§ 14. KpuBbie BTOPOro mopsiaka

KpuBbie BTOPOTO MOPsJIKA IEAATCA HA

1) evipostcoennvie )| 2) HeBbIPOIHCOCHHbIE

BBIpOXKIEHHBIE KPUBBIE BTOPOTO MHOPAAKA OTO IPSAMBbIE M TOYKH,

KOTOpBhIE 3aJal0TCA ypaBHEHUEM BTOPOM CTEIEHU. Eciu
YPABHEHUIO BTOPOTO MOPSJKA HE YIOBJIETBOPSIET HU OJIHA TOYKA
IJIOCKOCTH, TO TOXE€ TOBOPAT, YTO YpPaBHEHUE ONPEACIICT
BBIPOKJICHHYIO KPUBYIO (MHUMYIO KPUBYIO BTOPOTO MOPSAKA).

HeBBIpOXKAEHHBIMU KPUBBIMU BTOPOr'O MOPSAKA SABJISIOTCA DJIUIMIIC,

OKPYXHOCTb, THIIep00JIa v rmapadouia.



1. DJUIMIC ¥ OKPYKHOCTH

OIIPEAEJIEHUE. Inauncom nazvieaemcs ceomempuueckoe mecmo
Mmoyex NJI0CKOCMU, CYMMA PACCMOAHUU OmM KOMOPbIX 00 08)X
Qurcuposannvix moyex niockocmu F, u F, ecmb eeruuuna
nocmosnHas u pasuas 2a (2a>|F |\ F)).

Toukn F|, u [, Ha3BIBaIOT hoKycamu SIUIATICA.

BeiOepeM J1€KapTOBY MNPSIMOYTOJIBHYIO CHUCTEMY KOOPAWHAT TaK,
4ToOBl POKYyCHl F, W F, yexanu Ha ocu Ox Ha OAMHAKOBOM
paccTosiauu oT O.

-— >

A

B Takou cucreme KOOpIMHaT:
Fi(=;0) un Fyc0),
rne |OF,|=|0OF,|=c.



YpaBaenue (1):

HA3bIBACTCSI KAHOHUYECKUM YPAGHEHUEM ILIUNCA.

CucreMa KOOpJIMHAT, B KOTOPOM 3JUIAIIC UMEET TAKOE YPABHECHUE,
HA3bIBACTCA €TI0 KAHOHUYECKOU CUCHEMOU KOOPOUHAM.



NCCIIEJOBAHUE KAHOHWYECKOI'O YPABHEHHMA
DJUINTICA

1) Diumric neXUuT BHYTPU NPSIMOYTOJbHUKA, OTPAHUYEHHOTO X=*d,
y==b.

2) DJIMIIC UMEET LICHTP CUMMETPHHM (Ha4yalo KOOPJAUHAT) U JIBE€ OCH
cummerpuu (ocu Ox u Oy).
[leHTp CUMMETPHUHU IJUIMIICA HA3bIBAIOT UEHMPOM IJLIUNCA.

OcCbh CUMMETPHM JJUIUIICA, TPOXOISIITYI0 Yepe3 POoKychl (ochb Ox)
Ha3bIBAOT 0Ooibuiou (W (POKAIBHOW) OChIO CHUMMETPHH, a
BTOPYIO OChb (0Cb (Oy) — Maioii OChIO.

3) 13 ypaBHEHHUS 3IUTATICA TIOJTYYAEM

y:ié\/a2 — x*
a

b > 2
HccnenyeMm KpuByro y = —\/ a” —Xx~ MeTodgaMu, pa3pabOTaHHBIMHU
a
B MAaTEMATUYECKOM aHAJIN3E:



a) D(y)=[-a;a], y(ta)=0;
b
6) y - [ \/a _x )

= ¢yHkusa Bo3pactaeT npu xe(—a; 0) (y'>0),
yowsiBaeT ipu x€(0; a) (y'<0),
3KCTpEMYM (MakcuMyM) B Touke x =0, p(0)=b;

B) y”:— ab <O

\/(az —x2)3

—> KpHUBAas BCIOJY BBIITYKJIaA .




