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1. Introduction

The neutron has a spin and anomalous magnetic moment and,
therefore, it can interact with electromagnetic field. Schwinger
[1] was the first who predicted that fast neutrons can be scattered
by atom electric field due to their magnetic moment. The physics
of this scattering is explained in the following way: in a neutron
rest frame due to the Lorentz transformation of atom electric field,
the magnetic field appears and the neutron magnetic moment
interacts with it. The Schwinger scattering of fast neutrons by
the atoms was experimentally proved in 1956 [2]. The paper [3]
dedicated to semi – centenary anniversary of the discovery of
Schwinger scattering of fast neutrons contains a review of theoret-
ical and experimental works on this subject, and possible new
experiments was given.

Another mechanism of neutron interaction with electromag-
netic field is photon emission from neutrons. For the first time,
an emission of the photons from neutrons in an external magnetic
field has been theoretically studied in [4–6]. This new type of radi-
ation produced at interaction of the anomalous magnetic moment
and magnetic field was named ‘‘spin’’ light [6].

It is well known that when the fast charged particle interacts
with an aligned crystal, there may appear coherent scattering (a
thin crystal, the Born approximation, or two-wave diffraction) or
channeling effect (thicker crystal, when many-wave diffraction is
replaced by channeling).
A coherent effect in the charged particle scattering by a crystal
arises due to periodical arrangement of the crystal atoms, when the
scattering amplitudes of the particle on individual atoms are sum-
ming up in a phase. As a result of this summation an interferential
multiplier appears in the scattering cross – section which leads to
appearance of coherent peaks at the fixed parameters (beam en-
ergy, angles of incidence into a crystal with respect to crystallo-
graphic axes or planes, scattering angles).

The channeling phenomenon appears when the fast charged
particle passes through crystal at small angle with respect to a
crystal axis or plane and the crystal thickness is rather large, so
that the Born approximation or many-wave diffraction approach
do not work. In this case a fast charged particle motion in a crystal
is governed only by the averaged (continuous) potential of crystal
axis or plane while the periodic part of the crystal potential is ne-
glected [7].

The coherent scattering or channeling of relativistic electrons in
a crystal lead to emission of coherent bremsstrahlung [8–9] or
channeling radiation [11–13].

In analogy with scattering of the charged particles by a crystal,
we may suppose that when the fast neutron interact with the crys-
tal, one can expect both the coherent scattering of neutrons and
the channeling of neutrons. The coherent Schwinger scattering
and channeling of fast neutrons in the crystals has been considered
in [14–19].

In present paper we have developed the theory of coherent
bremsstrahlung from neutrons passing through a crystal at small
angle with respect to the crystal axis.

The paper is organized as follows: in Section 1 we consider scat-
tering of photons by neutron; in Section 2 we study the coherent
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bremsstrahlung from neutrons; and in Conclusion we discuss the
obtained results.

2. Cross-section of a photon scattering by a neutron

In the reference of the fast neutron passing through the crystal
the electric field of an atom is perpendicular to its magnetic field.
According to the Lorentz transformations, the fields are com-
pressed in the longitudinal direction. Therefore, in a moving refer-
ence frame the electromagnetic field of the crystal is similar to the
fields of a plane wave (if neutron relativistic factor c >> 1). There-
fore the electromagnetic field of the crystal can be replaced by a
flux of virtual photons. Further, a process of bremsstrahlung can
be described in terms of the virtual photons scattered by a neutron
[8].

The scattering of photons by neutron has been studied earlier
(see, e.g. [20]), but the change of photon energy during scattering
has been neglected. We don’t use this approximation.

It is convenient to consider scattering of photons by neutrons in
a coordinate system moving with the neutron. In the moving refer-
ence frame one can use non relativistic approach to the scattering
process. The scattering process is described by the second-order
perturbation theory [20,21]. The matrix element of the photon
scattering by the neutron is:

Mfi ¼
X

a

Z hf jV̂ ja0iha1jV̂ jii
ðEi þ �hxÞ � Ea

þ hf jV̂ ja0iha1jV̂ jii
ðEi þ �hxÞ � ðEa þ �hxþ �hx0Þ

( )
d~ka

ð1Þ

Here, the following notations are introduced:

ii ¼ Xi exp½ikir�j j1i; f i ¼ Xf exp½ikf r�
�� ��1i

a0i ¼ Xa exp½ikar�j j0i; a1i ¼ Xa exp½ikar�j j1i;
ð2Þ

with ij i, fj i and aj i being an initial, final and intermediate states of
the considered system (neutron and photon), Xiðf ;aÞ are the neutron
spin wave functions, kiðf ;aÞ are the neutron wave vectors, 0j i and 1j i
are the photon wave functions in the second-quantization represen-
tation, �hx and �hx0 are the energies of incident and scattered
photons.

