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To the Student

The workbook has been written to introduce you to pre-calculus

mathematics and advanced college-level mathematics.

Pre-calculus mathematics topics include:

a ratio and proportion;

fractional and negative exponents;

radicals and exponents;

operations with polynomials;

quadratic equations;

quadratic inequalities;

algebraic, logarithmic, and exponential functions;
discrete algebra;

complex numbers.

Advanced college-level mathematics calculus topics include:

limits of functions;

maxima and minima of functions;

points of inflection of functions;

asymptotes graphs of functions;

evaluation and application of derivatives and integrals of functions.

The workbook will help you to develop problem-solving skills and to

focus your attention on important problems. You are recommended to use
the corresponding textbook when you solve problems. The topics are
presented in the same order as in the textbook.

In each section you will find summary and examples with

explanations. The presented problems should be solved either on your own
or with teacher’s help. The key concepts and ideas of mathematics are
explained and illustrated by means of examples and figures.

When you complete this supplement you have to be able:

to operate with functions and plot graphs of elementary functions;

to determine properties of functions such as the domain, range,
intercepts, symmetry;

to use the properties of algebraic, trigonometric, logarithmic, and
exponential functions in solving problems;

to analyze the properties of functions and their graphs;

to find the extreme values of function;

to determine the domain, range, intercepts, symmetry, intervals of
increasing or decreasing, points of discontinuity, and asymptotes of
functions;



to use standard differentiation and integration techniques;
to calculate the area of a region in the plane.

The final tests will estimate your knowledge and skill, your abilities in

interpreting symbols, justifying statements and constructing proofs.

You will pass any basic algebra test if you are able:

to recognize equivalent forms of a number, including square roots
and powers of a number;

to perform the basic operations on numbers and algebraic
expressions;

to solve simple equations and inequalities, including those involving
absolute values.

e to solve systems of linear equations in one, two, or three variables;
e to expand products of binomials;
e to factor a quadratic polynomial;
e to solve a quadratic equation in one variable;
o to substitute either numerical values or algebraic expressions in place of a
specified variable;
e to read Cartesian (rectangular) graphs, and use them to locate the
approximate position of the x-intercepts.
Scoring scale
A student clearly demonstrates full understanding of all topics
5 |required, answers all given questions, and gives correct and
complete answers. Minor calculation errors are admissible.
A student gives a complete response that contains a minor
4 | mathematical error or misstatement, or gives a correct but slightly in
complete answer.
A student demonstrates the ability to determine an appropriate
3 strategy for answering; gives a significant portion of the answer
successfully; makes substantial progress toward a correct complete
response to that portion of the question.
A student demonstrates a limited understanding of the question or
2 | makes only minimal progress toward a correct and complete
response.
A student demonstrates a very limited understanding of the question
1 |and makes little or no progress toward a correct and complete
response.
0 | Blank or off topic answer.
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3agaum ans caMmonpoBepKu
1. BelnecTBeHHbIE YHUCJIA

1.1. 3apgayu AJ191 caMONIPOBEpPKH

—2/5
V5

Self-testing Tasks
The Real Number System
Self-testing Problems
Quiz 1

Which of the following numbers are
natural?

| =31 7

N

Baw oTBeT: | Your answer:

1.1.1. Tectr1
L. Kakue U3
HWKENPHUBEIEHHBIX qyucesa
SABJISIOTCA HAaTypaJIbHbIMU?
5/2 2/5
-4 V9
II. Kakue U3
BbIIIENIPUBEIEHHbIX YyuceJ

ABJIAIOTCA L[eJIbIMI/I?

Which of the above numbers are
integers?

Bau oTBeT: | Your answer:

[II. Ilycte n - nenoe yuciyo. Kakue

4n 2n-1

Let n be an integer. Which of the
following numbers are even?

2n+1

Bau otBeT: | Your answer:

U3 HWXXeNPpUBEIeHHbIX yUceJ
ABJAIOTCA YeTHBIMU?

2n 3n
V. Kakue U3

BbIIIECNIPUBEAECHHbIX
SIBJISIIOTCSI HEYETHBIMU?

quces1

Which of the above numbers are
odd?

Baw oTBeT: | Your answer:

V. [lyctb x=-8 ny=-4.
Kakue 13 HHKenpuBeJeHHbIX
BbIPaXKEHUU SABJIAIOTCS
MOJIOKUTEeJIbHBIMU? Kakne u3 HUX
ABJIAIOTCA OTPULLATEJbHBIMU?

a) Xy’ b) X/yl
e) x%y, f) 2x+y?

Let x=-8 and y = -4.

Which of the following expressions
are positive?

Which of them are negative?

d) x+vy,
h) x|yl

C) y_X;
g) x-2y,

Baiie o6ocHoBaHue: | Your reasoning:



3agauv ansa camonpoBepku Self-testing Tasks

1.1.2. Tect 2 Quiz 2
L. Kakue n3 | Which of the following statements
HWKeNpPUBEAEHHbIX yTBepKJeHUN | are true? Correct the false
ABJIAIOTCA VCTUHHBIMU? | propositions.
UcnpaBbTe HeBepHbIe
yTBEPXKAEHHS.
a) 5(x—y)=5x-vy, b) (7x)*=7x?,
) (x+y)’=x"+y?% d) (x-y)*=2x-2y,
e) x+x=x%, f) xX*—y*=(x=y)x+y),
g) b’=Db*+b° h) a®=a%’?,
D ¢)=x, Doy =x,
1 1
= 1 l =
k) X2 :7, 1) W = X2 .

Baumu otBeThI: | Your answers:

a) 5(x-y)= b) (%)=

) (x+y)= d) (x-y)?=

e) X+x= f) x*-y’=

g) b= h) a°=

i) ()= o) =

1 1

k) x2= 1) P
II. JlaiiTe npaBusbHbIM oOTBeT | Give the true proposition for each
JUIST KaXK/I0T0 u3 | of the false statements below.
HUKENPUBEAEHHbIX  OLIMOOYHBIX
YTBEPXKAEHUU.

a) |xkl1 = x<1, b) x<1 = |x|<1,

c) [xpl = x>1, d) x>1 = |[xp1,

e) a’<b® = ax<b, f) a>3, = la>3,

g) 25=45, h) /(-3)% =-3,
i) Jx-y=x-4y, ) Vx2+l=x+1.

10



3agauv ansa camonpoBepku Self-testing Tasks

Baiu otBeThI:| Your answers:

a) |[xkl = b) x<1 =

c) |xpl = d x>1 =

e) a’<b? = i) a>3, =

g V25= h) (-3)2-=

) yx-y= ) VxZ+l=

1.1.3. Tectr3 Quiz 3

L. N306pasuTe naHHble | Represent each of the given sets by
MHOX€eCTBa B cXeMaTU4eCcKoM BHUZie | means of a graph on the number
Ha YUCJIOBOM OCH. line.

a) {x|1<x<5} b) {x|a< x<b},

c) {x|-3<x<8} d {x|0<x<11},

e) {x|x<7 x#1}, f) {x|x<3}

g) {x]| x>2}, h) {x]| x>4}.

Baiu oTBeThI: | Your answers:

Y T : b) ; ;
© 3 8 d) 0 11
e) : > f) 3
g) ) h) 3

11



3agauv ansa camonpoBepku Self-testing Tasks

Haiigute o6bemunenue AUB u | Find the wunion AUB and
nepecedenne A[)B muoxectB A u | intersection A[1]B of the sets A and

B, ecnu A={x|2<x<8} u B if A={x|2<x<8} and
B={x|5<x<10}. B={x|5<x<10}.
Bamu otBeThI: | Your answers:
AUB =
ANB =
I1. Hanigure oobeauHenue | Find the wunion AUB and

AUB wu mnepeceyuenne A[)B | intersection A()B of the sets 4 and
MHOxeCcTBAuB,ectm A={x|x< | Bjif A={x|x<3} and

3} u B={x|x>1}.
B={x|x>1}.
Bamu oTBeThI: | Your answers:
AUB =
ANB =
II. TMyctp A={x]|x>9}, Let A={x|x>9}
B={x|2<x<4}mn B={x|2<x<4}and
C={x|x<3} C={x|x<3}
Hanpgure cneayromue | Find the following unions and

obbeJUHEHHsT U IepecedeHus | intersections of the sets: AUB,
muoxects: AUB, AUC, ANBu | AUC, ANB and ANC.
ANC.