4, A,

by

Touxu A4,,A4,,B,, B, Ha3bIBAIOTCA 6epuLLHaAMU ITLIIUNCA.

Otpesok 4,4, 1 ero nnuHa 2a Ha3bIBAIOTCS 001bui0u ((hoxanvroir)
ocblo, OTPE30K BB, u ero mainHa 2b — manou ocwro.

BenuunHbl a W b Ha3BIBAIOTCI 001bULOU VI MAI0U HOJIYOCHIO
COOTBETCTBEHHO.

JlinHa orpeska [FF, (paBHas 2c¢) Ha3bIBae€TCA (QOKYCHbIM
paccmoanuem. Ecnn M — NPOU3BOJIbHAS TOYKA 3JUIAIICA, TO
orpesku  MF, , MF, wu nxX mIMHLL r,, 7, Ha3bIBAIOTCH
¢okanvnvimu paouycamu mouku M



OIIPEAEJIEHUE. Beruuuna ¢ , pasuas omuowieHuro oxycHoz2o
paccmosiHus  DIauUnca K e20  0O0abulou  OCU, HA3bl8AEMCS

IKCUermpucumemom 2Juiunca, T.C. 26’ C
E=—"=—
2a a

2 32
Tak xax c:\/a —b"<a ,10 0<eg<l.
BennunHa & Xapaktepus3yeT popMy dJuIvIca.

3Has & DJUIMIICA JIETKO HAaWTH (POKAJIbHBIC PaAUyChl TOUKH M(X;)):

3ameuanus.
1) IIycTe B ypaBHEHUM smumrnica a = b = r. Jljist 5TOM KpUBOU
C
c=\/a2—b2=0 = F,=F=0, &=—=0

. a
['eomeTpryecku, 3TO 03HAYAET, YTO TOUYKU KPUBOU PABHOYNAJICHBI

(Ha paccTossHHE 7) OT ee¢ ueHTpa (), T.e. KpuBas SBISACTCS
OKPYHCHOCHLBIO.

KaHoHHYEeCKOE ypaBHEHHE OKPYKHOCTH IIPUHSATO 3alUChIBaTh B
BUIE x* + y> = r? , rAe r — PacCTOSHHUE OT 000K TOYKH
OKPY>KHOCTH [0 €€ LIEHTPA; ¥ HA3bIBAIOT PAOUYCOM OKPYHCHOCHIU.



2) Ecnu BIOpaTh CUCTEMY KOOPAMHAT TaK, 4YTOOBI GOKYCHL /| U F,
Obuin Ha ocu (y Ha OJWHAKOBOM pPAaCCTOSIHMM OT Hayajia
KOOp/MHAT, TO ypaBHEHYE diIuIIca OyJlIeT UMETh BU]

x oyt
b2+a2_1

Jlna sToro smmrica OoJbiias ock — ock Oy, Maynasg ocb — 0cb Ox
doxycer umerot koopaunatel F,(0;—c) u F,(0;c) , rae ¢ =/ a* — b*

dokanbHbIC paauyChl TOUKA M(X;)y) HaxoAdaTcs 1o (hopMysaam
r, = | MF, |=a+gyf ry=|MF,|=a-gy.
y




2. 'mnep0Ooiia

OIIPEAEJIEHUE. [T'unepbonon wnaszvieaemcs 2eomempuyeckoe
Mecmo mouex NI0CKOCmU, MOOYAb PA3ZHOCMU PACCMOAHUL OM
KOmMopbulx 00 08YX ukcuposanHvlx mouek niaockocmu I, u F,
ecmb eeuduUna nocmoannas u passasa 2a (2a < |F | F,)).

Touku F, u F, Ha3bIBaIOT (hokycamu runepOOobl.

BeiOepeM J1€KapTOBY MNPSIMOYTOJIBHYIO CHUCTEMY KOOPAWHAT TaK,
4ToOBI (POKychl [, m F, nexanu Ha ocu Ox Ha OJMHAKOBOM
paccTosiauu oT O.

