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In the present paper we calculate the cross–section of radiation from axially channeled polarized elec-
trons. We consider two types of transitions: with and without electron spin flip. It is shown that channel-
ing radiation from polarized electron without spin flip is 2–3 times greater than one with electron spin
flip.

� 2013 Elsevier B.V. All rights reserved.
1. Introduction

When a relativistic charged particle enters into a crystal at
small angle with respect to a crystal plane or axis its interaction
with crystal can be described by continuous (averaged) potential
of the crystal plane or axis [1]. The relativistic charged particle
can be captured into channeling state [1–3]. The channeled particle
has the discrete transverse energy levels. During transition from
one transverse energy level to another level the channeled particle
emits photons and channeling radiation (CR) appears. CR has been
investigated theoretically and experimentally [3–6].

If the electron has high energy its motion should be described
by the Dirac equation. Studying the channeling the Dirac equation
is usually reduced to the Schrödinger like equation. But in this case
the information about particle spin direction is lost. In order to take
into account electron spin we have solved the Dirac equation [7]
for axially channeled electron. In this paper we have demonstrated
that the longitudinal polarization manifests itself as a splitting of
every energy level into two sublevels that correspond to two pos-
sible spin projections onto the electron momentum. As a result the
spectral lines of CR should be split. This splitting can be experi-
mentally recorded, if the experimental equipment could resolve
these lines.

In the present paper we calculate the intensity of radiation from
axially channeled polarized electrons. We consider two types of CR
from electron: with and without electron spin flip.
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The radiation from polarized electrons in crystal has been stud-
ied in the frame work of semiclassical approach [8]. In this paper
the energies of channeled electrons were greater than electron
energies considered in our paper. The goal of the paper [8] was
investigation of self-polarization of electron beam during radiation
in a crystal. The semiclassical method provides good numerical re-
sults of the calculations, but sometimes difficult physical interpre-
tation of the results.

2. Theory

In our calculation we follow the Ref. [6], but the main difference
is that we use the wave function of a channeled electron with fixed
spin orientation.

The probability of spontaneous radiation due to transition be-
tween the energy levels of channeled electron i ? f is described
by well known expression (see, e.g. [9])

Wif ¼
ce2

2p�h

Z
Fk

dðxif �xÞ
k

d3k; ð1Þ

where k ¼ j~kj ¼ x=c is the photon wave vector. In Eq. (1) c is the
velocity of light, e is the charge of electron, �h is the Plank constant,
and

xif ¼
Ei � Ef

�h
; ð2Þ

where Ei and Ef are channeled total electron energies in initial (i)
and final (f) states, and

Fk ¼ ð~a�if~s�kÞð~aif~skÞ ð3Þ
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~sk is the photon polarization vector and k ¼ �1 (the plus sign indi-
cates the right circular polarization and the minus sign indicates the
left one). For both left and right circular photon polarizations one
has [6,9]:

F� ¼ ½~n;~a�if �½~n;~aif �=2� i~n½~a�if ;~aif �=2: ð4Þ

Here ~n is the unit vector directed as the emitted photon
momentum

~n ¼ ðsin h cos u; sin h sin u; cos hÞ ð5Þ

with h and u being the photon emission angles. In Eqs. (3) and (4)
aif are the transition matrix elements:

~aif ¼
Z Z

U�f c0~cUie�i~kr~r?d~r?

� �iðpiz�pfz�kzÞz

dz: ð6Þ

here ~kr ¼ ðkx; kyÞ is the photon wave vector perpendicular to the
crystal axis, kz is the projection of photon wave vector onto the crys-
tal axis, piz, pfz are the longitudinal electron momenta in the initial
and final states, c0;~c are the Dirac matrices. We assume that the
electron moves in a crystal along 0Z axis of a Cartesian coordinates
system (0Z axis is chosen parallel to the crystal axis).

The electron interaction with a crystal axis is described by the
model potential of a crystal axis

VðrÞ ¼ AZe=r; ð7Þ

where Z is the atomic number of crystal atom, r is the distance from
axis, A is the fitting constant. At calculation we use the same num-
ber of the energy levels as in a real axis potential and fit potential
(7) to real one that the main energy levels coincide. The potential
(7) was used for example in [10].

