ ey−xj − 3z2k

áóäåò ïîòåíöèàëüíûì, è íàéòè åãî ñêàëÿðíûé ïîòåíöèàë.

16.5. Ýëåêòðè÷åñêèé çàðÿä q, äâèæóùèéñÿ ñ ïîñòîÿííîé ñêîðîñòüþ v, ñîçäàåò â ïðî-
ñòðàíñòâå (âàêóóìå) â ôèêñèðîâàííûé ìîìåíò âðåìåíè ìàãíèòíîå ïîëå íàïðÿ-
æåííîñòè

H(M) =
[qv, r]

4πr3
,

ãäå r � âåêòîð ñ íà÷àëîì â çàðÿäå, à êîíöîì â M , r = |r|. Íàéòè âåêòîðíûé
ïîòåíöèàë ýòîãî ïîëÿ.

16.6. Â ïðîñòåéøåì ñëó÷àå íåïðîâîäÿùåé îäíîðîäíîé è èçîòðîïíîé ñðåäû ïðè îòñóò-
ñòâèè çàðÿäîâ è òîêîâ çàêîíû êëàññè÷åñêîé òåîðèè ýëåêòðîìàãíåòèçìà ïîñòóëè-
ðóþòñÿ â âèäå ñèñòåìû óðàâíåíèé Ìàêñâåëëà

ε

c

∂E

∂t
= [∇,H ], −µ

c

∂H

∂t
= [∇,E],

(∇,E) = 0, (∇,H) = 0.

Ïîêàçàòü, ÷òî âåêòîð H óäîâëåòâîðÿåò âîëíîâîìó óðàâíåíèþ

∂2H

∂t2
=
c2

εµ
∆H .

16.7. Íàéòè (r = xi+ yj + zk, r = |r|):

1) div grad(1/r), 2) div(f(r)r), 3) div[r, [c, r]], c = const.

16.8. Âû÷èñëèòü ëàïëàñèàí âåêòîðíîãî ïîëÿ

1) a =
[µ, r]

r4
,

2) a = f(r)[µ, r],

ãäå µ � ïîñòîÿííûé âåêòîð.



16.9. Èñïîëüçóÿ ôîðìóëó Îñòðîãðàäñêîãî-Ãàóññà, íàéòè ïîòîê âåêòîðíîãî ïîëÿ

a = x2yi+ xy2j + xyzk

÷åðåç âíåøíþþ ïîâåðõíîñòü òåëà x2 + y2 + z2 ≤ R2, x ≥ 0, y ≥ 0, z ≥ 0.

16.10. Íàéòè ïîòåíöèàë ýëåêòðîñòàòè÷åñêîãî ïîëÿ çàðÿæåííîãî øàðà, ðàäèóñ êîòîðîãî
r0, à ïëîòíîñòü çàðÿäà � ñôåðè÷åñêè ñèììåòðè÷íàÿ ôóíêöèÿ, ðàâíàÿ

ρ(r) =
ρ0r0

r0 + αr
, α > 0.

16.11. Íàéòè âåêòîð íàïðÿæåííîñòè ìàãíèòíîãî ïîëÿ ïðè çàäàííîì âåêòîðíîì ïîòåíöè-
àëå A = {Aρ, Aφ, Az}. Íàéòè divA.

1) A =

{
C

ρ
, 0, 0

}
, 2) A = A0

{
−sinφ

ρ2
,
cosφ

ρ2
,− 1

zρ

}
.

16.12. Ïåðåéòè ê ñôåðè÷åñêèì êîîðäèíàòàì â âûðàæåíèè âåêòîðíîãî ïîëÿ

a = (y2 + z2)i− (xy + z3)j + (y2 + zx)k

è íàéòè diva.

16.13. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë∫
L

(a, dl), L : r =
1

sin θ
, φ =

π

2
,
π

4
≤ θ ≤ π

2

îò âåêòîðíîãî ïîëÿ a = sinθ er + sin θeθ + r2θeφ, çàäàííîãî â ñôåðè÷åñêèõ êîîðäè-
íàòàõ (r, θ, φ).

16.14. Áèöèëèíäðè÷åñêèå êîîðäèíàòû σ, τ , z â R3 ñâÿçàíû ñ äåêàðòîâûìè êîîðäèíàòàìè
x, y, z ôîðìóëàìè

x =
a sh τ

ch τ − cosσ
, y =

a sinσ

ch τ − cosσ
, z = z,

0 ≤ σ < 2π, −∞ < τ < +∞, −∞ < z < +∞.

Íàéòè:

1) êîîðäèíàòíûå ëèíèè è êîîðäèíàòíûå ïîâåðõíîñòè ñèñòåìû êîîðäèíàò;

2) ëîêàëüíûé áàçèñ ñèñòåìû êîîðäèíàò;

3) êîýôôèöèåíòû Ëàìå;

4) âûðàæåíèå äëÿ ãðàäèåíòà â óêàçàííûõ êîîðäèíàòàõ.