— -

F, 0 5

B Takou cucreme KOOpIMHAaT:
Fi(=;0) un Fyc0),
rne |OF,|=|0OF,|=c.



YpaBaenue (2):

HA3bIBACTCS KAHOHUUECKUM YPAGHEHUEM 2UNEPOOTbL.

CucreMa KOOpJAMHAT, B KOTOPOW TUIIEpOOJa HMEET TaKoe
YpaBHEHHUE,  HA3bIBACTCA €€  KAHOHUYECKOU  CUCmemou
Koopounam.



NCCIIEJOBAHUE KAHOHWYECKOI'O YPABHEHHMA
['NITEPBOJIbI

1) Touek runepOOJIBI HET B MOJIOCE, OTPAHUYEHHOU NIPAMBIMUA X=xa.

2) I'mnepOoJia UMEET LEHTP CUMMETPUM (HAa4aJl0 KOOPAWHAT) U JIBE
ocu cummerpuu (ocu Ox u QOy).

[leHTp CUMMETPHUH TUIIEPOOJIBI HA3BIBAIOT UEHMPOM 2UNEPDOO.IbL.

Och cuMMeTpuM TUOepOOJIbl, TPOXOAAIIyI0 Yepe3 (hOKYyChl (OCh
Ox)  Ha3pIBAKOT OelicmeumeibHoi (MWId (HoKaabHoil) 0Cbio
CHUMMETPHUH, a BTOPYIO OChb (0Ch Oy) — MHUMOIL OCBI0.

3) 13 ypaBHEHUS TUNEPOOIIBI TOJTyYaeM:

y:ié\/xz —a*
a

b [

HccnenyeM KpUBYIO ) = —\/ x‘—a METOIaMH, pa3paboTaH-
a

HBIMHU B MATCMATHNUUCCKOM aHAJIN3C.



a) D(y) = (-03-a] U [a; +0), p(xa)=0;

_|_

X

0) MuHusa ) = é\/ x> —a’ AUMEET ACUMIITOThI V = _é
a a
HanmomMHuwM:
[Ipssmast € Ha3bIBACTCSA ACUMRMOMOU KPUBOU, €CIU PACCTOSHUE OT
Toukn M xpuBoi 10 mpamoii £ cTpemurcs K HymIO IIpH
yAaJIeHUM TOYKU M OT Hayajia KOOpJAuHAT.

CyllecTBYIOT JIBa BUAA ACUMIITOT — 6EPMUKAIbHbIE U HAKIOHHBbIE.

BepTukanbHble aCUMOTOTHI KpHBas y=f(X) HMMEET B TEX TOYKax
pazpeiBa Il pona pyHkuun y=f(x) , B KOTOPBIX XOTsI ObI OJIMH W3
OJTHOCTOPOHHMX MPEACI0oB PYyHKIIUN paBeH OSCKOHEUYHOCTH.

HakJioHHBIE aCUMNTOTHI KpUBOU  y=f(x) UMEIOT yPaBHEHUE
y=k1,2x+b1’2 , TIe
ko= lim S by = lim [f(x) kx|

X—>to X X—> 1o



D
a sz_az
—> (QyHKIUA Bo3pacTaeT npu xe(a; +o) (y'>0),
yobIBaeT mpu xe(—oo; —a) (y'<0),
IKCTPEMYMOB HET

(kpuTnyeckue Touku x = 0¢D(y) u x =+ a — rpaHUYHBIC);

)y =——2
\/(xz —a2)3

—> KpHUBAas BCIOJY BBIITYKJIaA .

<0




E /4 A\ E X
—b|B,

Touxku A, , A, Ha3BIBAIOTCS epuiunaAMU 2UNEPOOIbL.

Otpesok 4,4, u ero MHA 2a HA3BIBAIOTCA O0elCHEUMEIbHOI
(¢poxanwvnoir) ocvio, 0Tpe30K BB, u ero mvHa 2D — MHUMOIL 0CbIO.
BeanuuHel a@ W b Ha3bIBAIOTCS OeicmeumenvHou U MHUMOI
NnOJIy0Cb0 COOTBETCTBEHHO.

