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1.1. Íàéòè íîðìó ýëåìåíòà y(x) â ïðîñòðàíñòâàõ C[a, b] è C1[a, b]:

y(x) =
cosnx

n2 + 1
, n = 1, 10, 100, x ∈ [0, 2π].

1.2. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà è èññëåäîâàòü ôóíêöèîíàë íà
ýêñòðåìóì, îïðåäåëèâ çíàê åãî ïðèðàùåíèÿ

J [y] =

3∫
1

[2y − yy′ + x(y′)2]dx, y(1) = 1, y(3) = 4.

1.3. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà

J [y] =

1∫
0

[y2 + 2(y′)2 + (y′′)2]dx,

y(0) = 0, y(1) = 0, y′(0) = 1, y′(1) = − sh 1.

1.4. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà

J [y1, y2] =

3∫
0

√
1 + (y′1)

2 + (y′2)
2dx,

y1(0) = 1, y2(0) = −2, y1(3) = 7, y2(3) = 1.

1.5. Íàéòè äîïóñòèìûå ýêñòðåìàëè è çíà÷åíèå x2 â çàäà÷å ñ ïîäâèæíîé ãðàíèöåé

J [y] =

x2∫
0

√
1 + (y′)2

x− 2
dx, y(0) = 0, y(x2) + 4x2 − 4 = 0.

1.6. Íàéòè ôóíêöèè, íà êîòîðûõ ìîæåò äîñòèãàòüñÿ ýêñòðåìóì ôóíêöèîíàëà â
çàäà÷å Ëàãðàíæà

J [y1, y2] =

π/2∫
0

[y21 + y22 − (y′1)
2 − (y′2)

2 + cosx]dx,

y1(0) = y2(0) = y1(π/2) = 1, y2(π/2) = −1,

y1 − y2 − 2 sin x = 0.

1.7. Íàéòè ôóíêöèè, íà êîòîðûõ ìîæåò äîñòèãàòüñÿ ýêñòðåìóì ôóíêöèîíàëà â
èçîïåðèìåòðè÷åñêîé çàäà÷å

J [y] =

1∫
0

(y′)2dx,

y(0) = 0, y(1) = 1,

1∫
0

xydx = 0.
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2.1. Íàéòè ïðèðàùåíèå è âàðèàöèþ ôóíêöèîíàëà J [y] â òî÷êå y0(x), îòâå÷àþùèå
âàðèàöèè àðãóìåíòà δy(x):

J [y] =

1∫
0

xy2y′dx, y0(x) = x2, δy(x) = x− 2.

2.2. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà è èññëåäîâàòü ôóíêöèîíàë íà
ýêñòðåìóì, îïðåäåëèâ çíàê åãî ïðèðàùåíèÿ

J [y] =

π/2∫
π/4

[
y − 1

2
(y′)2

]
sinxdx, y

(π
4

)
= − ln

√
2, y

(π
2

)
= 0.

2.3. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà

J [y] =

0∫
−1

[240y − (y′′′)2]dx,

y(−1) = 1, y(0) = 0, y′(−1) = −4, 5, y′(0) = 0, y′′(−1) = 16, y′′(0) = 0.

2.4. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà

J [y1, y2, y3] =

4∫
2

√
1 + (y′1)

2 + (y′2)
2 + (y′3)

2dx,

y1(2) = 1, y2(2) = 2, y3(2) = 5, y1(4) = 3, y2(4) = 4, y3(4) = 9.

2.5. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà â çàäà÷å ñ ïîäâèæíîé ãðàíèöåé

J [y] =

2∫
0

[2xy + (y′)2]dx, y(0) = 0.

2.6. Íàéòè ôóíêöèè, íà êîòîðûõ ìîæåò äîñòèãàòüñÿ ýêñòðåìóì ôóíêöèîíàëà â
çàäà÷å Ëàãðàíæà

J [y1, y2] =

1∫
0

[(y′1)
2 + 2(y′2)

2 + y22]dx,

y1(0) = −2, y2(0) = 1, y1(1) = −e−1, y2(1) = 0,

y1 − y′2 = 0.



2.7. Íàéòè ôóíêöèè, íà êîòîðûõ ìîæåò äîñòèãàòüñÿ ýêñòðåìóì ôóíêöèîíàëà â
èçîïåðèìåòðè÷åñêîé çàäà÷å

J [y] =

1∫
0

(y′)2dx,

y(0) = y(1) = 0,

1∫
0

ydx = 1,

1∫
0

xydx = 0.
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3.1. Îïðåäåëèòü ñõîäèòñÿ ëè ïîñëåäîâàòåëüíîñòü ôóíêöèé

yn(x) =
sinn2x

n
, n = 1, 2, . . .

ê ôóíêöèè y0(x) = 0 ïî íîðìå ïðîñòðàíñòâà: à) C[0, π]; á) C1[0, π].

3.2. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà è èññëåäîâàòü ôóíêöèîíàë íà
ýêñòðåìóì, îïðåäåëèâ çíàê åãî ïðèðàùåíèÿ

J [y] =

π/2∫
0

[(y′)2 + 4y2 + 2y cosx]dx, y(0) =
4

5
, y

(π
2

)
= eπ.

3.3. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà

J [y] =

1∫
0

[(y′)2 + (y′′)2]dx,

y(0) = 0, y(1) = sh 1, y′(0) = 1, y′(1) = ch 1.

3.4. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà

J [y1, y2] =

π/2∫
0

[(y′1)
2 + (y′2)

2 − 2y1y2]dx,

y1(0) = 0, y2(0) = 0, y1(π/2) = 1, y2(π/2) = 1.