Bamu oTBeThI: | Your answers:

AUB = ANB =

AUC= ANC=

12



3agaum ans caMmonpoBepKu
1.1.4. Tect 4

[. Eciu cpepay HMXenpuBeeHHbIX
YTBEPXKAEHUN UMEKTCS JIOXKHbIE -
BHECMTE B  HHMX  IIONpPAaBKHY,
CCbLJIAsACh Ha COOTBETCTBYHKOILIUE
cBoMicTBa JApobei. Jliig moMolnu
ycnosb3yute Tabauny Ha cTp. 20.

Self-testing Tasks
Quiz 4

Correct those propositions below,
which are false. Present the
arguments you use for the
corrections by referring to the
suitable properties of fractions.
Apply the Table for a help (see p.
20).

b) a+4:a’
4
d) §+9:3+b’
a 4 a+4
a b a+b
— 4 — = ,
f 4 4 8
X
()
h) L:Q,
2 a
) ab_a
V45 00

Baiu oTBeThI: | Select your answers:

a) 222 o a=s, p=7.
b 7
5a-b 5-Db

C) = ,
8a 8

g &.a_a
2 2C
a
_:_+_,

g) b+c C

, 3_%
@y b
b
a b

a) —=-— =
b 7

q 5a—b:
8a
a a

T
a

8) b+c

y 3
&

b

b) a+4:
4
d) §+9:
a 4
a b
—+ —=
D 4
X
(g)
h _—
) 2
. ab
) 45

13



3agaun gns camonpoBepku

[I. Kakne wu3 HUXKenpuBeJeHHbIX
YTBEPXEHUH ABJISIOTCA
VCTUHHBIMU?

a) lg8=Ig4+1g4,
) lg9=(Ig3)%,
e) 2lgx=I1g5 = 2x=5,

Bamu otBeThl / Your answer:

a) lgd4+1g4 =
b) Ig2+1g4 =
c) 1g9-=

d) 2Ig3=

e) 2lgx=Ig5 = x=

f) lIga-Igb =

Self-testing Tasks

Which of the following statements
are true?

b) Ig8=I1g2+1g4,
d) 1g9=2Ig3,

f) lga-Igb=Ig(a—b).

14



3agaun gns camonpoBepku

Self-testing Tasks

[lone3snslie cBoMcTBa | Useful properties

a+b=b+a (a+b)+c=a+(b+c)
ab=bha a(b+c)=ab+ac
a_b_ath a_b_ad+hc
cC cC ¢ c d cd
ac a ac
a=— =
C b bc
a b ab b C
. = a: —=a-—
c d cd C b
1.2. 3apgaum Problems
3agauu 1 - 15: Hcnosawsysa | Problems 1 - 15: In view of the

BbllIIeNIpUBE/IEHHbIE CBOMCTBA U HE
npuberas K OMOUIU
KaJIbKyJISITOPA, BbIYHUCIUTh
caeytole BbIpaXKeHUST:

1) 23+39+27+61+45=
2) 19+523+7+81+93=
3) 68+74-18-24-90=
4) 21-43+57-21=
5) 30:-64-14-30=
6) 25-93-4=
7) 50-17-200-3=
8) 5/7+9/7=
9) 2-11/6=
2 3
6 3
8 3
5 10
9571
4 3 86
15) E:g+i:ﬁ:
5 3 14 7

15

above useful properties evaluate
the following expressions without
using a calculator.



3apaun

Problems

[lone3snsie cBoMcTBa | Useful properties

a’ = al=a
_ 1
a p:_p (aP)? =a™
a
p
aq
p
(ab)P =a’b” G2
b bf

3agaum 16 - 30: He npuberasa k | Problems 16 - 30: Without using a

MOMOIIU
BbIUHCJIUTh
BbIpa>KeHHS:

16)
17)
18)
19)
20)
21)
22)
23)
24)

25)
26)

27)

28)

29)

30)

KaJbKyJisiTopa, | calculator, evaluate the following
cleylole | expressions:

222304 =

37937372

8°87%/8%=

12(372 - 47471

84/3:

102410 -

2723

625Y4 _ o5Y2_

((-3)(=27))"* =

(12630433435767) 13 =

2U347/3g-2/3_

(5721134 )]/2 _
10%62

576°5'6, 14
53610 ) -

oY/2 N 62574

646  1000Y3

g1 ¥2 3915

27-23 1253

(

16



3apgaun
1
Ya=ar
Ya.4b —Yab
3agaun 31 - 40: YnpocTtuthb
c/IeyIole BbIpaXKeHUS:
31) a’a’a?=
1
32) (a®h%a%) 3=
a'b’a’b, ,
33) (W) =
1 51
34) (a’b~fa ?2) 2=
35) Ja® (Va)®=
5 X8
36 BLE
%
37) ¢X4y3y5x—2 —
3,57
38) /R
xy 'z
3/y2
¥/x)
40) 3/4.3/256 -§/16 =

Problems

[lone3snslie cBoMcTBa | Useful properties

(\a)" =¥a"

17

Problems 21 - 30: Simplify the
following expressions:



3apaun Problems
[lone3snslie cBoMicTBa | Useful properties
log,1=0 log,a=1
X
log, xy =log, | x| +log, | y| |09a§= log, | x|-log, | y|

log. x
y = log, x=—=

log, x* =ylog, | x| Ja log, a

log, X
log,, x=—log, X Iog(ab) X= ba

3aaauyu 41 - 50: He npuberasa k | Problems 41 - 50: Without using a

IIOMOIILY KaJbKyasaTopa, | calculator, evaluate the following
BBIYUCJ/IUTD cdiegyromue expressions:
BbIpaXKeHUHA:
41) lg2+1g5=
42) lg25+1g4=
43) 2lg5+1g4 =
44) log, 64 —log,16=
45) 4Iog3\/§—%log39+I09981=
46) 2Ig(4\/§)—lg4—%lg9—2ng/— -
47 log; 3/64 )=
) 91(\/_256)
48) Iog38:
log, 2
49) Iog37_log47_
log;5 log,5
50) log, 3: Iog316+6ln\/_—lgj@—lgE

18
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3apaun

Problems

[lone3snslie cBoMcTBa | Useful properties

X:alogax :Zlogzx :3Iog3x :_“:10ng :elnx

y=log, a’ =log,2Y =log33Y =...=1g10Y =Ine”’

3aaayu 51 - 60: He npuberasa k

MOMOLIHU
BBIYUC/IUATD
BbIpaXKEHHUS:

51)
52)

53)

54)

55)

56)

57)

58)

59)

60)

KaJIbKYJISITOPA,
caeaymwouye

10'9°=
3Iog3m=
e2In6

e—ln3+4|n2=

1 —-2+logs3 _
@

e2In4 n (%)—Iog4925 —

Problems 51 - 60: Without using a
calculator, evaluate the following
expressions:

(%)—Iogﬂr 5 +1olg 2-1gl _3I0gg 36 _

In4-log, 3 —
e g4 =

10 Ig 7~|Og7 3 —

e—5|na . IneBa _
10—4Iga -

19



3apaumn Problems

1.3. CBoagHasa Ta6/IMIa HANbOJ/1Iee Summary Table of the Most
BaKHbIX popMy.1 Important Formulas
Heobxonaumo TBepao 3anmoMHUTB| You have to remember well each of
BCe HU)KeNpHBeJleHHble ToXKaecTBa. | the below identities.
5 ) al- a, a0
a(b+c)=ab+ac “1_a 2<0
a_ac a,b_atb
b bc C cC ¢
a,b_adihe ab_ab
c d cd c d cd
a:Eza-E a_c = ad=bc
Cc b b d
a’ =1 afa’=af"
a_p — ap_q a_p — i
a’ a’
E p —a_p n ﬁ
Q) = Ya=a
Ja?=|a] %/a-%b =Yab
va [a —
= n[— n a m — n am
X = q'°% y=log,a’
log,1=0 log,a=1
X
Ioga Xy = Ioga | X|+|Oga | yl |Oga§=|oga | Xl_loga | yl
log. x
log, x” =ylog, | X| Ja log, a
log, X
log,, X =—log, X Iog(ab) X = ba

20
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1.4. OTBeThI \ Answers
Tect 1 / Test1:

L. |-31,7, 49, J(4).
I |-3],7,-4, 49, (-4)?,0.

[II. 2n, 4n.
IV. 3n,2n-1,2n+1.
V.  TlonoxurtenbHsie: / Positive: Xy, x/y, y-x.

