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Summary. — Based on the modification of the dynamic theory of DCR from axi-
ally channeled electrons, the formulas for the angular distributions of the directions
of DCR linear polarization are obtained. The calculations of the angular distribu-
tions of the directions of DCR linear polarization from planar (γ = 80) and axially
(γ = 20) channeled electrons in Si and LiF crystals are performed. These calcula-
tions show significant differences in the polarization properties of DCR compared
with those of PXR, which can be useful in future experiments on the observation of
DCR.

PACS 41.60.-m – Radiation by moving charges.
PACS 61.05.cp – X-ray diffraction.

1. – Introduction

The diffracted channeling radiation (DCR) a the specific kind of radiation, the com-
bined effect of channeling radiation and its simultaneous diffraction that is generated
by channeled electrons and positrons in crystals at Bragg angles. The parametric X-ray
radiation (PXR), the diffraction of relativistic electron eigenfield (virtual photons) in a
crystal into real ones, in contrast to DCR, is well studied, both theoretically and ex-
perimentally. The first theoretical description of DCR in the frame of the kinematic
theory was done in [1, 2], and then in [3], in the frame of dynamical theory, for planar
channeled electrons and positrons. Later, the theory was extended to take into account
the band structure of transverse energy levels and initial population of levels (states) of
planar channeled [4] and axially channeled [5] electrons. The developed theory was used
to perform detailed calculations of the intensity of DCR angular distributions for both
planar [4, 6, 7] and axial channeling [8, 9]. It should be underlined that both PXR and
DCR are characterized by specific polarization properties. As to PXR, the predicted the-
oretical polarization properties are successfully confirmed by experimental measurements
of the linear polarization degree and angular distributions of the directions of DCR linear
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Fig. 1. – Formation of DCR by the axially channeled electrons.

polarization from moderately relativistic electrons, see refs. [10-16]. Here, we show that
DCR, compared to PXR, has very specific polarization properties.

2. – DCR matrix elements

To describe the DCR polarization for axial and planar channeling, we use the results
of calculations of DCR spectral-angular distributions obtained in [3-9].

Figure 1 shows the geometry of a problem, when the Z-axis is directed along the
channeling axis. The electron motion in this direction is described by plane waves: prior
to the emission, exp[ipzz], and after the emission, exp[ip′zz]. Then, according to [3, 5],
the matrix element of the DCR probability can be written as

(1) Mif =
e

γmec
〈φf , p′z| �Ap̂ |φi, pz〉 .

Here, γ is the relativistic factor, p̂ = (p̂⊥, pz) the electron momentum operator, φi the
wave function of the transverse motion of channeled electrons in state i, �A is the vector
potential of the electromagnetic field, which due to the periodicity of the crystal structure
can be presented in Bloch form [3]

(2) �A =
∑

h

�Ah exp[i�κh�r ] + c.c. =
∑

h

∑
τ

Aτh�ετh exp[i�κh�r ] + c.c.

In the two-wave approximation, the vector �h can take values (0, �g ), where �g is the
reciprocal lattice vector for the chosen diffraction plane, �κh is the wave vector of a
photon, �ετh is the polarization vector, τ = ⊥, ‖ is an index indicating the components
of the polarization vector �ετh, which are normal (σ-polarization) and tangential (π-
polarization) to the plane formed by vectors �κ and �κ−g, see fig. 1. Note also that for the
linear polarization A∗

τh = Aτh.
Substitution of eq. (2) into eq. (1) results in the matrix element for the emission of

τ -polarized photons

M if
τ = −(e/γmc)(3)

× (〈φf , p′z|Aτ0�ετ0 exp[−i�κ0�r ]p̂ |φi, pz〉+〈φf , p′z|Aτg exp[−i�κg�r ]�ετgp̂ |φi, pz〉) .
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The first term in this sum, according ref. [3], corresponds to a Cherenkov radiation
at channeling (if i = f and v > c/

√
ε0), or to channeling radiation, CR (if i �= f). The

second term at i �= f describes the DCR, X-rays at the Bragg angles (see fig. 1) and at
i = f it describes the PXR, X-rays from the channeled particle.