3.5. Ìåòîäàìè âàðèàöèîííîãî èñ÷èñëåíèÿ íàéòè êðàò÷àéøåå ðàññòîÿíèå îò òî÷êè
A(0, 0) äî êðèâîé y = 1

x4 .

3.6. Íàéòè ôóíêöèè, íà êîòîðûõ ìîæåò äîñòèãàòüñÿ ýêñòðåìóì ôóíêöèîíàëà â
çàäà÷å Ëàãðàíæà

J [y1, y2] =

1∫
0

[(y′1)
2 + (y′2)

2 + x3]dx,

y1(0) = y2(1) = 2, y2(0) = y1(1) = 1,

y1 − 2y2 + 3x = 0.

3.7. Íàéòè ôóíêöèè, íà êîòîðûõ ìîæåò äîñòèãàòüñÿ ýêñòðåìóì ôóíêöèîíàëà â
èçîïåðèìåòðè÷åñêîé çàäà÷å

J [y] =

π∫
0

(y′)2dx,

y(0) = 0, y(π) = 1,

π∫
0

y sinxdx = 0.



Èíäèâèäóàëüíîå çàäàíèå Âàðèàíò � 4

4.1. Íàéòè ïðèðàùåíèå è âàðèàöèþ ôóíêöèîíàëà J [y] â òî÷êå y0(x), îòâå÷àþùèå
âàðèàöèè àðãóìåíòà δy(x):

J [y] =

1∫
0

xy3dx, y0(x) = sin x, δy(x) = x.

4.2. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà è èññëåäîâàòü ôóíêöèîíàë íà
ýêñòðåìóì, îïðåäåëèâ çíàê åãî ïðèðàùåíèÿ

J [y] =

1∫
0

[xyy′ − 2(y′)2]dx, y(0) = 1, y(1) = ch
1

2
.

4.3. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà

J [y] =
1

2

1∫
0

(y′′)2dx,

y(0) = y(1) = y′(1) = 0, y′(0) = 1.

4.4. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà

J [y1, y2] =

1∫
0

(y′1y
′
2 + 6xy1 + 12x2y2)dx,

y1(0) = 0, y2(0) = 0, y1(1) = 1, y2(1) = 1.

4.5. Íàéòè äîïóñòèìûå ýêñòðåìàëè è çíà÷åíèÿ x1 è x2 â çàäà÷å ñ ïîäâèæíûìè
ãðàíèöàìè

J [y] =

x2∫
x1

√
1 + (y′)2dx, y(x1) = x2

1, y(x2) = x2 − 5.

4.6. Íàéòè ôóíêöèè, íà êîòîðûõ ìîæåò äîñòèãàòüñÿ ýêñòðåìóì ôóíêöèîíàëà â
çàäà÷å Ëàãðàíæà

J [y1, y2] =

1∫
0

[(y′1)
2 + (y′2)

2 + 1]dx,

y1(0) = y2(0) = y2(1) = 0, y1(1) = 2,

y1 + y2 − 2x2 = 0.



4.7. Íàéòè ôóíêöèè, íà êîòîðûõ ìîæåò äîñòèãàòüñÿ ýêñòðåìóì ôóíêöèîíàëà â
èçîïåðèìåòðè÷åñêîé çàäà÷å

J [y] =

π∫
0

y sinxdx,

y(0) = 0, y(π) = π,

π∫
0

(y′)2dx =
3

2
π.
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5.1. Íàéòè ðàññòîÿíèå ìåæäó ýëåìåíòàìè y1(x) è y2(x) â ïðîñòðàíñòâàõ C[a, b] è
C1[a, b]:

y1(x) = ln x, y2(x) = x, x ∈ [e−1, e].

5.2. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà è èññëåäîâàòü ôóíêöèîíàë íà
ýêñòðåìóì, îïðåäåëèâ çíàê åãî ïðèðàùåíèÿ

J [y] =

π∫
0

[(y′ + y)2 + 2y sinx]dx, y(0) = 0, y(π) = 1.

5.3. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà

J [y] =

1∫
0

(y′′′)2dx,

y(0) = y′(0) = y′′(0) = 0, y(1) = 1, y′(1) = 4, y′′(1) = 12.

5.4. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà

J [y1, y2] =

1∫
0

[(y′1)
2 + (y′2)

2 + 2y1]dx,

y1(0) = 1, y2(0) = 1, y1(1) =
3

2
, y2(1) = 1.

5.5. Íàéòè äîïóñòèìûå ýêñòðåìàëè è çíà÷åíèå x2 â çàäà÷å ñ ïîäâèæíûìè ãðàíè-
öàìè

J [y] =

x2∫
0

[(y′)2 + y2]dx, y(x2) + x2 − 1 = 0.

5.6. Íàéòè ôóíêöèè, íà êîòîðûõ ìîæåò äîñòèãàòüñÿ ýêñòðåìóì ôóíêöèîíàëà â
çàäà÷å Ëàãðàíæà

J [y1, y2] =

1∫
0

[(y′1)
2 + y22]dx,

y1(0) = y2(1) = 0, y2(0) = y1(1) = 1,

y′1 − y2 = 0.

5.7. Íàéòè ôóíêöèè, íà êîòîðûõ ìîæåò äîñòèãàòüñÿ ýêñòðåìóì ôóíêöèîíàëà â
èçîïåðèìåòðè÷åñêîé çàäà÷å

J [y] =

1∫
0

[(y′)2 + y2]dx,

y(0) = 0, y(1) = e−1,

1∫
0

e−xydx =
1

4
(1− 3e−2).
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6.1. Íàéòè ïðèðàùåíèå è âàðèàöèþ ôóíêöèîíàëà J [y] â òî÷êå y0(x), îòâå÷àþùèå
âàðèàöèè àðãóìåíòà δy(x):

J [y] =

1∫
−1

(y2 + y′)dx, y0(x) = sin x, δy(x) = x.