The operator of the neutron interaction with an electromagnetic
radiation field has the form [14]:

V̂ ¼ lHrad ¼ l rotArad

¼ l
X ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2p�hc2

xk

s
½ik; ek�âk exp½ikr� � ½ik; ek�âþk exp½�ikr�
� �

: ð3Þ

Here, l ¼ lnr is the operator of a neutron magnetic momentum
with the Pauli matrix r, l ¼ �1:91ln is the anomalous magnetic
moment of a neutron, ln ¼ e�h=2mc nuclear magneton, m is the
neutron rest mass, xk is the photon frequency, ek is the photon
polarization vector and k is the wave vector, âþk is the photon cre-
ation operator and âk is the photon annihilation operator, Hrad is
the magnetic field and Arad is the vector potential of the radiation
field, �h is the Plank constant, c is the speed of light in a vacuum, e is
the elementary charge.

After performing a standard algebra we obtain the matrix ele-
ment of the photon absorption by the neutron:

h0;ajV̂ jb;1i ¼
X ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2p�hc2

xk

s
Xa;0 l ½ik; ek�jhZ

exp½�ikar� exp½ikr�exp½ikbr�dr âk

��Xb;1
�

¼ hXa; l ½ik;ek�j :jXb

�
dð�ka þ kþ kbÞ; ð4Þ

and the matrix element of photon emission from the neutron:
h1;ajV̂ jb;0i ¼
X ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2p�hc2

xk

s D
Xa;1 l½ik; ek�jZ

exp½�ikar� exp½�ikr�exp½ikbr�dr âþk
��Xb;0

E
¼
D

Xa l½ik; ek�j :jXb

E
dð�ka þ kþ kbÞ; ð5Þ

In Eqs. (4) and (5) it is took into account that the matrix ele-
ments 0h jâ 1j i ¼ 1; 1h jâþ 0j i ¼ 1; and other matrix elements of
the photon creation operator (âþk ) and photon annihilation opera-
tor (âk) are equal to zero.

In Eq. (1) the summation over intermediate spin states of the
neutron is carried out by using the completeness of the spin wave
functions:

P
n Xnj i Xnh j ¼ 1:

Assuming that a neutron in the initial state is at rest, and
neglecting the photon momenta in comparison with the neutron
momentum, we find:

Mfi ¼
2p�hc2ffiffiffiffiffiffiffiffiffiffi

xx0
p

Xf ðl½ik; e�Þj
�

ðl½ik0; e0�Þ
��Xi
�

�hx
�

Xf ðl½ik0; e0�Þ
���

ðl½ik; e�ÞjXii
�hx0

 !

� dðk� ðkf � k0ÞÞ ð6Þ

Here, k is the wave vector, e is the polarization vector and x is
the frequency of the incident photon while k0; e0;x0 are the wave
vector, polarization vector and frequency of the scattered photon,
respectively.

If the incident photon moves along the OZ axis then its wave
vector is defined as follows:

k ¼ f0;0; kg; k ¼ x=c;

while the wave vector of a scattered photon can be written as:

k0 ¼ fk0 sin H cos U; k0 sin H sin U; k0 cos Hg; k0 ¼ x0=c

Here, H and U are the photon scattering angles. The polarization
vectors of the incident photon are:
e1 ¼ ex; e2 ¼ ey

For the scattered photon we choose the polarization vector in a
form [22]:

e01 ¼
n� ezffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ðn � ezÞ2
q ; e02 ¼

nðn � ezÞ � ezffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ðn � ezÞ2

q ; n ¼ k
k
:

Here ex, ey, ez are the unit vectors directed along the axes of the
chosen coordinate system.