The channeled electron wave functions (Dirac spinors) Ui for the
fixed spin orientation have been obtained in [7] and can be written
in the following form (mn is the electron angular momentum quan-
tum number, n = {i, f} denotes initial or final electron states)

U�f ¼ ðe�imf /u�0f ; e
�ið1þmf Þ/u�1f ; e

�imf /Yf u�0f ; e
�ið1þmf Þ/u�1f =Yf Þ; ð8Þ

Ui ¼

e�imi/u0i

e�ið1þmiÞ/u1i

e�imi/Yiu0i

e�ið1þmiÞ/u1i=Yi

0
BBB@

1
CCCA: ð9Þ

here the functions u0n and u1n are

u0n ¼ C0ne�r=bn
rs�1

Ynln
� n

qn þ mn
þ 1

� �
U �n;2sn;

2r
bn

� �
þ 2r

bn

� n
qn þ mn

U 1� n;1þ 2sn;
2r
bn

� �
; ð10Þ

u1n ¼ C0ne�r=bn rsn�1 n
qn þ mn

þ 1
� �

U �n;2sn;
2r
bn

� �
� 2r

bn

� n
qn þ mn

U 1� n;1þ 2sn;
2r
bn

� �
; ð11Þ
with U(a, b, c) being the confluent hypergeometric function and

C0n ¼ ð2=bnÞsn Ynðqn þ mnÞln=ððn� 1Þ!Cðnþ 2snÞðn� 1

þ 2snÞn2 þ nðqn þ mnÞ2ð1� l2
nÞð1þ Y2

nÞÞ ð12Þ

normalizing coefficient and C(n) is the gamma function. In
Eqs. (8)–(12) we use the following notations:
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sn ¼ 1
2þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
2þ mn
� �2 � a2

Z

q
; Yn ¼

ffiffiffiffiffiffiffiffiffiffi
nnc�1
nncþ1

q
;

ln ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðvn � 1Þ=ðvn þ 1Þ

p
;

bn ¼ �h=mce 1þ cYn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 � 1

p� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2

n � 1
p

;

qn ¼ 1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2sn þ 2n� 1Þ2 þ 4a2

Z

q� �,
2;

ð13Þ

where

vn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ a2

Z=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nþ ð1=2þ mnÞ2 � a2

Z

qr
; ð14Þ

and c is the electron relativistic factor, nn = 1 if the electron spin is
directed parallel to longitudinal momentum (parallel 0Z axis), and
nn = �1 for opposite spin direction, aZ ¼ Ze2=c�h, m is the electron
rest mass. It is very important for the following calculation that
the wave functions for different electron spin orientation have the
same form and differ only by the sign of the parameter nn.

For further consideration it is convenient introduce the chan-
neled electron transverse energies by subtracting the energy of
the longitudinal motion mc2c from the total energy:

eNn ¼ EN
c; nn ¼ 1

ðcþ 2Þ; nn ¼ �1

	
;

EN ¼ Amc2a2
Z=2ðN � 1=2Þ2

ð15Þ

where N = 1 + m + n is principal quantum number. As it follows from
Eq. (15), for the channeled electron with different spin orientation
the energy levels differ.

After some algebra, we find matrix elements (4) in the dipole
approximation

axif ¼ i
2

xif

c a01 Yf þ Yi
� �

dmf ;mi�1 þ dmf ;miþ1

� �
dpiz ;pfzþkz ;

ayif ¼ i
2

xif

c a01 Yf þ Yi
� �

dmf ;mi�1 � dmf ;miþ1

� �
dpiz ;pfzþkz ;

azif ¼ �ikra01 1� Yf Yi
� �

dmf ;mi�1 þ dmf ;miþ1

� �
dpiz ;pfzþkz ;

ð16Þ

~aif ¼ ðaxif ;ayif ;azif Þ ð17Þ

In Eq. (16) the Kroneker symbol dpiz ;pfzþkz takes into account the
longitudinal momentum conservation, and additionally Kroneker
symbol dmf ;mi�1 gives mf = mi ± 1. In Eq. (16) we introduce the follow-
ing notations:

a01 ¼ ðYf YiÞðI1if þ Yf YiI0if Þ
� ��1

; ð18Þ

xif ffi Xif þ kzb; ð19Þ

here xif is the frequency of emitted photon. In the dipole approxi-
mation we obtain:

I1if ¼
R

u1iu�1f q
2dq;

I0if ¼
R

u0iu�0f q
2dq:

ð20Þ

Eq. (19) follows from (2) with accuracy up to terms of the sec-
ond order ð�hk=pzÞ

2, with pz being the channeled electron longitudi-
nal momentum (for more detail see [6]), b = (1�1/c2)1/2 and

Xif ¼ eNf � eNi ð21Þ

is the change of the electron energy due to the transition from one
energy level to another one.

After substitution of the matrix element ~aif into (4) and then
into (1), summing over photon polarization and performing a stan-
dard algebra (similar to calculation in Ref. [6]) we find the formula
for the probability of CR, dWif/dXdx. We do not give this formula
because it is a very large. It is more convenient to consider the
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Fig. 1. Angular distribution of CR photon intensity (indicatrix) from polarized
electron with energy E 	 10 MeV (c = 20) channeled along a single crystallographic
axis h100i in Si. It is shown two types of transition: with electron spin flip (outside
surface), and without electron spin flip (inside surface). For convenience we
increase the scale of the 0X and 0Y axes 5 times. The axis 0Z is directed as a crystal
axis.