OTpunarenbHele: / Negative: x+y, X%y, x|y|.
Tect 2 / Test 2:
L.
a) 5(x-y)=5x-5y.
b) (7x)* = 49x>.
c) (x+Yy)?=x"+2xy+y°.
d) (x—y)Z:xz—ny+y2.
e) X+ X=2X.
) x*—y*=(x=y)x+y).
g) b°=b%b°.
h) ab = (a?’)2 —aa° =a’a* =a%a’.
i) (x?)*=x".

Do) =xt.
k) x¥?=x.

1 12
1) X_m—x :

II.
a) |xkl = -1<x<1.
b) Jloxs / False.
c) |xpl = x<-1 wiu /or x>1.
d) Jloxp / False.
e) a’<b® = |algb].
f) a>3, = l/a<l/3.

g) +/25=5.
h) (-3)? =3.

i) Jloxpb / False.
j) Jloxb / False.

21
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Tect 3 / Test 3:

) — .

o5y
T

) 1 7 f)

g) g’__ﬂ h)

I1.

AUB={x|2<x<10},

I11.

AUB={x|-o0<x<+x0},

IV.

AUB={x|2<x<4}U{x|x>9},
AUC ={x|x<3}U{x|x>9},

Tect 4 / Test 4:

L.

II.

Ig8=3Ig2,
Ig9=2Ig3,

2lgx=Igs = x=/5,

22

Answers

b)

d)

h)

j)

b)
d)

f)

ANB ={x|2<x<5}.

ANB ={x|1<x<3).

ANB =g,
ANC =@.

lg8=1g2+1g4,
Ig9=2Ig3,

a
lga—Igh=Ig—.
ga-1Ig gb
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3agaum 1 - 15 / Problems 1 - 15:

Answers

1) 23+39+27+61+45=(23+27)+(39+61) +45=195.
2) 19+523+7+81+93=(19+81)+ (7 +93) +523 =723.
3) 68+74-18-24-90=(68-18)+(74-24)-90 = 10.
4) 21-43+57-21= 21(43+57)=2100.
5) 30-64-14-30= 30(64 - 14) =1500.
6) 25-93-4=(25-4)-93=9300.
7) 50-17-200-3=510000.
8) 2+2-2, 9) 2-11/6=1/6.
7 7
oy 111 1 5,42.8,
2 3 6 6 3 2
) 82 13894
8 3 510 3
14 98713 15 11,22, 9,45 2
43 86 2 5 3 14 7 5
3aaayu 16 - 30 / Problems 16 - 30:
16) 222%2% =512, 17) 37°%3732=1

18) 8°873/8% =1.

19) 12(32%-43)7" =

20) 843 -16. 21) 1024¥10_ 5
22) 27%53_ 9, 23) 625Y4 - 25Y2 = 0.
24) ((-3)(-27)**=3
25) (12°3073247%5767) Y% = (12°1273307307)** = 360.
VYN
26) 2¥3477g-%8=g, 27) (5102 3 )¥2 =600.
576°5"6, 14 9¥2 g5
28) ( 3610 ) :6. 29) W+—10001/3 :2.
1 1
2 5
30) 8L 3% 3
2 15
27 3 1253

23
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3agaum 31 - 40 / Problems 31 - 40:

31) ala’a?=ad, 32) (a%%a%) " =a?/b,
1,54 1 5 1
a b’a"b,_» . g = 22
33) (W) =b", 34) (a2b~®a 2) 2=ab?,
35) Ja®(Ja)® =a®, 36) =X,
) (va) &/x)°
37 A v3vEx-2 = 38) 4X_3yi_i
39) Ix2VxI®/x)" =1, 40) 3/4-3/256 -8/16 = 16.
3aaayu 41 - 50 / Problems 41 - 50:
41) lg2+1g5=1, 42) 1g25+1g4 =2,
43) 2lg5+1g4d=2, 44) log, 64 —log,16=1,

45) 4log,+/3 —%Iog3 9+ log, 81 =3,

46)2Ig(4\/§)—lg4—%lg9—2Ig\/§=O, 47) Iog1(§/6_4%):3,

48) log,8 _3, 49) log; 7 log,7 _
log, 2 log;5 log,5
50) log, 3- Iog316+6ln\/5— Ig@— IgE = 5.
10 10
3agaum 51 - 60 / Problems 51 - 60:
51) 10'9°=3, 52) 39%V9=7,
2In6
e “In3+4In2 _16
53) 42"T46= 1, 54) e =3
55) (%)—2+|0g53 :%’ 56) e2|n4 + (%)4094925 — 21’

57) (%)40945 £10/92-101 _3l00s36_ 51 gy gneton,a_ 3

e—5|na . IneSa B
10—4Iga -

59) 10'979r3= 3 60)

24



3agaum Problems

2. Anreopaunyeckue Algebraic Expressions
BbIpaKeHUSs

a?-b® =(a—b)(a+h)
(atb)?=a® +2ab+b?
a® -b*=(a—-b)(a’*+ab +b?)
a’®+b®=(a+b)(a?-ab+b?)
(a-b)®=a*-3a%h +3ab® -b®

(a+b)®=a®+3a’b+3ab? +b*

2.1. 3agaum Problems
3agayn 1 - 15: VYopoctuts | Problems 1 - 15: Simplify the
c/aeyroliye BbIpaXKeHHUs: following expressions:

2 2

1 a‘—-b _
a->b

2) a—-b _
Ja++b
3 13

3) a b=
a-b

4 a-b B
3 K3

5) a +b:
a+b

6) a+b _
Ya+3b

7)  (a+b)?—a?—-b?=
8) (a—b)?+2ab=

25
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3,3 3
9 QW =X-y o

3xy

J— 2_
10) a-2-4=3° -1,
a

11) x* +10xy” + 25y*=
12) 4-28a+49a°=
13) a®+12a°b +48ab? + 64b°=
14) (1+a%-+2a)1+a?++/2a)=

Problems

15) @L-X)A+X+x2+ x> +---+x%)=

Iloacka3ku:
2) B ounomMe (a-b) mMoxHO
pacno3HaTb pPa3HOCTb KBAaJpaToOB

(Va)? u (vb)?.

4) B ounoMme (a-—-Db) wmoxHO
pacno3HaTh pa3HOCTb Ky6OB (%)3
u @b)3.

6) B oOuHome (a+b) MoOXHO
pacno3HaTh CyMMY Ky0OB.

7)-10) HcnoawbsyiiTe dopMyJibl
COKpalleHHOr0 YMHOXEHHUS.

11)-12) B  MHorousneHax |
x% +10xy? + 25y*) " (
4 —28a+49a?) MOHO
pacmno3HaTb KBaJpaT CYMMbl U
KBajpaT pPa3HOCTH,
COOTBETCTBEHHO..

13) B MHorouJieHe

a’ +12a’b + 48ab* + 64b°
MO>XHO pPacrno3HaTh KyO CyMMBl.
14)-15) CkaxuTte cebe: “Ad mory
pelnThb J00yo 3a4a4y’.

U pewanre...