According to the Fermi golden rule the cross-section of photon
scattering by the neutron can be defined by:

drfi ¼
2p
�hc
jMfij2dð�hx� Tf � �hx0Þ ð�hx0Þ2d�hx0

ð2p�hcÞ3
dX: ð7Þ

There are two possible ways of the photon scattering by a neu-
tron: in the first case the orientation of the neutron spin does not
change, in the second one the scattering of the photon is accompa-
nied by spin-flip of the neutron.

Assuming that the neutron spin is parallel to the initial momen-
tum of the neutron (in the laboratory frame) we may write the
neutron spin wave functions in the form:

X1 ¼
1
0

� 	
; X2 ¼

0
1

� 	
:

After averaging over the polarizations of the incident photons,
summation over the polarizations of the scattered photons and
performing some algebra, we find the cross-section of photons
scattering by neutrons with conservation of the neutron spin
orientation:
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dr""
dX
¼ ln

�hc


 �4 �hx0 ð�hxÞ2 þ ð�hx0Þ2

 �

�hx
ð3þ cos 2HÞ ð8Þ

The scattering cross-section of a photon by a neutron with a
neutron spin-flip is:
dr"#
dX
¼ ln

�hc


 �4 �hx0 �hxþ �hx0ð Þ2

�hx
sin2 H ð9Þ

The frequency of the incident and scattered photons are related
by the well known Compton formula:
�h
mc2 x0 ¼ x

mc2=�hþxð1� cos HÞ ; ð10Þ
where m is now the neutron rest mass.
The Fig. 1 shows two angular distributions of photons scattered

by the neutrons: without a neutron spin flip (Fig. 1a), and with a
neutron spin flip (Fig. 1b). The energy of the incident photon is
�hx ¼ 10 MeV.
Fig. 1. The cross-section of the photons scattering by the neutrons: (a) the photons
scattering without a neutron spin flip, (b) the photons scattering with a neutron
spin flip (b).
As it seen from the figures, the cross-sections of the photons
scattering by neutrons without and with neutron spin flip differ
in angular distributions of the scattered photons.

After integration of Eqs. (9) and (10) over emission angles of
scattered photon we arrive at expression:

r"" ¼
16p

3
ln

�hc


 �4 �hx0 ð�hxÞ2 þ ð�hx0Þ2

 �

�hx
; ð11Þ

for the total cross-section of photons scattering, without a neutron
spin flip, and at

r"# ¼
8p
3

ln

�hc


 �4 �hx0 �hxþ �hx0ð Þ2

�hx
; ð12Þ

for the total cross-section of photons scattering, with a neutron spin
flip.

It follows from Eqs. (11) and (12) that total cross-sections of the
photons scattering by a neutron without and with a neutron spin
flip differ. If one neglects the change of a photon energy at scatter-
ing than the both cross-sections are become equal:

r""ð"#Þ ¼
32p

3
ln

�hc


 �4
ð�hxÞ2:

The last formula coincides with the result of Ref. [20].

3. The cross section of the coherent bremsstrahlung from
neutrons

When the particle is moving parallel to the axis of the crystal, it
is enough to take into account its interaction with single crystallo-
graphic axis [23]. The electrostatic potential of the crystal axis is a
sum of the Coulomb potentials of the individual atoms forming the
axis and is equal to:

Vð~rÞ ¼
XN

i¼1

V1ðj~r �~rijÞ; V1ðrÞ ¼
Ze
r

exp � r
R


 �
ð13Þ

Here V1 is the potential of a single atom, R is the screening ra-
dius, N is the number of atoms in the axis, Z is atomic number.

The spectrum of virtual photons of crystal axis as it seen in the
rest frame of neutron moving parallel to the axis is given by [15]:

nðxÞdx ¼ Z2e2

p2 N � L� B exp � �hx
c�hc

�u
� 	2

" #" #(

þ2p
d

X
gn

B exp � �hx
c�hc

�u
� 	2

" #
dðk1 � gnÞjSj

2

)
dx
x

;

L ¼ p ln
ak�2

ð�hx=c�hcÞ2 þ R�2

" #
; a � 1;