6.2. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà è èññëåäîâàòü ôóíêöèîíàë íà
ýêñòðåìóì, îïðåäåëèâ çíàê åãî ïðèðàùåíèÿ

J [y] =

1/2∫
0

[
(y′)2

x2 − 1
− 2y2

(x2 − 1)2

]
dx, y(0) = 1, y

(
1

2

)
= 2.

6.3. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà

J [y] =

1∫
0

[48y − (y′′)2]dx,

y(0) = 0, y(1) = 1, y′(0) = 0, y′(1) = 4.

6.4. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà

J [y1, y2] =

1∫
0

[
y22 + (y′1)

2 + (y′2)
2
]
dx,

y1(0) = 0, y1(1) = 1, y2(0) = 1, y2(1) = e.

6.5. Íàéòè äîïóñòèìûå ýêñòðåìàëè è çíà÷åíèå x2 â çàäà÷å ñ ïîäâèæíîé ãðàíèöåé

J [y] =

x2∫
0

√
1 + (y′)2

y
dx, y(0) = 0, y(x2) = x2 − 10.

6.6. Íàéòè ôóíêöèè, íà êîòîðûõ ìîæåò äîñòèãàòüñÿ ýêñòðåìóì ôóíêöèîíàëà â
çàäà÷å Ëàãðàíæà

J [y1, y2] =

π∫
0

[(y′1)
2 − (y′2)

2]dx,

y1(0) = y2(0) = y1(π) = 0, y2(π) = π/2,

y′1 − y2 + cosx = 0.

6.7. Íàéòè ôóíêöèè, íà êîòîðûõ ìîæåò äîñòèãàòüñÿ ýêñòðåìóì ôóíêöèîíàëà â
èçîïåðèìåòðè÷åñêîé çàäà÷å

J [y1, y2] =

1∫
0

y′1y
′
2dx,

y1(0) = y2(0) = y1(1) = 0, y2(1) = 1,

1∫
0

y1dx = 1,

1∫
0

y2dx = 0.
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7.1. Íàéòè ðàññòîÿíèå ïåðâîãî ïîðÿäêà ìåæäó êðèâûìè y1(x) = xe−x, y2(x) = 0
íà îòðåçêå [−1, 3].

7.2. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà è èññëåäîâàòü ôóíêöèîíàë íà
ýêñòðåìóì, îïðåäåëèâ çíàê åãî ïðèðàùåíèÿ

J [y] =

2∫
1

[
(y′)2 +

6y2

x2
− 32y lnx

]
dx, y(1) = 3, y(2) = 4(4 ln 2 + 3).

7.3. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà

J [y] =

1∫
0

[(y′′)2 − 24xy]dx,

y(0) = 0, y(1) =
1

5
, y′(0) = 0, y′(1) = 1.

7.4. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà

J [y1, y2] =

1∫
0

[
y21 + y22 + (y′1)

2 + (y′2)
2
]
dx,

y1(0) = 1, y1(1) = e, y2(0) = 1, y2(1) = e.

7.5. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà â çàäà÷å ñ ïîäâèæíîé ãðàíèöåé

J [y] =

1∫
0

[2y + 6y′ + (y′)2]dx, y(0) = 0.

7.6. Íàéòè ôóíêöèè, íà êîòîðûõ ìîæåò äîñòèãàòüñÿ ýêñòðåìóì ôóíêöèîíàëà â
çàäà÷å Ëàãðàíæà

J [y1, y2] =

π/2∫
0

[(y′1)
2 + (y′2)

2 + 2y1y2]dx,

y1(0) = 1, y2(0) = −1, y1(π/2) =
π2

4
+ 1, y2(π/2) =

π2

4
− 1,

y′1 − y′2 − 4x = 0.

7.7. Íàéòè ôóíêöèè, íà êîòîðûõ ìîæåò äîñòèãàòüñÿ ýêñòðåìóì ôóíêöèîíàëà â
èçîïåðèìåòðè÷åñêîé çàäà÷å

J [y1, y2] =

1∫
0

(y1 + y2)dx,

y1(0) = y2(0) = 0, y1(1) = 1, y2(1) = −3,

1∫
0

y′1y
′
2dx = 0.
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8.1. Íàéòè ïðèðàùåíèå è âàðèàöèþ ôóíêöèîíàëà J [y] â òî÷êå y0(x), îòâå÷àþùèå
âàðèàöèè àðãóìåíòà δy(x):

J [y] =

2π∫
0

(x+ y + y′)dx, y0(x) = sin 2x, δy(x) = x2.

8.2. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà è èññëåäîâàòü ôóíêöèîíàë íà
ýêñòðåìóì, îïðåäåëèâ çíàê åãî ïðèðàùåíèÿ

J [y] =

−1∫
−2

[
x3(y′)2 + 3xy2 − 6y

x

]
dx, y(−2) =

1

4
, y(−1) = 1.

8.3. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà

J [y] =

1∫
0

[(y′′′)2 + (y′′)2]dx,

y(0) = y′′(0) = 0, y′(0) = 1, y(1) = y′′(1) = sh 1, y′(1) = ch 1.

8.4. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà

J [y1, y2] =

2∫
1

[
12y21 + y22 + x2(y′1)

2 + (y′2)
2
]
dx,

y1(1) = 1, y1(2) = 8, y2(1) = e, y2(2) = e2.