Let us first consider DCR from axially channeled electrons. Using the dipole approx-
imation and the relation 〈f |p̂⊥|i〉 = −iγmeΩif 〈f |r⊥|i〉, one can rewrite the second term
in (3) in the form

2c
√

1 + W 2
τ M if

−gτ =(4)

ieAτ0

(
〈φf , p′z| cβετgz�κ−g

(
x�ε‖0 + y�ε⊥0

)
+ Ωif�ετg

(
x�ε‖0 + y�ε⊥0

)
|φi, pz〉

)
.

Here we have denoted: �r = (r⊥, z), �κ−g = �κ−�g = �κ0 +�u is the wave vector of the virtual
photon (fig. 1); ετgz is the Z-component of �ετg, β = v/c (v is the electron velocity
along the channeling axis); h̄Ωif = (Ei − Ef ) is the difference between the electron
transverse energies in the initial i and final f states. In eq. (4), we rewrite the vector r⊥
in the form r⊥ = x�ε‖0 + y�ε⊥0 using the polarization components �ε‖0 and �ε⊥0 of virtual
photons. Writing the formula (4), we have taken into account that in the two-wave
approximation [3] the vector potential components of Aτg can be written in the form

(5) Aτg = Aτ0/2
√

1 + W 2
τ ,

where Wτ is very similar to the so-called “resonance error”, which occurs in the theory of
real X-rays diffraction in a crystal in many-waves approximation, see, e.g., [17]. Accord-
ing to [17], this value is the deviation measure from the conditions of Bragg diffraction.

Note that formula (4), describing the DCR matrix element at axial channeling, results
in the formula obtained in [3] for DCR at planar channeling, when the X-component of
the vector r⊥ is zero, i.e. (r⊥)x = x�ε‖0 = 0. In this case the wave functions φi and φf

describe the quantum states of the transverse motion of the electron at planar channeling.
Following [16], we introduce the angular coordinates θx and θy, describing the DCR

photon wave vector deviation from the Bragg direction: θx,y = c(�κ − �κB)|x,yω−1
B =

cux,yω−1
B (fig. 1), where �κB = �κ0 + �g and �κ = �κB + �u is the wave vector of the DCR

photon, and �u = (θx, θy)ωB/c. In addition, the polarization components �ε‖g and �ε⊥g for
DCR photons can be considered as the unit vectors of the spherical-coordinate system
(situated in a plane perpendicular to the wave vector �κ). As a sequence, eq. (4) leads to
the expression for the matrix element of DCR from axially channeled electrons:

(6)
∣∣∣M if

−gτ

∣∣∣ =
e

2c

Qxτ + Qyτ√
1 + W 2

τ

Aτ0.

Here, according to [3],

Wτ =
(
R − (|χg|Pτ )2

/
R

)/
2 |χg|Pτ , τ = ⊥, ‖(7)

R = (θx − ctgθBΩif/ωB)2 + θ2
y + θ2

kin − 2Ωif/ωB ,

Pτ = �ετ0�ετg, θ2
kin = γ−2 + |χ0| ,
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ωB = c|�g |/(2 sin θB) is the DCR photon frequency (i.e. after diffraction at the Bragg
angle θB); χ0 = ε0 − 1; χg are the Fourier components of dielectric susceptibility. In
addition, the following notations are used:

(8)
Qx‖ = P‖xif

(
θ2

x − Ωif/ωB/β
)
, Qy‖ = P⊥yifθxθy,

Qx⊥ = P‖xifθxθy, Qy⊥ = P⊥yif

(
θ2

y − Ωif/ωB/β
)
,

where xif = 〈φf |x|φi〉 and yif = 〈φf |y|φi〉 are the dipole transition matrix elements
i → f ; P‖ ≡ �ε‖g�ε‖0 ∼= cos 2θB , P⊥ ≡ �ε⊥g�ε⊥0 = 1. Equations (6)-(8) are obtained under
the condition that the angular coordinates θx and θy are small enough (i.e. sin θx,y

∼= θx,y

and cos θx,y
∼= 1).