26

Hints:
2) The Dbinomial (a-Db) is
recognizable as the difference

between two squares, (va)? and

(Vb)?.
4) The binomial (a-b) is
recognizable as the difference
between two cubes, (3/a)® and
*/b)°.
6) The binomial (a+b) is
recognizable as the sum of two
cubes.
7)-10) Use
expanding.
11)-12) The polynomials

x? +10xy? + 25y*, 4 — 28a + 49a*
are recognizable as the perfect
square trinomials.
13) The polynomial

a’ +12a°b + 48ab® + 64b°

is recognizable as the sum cubed.
14)-15) Say yourself: “I am able to
solve any problem”; then solve...

the formulas of



3agaum Problems

Problems 16 - 20; Simplify the
following expressions:

3agaun  16- 20: YnopocTuTh
cJleiyrolyve BbIpaXKeHU:

2+c2—aa_(a+b+cf
2bc 2bc

17) ( J5+5 5-+/5 Nﬁ‘i”}

16) [C+- 2ty
a b+c” a b+c

)

+
1+/5++a 1-5++/a Ja
1
++va-1
18) Ja_1 _ @%+ana-1
1 1 “@-nJa+i-(a+a-1’
Ja+l Ja-1
3/2 3/2
19) 2/b N 1l (ab)"
Ja++b | Ja++b .
(ab) 2
x* —a® ( X—a  a+X 3x+a) (x —a)ax
20 : - - - .
x? +2ax+a’ \ax+a® x*-ax a®-x? X+a
Pewmenue / Solution:
16)
1 1 1 1
(+—)(——)=
a b+c” 'a b+c
2 2 2
1 p e -at
2bc
1 1.1 1 b? +c® —a’
—+—) ()] [+ —]=
[(a b—+c) (a b4—cn [ 2bc ]
1 1 .1 1 b?+c?—a?, (a+b+c)?
—F—): )] 1+ - =
[(a b-+c) (a b4—cn [ 2bc ] 2bc

27
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17)

V5+5  5-45 _
1+5+Ja 1-5+/a
\/5—%+2:

J5+5 J5-5 4 )
(14@@%4&@}(@‘@*2}

18)
L Va1

+
a-1
1 1

@%+ana-1 )
(@a-1Ja+l-(@a+)Ja-1
1 —
a1 a—1. @’ +a)a-1 _
1 1 "@-1nla+i-(a+1a-1
Ja+l +a-1

19)

3 3

a?+b2 1

Ja ++/b 1
(ab) 2

3 3
2:/b a2 +b? 1

Ja+vb |va+b L
(ab) 2

(a-b)7i=

28
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20)

Problems

X—a a+ X 3X+a

ax+a’ x’-—ax a’-x?

2

x* —a® ( X—a

x? +2ax+a’

3 3

ax+a?

a+x 3x+a j_
x> —ax a’-x°

3agaum 21- 30: Pa3nokuTb Ha
MHOXXUTEJU MHOT04YJIEeHbI

21)

22)

23)

24)

25)

26)

27)

28)

29)

30)

x° —a ( X—a
x2+2ax+a2

x? —2x—3=
x> —3x—4=
x? —4x-5=
X2 +6X+9=
X2 +5X + 6=
x> —2x% —3x=
x* —4x3 —5x°=
X2+ x% —x—1=
x* —16=

x* +16=

ax+a

a+x 3x+a j_(x—a)ax:

x2—ax az—x2 X+a

Problems 21 - 30: Factor the
following polynomials

29
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[Tlone3snsie popmyJinl | Useful formulas

1 Ja¥x+b
Jatib  a-b

1 _(%/?$%+3§/b7)
a+ib ath

3agauu 31- 40: OcBo6oauth oT | Problems 31 - 40: Rationalize the
MppalMOHAJIbHOCTEN denominators of the following
3HaMeHaTeJy CJeAyliux Apobeit: | fractions:

31) ——=
32)

33)

34) —(—— =
35) ———-=

36)

(3+1)(5-2)

37)

1 _
16 -312+3/9

38)

w
Py
|
|—\

-

39) =

h
=

[EEN

40) =

3
5

30
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2.3. CBoaHaAa Ta6/iMua Haub6oJ1ee Summary Table of the Most
BAXKHBIX popmy1 Important Formulas

a? —b? =(a—b)(@+b)
(a+b)? =a® + 2ab+b?
(a—b)? =a* —2ab+b?

a® -b*=(a—b)(a’+ab +b?)
a® +b® =(a+b)(a®—ab +b?)
(a+b)®=a®+3a’b+3ab? +b?

(a—b)*=a®-3a%h+3ab? b3

1 Ja-+b
Ja++vb a-b
1 _\/§+\/5
Ja-+b a-b

1 _‘°\’/a72—‘°{/£+§/b72
3a+3b a+b

1 :%+%

1 3a® +¥ab +b?
Ya-%b a-b

1 Ya-3b

i/a7+i/%+i/b7_ a-b

31
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2.4. OTBeThlI | Answers
3agayu 1 - 15: | Problems 1 - 15:

2 W2
y 2 —b =a+b,
a-b
a->b
2 =Ja-+b,
) b
3 3
3) a” b =a? +ab+b?
a->b
4) — =3/a -3,
\/7+ b+\/7
3
5) a’+b —a% —ab+b?,
a+b
b
R A

7) (a+b)? —a® -b%=2ab,
8) (a-b)?+2ab=a’+b?,

3 3 3
g XY =X"-y
3xy

(1-a)*-1
a

11) X2 +10xy2 + 25y4 = (x+5y2)2,

-x-y=0,

10) a-2- =0,

12) 4-28a+49a%=(2-7a)?,
13) a®+12a%b+48ab? +64b° = (a + 4b)3,
14) (1+a’-+2a)l+a®++/2a)=1+a%,

15) (1-x)Q+x+ X2 x5+ 4 xg):l—xlo.
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16)

18)

3agaum 16- 20: | Problems 16 - 20:

2 2 .2 2
K£+—£—)K£——E—ﬂ-ﬂ+b +C a]_(a+b+Q _
a b+c” a b+c

2bc 2bc
_b+c+a.®+cf—a2_ja+b+®2_0
b+c-a 2bc 2bc ’
17) \/§+5 + 5_\/5 -(\/a_iq_Zj:
1+/5++/a 1-+5++a Ja
__10Ja  a+2Ja-4_
a+2Ja-4 Ja '
1 —
a1 a—1. @%+aya-1 )
1 1 ‘@-1nla+i-(a+nla-1
Ja+l +a-1
ava+1 _ ava-+1

19)

20)

“Ja-1-+a+l Ja-1-+a+l

3 3
2./b a2 +b2 1

— . — _1=
Jaib | Jasp @D
(ab) 2

2vb_ (Ja-+b)® _

= 1,
Ja++b a-b

2 2 2 _ 2 X+ a

x3 — a3 ( X—a  a+Xx 3x+a} (x —a)ax _
2 lax+a? x®-ax a%-x

x% +2ax +a

_ x}-a® x*-a° _(x=a)ax _

(x+—a)2'(x2——a2)ax X+a

_(x—a)ax (x—a)ax _
X+a X+a

0.

33
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21)
22)
23)
24)

25)
26)
27)

28)
29)
30)

31)
32)
33)
34)
35)
36)
37)
38)
39)

40)

3agaum 21- 30: | Problems 21 - 30:

x> —2x-3=(x+1)(x- 3),

x? —3x—4=(x+1)(x - 4),

x? —4x-5=(x+1)(x - 5),

G +6x+9:(x+3)2,

X2 +5X +6=(x + 2)(x + 3),

x® —2x% =3x=x (x + 1)(x - 3),

x4 —4x3 —5x? :xz(x +1)(x-5),

X3 + x2 —x—lz(x+l)2(x—1),
x*—16=(x* +D)(x - D)(x +1),

x4 +16:(x2 + 2\/§x+4)(x2 —242x + 4).

3agaum 31- 40: | Problems 31 - 40:

=342,
J V2(3-+2),

1
(J§+1)(f 2)—2(ﬁ D5 +2),

——(\/_+\/_+1)
=—(@+\/1_4+x/1),

35

- I

=

~ |

Q‘

%/ZJH“{/E_E(Z\/_ 38 +3/4).