8.5. Ìåòîäàìè âàðèàöèîííîãî èñ÷èñëåíèÿ íàéòè êðàò÷àéøåå ðàññòîÿíèå îò òî÷êè
A(1, 0) äî ýëëèïñà 4x2 + 9y2 = 36.

8.6. Íàéòè ôóíêöèè, íà êîòîðûõ ìîæåò äîñòèãàòüñÿ ýêñòðåìóì ôóíêöèîíàëà â
çàäà÷å Ëàãðàíæà

J [y1, y2] =

π/2∫
0

[(y′2)
2 − 2y′1y

′
2 − 2y21]dx,

y1(0) = 1, y2(0) = 0, y1(π/2) = 1, y2(π/2) = 0,

y′1 − y′2 = 0.

8.7. Íàéòè ôóíêöèè, íà êîòîðûõ ìîæåò äîñòèãàòüñÿ ýêñòðåìóì ôóíêöèîíàëà â
èçîïåðèìåòðè÷åñêîé çàäà÷å

J [y1, y2] =

1∫
0

y′1y
′
2dx,

y1(0) = y2(0) = y1(1) = 0, y2(1) = 1,

1∫
0

xy′1dx = 0,

1∫
0

xy′2dx = 0.
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9.1. Íàéòè ðàññòîÿíèå ïåðâîãî ïîðÿäêà ìåæäó óêàçàííûìè êðèâûìè íà çàäàííîì
ïðîìåæóòêå

y1(x) = x2, y2(x) = x, x ∈ [0, 1].

9.2. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà è èññëåäîâàòü ôóíêöèîíàë íà
ýêñòðåìóì, îïðåäåëèâ çíàê åãî ïðèðàùåíèÿ

J [y] =

2∫
1

[
3y2

x3
+ x2 +

(y′)2

x

]
dx, y(1) = 2, y(2) =

17

2
.

9.3. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà

J [y] =

π/2∫
0

[(y′′)2 − (y′)2]dx,

y(0) = 0, y(
π

2
) =

π

2
, y′(0) = 0, y′(

π

2
) = 0.

9.4. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà

J [y1, y2] =

π/2∫
0

[
(y′1)

2 + (y′2)
2 − 2y1y2

]
dx,

y1(0) = 1, y1(π/2) = eπ/2, y2(0) = −1, y2(π/2) = −eπ/2.

9.5. Íàéòè äîïóñòèìûå ýêñòðåìàëè è çíà÷åíèå x2 â çàäà÷å ñ ïîäâèæíîé ãðàíèöåé

J [y] =

x2∫
0

[3(y′)2y − x(y′)3]dx, y(0) = 0.

9.6. Íàéòè ôóíêöèè, íà êîòîðûõ ìîæåò äîñòèãàòüñÿ ýêñòðåìóì ôóíêöèîíàëà â
çàäà÷å Ëàãðàíæà

J [y1, y2] =

1∫
0

√
1 + (y′1)

2 + (y′2)
2dx,

y1(0) = 1, y2(0) = 2, y1(1) = 2, y2(1) = 1,

2y1 − y2 − 3x = 0.

9.7. Íàéòè ôóíêöèè, íà êîòîðûõ ìîæåò äîñòèãàòüñÿ ýêñòðåìóì ôóíêöèîíàëà â
èçîïåðèìåòðè÷åñêîé çàäà÷å

J [y1, y2] =

1∫
0

[(y′1)
2 + (y′2)

2]dx,

y1(0) = y2(0) = y1(1) = y2(1) = 0,

1∫
0

y1y2dx = −2.
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10.1. Íàéòè ïðèðàùåíèå è âàðèàöèþ ôóíêöèîíàëà J [y] â òî÷êå y0(x), îòâå÷àþùèå
âàðèàöèè àðãóìåíòà δy(x):

J [y] =

3∫
0

xy4dx, y0(x) = x, δy(x) = x2.

10.2. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà è èññëåäîâàòü ôóíêöèîíàë íà
ýêñòðåìóì, îïðåäåëèâ çíàê åãî ïðèðàùåíèÿ

J [y] =

4∫
1

[
2yy′

x
− 3y2

x2
− (y′)2 − y

x

]
dx, y(1) = 4, y(4) = 4.

10.3. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà

J [y] =

b∫
0

[(y′′)2 + (y′)2]dx,

y(0) = 0, y(b) = 0, y′(0) = 0, y′(b) = 0.

10.4. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà

J [y1, y2] =

1∫
0

[
2y1 + y22 + (y′1)

2 + (y′2)
2
]
dx,

y1(0) = 0, y1(1) =
1

2
, y2(0) = 1, y2(1) = e−1.

10.5. Íàéòè äîïóñòèìûå ýêñòðåìàëè è çíà÷åíèå x2 â çàäà÷å ñ ïîäâèæíûìè ãðàíè-
öàìè

J [y] =

x2∫
0

[(y′)2 + y]dx, y(x2) = x2.

10.6. Íàéòè ôóíêöèè, íà êîòîðûõ ìîæåò äîñòèãàòüñÿ ýêñòðåìóì ôóíêöèîíàëà â
çàäà÷å Ëàãðàíæà

J [y1, y2] =

1∫
0

[(y′1)
2 + (y′2)

2]dx,

y1(0) = −1, y2(0) = 0, y1(1) = −1, y2(1) = 1,

y1 + y2 − 2x2 + x+ 1 = 0.