BðxÞ ¼ pf�ð1þ xÞexEið�xÞ � 1g;

x ¼ �hx
c�hc

� 	2

þ R�2

" #
�u2: ð14Þ

Here d is the lattice constant, x is the frequency of virtual pho-
ton, k ¼ mc=�h the is Compton wave length of a neutron, �u2 is the
mean-square displacement of a crystal atom from equilibrium po-
sition, Ei(�x) is the exponential integral function, gn ¼ 2pn=d is the
1D reciprocal lattice vector, jSj is the structure factor of a crystal
axis, c is the neutron relativistic factor. The spectrum of virtual
photons of a separate atom is:

namðxÞdx ¼
Z2e2

p2 L
dx
x

ð15Þ



Fig. 2. The ratio R of the cross-section of the coherent bremsstrahlung from the
neutron to the cross-section of the neutron bremsstrahlung in an amorphous target.
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If we neglect the terms ð�hx=c�hcÞ in the functions L and B in
Eq.(14) than we obtain the result of Ter- Mikaelian for virtual pho-
tons spectrum [8].

Let us transform the photons scattering cross-section by the
neutrons into the laboratory coordinate system. For this purpose
we use the Compton formula [10] and the Lorentz transformation
for the photon energy (the Doppler shift):

�hxr ¼ c�hxð1� b cos HÞ: ð16Þ

Here we denote b ¼ v=c; and v is the neutron velocity in the lab-
oratory coordinate system, �hxr is the energy of emitted photon.
The cross-section of photons scattering by neutrons without neu-
tron spin flip is:

d2r""ðxr ;xÞ
dxrdx

¼2pl4
n

�h2c4

xr

c3x2

�
2xxrc 1þð1þbÞx �h

mc2

� �
�x2ð1þb2Þc2�x2

r 1þ2x �h
mc2 1þx �h

mc2

� �� �
 �
bc� �h

mc2 xr
� �

b� �h
mc2 xð1�bÞ

� �
� mc2

�h

� 	2

x2
r þc2x2

� �
�2bc

�h
mc2

 

� xrþcx1 1þx
�h

mc2

� 	� 	
þc2b2 2þx

mc2

�h
2þx

�h
mc2

� 	� 		

The cross-section of photons scattering by neutrons with neu-
tron spin flip is:

d2r"#ðxr ;xÞ
dxrdx

¼2pl4
n

�h2c4

xr

c3x2

�
ðxr�cx1ð1�bÞÞ xr�cxð1þbÞþ2xxr

�h
mc2

� �
�h

mc2 ðxrþcxÞ�bc 2þ �h
mc2 x

� �� �
bc� �h

mc2 xr
� �

b� �h
mc2 xð1�bÞ

� �
In accordance with the virtual photons method, the cross-sec-

tion of coherent bremsstrahlung by neutrons is:

drCR
""ð"#ÞðxrÞ
dxr

¼
Z xMAX

xMIN

d2r""ð"#Þðxr ;xÞ
dxrdx

nðxÞdx;

and the cross-section of bremsstrahlung by neutrons in amorphous
target is

drAM
""ð"#ÞðxrÞ
dxr

¼ N
Z xMAX

xMIN

d2r""ð"#Þðxr;xÞ
dxrdx

namðxÞdx;

The limits of integration are determined by the condition
�1 6 cos H 6 1 and equal:

xMIN ¼
x

cþ bcþ mc2

�h x
; xMAX ¼

x
cð1� bÞ
4. Conclusions

In order to demonstrate the coherent effect in Fig. 2 we plot the
ratio R of the cross-section of coherent bremsstrahlung from neu-
tron to that in an amorphous target containing the same number of
atoms N as the axis of the crystal

R ¼
drCR
""ð"#ÞðxrÞ
dxr

=
drAM
""ð"#ÞðxrÞ
dxr

:

In our calculation, the h100i tungsten crystal axis was chosen,
and relativistic factor of neutron was set equal to h100i.

It is interesting to not that, despite the fact that the Eqs. (14)
and (15) for bremsstrahlung from neutrons with and without spin
flip are different, we have the same ratio R.
Our calculations show that during the passage of the neutrons
through oriented crystals coherent bremsstrahlung from neutrons
may appear. The value of total cross-section of the coherent brems-
strahlung from neutron in a crystal can exceed the bremsstrahlung
cross-section in amorphous target by 20%. It is typical value for
ether coherent effects for the axial orientation.

Brighter coherent effects could be expected in the study of dif-
ferential cross-section of coherent bremsstrahlung from neutron in
crystals, as in the case for the coherent production of electron –
positron pairs by high energy photons in a crystal [24].
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