3. – DCR polarization properties: general equations

The cross-section of photon emission at the Bragg angle is proportional to the square
of the matrix element, wif ∝ |M if

−gτ |2, therefore, for the degree of linear polarization we
can write

(9) Π =
|M if

−g⊥|2 − |M if
−g‖|2

|M if
−g‖|2 + |M if

−g⊥|2
.

The substitution of M if
−gτ from eq. (6) into eq. (9) results in the formula for the degree

of DCR linear polarization at axial channeling

(10) (ΠDCR)axial =
(Qy⊥ + Qx⊥)2W 2 − (Qy‖ + Qx‖)2

(Qy⊥ + Qx⊥)2W 2 + (Qy‖ + Qx‖)2
, W =

√
1 + W 2

‖
1 + W 2

⊥
.

If planar channeling takes place along the Y -direction, one can easily obtain the for-
mula for DCR linear polarization from planar channeled electrons from eq. (10), making
use of (r⊥)x = x�ε‖0 = 0, xif = 〈φf |x|φi〉 ≡ 0, and hence Qxσ ≡ 0. Thus, for the degree
of DCR linear polarization from planar channeled electrons one obtains

(11) (ΠDCR)planar =
(Qy⊥)2W 2 − (Qy‖)2

(Qy⊥)2W 2 + (Qy‖)2
.

The formula for the degree of linear polarization of PXR follows from eq. (11), if the
transverse motion of channeled electron remains the same, i.e. h̄Ωif = 0 (i = f). Thus,

(12) ΠPXR =
θ2

yW 2 − θ2
x

θ2
yW 2 − θ2

x

, W → W |h̄Ωif=0.

Further, if we consider that |χg| and |χ0| are very small (≈ 10−5), eq. (12) is reduced to
the simple form

(13) ΠPXR ≈
θ2

y − θ2
xP 2

‖
θ2

y + θ2
xP 2

‖
.
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For sufficiently small angles θx and θy (deviations from Bragg direction) and if θx = θy,
formula (13) turns into the expression for the degree of PXR linear polarization used
earlier to describe experimental data [10]

(14) ΠPXR ≈ sin2 2θB

2 − sin2 2θB

.

Note also that the smallness of |χg| and |χ0| in eqs. (10)-(12) allows a simpler approx-
imation for W to be written, i.e.

(15) W =

√
1 + W 2

‖
1 + W 2

⊥
≈ P⊥

P‖
≈ 1

cos 2θB
.

This expression will be used in the next section.

4. – Linear polarization directions of DCR: Dependence on emission angle
near the Bragg angle

In the same way as we defined the degree of linear polarization, see eq. (9), let us
characterize the linear polarization direction of X-rays at the Bragg angle by the angle
ϕ = −Arctg(|M if

−g⊥|/|M
if
−g‖|) relative to the plane XZ. Then, using eq. (6) for the matrix

elements of DCR at axial channeling, we get

(16) (ϕDCR)axial = −Arctg
(

Qy⊥ + Qx⊥
Qy‖ + Qx‖

W

)
, W =

√
1 + W 2

‖
1 + W 2

⊥
.

Accordingly, let us denote the linear polarization direction of DCR at planar channeling
by the angle

(17) (ϕDCR)planar = −Arctg
(

Qy⊥
Qy‖

W

)
.

Finally, the linear polarization direction of PXR (i.e., when h̄Ωif = 0) is characterized
by the angle

(18) ϕPXR = −Arctg
(

θy

θx
W

)
, W → W |h̄Ωif=0.

The latter formula, in accordance with eq. (15), transforms into the well-known for-
mula for the linear polarization direction of PXR [14,16]

(19) tg ϕPXR ≈ −θy

θx

1
cos 2θB

.

Figures 2-5 show the angular distributions of DCR together with the maps of the
DCR linear polarization directions calculated according to eq. (16). DCR is generated
under different transitions i → f between the quantum states of the transverse motion
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Fig. 2. – a) Schematics of the angular distribution of DCR in the vicinity of the Bragg angle
26◦34′. DCR is generated by γ = 20 electrons channelled along 〈100〉 Si, under the radiative
transition 6 → 5. b) Map of the linear polarization directions of DCR calculated according
eq. (16). The photon energy is 5.71 keV.

of electrons with γ = 20, channeled along 〈100〉 Si and 〈110〉 LiF axes. When electrons
are channeled along the 〈100〉 Si direction, DCR is emitted in the vicinity of the Bragg
angle 26◦34′, and in the case of 〈110〉 channeling in LiF, in the vicinity of the Bragg
angle 18◦26′.