10.7. Íàéòè ôóíêöèè, íà êîòîðûõ ìîæåò äîñòèãàòüñÿ ýêñòðåìóì ôóíêöèîíàëà â
èçîïåðèìåòðè÷åñêîé çàäà÷å

J [y1, y2] =

1∫
0

[(y′1)
2 + (y′2)

2]dx,

y1(0) = y2(0) = y1(1) = y2(1) = 0,

1∫
0

y1y2dx = −2.
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11.1. Íàéòè íîðìó ýëåìåíòà y(x) â ïðîñòðàíñòâàõ C[a, b] è C1[a, b]:

y(x) =
sinx

n
, n = 1, 10, 100, x ∈ [0, 1].

11.2. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà è èññëåäîâàòü ôóíêöèîíàë íà
ýêñòðåìóì, îïðåäåëèâ çíàê åãî ïðèðàùåíèÿ

J [y] =

1∫
0

[ex(y′ − x)2 + 2y]dx, y(0) = 1, y(1) =
1

2
.

11.3. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà

J [y] =

π∫
0

[(y′′′)2 − (y′′)2]dx,

y(0) = y′(0) = y′′(0) = 0, y(π) = π, y′(π) = 2, y′′(π) = 0.

11.4. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà

J [y1, y2] =

π/2∫
0

[
(y′1)

2 + (y′2)
2 + 2y1y2

]
dx,

y1(0) = 1, y1(π/2) = eπ/2, y2(0) = 1, y2(π/2) = eπ/2.

11.5. Íàéòè äîïóñòèìûå ýêñòðåìàëè è çíà÷åíèå x2 â çàäà÷å ñ ïîäâèæíîé ãðàíèöåé

J [y] =

x2∫
0

[(y′)2 − y2]dx, y(0) = 0, y(x2) = sin 2x2.

11.6. Íàéòè ôóíêöèè, íà êîòîðûõ ìîæåò äîñòèãàòüñÿ ýêñòðåìóì ôóíêöèîíàëà â
çàäà÷å Ëàãðàíæà

J [y1, y2] =

π/2∫
0

[(y′1)
2 − (y′2)

2]dx,

y1(0) = 0, y2(0) = 0, y1(π/2) =
π

4
, y2(π/2) = −1

2
,

y′1 − y2 − sinx = 0.

11.7. Íàéòè ôóíêöèè, íà êîòîðûõ ìîæåò äîñòèãàòüñÿ ýêñòðåìóì ôóíêöèîíàëà â
èçîïåðèìåòðè÷åñêîé çàäà÷å

J [y] =

1∫
0

(y′)2dx,

y(0) = 1, y(1) = 6,

1∫
0

y(x)dx = 3.
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12.1. Íàéòè ïðèðàùåíèå è âàðèàöèþ ôóíêöèîíàëà J [y] â òî÷êå y0(x), îòâå÷àþùèå
âàðèàöèè àðãóìåíòà δy(x):

J [y] =

π∫
0

xyy′dx, y0(x) = sin x, δy(x) = cos x.

12.2. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà è èññëåäîâàòü ôóíêöèîíàë íà
ýêñòðåìóì, îïðåäåëèâ çíàê åãî ïðèðàùåíèÿ

J [y] =

2∫
1

[24x3y − yy′ − x2(y′)2]dx, y(1) = 1, y(2) = −7.

12.3. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà

J [y] =

1∫
0

e−x(y′′)2dx,

y(0) = 0, y(1) = e, y′(0) = 1, y′(1) = 2e.

12.4. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà

J [y1, y2] =

1∫
0

[y1y2 + y′1y
′
2] dx,

y1(0) = 1, y1(1) = e, y2(0) = 1, y2(1) = e.

12.5. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà â çàäà÷å ñ ïîäâèæíîé ãðàíèöåé

J [y] =

2∫
1

[x2(y′)2 + 6y2 + 2x3y]dx, y(1) =
1

6
.

12.6. Íàéòè ôóíêöèè, íà êîòîðûõ ìîæåò äîñòèãàòüñÿ ýêñòðåìóì ôóíêöèîíàëà â
çàäà÷å Ëàãðàíæà

J [y1, y2] =

π/2∫
0

[(y′1)
2 − (y′2)

2]dx,

y1(0) = y2(0) = 0, y1(π/2) = −2, y2(π/2) = 0,

y′1 − y2 + 1 = 0.

12.7. Íàéòè ôóíêöèè, íà êîòîðûõ ìîæåò äîñòèãàòüñÿ ýêñòðåìóì ôóíêöèîíàëà â
èçîïåðèìåòðè÷åñêîé çàäà÷å

J [y] =

1∫
0

[x2 + (y′)2]dx,

y(0) = 0, y(1) = 0,

1∫
0

y2(x)dx = 2.
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13.1. Îïðåäåëèòü ñõîäèòñÿ ëè ïîñëåäîâàòåëüíîñòü ôóíêöèé

yn(x) =
sinnx

n2
, n = 1, 2, . . .

ê ôóíêöèè y0(x) = 0 ïî íîðìå ïðîñòðàíñòâà: à) C[0, π]; á) C1[0, π].

13.2. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà è èññëåäîâàòü ôóíêöèîíàë íà
ýêñòðåìóì, îïðåäåëèâ çíàê åãî ïðèðàùåíèÿ

J [y] =

π/4∫
0

[
(y′)2

cosx
+

y

cos2 x

]
dx, y(0) = 0, y

(π
4

)
=

1

2
.

13.3. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà

J [y] =

1∫
0

(x+ 1)3(y′′)2dx,

y(0) = 1, y(1) =
1

2
, y′(0) = −1, y′(1) = −1

4
.

13.4. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà

J [y1, y2] =

π/2∫
0

[y′1y
′
2 − y1y2] dx,

y1(0) = 0, y1(π/2) = 1, y2(0) = 0, y2(π/2) = 1.