34
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3. AJire6panyeckue
ypaBHEHUS U
HepaBeHCTBa

3.1. JIuHeWHbIe ypaBHEHMUS],
cogepkamue |ax+b|

3agaun 1 - 10: Pemutshb
ypaBHEHMUs

1) [x[=2

3) |x|=-x

5 |x+1|=x+1,

7) |5x+2|=3-x%,

9) |3x+20|=5x-4,

Pewmenue/ Solution:
1) |x]|=2 =

2) |x|=x =

3) |x|=-x =

4) |x-3]|=8 =

5) |[x+1]|=x+1 =
6) |[x+1|=x+2 =
7) |5x+2|=3-x =

8) |x-9|=1-4x =

9) |[3x+20|=5x-4 =

10) |1-x|=3x-2 =

35

Problems

Algebraic Equations and
Inequalities

Linear Equations Involving the
Absolute Value |ax+Db|

Problems 1 - 10: Solve the
equations

2) |x|=x

4) |x-3]=8,

6) |x+1|=x+2,

8) |x-9|=1-4x,

10) |1-x|=3x-2.



3apgaun

IMoackasku:  YToOBI  peuiuThb
ypaBHeHHe, cojep:Kaiiee |ax+b],
cienyer 0CBOGOJUTHCS oT
CHUMBOJIOB a6CO/TIOTHOM BEJIMYHHBI.
Eciu ax+b>0, TO 3HaK
abGCOJIIOTHOW BEJIUYUHBI MOXHO
IIPOCTO OIMYCTHUTD, T.€.
|ax+bl=ax+Db.

Ecim  ax+b<0, To cHUMBOJIBI
abCOJNIIOTHOW BEJUYUHBI MOXKHO

TaK¥Ke OIlyCTUTb, HO IIpH 3TOM
HYH{HO HN3MEHUTDb 3HaK Iiepen
BbIpaK€HHUEM ax + b B T.C.
|ax + b= —(ax + b).

3.2. J/luHelHbIe HEPAaBEHCTBA,
cogepxkamue |ax+Db]|

3agaum 11 - 20: PemwuTe
HEpPaBEHCTRBA, cozeprKauiye
abCoJIIOTHBIE BEeJIMUMHBI.

[Tokaxkute peuIeHrud Ha YHCJIOBOH
OCH.

11) |x|<2,

13) |x-3| <5
15) |x|=-x%

17) |5x+2|<6-%
19) |3-x|>2x+1,
Pemenue/ Solution:
11) |x|<2 =

12) |x|>2 =

13) |x-3|<5 =

Problems

Hints: In order to solve an
equation involving the absolute
value |ax+Db| it is necessary to
remove the absolute value symbol.
If ax + b >0 then the absolute value
symbol can be simply dropped, that
is, |[ax +b|=ax+D.

If ax+b < 0 then the absolute value
symbol can be also dropped but the
minus sign has to be written in
front of (ax+b), that is,
|ax + b= —(ax + b).

Linear Inequalities Involving the
Absolute Value |ax+Db|

Problems 11 - 20: Solve the
following inequalities involving
absolute values. Show the solution
sets on the number line.

12) | x|>2,

14) |x+4|>1,

16) |x+1|<x+2,

18) |4x+5|>4x+1,

20) |3x-1|=25-x
o o—
-2 2
o o
-2 2
o >

1
[ ]
a



3agaum

14) |x+4|>21 =

15) |x|2-x =

16) |x+1|<x+2 =

17) |5x+2|<6-x =

18) |4x+5|>4x+1 =

19) |3-x|>2x+1 =

20) |3x-1|25-x =
Moackasku:  YToObl  pelIuTb
JIMHEWHOE HEpaBEHCTBO,
coziepaliee abCOJIIOTHYIO

BeJIMYMHY | ax+b|, Hy>kHO cHavasia
N30aBUTHCS OT 3HAKa abCOJIIOTHOM
BeJIMYMHBI, a 3aTEM peIIUTh /JABa
0OBbIYHBIX HEpABEHCTBa.

Problems

v

raf @

wlmﬁ

e &

»
-2

rajLae

Hints: In order to solve a linear
inequality involving the absolute
value |ax+Db|, first, it is necessary,
to drop out the absolute value
symbol by using the definition of
the absolute value. Then solve two
ordinary linear inequalities not

MokHO TakXe HUcHoJsib30BaTh | involving the absolute value
c/ey0ILYI0 WHTepnpeTalnu | symbols.
abCoOJIIOTHOM BEJIUYHHBI: One can use also the following
interpretation of the absolute
value:
|x-bl=a |x—b|za
b—a b b+a b—-a b b+a

37
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3agaum 21 - 30: Pemwutb | Problems 21 - 30: Solve the
caeaymwouye panuoHasbHble | following rational inequalities
HepaBEHCTBA MeToAoM | using the chart method:
WHTEPBaJIOB:
21) x(x+1)>0, 22) x}(x+1)" >0,
23) X3, 2q) XD
X-3 X+4
25) XH2AX=D 4 26) X yi1,
X+ 4 X—2
_ 2
27) X4 x4, 2g) X=X,
x—-1 X+5
3,2 _ Cn2(y
29) X=X 0 30) XD 32) (x=4) .o
X+1 X

Pemenue/ Solution:
21) x(x+1)>0 =

& o -
-1 0

22) x}(x+1)" >0 =
o o -
-1 0

23) (x+5)(x-3)<0 =
o o -
-5 3

24) x_+5>0 =

X—3

& o -
-5 3

38
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(x+2)(x-1) <0

25) =
X+4
26) X—+1<x+1 =
X—2
7y X2 xia o
x—1
2
2g) U=Xso o
X+5
_7\3,2
29) K=o
X+1
p— J— 2 J—
30) (x=D(x—2)(x 4)s0

X3

Iloackasku: [Ipouenypy pelieHud
paLMOHAJIbHOTO HepaBeHCTBA
MO>XHO TNpeACTaBUTb B  BUJE
CJIeIyIOLIMX 1IaroB:

— IlepeHecuTe BCe 4JieHbI B JIEBYIO
4acThb U 00beJUHUTE UX B €UHOE
paloHa/JIbHOE BbIpaXKeHUe.
PazsoxxuTe Ha MHOXHTEJH

39

Problems
o -] O -
-4 -2 1
o o = -
-1 2 3
o o o -
1 2 4
o o o -
—35 0 3
] o o I
O -] -] o -
0 1 2 4

Hints: To solve rational inequality,
use the following stepwise
procedure:

- Move all terms to the left side of
an inequality, leaving zero on the
right side.

- Combine the terms into a single
rational expression.
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YUCJUTEb U 3HAMEHATEIb.
- HaliauTe KpuTHYecKHe TOYKHU
(TO4YKH, B KOTOPBIX YUCJIUTEJ b UIH
3HaMeHaTeJb  OOpallalTCad B
HyJib). OJTH TOYKHM pa3bHUBaAIOT
YHCJ0BYI0 OCh HA UHTEPBAJIbL.

- Onpepenuvre 3HaKU
MHOXXHTeJier Ha KaXKJ10M
MHTEpBaJie U OTMETbTE T€ TOYKHU
Ha YHUCJIOBOM OCH, B KOTOPBIX
MHO>KHUTEJU MEHSIIOT CBOU 3HAKH.

[loMmeTbTe HWHTepBaJibl 3HAKaMHU
“+” nmm  “-“. MHOXUTeJH, He
NpUHUMAKIKMe OTPULIATESbHBIX

3HaYeHUH, MOXKHO He IPUHUMATh B
pacyeT NpH YCJIOBUH, UYTO TOYKH
Heonpe/leJIeHHOCTH HaHeceHbl Ha
YHCJIO0BYIO OCb.

— BribepuTe WHTEPBaJIbI,
yJ0BJIETBOPSAIOLME TPeOOBAHUAM
HepaBEeHCTBaA.

Eciiu HepaBeHCTBO HECTPOToe, TO
clefnyeT  y4eCcTb  BCe  TOYKH,
yZ0BJIETBOPSAIOLIKE PABEHCTRY.

- 3anuiiuTe OTBEeT B BH/JE
MHOXecTBa (MM 00'beAUHEHUS
MHO>€eCTB), B BHJIEe HHTepBaJa
(06'beHEHWSI UHTEPBAJIOB) UJIU B
BHU/IE CXeMaTU4YeCKOro rpadgrka Ha
YUCJIOBOU OCH.

[loMHUTE, YTO HeJb31 YMHOXaThb

obe YaCcTM HepaBeHCTBA Ha
BbIpaQXKeHWEe, 3HAK  KOTOpPOTO
HeU3BeCTeH WU MOXET
W3MEHSAThCS.