Èíäèâèäóàëüíîå çàäàíèå Âàðèàíò � 17

Âåêòîðíûé àíàëèç

17.1. Íàéòè ïðîèçâîäíóþ ñêàëÿðíîãî ïîëÿ u(x, y, z) = ln(x+
√
y2 + z2) â òî÷êåM(1,−3, 4)

ïî íàïðàâëåíèþ âåêòîðà l = −2i− j + k.

17.2. Ïóñòü a è b � ïîñòîÿííûå âåêòîðû, r = xi+ yj + zk, r = |r|. Íàéòè gradu, åñëè:

1) u = (1/r), 2) u = (a, r), 3) u = |[a, r]|2.

17.3. Îïðåäåëèòü âåêòîðíûå ëèíèè ïîëåé

1) A = a1i+ a2j + a3k, ai = const, i = 1, 2, 3;

2) A = [r,a], a = const, r = xi+ yj + zk.

17.4. Îïðåäåëèòü çíà÷åíèå ïàðàìåòðà α, ïðè êîòîðîì âåêòîðíîå ïîëå

a = 2xi+ αze−yj + e−yk

áóäåò ïîòåíöèàëüíûì, è íàéòè åãî ñêàëÿðíûé ïîòåíöèàë.

17.5. Ïîêàçàòü, ÷òî âåêòîðíîå ïîëå A ÿâëÿåòñÿ ñîëåíîèäàëüíûì è íàéòè åãî âåêòîðíûé
ïîòåíöèàë, åñëè

A = (x2 − yz + 2)i− 2xyj + (yx3)k.

17.6. Âû÷èñëèòü

1) r3(a,∇)2r, 2) div[b, r] + (r,∇)
1

r
,

ãäå a, b � ïîñòîÿííûå âåêòîðû, r = xi+ yj + zk.

17.7. Íàéòè (r = xi+ yj + zk, r = |r|):

1) div grad f(r), 2) div(rc), c = const, 3) div[c, r], c = const.

17.8. Ïîêàçàòü, ÷òî

1) ∆f(φ) = f ′(φ)∆φ+ f ′′(φ)(∇φ)2;

2) ∆φα = αφα−2[φ∆φ+ (α− 1)(∇φ)2].

17.9. Íàéòè ïî ôîðìóëå Ñòîêñà öèðêóëÿöèþ ïîëÿ a âäîëü êîíòóðà L, îðèåíòèðîâàííîãî
ïî ÷àñîâîé ñòðåëêå ïðè âçãëÿäå íà íåãî èç íà÷àëà êîîðäèíàò, åñëè

a = zxi+ xyj + yzk, L = {y2 + z2 = 1, x+ y + z = 1}.

17.10. Âû÷èñëèòü îáúåìíûé ïîòåíöèàë øàðà ðàäèóñà r0, åñëè çàðÿä âíóòðè øàðà ðàñ-
ïðåäåëåí ñî ñôåðè÷åñêè ñèììåòðè÷íîé ïëîòíîñòüþ

ρ(r) = ρ0 sh
αr

r0
, α > 0,

ãäå r =
√
x2 + y2 + z2.



17.11. Íàéòè âåêòîð íàïðÿæåííîñòè ìàãíèòíîãî ïîëÿ ïðè çàäàííîì âåêòîðíîì ïîòåíöè-
àëå A = {Ar, Aθ, Aφ}. Íàéòè divA.

1) A = A0

{
2 cos θ

r2
,
sin θ

2r2
, 0

}
, 2) A = A0 {r, 0, a+ r sin θ} .

17.12. Ïåðåéòè ê öèëèíäðè÷åñêèì êîîðäèíàòàì â âûðàæåíèè âåêòîðíîãî ïîëÿ

a = yz(2x+ y + z)i+ xz(x+ 2y + z)j + xy(x+ y + 2z)k

è íàéòè rota.

17.13. Âû÷èñëèòü ïîòîê âåêòîðíîãî ïîëÿ a = r2er, çàäàííîãî â ñôåðè÷åñêîé ñèñòåìå
êîîðäèíàò (r, θ, φ), ÷åðåç çàìêíóòóþ ïîâåðõíîñòü, îãðàíè÷åííóþ âåðõíåé ïîëó-
ñôåðîé r = R è ïëîñêîñòüþ θ = π/2.

17.14. Òîðîèäàëüíûå êîîðäèíàòû σ, τ , φ â R3 ñâÿçàíû ñ äåêàðòîâûìè êîîðäèíàòàìè x,
y, z ôîðìóëàìè

x =
a sh τ cosφ

ch τ − cosσ
, y =

a sh τ sinφ

ch τ − cosσ
, z =

a sinσ

ch τ − cosσ
,

−π ≤ σ ≤ π, 0 ≤ τ < +∞, 0 ≤ φ < 2π.

Íàéòè:

1) êîîðäèíàòíûå ëèíèè è êîîðäèíàòíûå ïîâåðõíîñòè ñèñòåìû êîîðäèíàò;

2) ëîêàëüíûé áàçèñ ñèñòåìû êîîðäèíàò;

3) êîýôôèöèåíòû Ëàìå;

4) âûðàæåíèå äëÿ äèâåðãåíöèè â óêàçàííûõ êîîðäèíàòàõ.