13.5. Ìåòîäàìè âàðèàöèîííîãî èñ÷èñëåíèÿ íàéòè êðàò÷àéøåå ðàññòîÿíèå ìåæäó
ïàðàáîëîé y = x2 è ïðÿìîé y = x− 1.

13.6. Íàéòè ôóíêöèè, íà êîòîðûõ ìîæåò äîñòèãàòüñÿ ýêñòðåìóì ôóíêöèîíàëà â
çàäà÷å Ëàãðàíæà

J [y1, y2] =

π/2∫
0

[(y′1)
2 − (y′2)

2]dx,

y1(0) = y2(0) = 0, y1(π/2) = 1, y2(π/2) = 1,

y′1 − y2 − 2 cos(2x) = 0.

13.7. Íàéòè ôóíêöèè, íà êîòîðûõ ìîæåò äîñòèãàòüñÿ ýêñòðåìóì ôóíêöèîíàëà â
èçîïåðèìåòðè÷åñêîé çàäà÷å

J [y] =

1∫
0

(y′)2dx,

y(0) = 0, y(1) =
1

4
,

1∫
0

(y − (y′)2)dx =
1

12
.
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14.1. Íàéòè ïðèðàùåíèå è âàðèàöèþ ôóíêöèîíàëà J [y] â òî÷êå y0(x), îòâå÷àþùèå
âàðèàöèè àðãóìåíòà δy(x):

J [y] =

1∫
0

(xy + y′x2)dx, y0(x) = x, δy(x) = x+ 1.

14.2. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà è èññëåäîâàòü ôóíêöèîíàë íà
ýêñòðåìóì, îïðåäåëèâ çíàê åãî ïðèðàùåíèÿ

J [y] =

4∫
1

[(
1

x
− 3

x2

)
y2 + 2yy′ lnx− 4(y′)2 − 10y

]
dx, y(1) = −1, y(4) = 0.

14.3. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà

J [y] =

π∫
0

[(y′′′)2 − (y′)2]dx,

y(0) = y′(0) = y′′(0) = 0, y(π) = y′′(π) = sh π, y′(π) = chπ + 1.

14.4. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà

J [y1, y2] =

1∫
0

[
2y21 + 2y1y2 + (y′1)

2 − (y′2)
2
]
dx,

y1(0) = 0, y1(1) = 2 sh e, y2(0) = 0, y2(1) = −2 sh e.

14.5. Íàéòè äîïóñòèìûå ýêñòðåìàëè è çíà÷åíèå x2 â çàäà÷å ñ ïîäâèæíîé ãðàíèöåé

J [y] =

x2∫
0

[(y′)2 − y2 − 2y]dx, y(0) = 0.

14.6. Íàéòè ôóíêöèè, íà êîòîðûõ ìîæåò äîñòèãàòüñÿ ýêñòðåìóì ôóíêöèîíàëà â
çàäà÷å Ëàãðàíæà

J [y1, y2] =

1∫
0

[(y′1)
2 − (y′2)

2 + 5y1y2]dx,

y1(0) = y2(0) = 0, y1(1) = 1, y2(1) = 1,

y′1 + y′2 − 2 = 0.

14.7. Íàéòè ôóíêöèè, íà êîòîðûõ ìîæåò äîñòèãàòüñÿ ýêñòðåìóì ôóíêöèîíàëà â
èçîïåðèìåòðè÷åñêîé çàäà÷å

J [y] =

1∫
0

(y′)2dx,

y(0) = 0, y(1) = e− 3,

1∫
0

yexdx = 0.
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15.1. Íàéòè ðàññòîÿíèå ìåæäó ýëåìåíòàìè y1(x) è y2(x) â ïðîñòðàíñòâàõ C[a, b] è
C1[a, b]:

y1(x) = sin 2x, y2(x) = sin x, x ∈
[
0,

π

2

]
.

15.2. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà è èññëåäîâàòü ôóíêöèîíàë íà
ýêñòðåìóì, îïðåäåëèâ çíàê åãî ïðèðàùåíèÿ

J [y] =

2∫
1

[(xy′ + y)2 + (1 + x2)y′]dx, y(1) = −1

2
, y(2) = 1.

15.3. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà

J [y] =

π/2∫
0

[(y′′)2 − y2 + x2]dx,

y(0) = 1, y(
π

2
) = 0, y′(0) = 0, y′(

π

2
) = −1.

15.4. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà

J [y1, y2] =

π/2∫
0

[
2y1y2 − 2y21 + (y′1)

2 − (y′2)
2
]
dx,

y1(0) = 0, y1(π/2) = 1, y2(0) = 0, y2(π/2) = −1.

15.5. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà â çàäà÷å ñ ïîäâèæíûìè ãðàíè-
öàìè

J [y] =

π/2∫
0

[4y2 + (y′)2 + 2y cosx]dx.

15.6. Íàéòè ôóíêöèè, íà êîòîðûõ ìîæåò äîñòèãàòüñÿ ýêñòðåìóì ôóíêöèîíàëà â
çàäà÷å Ëàãðàíæà

J [y1, y2] =

1∫
0

[(y′1)
2 + 5y1y2]dx,

y1(0) = y2(0) = 0, y1(1) = 1, y2(1) = 1,

y1 − y2 = 0.