Problems

- Factor the numerator and
denominator of this expression.

- Find the critical points, that is,
those points in which the
numerator or denominator equals
zero. Divide the number line into
intervals separated by the critical
points.

- Analyze each factor to determine
where it is negative, zero or
positive. Mark each point on the
line where the factor changes its
sign. Label the intervals with the
signs “+” or a “-“.

If some factor is never negative, it
may be omitted in the chart
providing you record the value of
X that makes the expression zero
or undefined on the number line.

- Select the intervals that satisfy
the requirement of the inequality.

- Use the chart to answer the
question asked.

If the inequality problem also
involves the equality condition,
select the appropriate critical
points that satisfy given equation.
Usually, these are the values of X
which make the numerator equal
to zero.

Write your answer in the form of a
set (or union of sets), or in the
interval notation (or wunion of
intervals), or a graph on the
number line. Remember that you
should not multiply both sides of
an inequality by an expression that
contains an unknown or can
change a sign.



3agaum Problems

3.3. KBagpaTHble ypaBHEeHUSA Quadratic Equations
3agayn 31 - 40: Boigeauts | Problems 31 - 40: Complete the
MOJIHBbIM KBaJlpaT perfect square
31) x*-2x+1, 32) x*-2x+5,

33) x?+6x+5, 34) 9-8x-x%,

35) 4x% +4x+1, 36) 9x? +6x-3,

37) (x-2)*+3x-5, 38) (x+3)?-2x-30,
39) x(x—-2)-8x+9, 40) 3x(3x—-2)—-6x+5.
[Ipumepsr: \ Examples:

o  X2—6X+10=x%-2-3x+3°-3%+10=(x—-3)% +1,
o  25X° +40X—9=(5X)% +2-5X-4+4° — 4% —9=(5x+4)% — 25.
Pemenue/ Solution:
31) x%-2x+1=
32) x?-2x+5=
33) x?+6x+5=
34) 9-8x-x%=
35) 4x%®+4x+1=
36) 9x?+6x—3=
37) (x—2)?+3x-5=

38) (x+3)*-2x-30=

39) x(x—2)—-8x+9=

40) 3x(3x—2)—-6x+5=

41



3agaum Problems

3agaum 41 - 50: Pemwutb | Problems 41 - 50: Solve the
ciefyroue kBaZpaTHble | following quadratic equations:
YpaBHEHHUS:

41) x*-2x-3=0, 42) x*+5x-6=0,

43) x*+6x+9=0, 44) x*-2x+1=0,

45) x?+6x+5=0, 46) 9-8x-x%=0,

47) 9x? +6x-3=0, 48) (x+3)?-2x-30=0,

49) x?+7x+10=0, 50) 3x% +8x+4=0.

Pemenue/ Solution:
41) x*-2x-3=0 =

42) x*+5x-6=0 =
43) x*+6x+9=0 =
44) x> -2x+1=0 =

45) x*+6x+5=0 =
46) 9-8x-x*=0 =

47) 9x*+6x-3=0 =

48) (x+3)*-2x-30=0 =

49) x*+7x+10=0 =

50) 3x°+8Xx+4=0 =

42



3apgaun

Iloackasku:
ypaBHeHUE

ax®> +bx+c=0
peuiaeTcs JIIOObIM U3 CAeAYIOIIUX
METO/IOB:

KBaapaTtHoe

® Bbl/IeJIEHUEM MOJIHOTO
KBaJjpaTa;

e IpUMeHeHUEeM dbopmyJibl
KOpHeH KBaZpaTHOTO
ypaBHEHMUS;

® DPA3JIOKEHHUEM Ha MHOXHUTEJIN.

dopmMmysia KOpHeH KBaApaTHOrO
ypaBHEHUs] HMeeT CJeAyIIUN
BU/L;:

Problems

Hints: Quadratic equation

ax’ +bx+c=0
can be solved using any of the
following methods:
e completing the perfect square;
applying the quadratic formula;
factoring.

The quadratic formula has the
following form:

Xio =

KopHu KBaspaTHOr0 ypaBHEHUS
x> +bx+c=0
MOXXHO TaKXe HaWuTU C MOMOUIbIO
dopmy
XX, =C,
3.4. KBaapaTHble HepaBeHCTBa

3agaun 51 60: Pemwure
KBaJIpaTHbIE HepaBeHCTRBA.
OTBeTHI npejCcTaBbTe B
CXeMaTH4YEeCKOM BH/e Ha YUCJIOBOH
OCH.

51) x*-2x-3<0,
53) x*+5x-6>0,
55) x*+2x-8<0,
57) x*-10x+25<0,
59) x(x+9)>5x+5,

43

—b++/b?—4ac

2a

The roots of the quadratic equation
X? +bx+c=0

can be also found by using the

below formulas:

X, + X, =-D.
Quadratic Inequalities
Problems 51 60: Solve the
quadratic inequalities. Write your

answers in the form of graphs on
the number line.

52) x*-2x-3>0,
54) x?-7x+12>0,
56) x?+6x+9<0,
58) x*-8x+16>0,
60) x(x—3)<9x+13.



3agaum Problems

[Ipumep / Example: x2 +3x—4>0.
x24+3x-4=0 = X =—4, Xp=1.
{x|x <-4} J{x|x =1}

— —
-4 1
Pemenue/ Solution:
51) x*-2x-3<0, X = Xp =
o o -
52) x*-2x-3>0 X = Xy =
o o -
53) x*+5x-6>0 X; = Xp =
o o -
54) x*-7x+12>0 X, = X, =
o o -
55) x%*+2x-8<0 X = Xy =
o o -
56) x°+6x+9<0 X = Xy =
o -
57) x*-10x+25<0 X = Xy =
o -
58) x°-8x+16>0 X = Xy =
o -

44



3agaum

59) Xx(x+9)>5x+5 X| =
60) x(x—-3)<9x+13 X| =
Moackasku:  YToOGbI  pelIuTb
KBaJipaTHOE HEPaBEHCTBO, HYXHO
CHayaJa peuunThb
COOTBETCTBYOLIEe KBaJipaTHOe
ypaBHeHUe. [Jlnd  HaxXOXAeHUs

MHOX€eCTBa peI_LIEHI/Iﬁ HEpaBEHCTBA
ITOJIE3HO HCII0JIb30BATbh YHUCJ/IOBYIO
OChb:

Problems

Xy =
o o -
Xy =
o o -
Hints: To solve the quadratic

inequality it is necessary, first, to
solve the corresponding quadratic
equation. Then it is helpful to use
the number line to find the solution
set of the inequality:

ax* +bx+c (@ >0)

X

xa

ax® +bhx+c (a <0)

+

X

45

A3
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Answers

3.5. OTBeThI \ Answers
3agaum 1- 10 / Problems 1 - 10:
1) |x]=2 = X=22.
2) |x|=x = Xx>0.
3) |x|=-x = x<0.
4‘) |X—3|:8 = X1=—5, X2=11.
5 |x+1|=x+1 = x>-1.
6) |x+1|=x+2 = x=-3/2.
7) |5x+2]|=3-x = X =1/6, X, =-5/4.
8) |x-9|=1-4x = X =-8/3.
9) |3x+20|=5x-4 = x=12.
10) |1-x|=3x-2 = x=3/4.
3agaum 11 - 20 / Problems 11 - 20:
11) [x]|<2 = —-2<x<2.
e g
-2 2
12) [x]>2 = {Xx|x<-2JU{x|x>2}.
——.____‘_9 N_'_,_,-'—'—'_
-2 2
13) |x-3]<5 = —-2<x<Z8.
aanE——
-2 8
14) |x+4|>1 =  {X|x<-53U{x|x>-3}.
e o«
-5 =3
15) |x]|=>-x = —0<X<00,
16) |x+1|<x+2 = x>-3/2.
o
-3
2
17) |5x+2|<6-Xx = —2<x<£2/3.
B —
-2 . 2z
3
18) |4x+5|>4x+1 = —0<X<o00,

46



OTBeThI Answers
19) |3-x|>2x+1 =  Xx<2/3.
o~ -
2
3
20) |3x-1|>5-x =  {X|x<-2FU{x]|x>3/2}.
B o« .
-2 3
2
3agaum 21- 30 / Problems 21 - 30:

