
ISSN 1027�4510, Journal of Surface Investigation. X�ray, Synchrotron and Neutron Techniques, 2012, Vol. 6, No. 2, pp. 271–276. © Pleiades Publishing, Ltd., 2012.
Original Russian Text © Yu.P. Kunashenko, 2012, published in Poverkhnost’. Rentgenovskie, Sinkhrotronnye i Neitronnye Issledovaniya, 2012, No. 3, pp. 89–95.

271

INTRODUCTION

It is generally known that coherent effects emerge
during the passage of fast charged particles through
oriented crystals due to the periodical location of
atoms in crystals. In this case the scattering amplitudes
on individual crystal atoms are phase�added, thus pro�
ducing an interference factor in the scattering cross
section that results in bright coherent maxima at the
coincidence of the transferred momentum with one of
the reciprocal lattice vectors [1]. Channeling com�
prises another effect accompanying the passage of fast
charged particles through oriented crystals. During
entry into a crystal at a small angle relative to the axis
(plane), particle motion is controlled by continuous
potentials of the crystal axes or planes [2].

A neutron is a neutral particle, but, as was shown by
Schwinger [3], it can be scattered in an atom’s electri�
cal field due to the presence of spin (and, therefore, of
magnetic moment). Schwinger neutron scattering was
discovered in 1956 [4]. The paper devoted to the
50th anniversary of this discovery [5] reviewed theo�
retical and experimental works on this subject and
described possible new experiments concerning neu�
tron scattering by the electrical fields of atoms.

Similarly to the coherent effect upon the scattering
of fast charged particles in oriented crystals, one could
expect the emergence of this effect in crystals, in addi�
tion to regular nucleus scattering. For the first time,
the existence of coherent effects in Schwinger neutron
scattering was described in [6, 7]. The only experiment
concerned with measuring the cross section of
Schwinger neutron scattering in a germanium crystal
was carried out in [8]. However, the results of theoret�
ical works [6, 7] do not agree with each other and also
poorly agree with the experimental results in [8]. The
objective of the present work was to carry out more
detailed calculations of the coherent Schwinger scat�
tering of fast neutrons in a crystal to determine the
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optimal conditions for experimental studies of this
phenomenon.

We applied an approach similar to that of the
authors of [7]. A new feature of our approach is to take
into account the incoherent contribution to the scat�
tering cross section, which was not examined in [6, 7].
It is generally known that the value of the incoherent
contribution to the cross section is comparable to that
for the majority of coherent processes [1]. Besides this,
our approach allows the incoherent Schwinger scat�
tering of fast neutrons in a crystal at any (axis and
plane) crystal orientation to be investigated. For the
first time this approach was applied in [9].

SCHWINGER SCATTERING 
OF FAST NEUTRONS IN CRYSTALS

The cross section of Schwinger neutron scattering
on an individual atom can be written as [3]

 (1)

Here q is the transferred momentum; Z is the atomic
number; F(q) is the atomic form factor; M is the neu�
tron weight; γn is the neutron magnetic moment in

 units; θ is the neutron scattering angle. The
units  = c = 1 are used.

Let us select the screened potential of an atom as
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where Rs is the atom screening radius, q2 = 2p2(1 – cosθ) =

4p2sin2  is the transferred momentum square, and p is

the initial neutron momentum.
The cross section (3) has a maximum at the scatter�

ing angle

 (4)

where Ek is the neutron kinetic energy. The cross�sec�
tion maximal value is equal to

 (5)

In a crystal the cross section is represented as a sum of
the coherent dσcoh and incoherent dσincoh contribu�
tions:

 (6)

 (7)

 (8)

Here I(q) is the interference factor responsible for the

emergence of incoherent effects;  is the

Debye–Waller factor, taking into account the thermal

vibrations of crystal atoms;  is the mean square devi�
ation of atoms from the equilibrium position; Ntot =
NXNYNZ is the total number of atoms in the crystal;

 is the structural factor. In the case of a thin crys�
tal, when NX  1, NY  1, and NZ  NX, NY in the ref�
erence system of which the OZ axis is directed along
the crystal 〈100〉 axis, the interference factor can be
written as

 (9)

Here q' is the transferred momentum; NX, NY, and NZ
are the number of crystal atoms in the X', Y' and Z'
directions, respectively; gx = 2π/ax, gy = 2π/ay
@@@@@@@@@@@@ X'� Y' @; ax, ay are the lattice
constants.