In figs. 2a-5a, on the ring of the angular distribution of DCR, we showed the points
around which in figs. 2b-5b we show a map of the linear polarization directions of DCR.

Figures 2a and 2b show the map of the linear polarization directions of DCR generated
by electrons channeled along 〈100〉 Si with γ = 20 and emitted in the vicinity of the
Bragg angle 26◦34′. The map of linear polarization corresponds to a quantum transition
between the electron transverse energy levels 6 → 5 (a ring of maximal DCR intensity).
Figure 2a shows the angular distribution of DCR for this transition and formally presents
a map of linear polarization directions of DCR for the entire area bounded by the ring of
DCR. In fact, DCR does not equal zero only within the width of the DCR ring. Therefore,
in fig. 2b we show the map of the linear polarization directions of DCR only for a small
fragment of the whole DCR ring presented in fig. 2a. It should be mentioned that the
linear polarization directions of DCR are changing remarkably inside the DCR ring.

Figure 3 presents similar results as in fig. 2, but for the quantum transition 4 → 0.

Fig. 3. – a) Angular distribution of DCR for transition 4 → 0 along 〈100〉 Si. b) Map of the linear
polarization directions of DCR generated by electrons channelled along 〈100〉 Si with γ = 20
and emitted in the vicinity of the Bragg angle 26◦34′. The photon energy is 5.71 keV.
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Fig. 4. – a) Angular distribution of DCR for transition 11 → 2 along 〈110〉 LiF. b) Map of the
linear polarization directions of DCR generated by electrons channelled along 〈110〉 LiF with
γ = 20 and emitted in the vicinity of the Bragg angle 18◦26′. The photon energy is 4.869 keV.

Figure 4 shows the results of calculations of DCR angular distributions and linear
polarization generated by γ = 20 electrons channeled in 〈110〉 LiF under transition
between quantum states of transverse motion 11 → 2. Contrary to figs. 2-3, here the
change in direction of the linear polarization plane inside the DCR ring is negligible.

Finally, fig. 5 presents the results of calculations of DCR angular distributions and
linear polarization generated by γ = 20 electrons planarly channeled in the (110) Si
crystal under transition 2 → 0. As seen in fig. 4 (DCR from axially channeled electrons),
the change in direction of the linear polarization plane inside the DCR ring is negligible.

5. – Conclusion

The results obtained suggest that the diffracted channeling radiation generated by
both planar and axially channeled electrons is linearly polarized. The specific polarization
properties of DCR can be formulated in comparison to PXR. Contrary to PXR, the map
of the linear polarization directions of DCR:

i) Has two large regions of non-uniformity located far from the center of reflection,
while a similar map of PXR has only one region near the center of reflection, around

Fig. 5. – a) Angular distribution of DCR for transition 2 → 0 along (110) Si (planar channeling).
b) Map of the linear polarization directions of DCR generated by electrons channeled along (110)
Si with γ = 20 and emitted in the vicinity of the Bragg angle 22◦30′. The photon energy equals
5.169 keV.
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the point with angular coordinates θx = θy = 0, and does not depend on a crystal
type.

ii) Depends on the types of both a crystal and a quantum transition between transverse
energy levels of channeled electron. For the transitions i → f , corresponding to
DCR rings of maximal intensities, at 〈100〉 axial channeling of γ = 20 electrons,
the linear polarization directions change inside a DCR ring (see, figs. 2-3). This
change vanishes in both the cases of LiF 〈100〉 axial and Si (110) planar channeling.

In view of a small angular width of the DCR peak intensity (≈ 1–10 mrad), the
experiments to observe either the effect of DCR or even the differences in the properties
of the linear polarization directions of PXR and DCR might be rather complex. Recently,
the intention to observe DCR was reported at the “Channeling 2010” Conference [18].

The authors believe that the performed studies of spectral-angular and polarization
properties of DCR will help in some way to prepare and carry out these experiments.
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