Jlinna otpeska [F\F, (paBHag 2c) Ha3bIBaeTCd @QOKYCHBIM
paccmoanuem. Ecim M — npou3BoJibHas TOYKa THNOEPOOJIbI, TO
orpesku MF,, MF, v ux JIUHEL 7, ¥, HA3bIBAIOTCI (POKAIbHBIMU
paouycamu mouku M




OIIPEAEJIEHUE. Beruuuna &, pasuas omuowieHuro oxycHo2o
paccmosHus 2unepooivl K ee 0eucmaumelbHoU OCU, HA3bl8Aem sl

IKcuermpucumemom 8Mﬂ€p60]lbl, T.C. 2c C

E=—=—
2a a

Tak kak c=\/a2+b2 >aqa , 10&8>1.
BenuunHa & xapaktepu3yeT (OpMy THIIEPOOIIBI.

3Has DKCUEHTPUCUTET TUIEPOOJIbI JIETKO HAUTH (OKAIbHBIC
paanychl TOUku M(x;)y).

Ecnu Touka M neXuT Ha MpaBoil BeTke rumep0osl (T.e. x > 0), TO
ry=|MF,|=ate&, r,=|MF,|=-a+eé&x.
Ecau M nexwut Ha neBo# BeTKe runepooinl (T.e. x <0), TO
r=|MF |=—(@a+e&), r,=|\MF,|=—(—a+&x).



3ameuanus.

1) Ecnu B ypaBHeHHHU runepOo0Jibl a=b, TO ruIiepOoi1a Ha3bIBACTCS
paenobounou.
ACUMIITOTBHI paBHOOOYHOM rumep00Jibl, IepHESHAUKYISPHBI.
—> MOXHO BbBIOpaTh CHCTEMY KOOpJMHAT TakK, YTOOBI
KOOPJAWHATHBIE OCH COBHAJIM C AaCUMIITOTaMH. lorjaa ypaBHEHHUE
rUIepooIIbl OyaeT

xy=0,5a" . (3)

YpaBHenue (3) Ha3bIBAKOT YpaAGHEHUEM PABHOOOUHOU 2unep-
00161, OMHECEHHOUl K ACUMNIMOMAM.



2) Ecnn BBIOpaTh cUCTEMY KOOPAUHAT TaK, 4TOOBI (POKYCHI F| U F,
ObUIM Ha oauHakoBOM paccrossHuu oT (J(0;0), Ho nexanu Ha Oy,

TO ypaBHEHUE mnep6onb; giyz[eTznmeTb BU]T Y
S A

b* a’ ¢42

J171s1 5TOM TUIIEPOOIIBI: a4,

JIEeUCTBUTENIbHASA OCh — OCh (Y,

MHHMas ocb — och Ox, S -
F,(0;—)n F, (0;c) Cgrz[e C = \/a +5° ) —b b
ACUMITOTH. V=T —X
YT 4
(boKanbHbIE paIUyChl TOUKU M(X;)y) HaXOAATCS
no opMysiam
a) mpu y > 0:
r=IMF,|| = ategy, r,=|MF,|=—-atey;
0) npu y < 0:
r=IMF,|= —(atex), r,=|MF,|=—(—atex).




3. Ilapaboma

[Iycte € — HekOoTOpas npsiMasi Ha TNIOCKOCTH, F' — HEKOTOpas TOYKa
MIJIOCKOCTH, HE JIeKAaIasi Ha npsmoin £.

OIIPELAEJIEHUE. [Ilapabonou naszvieaemcsa 2eomempuideckoe
Mecmo moYeK MNI0CKOCMmU, pPAcCmosHue om KOmopvlx 00
Quxcuposarnnou npamou L u 0o uxcuposaunou mouku F (He
nexicauie Ha npsamou L) 00uHaxKoeo.

Touky F HazeBalOT @okycom napaodonvi, TpsMyr0 2 —
OUpPEeKmpucoul.