Let us rewrite the cross section of Schwinger neu�
tron scattering in terms of the transferred momentum
q. If the OZ axis is selected in the direction of the initial
neutron momentum p, then
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Here θ and ϕ are the scattering angles, for which the
following formula can be easily obtained:

 (11)

For the solid angle element dΩ, we obtain

 (12)

In these variables the Schwinger neutron scattering
cross section will be written as

 (13)

The formula (13) is expressed in a coordinate system
related to the initial neutron momentum, whereas the
formula for the interference factor is written in a system
related to the crystal. The relationship between these
coordinate systems is provided by the formulas [1]

 (14)

where Ψ is the neutron entry angle counted from the
crystal 〈100〉 axis, and Φ is the neutron entry angle in
the plane perpendicular to the axis (the polar angle;
the angle between the neutron momentum and crys�
tallographic plane (100)). The relationship between
the coordinate systems is shown in Fig. 1.

If the experiment detects neutrons scattered in a
certain angle range, for example, at the solid angle
ΔΩ1 (ϑ1 = 0 – Θmax, ϕ1 = 0 – 2π), one should integrate
the cross section for coherent Schwinger neutron scat�
tering over the angles:

 (15)
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the collimator); q⊥max is the maximal value of the
transferred momentum in the plane perpendicular to
the crystal 〈100〉 axis. The value of q⊥max is determined

by the value of the Θmax angle:  = p2sin2Θmax.

After substitution of (7), (9), (13) into (15) and
integration of the cross�section’s coherent part, one
obtains

 (16)

Here the following notation is used:  =

 

Summation in (16) is carried out taking into
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(16), the coherent peaks emerge when the condition

 k = 1, 2, 3,… . 

is fulfilled. Integration of the cross�section’s incoher�
ent part was performed numerically:

 (17)

Further calculations were performed using the for�
mulas (16), (17).

RESULTS OF NUMERICAL CALCULATIONS

It is convenient to introduce the ratio of the
Schwinger neutron scattering cross section in a crystal
to that in an amorphous target containing the same
number of atoms:

Figure 2 shows the dependence of the ratio 
on the neutron entry angle  relative to the crystal axis
〈100〉 (angle Φ = 0). For different collimation angles:
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Θmax = 0.1 rad (solid line), Θmax = 0.01 rad (dash�and�
dot line), Θmax = 0.001 rad (dashed line). The neutron
kinetic energy Ek = 1.5 MeV; the crystal W 〈100〉,

= 0.022 Å; the temperature of the crystal T = 0 K;
Nz = 105. As seen from the figure, the coherent effect’s
brightness increases with an increase in the collima�
tion angle.

In real experiments neutron beams are character�
ized by energy and angular divergence. That is why the
obtained results should be averaged over the energy
and angular dispersion. Since the incoherent contri�
bution to the cross section and the Schwinger neutron
scattering cross section in an amorphous target do not
depend on the neutron angles of entry into a crystal
and change gradually along with variation in the neu�
tron energy, we limited ourselves to averaging only the
coherent contribution to the cross section:

Here the coherent contribution to the Schwinger
neutron scattering cross section averaged over the
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energy dispersion (ΔEk is the dispersion width) is
equal to

The contribution averaged over angular dispersion
with the width ΔΨ will be written as

whereas the contribution averaged simultaneously
over the energy (ΔEk and angle (ΔΨ) dispersion is
equal to

Figure 3 shows the dependence of the relation
 on the neutron kinetic energy Ek. The

neutron entry angles are Ψ = 0 and Φ = 0; the collima�
tion angle is Θmax = 0.01 rad. In Fig. 3, dots reflect the
results of the calculation taking into account averag�
ing, and the solid line shows data excluding the disper�
sion. Other parameters are similar to Fig. 2. As seen
from Fig. 3, in the case of the energy dependence of
the Schwinger neutron scattering cross section, the
effect of energy and angular dispersion appears to be
weak, the coherent effect remains distinctly expressed,
while the values of the coherent peaks undergo an
approximately twofold decrease.

Figures 4 and 5 show the dependence of the rela�
tions (A) and  on the neutron
entry angle Φ relative to the crystal 〈100〉 axis. The
angle is Φ = 0, the collimation angle is Θmax = 0.001 rad
(Fig. 4) and Θmax = 0.01 rad (Fig. 5). In Fig. 5a, the
angular dispersion ΔΨ = 0.001 rad (dashed line) is
taken into account. The results excluding dispersion
are shown by a solid line. Figure 5b takes into account
the energy dispersion: ΔEk/Ek = 0.1 is shown by dots;
ΔEk/Ek = 0.5 is shown by a dashed line; excluding the
dispersion is shown by a solid line. The other parame�
ters are similar to Fig. 2.