Fig. 2. Energy spectrum of CR from polarized electrons. The upper curve shows CR
without electron spin flip. The lower curve shows CR with electron spin flip. The
other parameters are as in Fig. 1.
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probability integrated over photon emission angles or over photon
frequencies.

After integration over photon frequencies we obtain the angular
distribution of CR intensity:

dIif

dX
¼ dWif

dX
Xif

1� b cos h

¼ aX2
if

3þ cos 2h

8ð1� b cos hÞ5
Yf þ Yi

Y2
f Y2

i

 !2
X2

if

c2 ðI1if þ Yf YiI0if Þ2: ð22Þ

After integration of probability over emitted photon angels h
and u we reduce the formula for the spectral distribution of CR
intensity:
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dIif

dx
¼dWif

dx
x

¼ a
4b3x 1�2

x
Xif
þð1þb2Þx

2

X2
if

 !
Yf þYi

Y2
f Y2

i

 !2
X2

if

c2 ðI1if þYf YiI0if Þ2:

ð23Þ

Eqs. (22) and (23) describe CR with and without electron spin
flip.

3. Results of calculations and discussion

During calculation of angular distribution and spectral distribu-
tion of the emitted CR photons we summed up Eqs. (22) and (23)
over all possible transitions i ? f of channeled electron from one
energy level to another one contributed to radiation process.

Fig. 1 shows the angular distribution of CR photon intensity
(indicatrix) from circular polarized electron with energy
E 	 10 MeV (c = 20) channeled along a single crystallographic axis
h100i in Si. It is shown two types of transitions: with electron spin
flip (outside surface), and without electron spin flip (inside
surface). As follows from Fig. 1, the value of angular distribution
dI/dX of CR without electron spin flip is approximately 2 times
greater than CR with electron spin.

In Fig. 2 we plot energy spectrum of CR from circular polarized
electrons. The upper curve corresponds to CR radiation without
electron spin flip. The lower curve corresponds to CR radiation with
electron spin flip. The other parameters are as in Fig. 1.

Fig. 2 demonstrates that CR without electron spin flip is approx-
imately three times greater than CR with electron spin flip. From
Figs. 1 and 2 one can see that CR without electron spin flip is
2–3 times greater than one with electron spin flip.

Acknowledgements

We would like to thank Prof. Yu. L. Pivovarov for a fruitful dis-
cussion. This work was supported in part by JSPS KAKENHI Grant
Number 21740217, 24654078. The work is partially supported by
Russian Foundation for Basic Research, Grant No 10-02-01386-a;
and by Grant for Leading Russian Scientific Schools, Project No
224.2012.2.

References

[1] J. Lindhard, Kgl. Dan. Vidensk. Selsk. Mat.-Fys. Medd. 34 (1965) 14.
[2] D.S. Gemmel, Rev. Mod. Phys. 46 (1974) 129.
[3] V.A. Bazylev, N.K. Zhevago, Radiation of Fast Particles in Matter and External

Fields, Nauka, Moscow, 1987 (in Russian).
[4] V.N. Baier, V.M. Katkov, V.M. Strakhovenko, Electromagnetic Processes at High

Energies in Oriented Single Crystals, World Scientific Publishing Comp, 1994.
[5] A.I. Akhiezer, N.F. Shul’ga, Electrodynamics of High Energy in Medium, Nauka,

Moscow, 1993 (in Russian).
[6] V.V. Beloshitskiı̌, M.A. Kumakhov, Zh. Eksp. Teor. Fi. 74 (1978) 1244.
[7] K.B. Korotchenko, Y.P. Kunashenko, Nuovo Cimento C 34 (2011) 111.
[8] V.G. Baryshevsky, V.V. Tikhomirov, Sov. Phys. Usp. 32 (11) (1989) 1013.
[9] A.A. Sokolov, I.M. Ternov, Relativistic Electron, Nauka, Moscow, 1974 (in

Russian).
[10] H.A. Olsen, Yu.P. Kunashenko, Phys. Rev. A 56 (1997) 527.
ling radiation from polarized electron, Nucl. Instr. Meth. B (2013), http://

http://dx.doi.org/10.1016/j.nimb.2013.02.019
http://dx.doi.org/10.1016/j.nimb.2013.02.019

	Channeling radiation from polarized electron
	1 Introduction
	2 Theory
	3 Results of calculations and discussion
	Acknowledgements
	References