BriOepem nekapToBy NOPSMOYIOJIbHYIO CHCTEMY KOOpJAMHAT Tak,
4yTOOBI AUpEKTpHUca napadoJibl £ ObLIa epneHAuKyIsApHa ocu Ox,
dokyc F nexkan Ha MOJOKUATEIbHONW YyacTh (OX W pacCTOSIHUE OT

O no F v 10 2 ObLTO OJIMHAKOBKIM.
A M

B Takou cucreme KOOpIMHAaT:
F0,5p,0) nu L2:x+0,5p=0,
rae p — paccrosHue ot F jo 2.




YpaBuenue (4): y>=2px
HA3bIBACTCS KAHOHUYECKUM YPAGHEHUEM napado.ivl.
CucreMa KOOpJMHAT, B KOTOpOM mapaboia HMEET TaKoe
YpaBHEHHUE,  HA3bIBACTCA €€  KAHOHUYECKOU  CUCmemou
Koopounam.



NCCIIEJOBAHUE KAHOHWYECKOI'O YPABHEHHMA
ITAPABOJIbBI

1) ITapabona JeXUT B MONYIJIOCKOCTH X 2 0.

2) Ilapabona umeeT och cuMmeTpuu (och Ox).
Ochb cUMMeETpHUH 11apadoJIbl HA3BIBAIOT OCbI0 NAPADOJIbL.

3) 13 ypaBHeHus napadobl MOJIydaeM: p = F./2 px

HccaenyeM KpHUBYIO V =+/2pX  MeTomaMmu, pa3pabOTaHHBIMH B
MaTEMATUYECKOM aHAIU3E:

a) D(y) = [0; +0) , (0)=0;
0) aCUMIITOT HET (MPOBEPUTH CAMUM);

—> (pyHKIHS BCIOJY BO3PACTAET;

r’ \/E <O

r) y =-— —> KpUBas BCIOAY BBIITYKJIas .
4/ x°



Touka, B koTOpOoM mnapadbojia MEPECEKAET CBOIO OCh, HA3BIBAETCS
epuiuHOU napaoovl,

Hucno p HaA3BIBACTCA napamempom napadoil.

Ecim M — npou3BoJibHast TOYKa napadoibl, TO oTpe3ok MF u ero
JUTWHA HA3bIBAKOTCA hoKanvHbimu paouycamu mouku M.



3ameuanue. BBenaeMm cucteMy KOOpAWHAT Tak, 4TOObI (OKyC F
napaloJbl JIeKan Ha OTpUIlaTeNIbHOM YacTu ocu Ox, JUPEKTpUca

ObUTa meprneHaukyasapHa Ox, u pacctossHue or O 10 F U 10
TUPEKTPUCHI OBLIIO OAUHAKOBO.

Y 14
pP
>
F X
Torma mojyduM Ajs1 napa0oJIbl ypaBHEHHUE
Y 2= _2PX» (5 )

a 1151 IMPEKTPUCHI U (POKyCa:
F(-0,5p;0) mu 2:x-0,5p=0.



BeiOepem cucTeMy KOOpJAMHAT Tak, 4YTOOBI JAUPEKTpuca ObLIa
neprneHaukyisgspaa Oy, (QOKyC JieXal Ha IOJOXUTEIbHON
(oTpunarenabHoi) yactd ock Oy u (O ObL1a Ha OJJMHAKOBOM
pacCTOSTHUU OT I M OT TUPEKTPUCHI (pUC. 2 U puc. 3):

v A v A

¢ x*=-2py
puc. 2 puc.3

Torma ypaBHeHue mapadoiisl Oyaer UMeTh BUa x> =12py, (6)
a 1151 IMPEKTPUCHI U (DOKyCa TOJTYUUM:
FO0;+£0,50) m 2:yx0,5p=0.
YpaBuenus (5) u (6) TOXE HA3BIBAIOTCSI KAHOHUYECKUMU
ypaeHeHuamMu napaodoavl, a COOTBETCTBYIOIIHE WM CHUCTEMBI
KOOPJIMHAT — KAHOHUYECKUMU CUCHEMAMU KOOPOUHAM.