21) x(x+1)>0 =  {X|x<-JU{x|x>0}.
22) xX*(x+1)">0 = {x|x<-BU{x|x>0}.
23) X250 = (x+5)(x-3)>0 =  {x|x<-5U{x|x>3}.
24) (X+X2)(Z‘1)<0:> (X+4)(x+2)(x ~1) <0 -
+
{x| x<-4}U{x|-2<x<1}.
25) (X+2)(X_1)<x—3 = 10 <0 = (x+4)<0 =
X+4 X+4
X< -4,
26) %<x+1 = OHDB=X o L e (x—2)(x-3)>0 =
{x|-1<x<2yU{x|3< x}.
27) ))((_j>x—4 = K=DC=X) 6 (1) (x—2)(x—4) <0 =
{x| x<U{x|2< x<4}.
2
28) X=X 0 X 50 = {x|x<-5U{x|0<x}.
X+5 X+5
20) "¢ L0 o XZT0 o i Ix<—BUX| 7<%
X+1 X+1
30) CDOC0) o L D) N

X

X
{x|x<0YU{x|4 < x}.
47
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3agauum 31-40 / Problems 31 - 40:

31)
32)
33)
34)
35)
36)

37)

38)
39)

40)

G —2x+1:(x—1)2.

G —2x+5:(x—1)2+4.
X2 +6x+5:(x+3)2 -4,
9-8x — x? :25—(x+4)2.
4%% +4x +1=(2x +1)°.
9x% +6x —3=(3x+1)% — 4.

1o 5
X—2 2+3x—5= X——)" ——.
(x-2) ( 2) 2

(x+3)% —2x—-30=(x +2)% — 25.
x(x—2)—8x+9:(x—5)2—16.
3X(3X —2) —6X +5=(3x — 2) +1.

3agaum 41- 50 / Problems 41 - 50:

41)
42)
43)
44)
45)

46)
47)

48)
49)

50)

X*-2x-3=0 = X =-1,  X,=3.

x> +5x—6=0 = X =1, X, =—6.
x> +6x+9=0 = x=-3.

X2 -2x+1=0 = x=1.

X° +6x+5=0 = X =-1,  X,=-5.
9-8x-x°=0 = X =-9, X,=1.

9x* +6x-3=0 = X =-1, XZ:%.

(x+3)*-2x-30=0 = X =—7, X,=3.

X° +7x+10=0 = X =5,  Xy=-2.
3x% +8x+4=0 = X =-2, x2=—§.

48

Answers
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3agaum 51- 60 / Problems 51 - 60:

51)

52)

53)

54)

55)

56)
57)

58)

59)

60)

X2 —2x-3<0

X2 —-2x-3>0

X2 +5X—6>0

X2 —7x+12>0

X2 +2x—-8<0

X2 +6x+9<0

x2 —10x+25<0

X2 —8x+16>0

X(X+9)>5x+5

X(x—-3)<9x+13

49

Answers




3apgaun

4. IlokasarTe/ibHbIE U

JorapupmuyeckKue
ypaBHEHMSA U
HepaBeHCTBa

4.1. IlokasaTe/ibHbIE
YpaBHEeHHUS

1 10: Pemuthb

3agauyu
ypaBHEHUA

777 =1,
32x+5 =27,
2,72« _ 25
(g) =
5K2 =125,
36 -4.6*-12=0,

1)
3)

5)

7)
9)

Pewmenue/ Solution:
1) 7°77=1 =

IIposepka / Check-up:
2) 3"1=3 =
[IpoBepka / Check-up:

3) 3" =27 =

[IpoBepka / Check-up:

4) 49—6 X

=2 =
IIpoBepka / Check-up:

25
4

=

5) (5 -

50

Problems

Exponential and
Logarithmic Equations and
Inequalities

Exponential Equations

Problems 1 10: Solve the

equations

34X—1 — 3
49—6X -2

(%)X2+4X+l — 64,

2)
4)
6)
8) 47x+6 285_)(,

10) 4%* +6-12* —7-3* =0.



3apgaun

[Iposepka / Check-up:
6) (%) X2 +4x+1 — 64 —

[Iposepka / Check-up:

7) 5X?=125 =

[Iposepka / Check-up:

8) 47X+6 — 857X —

[Iposepka / Check-up:

9) 36"-4-6"-12=0 =
[IpoBepka / Check-up:

10) 4% +6-12*-7-3" =0 =

IIpoBepka / Check-up:

Problems

Iloackasku: Hints:
Ucnonb3yuTe cneaytonie | Use the following properties of
CBOMCTBA MoKa3aTeJIbHbIX | exponentials:
BbIpaXKEeHHUM:

a®=1 = b=0.

a®=a° = b=c.
Jns pelieHUs 3azauu 9 | To solve Problem 9 wuse the
MCII0JIb3yiTe MOACTaHOBKY Y =6". | substitution y=6".
Yto6bl  pemnTh 3agadyy 10, | To solve Problem 10, divide both
CHavyasla pasfenaute o6e dyactu | sides of the equation by the term
ypaBHeHMss Ha 3°%, a 3arem | 3%, then use the substitution

. 4 4

clieJlaiiTe MOJ[CTAHOBKY Y = (E)X. y= (E)X.

51



3apgaun

4.2. Jlorapudpmuyeckue
YpaBHeHUA

3agaun 11 - 20:
cJielyIolle YpaBHEHUS:

Pemiutpb

11) log;x=2,

13) logs(x® — 2x + 6/5) =—1,
15) log,(2* —8) =3,

17) log: x=2log; 3+ 4109, 7,
19) x'9* =10,

Pewmenue/ Solution:

11) log;x=2 =
[Iposepka / Check-up:

12) lgx*=4 =
IIpoBepka / Check-up:

13) logs(x? —2x+6/5)=-1 =
[IpoBepka / Check-up:

14) log,27" =1 =
[IpoBepka / Check-up:

15) log,(2*-8)=3 =
[IpoBepka / Check-up:

16) lg(lgx) +lg(lgx* -1 =1 =

[IpoBepka / Check-up:

Problems 11 -

Problems

Logarithmic Equations

20: Solve

following equations:

12)
14)
16)
18)
20)

lgx? =4,

log, 27" =1,

lg(lg x) + lg(lg x* 1) =1,
log, (3log;(log, X)) =0,
(10'9%)'9% =10000.

the



3apgaun

17) logs x=2logs3+4log,, 7 =

[IpoBepka / Check-up:

18) log,(3log;(log, x)) =0 =

IIposepka / Check-up:
19) x9*=10 =
[IpoBepka / Check-up:
20) (10'9%)9* =10000 =
[IpoBepka / Check-up:
Iloacka3ska:
Ucnosb3yiiTe JlorapuPpMHUYeCcKHre

ToxaecTBa. (CM. CBOAHYIO TabJUIy
HanboJiee BaKHBIX GOpMYy.I).

4.3. Tlloxka3arTre/ibHbIE U
JorapudpmuyecKue HepaBeHCTBa

3agaun 21 30:
caeyrolie HepaBeHCTBa:

Pemiutnb

21) 37 <27,
23) 32x+5 S3X+2 +2,
25) logs(x*-3)>0,
27) lg(log, x)>1,
3X
29) log, lo <0,
) 91 ng—Z

2

53

Problems

Hint:

Use logarithmic identities. (See
Summary Table of the Most
Important Formulas).

Exponential and Logarithmic
Inequalities

Problems 21 - 30: Solve the
following inequalities:

22) 4952,
27—2x 25
24) (5™ <=
) (5) 2
26) log,(x* -6)<1,
28) log:(log, x)>0,
30) log,(x+2)<0.