15.7. Íàéòè ôóíêöèè, íà êîòîðûõ ìîæåò äîñòèãàòüñÿ ýêñòðåìóì ôóíêöèîíàëà â
èçîïåðèìåòðè÷åñêîé çàäà÷å

J [y] =

1∫
0

(y′)2dx,

y(0) = 2e+ 1, y(1) = 2,

1∫
0

ye−xdx = e.
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16.1. Íàéòè ïðèðàùåíèå è âàðèàöèþ ôóíêöèîíàëà J [y] â òî÷êå y0(x), îòâå÷àþùèå
âàðèàöèè àðãóìåíòà δy(x):

J [y] =

1∫
0

xy3dx, y0(x) = x, δy(x) = sin x.

16.2. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà è èññëåäîâàòü ôóíêöèîíàë íà
ýêñòðåìóì, îïðåäåëèâ çíàê åãî ïðèðàùåíèÿ

J [y] =

2∫
1

[
12xy − 12

x
yy′ − 3(y′)2

]
dx, y(1) =

1

2
, y(2) = 0.

16.3. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà

J [y] =

1∫
0

[−2xy + (y′′)2]dx,

y(0) = y′(0) = 0, y(1) =
1

5!
, y′(1) =

1

12
.

16.4. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà

J [y1, y2] =

π/4∫
0

(2y2 − 4y21 + (y′1)
2 − (y′2)

2)dx,

y1(0) = 0, y1(
π

4
) = 1, y2(0) = 0, y2(

π

4
) = 1.

16.5. Íàéòè äîïóñòèìûå ýêñòðåìàëè è çíà÷åíèå x2 â çàäà÷å ñ ïîäâèæíîé ãðàíèöåé

J [y] =

x2∫
0

[(y′)2 + y2]dx, y(0) = 0, y(x2) = chx2.

16.6. Íàéòè ôóíêöèè, íà êîòîðûõ ìîæåò äîñòèãàòüñÿ ýêñòðåìóì ôóíêöèîíàëà â
çàäà÷å Ëàãðàíæà

J [y1, y2] =

1∫
0

[(y′1)
2 + 5y1]dx,

y1(0) = y2(0) = 0, y1(1) = 1, y2(1) = 1,

y1 + y2 − 2x2 = 0.



16.7. Íàéòè ôóíêöèè, íà êîòîðûõ ìîæåò äîñòèãàòüñÿ ýêñòðåìóì ôóíêöèîíàëà â
èçîïåðèìåòðè÷åñêîé çàäà÷å

J [y] =

1∫
0

(y′)2dx,

y(0) = 0, y(1) = e− 3,

1∫
0

yexdx = 0.
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17.1. Íàéòè ðàññòîÿíèå âòîðîãî ïîðÿäêà ìåæäó êðèâûìè y1(x) = x, y2(x) = − cosx
íà îòðåçêå [0, π/3].

17.2. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà è èññëåäîâàòü ôóíêöèîíàë íà
ýêñòðåìóì, îïðåäåëèâ çíàê åãî ïðèðàùåíèÿ

J [y] =

1∫
0

[
(1 + x2)(y′)2 − 4xy′ + yy′ sin2 x+

1

2
y2 sin 2x

]
dx,

y(0) = 0, y(1) = ln 2.

17.3. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà

J [y] =

1∫
0

[1 + x2 + 2(y′′′)2]dx,

y(0) = 1, y′(0) = 0, y′′(0) = −2, y(1) = 2, y′(1) = 6, y′′(1) = 22.

17.4. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà

J [y1, y2] =

1∫
−1

(2xy1 − (y′1)
2 +

1

3
(y′2)

3)dx,

y1(−1) = 2, y1(1) = 0, y2(−1) = −1, y2(1) = 1.

17.5. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà â çàäà÷å ñ ïîäâèæíîé ãðàíèöåé

J [y] =

1∫
0

[y + xy′ + (y′)2]dx, y(0) = 0.

17.6. Íàéòè ôóíêöèè, íà êîòîðûõ ìîæåò äîñòèãàòüñÿ ýêñòðåìóì ôóíêöèîíàëà â
çàäà÷å Ëàãðàíæà

J [y1, y2] =

1∫
0

[(y′1)
2 + 5y2]dx,

y1(0) = y2(0) = 0, y1(1) = 1, y2(1) = 1,

y1 + y′2 − 2x3 = 0.

17.7. Íàéòè ôóíêöèè, íà êîòîðûõ ìîæåò äîñòèãàòüñÿ ýêñòðåìóì ôóíêöèîíàëà â
èçîïåðèìåòðè÷åñêîé çàäà÷å

J [y] =

1∫
0

[y2 + (y′)2]dx,

y(0) = 0, y(1) = 4e,

1∫
0

yexdx = 1 + e2.
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18.1. Íàéòè ïðèðàùåíèå è âàðèàöèþ ôóíêöèîíàëà J [y] â òî÷êå y0(x), îòâå÷àþùèå
âàðèàöèè àðãóìåíòà δy(x):

J [y] =

1∫
0

(xy2 + y′x)dx, y0(x) = x2, δy(x) = x.

18.2. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà è èññëåäîâàòü ôóíêöèîíàë íà
ýêñòðåìóì, îïðåäåëèâ çíàê åãî ïðèðàùåíèÿ

J [y] =

π/4∫
0

[
yy′ arctg x− (y′)2 +

y2

2(1 + x2)
− 9y2 + 16y shx

]
dx,

y(0) = 0, y
(π
4

)
= 2sh3π

4
+ sh

π

4
.

18.3. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà

J [y] =

1∫
0

[2exy − (y′′)2]dx,

y(0) = y′(0) = 1, y(1) = e, y′(1) = 2e.

18.4. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà

J [y1, y2] =

π/2∫
0

((y′1)
2 + (y′2)

2 − 2y1y2)dx,

y1(0) = 0, y1(
π

2
) = 1, y2(0) = 0, y2(

π

2
) = 1.