As seen from the figures, small angular dispersion
of the neutron beam results in a significant reduction
and variation in the character of the orientation
dependence. Instead of ten narrow and bright coher�
ent peaks, there emerges one broad, diffuse peak. The
peak size reduces approximately threefold as com�
pared to the brightest peak in the absence of angular
dispersion.

On the other hand, the energy dispersion in the
neutron beam virtually has no influence on the
coherent effect. For the energy dispersion ΔEk/Ek =

( ) ( )coh cohmax max
1 .

k k

k

k k

E E

kE
k

E E

dE
E

+Δ

−Δ

σ Θ = σ Θ
Δ

∫

( ) ( )coh cohmax max
1 ,d

Ψ+ΔΨ

Ψ

Ψ−ΔΨ

σ Θ = σ Θ Ψ
ΔΨ

∫

( )

( )

coh

coh

max

max
1 1 .

k

k k

k k

E

E E

k
k

E E

d dE
E

Ψ

+Δ Ψ+ΔΨ

−Δ Ψ−ΔΨ

σ Θ

= σ Θ Ψ
ΔΨΔ

∫ ∫

( )max
kE

R
Ψ

Θ

1

( )max
kE

R Θ ( )maxR
Ψ

Θ

18

16

14

12

10

8

6

4

2

100.1

〈R(Θmax)〉Ek
ψ

W 〈100〉 

0
1

20

22

24

26
Δψ = 0 rad ΔEk /Ek = 0.01

ψ = 0 rad, Φ = 0 rad, 
Θmax = 0.01 рад, Nz = 105

Δψ = 0.001 rad ΔEk /Ek = 0.01

Ek, MeV

Fig. 3. The dependence of the relation  on
the neutron kinetic energy; the neutron entry angles are
Φ = 0 and Φ = 0; the collimation angle is Θmax = 0.001 rad.
The energy (ΔEk/Ek and angle Δψ = 0.001 rad) dispersions
are taken into account (dashed line); solid line shows the
data excluding this. Other parameters are similar to Fig. 2.

( )max
kER
Ψ

Θ

kun
Записка
добавить скобку



JOURNAL OF SURFACE INVESTIGATION. X�RAY, SYNCHROTRON AND NEUTRON TECHNIQUES  Vol. 6  No. 2  2012

SCHWINGER SCATTERING OF FAST NEUTRONS IN CRYSTALS1 275

0.5, the coherent effect remains sufficiently bright.
At the values ΔEk/Ek = 0.1 and ΔEk/Ek = 0, the
results of the calculation virtually coincide: in Fig. 4b
(Θmax = 0.001 rad), the curves corresponding to these
values become the same.

As seen from Figs. 2, 4, and 5, the cross section has
sharp coherent peaks at specific neutron entry angles.
With a decrease in the collimation angle, the bright�
ness of the coherent peak increases. Such an effect is
observed during coherent pair photoproduction under
the tight collimation conditions of the formed electron
and positron [10, 11].

CONCLUSIONS

The performed studies have demonstrated the fol�
lowing:

(1) In a crystal the coherent effect results in a sub�
stantial increase in the Schwinger neutron scattering
cross section at certain neutron energies and entry
angles.

(2) The value of the coherent peak depends on the
collimator angle sizes.

1

(3) The effect of energy dispersion and angular
divergence in the initial neutron beam on the energy
dependence of the Schwinger neutron scattering cross
section in a crystal does not occur.

(4) Angular dispersion results in a substantial
decrease and character change in the orientation
dependence, whereas energy dispersion is practically
negligible.

The Schwinger scattering cross section on the axis
 of a Ge crystal with the thickness 56 mm was

studied experimentally [8]. Such a crystal is too thick
to study coherent effects. The value of the coherent
effect was approximately (σmax – σmin)/σmin ≈ 0.01,
which is much lower than theoretical predictions
[6, 7, 9]. This discrepancy between theory and experi�
ment is, most probably, explained by angular diver�
gence in the initial neutron beam.

It is further assumed that the nuclear interaction
should be taken into account along with the Schwinger
electromagnetic interaction. In this case, as was shown
in [3], the neutron scattering cross section consists of
three components: electromagnetic, nuclear, and that
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caused by the electromagnetic and nuclear scattering
interference. Preliminary results of this study were
published in [12].
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into account (dashed line); the results excluding the dispersion are shown by the solid line (a). The energy dispersion is taken into
account: ΔEk/Ek = 0.1 is shown by dashes; ΔEk/Ek = 0.5 is shown by the dashed line; excluding the dispersion is shown by the
solid line (b). The other parameters are similar to Fig. 2.
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