18.5. Ìåòîäàìè âàðèàöèîííîãî èñ÷èñëåíèÿ íàéòè êðàò÷àéøåå ðàññòîÿíèå îò òî÷êè
A(−1, 5) äî ïàðàáîëû x = y2.

18.6. Íàéòè ôóíêöèè, íà êîòîðûõ ìîæåò äîñòèãàòüñÿ ýêñòðåìóì ôóíêöèîíàëà â
çàäà÷å Ëàãðàíæà

J [y1, y2] =

π/2∫
0

[(y′1)
2 − y1y2]dx,

y1(0) = y2(0) = 0, y1(π/2) = 1, y2(π/2) = 1,

y1 − y′2 − 2 cos x = 0.



18.7. Íàéòè ôóíêöèè, íà êîòîðûõ ìîæåò äîñòèãàòüñÿ ýêñòðåìóì ôóíêöèîíàëà â
èçîïåðèìåòðè÷åñêîé çàäà÷å

J [y] =

1∫
0

[2xy + (y′)2]dx,

y(0) = 0, y(1) = 3,

1∫
0

xydx = 1.
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19.1. Íàéòè ðàññòîÿíèå ïåðâîãî ïîðÿäêà ìåæäó óêàçàííûìè êðèâûìè íà çàäàííîì
ïðîìåæóòêå

y1(x) =
1

x2 + 1
, y2(x) = 0, x ∈ (−∞,∞).

19.2. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà è èññëåäîâàòü ôóíêöèîíàë íà
ýêñòðåìóì, îïðåäåëèâ çíàê åãî ïðèðàùåíèÿ

J [y] =

π∫
0

[(y′)2 + y2 − 4y sinx]dx, y(0) = 1, y(π) = eπ.

19.3. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà

J [y] =

1∫
0

[4(y′)2 + (y′′)2]dx,

y(0) = y′(0) = 0, y(1) =
1

4
(e2 − 3), y′(1) =

1

2
(e2 − 1).

19.4. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà

J [y1, y2] =

1∫
0

((y′1)
2 + (y′2)

2 + 2y1)dx,

y1(0) = 1, y1(1) =
3

2
, y2(0) = 0, y2(1) = 1.

19.5. Íàéòè äîïóñòèìûå ýêñòðåìàëè è çíà÷åíèå x2 â çàäà÷å ñ ïîäâèæíîé ãðàíèöåé

J [y] =

x2∫
0

[(y′)2 + y]dx, y(0) = 1.

19.6. Íàéòè ôóíêöèè, íà êîòîðûõ ìîæåò äîñòèãàòüñÿ ýêñòðåìóì ôóíêöèîíàëà â
çàäà÷å Ëàãðàíæà

J [y1, y2] =

1∫
0

[(y′1)
2 + y21 + y22]dx,

y1(0) = y2(0) = 0, y1(1) = 1, y2(1) = 1,

y1 + y2 = 2x.

19.7. Íàéòè ôóíêöèè, íà êîòîðûõ ìîæåò äîñòèãàòüñÿ ýêñòðåìóì ôóíêöèîíàëà â
èçîïåðèìåòðè÷åñêîé çàäà÷å

J [y] =

2∫
1

x(y′)2]dx,

y(1) = 0, y(2) = 12,

2∫
1

xydx = 9.
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20.1. Íàéòè ïðèðàùåíèå è âàðèàöèþ ôóíêöèîíàëà J [y] â òî÷êå y0(x), îòâå÷àþùèå
âàðèàöèè àðãóìåíòà δy(x):

J [y] =

π∫
0

xydx, y0(x) = sin x, δy(x) = cos x.

20.2. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà è èññëåäîâàòü ôóíêöèîíàë íà
ýêñòðåìóì, îïðåäåëèâ çíàê åãî ïðèðàùåíèÿ

J [y] =

1∫
1/4

[6xy′ − x1/2y2 − x5/2(y′)2]dx, y

(
1

4

)
= −1, y(1) = 1.

20.3. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà

J [y] =

π/2
√
2∫

0

[16y2 + (y′′)2]dx,

y(0) = y′(0) = 0, y(π/2
√
2) = 0, y′(π/2

√
2) = −2

√
2 sh

π

2
.

20.4. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà

J [y1, y2] =

1∫
1/2

((y′1)
2 − 2xy1y

′
2)dx,

y1

(
1

2

)
= 2, y1(1) = 1, y2

(
1

2

)
= 15, y2(1) = 1.

20.5. Íàéòè äîïóñòèìûå ýêñòðåìàëè ôóíêöèîíàëà â çàäà÷å ñ ïîäâèæíûìè ãðàíè-
öàìè

J [y] =

e∫
1

[x(y′)2 +
1

x
y2 +

2 ln x

x
y]dx.

20.6. Íàéòè ôóíêöèè, íà êîòîðûõ ìîæåò äîñòèãàòüñÿ ýêñòðåìóì ôóíêöèîíàëà â
çàäà÷å Ëàãðàíæà

J [y1, y2] =

1∫
0

[(y′1)
2 + y21 − y22]dx,

y1(0) = y2(0) = 0, y1(1) = 1, y2(1) = 1,

y1 + y2 = 2x2.



20.7. Íàéòè ôóíêöèè, íà êîòîðûõ ìîæåò äîñòèãàòüñÿ ýêñòðåìóì ôóíêöèîíàëà â
èçîïåðèìåòðè÷åñêîé çàäà÷å

J [y] =

π∫
0

[2y + 3y′ + (y′)2]dx,

y(0) = 0, y(π) = π2,

π∫
0

y sinxdx = π2 − 1.