3apgaun

Pemenue/ Solution:

21)

22)

23)

24)

25)

26)

27)

28)

29)

30)

3N 27 =

4% 52 —

32x+5 S3X+2 +2 —

(E) 7-2X% < E —
5 4

logs (x* -3)>0 =
log,(x* -6)<1 =
lg(log, x)>1 =

log;(log, x)>0 =

3x <0 =

log, log,

> X

log,(x+2)<0 =
54

Problems



3agaum Problems

4.4. Ilos1e3HbIE CBOMCTBA Useful Properties of Inequalities
HepaBeHCTB
b c
a >a
= b>c
a>1
b c
a’>a
= b<c
a<l
log, b>log,c
= b>c
a>1
loga b >log,c .
O<ax<l = =6
b
a >1
= b>0
a>1
b
a >1
= b<0
a<l
logo,b>0
Ja = b>1
a>1
loggab>0
O<axl } = 0<b<l

55
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3agaum 1- 10 / Problems 1 - 10:

1)
2)
3)
4)

5)

6)
7)
8)
9)
10)

4.5. OTBeTHI \ Answers

777 =1
34X—1 :3,
32X+5 :27’
49—6X :2’
2.722x 25

(5) - 4 )

(%)X2+4X+1 :64,

5X-2 — 125,

47X+6 :85_)(,

36 -4.6*-12=0,

4%* 1+ 6.12% —7-32* =0.

R Y

R VAR

3azauu 11- 20 / Problems 11 - 20:

11)
12)
13)
14)
15)

16)

17)

18)
19)

20)

log; x=2

lgx? =4

Iog5(x2 —2x+6/5)=-1
log, 27" =1

log,(2* —8) =3

lg(lgx) + Ig(lg x? —1) =1

log; x=2log; 3+ 4log,s 7

log, (3log;(log, x)) =0
X9 =10

(10'9%)'9* =10000

A R

U

U

56

X=9.

Answers

x =+100.

x=1.

X=-2.

Xx=4.

lgx =

x=10

Nia N | ol

X =441,
3
x:Z*@.

lgx=41 =

x'9% =10000
x; =10000,

= lgx=+4
X =0.0001.
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3agaum 21- 30 / Problems 21 - 30:

21)
22)

23)
24)
25)
26)

27)
28)

29)

30)

32X+5 < 27
4%9°%% 52

3 <32 12
2 7-2X 25
(g) SI
logs (x* —3)>0
log,(x* - 6) <1
lg(log, x) >1
log;(log, x) >0

3X
log, lo <0
g; 93X_2

log, (x+2)<0

R I N (O

U

57

Answers

x<-1.
x<17/12.
X<-2.

x<9/2.
| x|>2.
J6 <|x|<3.

X >1024.
X>2.

X>2.

O0<x<1.



5. ®OyHKUUHU
5.1. 3agaum

3agauu 1 - 15: Hautu
onpeJeseHus u
M3MeHeHUs QYHKLUN

4x+3
2x—1"

foo=22,
X

1) f(x)=

3)
1
Jh———,
f(xX)= VC:_:__

2

5)  f(x)=

7)

9 SX

f(x)=
f(x)=

f(X)=Inx|,

11) In|x|,

13)

1

1) In(x+1)

f(x)=

Pewmenue/ Solution:

1) f(x )_4x+3

Domain:
2) f(X)—-
Domain:

3) f)="—

-3
2x+1

Domain:
4) f(x)=

Domain:

1
X+ 2

x—3x4

ob6Ji1acTu
06J1aCTHU

58

Functions

Problems

Problems 1 - 15: Find the domain

and range of the functions

-3
2 f(x)=
) (= 2x+1
4 f(x)= ,
) s
6) o=,
x2 +9
1
8 f(x)= ,
) (9 (X=D(x+2)
10) f(xX)=InX,
12) f(X)=In|x-2|,
1
14) f(x)= ,
) ) Inx+1
Range:
Range:
Range:
Range:



1

5) f(x)= > =
X“ -9
Domain:
6) fox=——1 -
Vx2+9
Domain:

7) f()=Vx>-9 =

Domain:

8) f(x) !

T (X=1)(x+2)

—

Domain:
5x2
9) f(x)= - =
X“—-3x—-4

Domain:
10) f(X)=Inx =

Domain:
11) f(X)=1In]| X| =

Domain:
12) f(X)=In|x-2| =

Domain:
13) f(X)=|InX| =

Domain:

14) f(x)= 1

Inx+1

Domain:

15) f(X)=—

In(x +1)

Domain:
59

Range:

Range:

Range:

Range:

Range:

Range:

Range:

Range:

Range:

Range:

Range:



3agaya 16: Kakaa wu3 ¢opmya | Problem 16: Which of the
BbIpakaeT cooTHolueHue Mexay | following formulas expresses the

3Ha4YEeHUAMHU X U y B | relationship between values of X
HIDKeNpUBe/JeHHOU Tab,1u1e? and Y in the table below?
a) y={x-2|,
b) y= X2 + 2,
c) y=x|+2,
d y=x+2.
X -1 0 1 2
y 3 2 3 4
Pewmenue/ Solution:
a) y(-D= y(0) = y(D) = y(2)=
b) y(-1)= y(0)= y()= y(2)=
) y=D= y(0) = y(d) = y(2) =
d) y(-D= y(0) = y(d) = y(2) =
3agauu 17 - 22: Haiitu o6paTHblie | Problems 17 - 22: Find the inverse
byHKIMU: functions of the following ones:
17) f(x)=4x-1; 18)f(m=3x_8;
SX+2
19) f(x)=x> —6X+8, X>3; 20) f(x)=3%;
21)f(m:4n§; 22) f(x)=4Inx.
Moackaska: Oyuknuu f(X) wu|Hint: The functions f(x) and
f_l(x) SIBJISIFOTCS B3aMMHO- f_l(x) are the inverse ones of each
00paTHBIMH, ECJIU other if

ffF L) = f1(f(x)=x.

Pemenue/ Solution:
17) f(x)=4x-1 =

00 =
IIpoBepka / Check-up: f(f _l(x)) =

"Cwm. [1], Tnasa 4, ctp. 84.| See [1], Chapter 4, p. 84.
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71 (F(x) =

3x—8
18) f(x)=
) TX) 5X+2

f1x)=
IIpoBepka / Check-up: f(f _l(X)) =

t(f(x) =
19) f(x)=x> -6x+8,(x>3) =

0=
[IpoBepka / Check-up: f(f _I(X)) =

f1(f(x)=

20) f(x)=3"% =
0=
[Iposepka / Check-up: f(f1x) =
fF(t )=

21) f(x):lng -

I

[posepka / Check-up: f(f (%)=
7 (F(0)=

22) f(x)=4Inx =
fl(0=
[IpoBepka / Check-up: f(f1x)=
f(f () =
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3azauu 23 - 27: I'paduk pyukuuu | Problems 23 - 27: The graph of a

y = f(X) uMeeT cieayrOUIUN BU: function y = f(x) is shown in Fig.1:
¥
2 -
1 —
| | | ! ! | *
3 -2 1 0 1 2 3
=1
2L

Puc. 1 \ Fig. 1

Ucnonb3ys 3TOT rpaduk, | Using this graph plot the graphs of
noctpouTh rpadpuku ciaegywiux | the following functions:

bYHKIUA:
23) y="f(x),
24) y= ()1,
25) y="1(x-2),
26) y="f(x+3),
27) y=f(Xx)-1.

Pewmenue/ Solution:

y=f(x]) y= f(x)]
hi hi
I I ) e .
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.................. I L. o, I B I I A I e i e e <
y=f(x)-1
v
e R I e e [ R I ................ <

5.2. I'paduku HaubGo1ee
BAXKHBIX QYHKIUM

v=|x|

Graphs of the Most Important
Functions

Puc.

2 | Fig. 2
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y

Puc. 5 \ Fig. 5
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Y
0<a<l a =1
y=a’
1
¥
0
Puc. 6 | Fig. 6
¥
a =1
2_
y=log,x
X
0 1
0<a<l
-2
Puc. 7 | Fig. 7
5.2.1. 3agauu Problems

3agauun 28 - 37: Hzo6pasute | Problems 28 - 37: Sketch the
cxeMaTUdecky rpapuku yHkuuu: | graphs of the functions:

28) y =[x +3]|+1, 29) y=x> +4x-5,
30) y=+/—x, 31) y=4-x°,
_3 33) y=—~_,
32) y=3/x, Y=
1
34) y=——, 35) y=27%,
36) y = 3}“ , 37) y=In(x — 4).

65



Pewmenue/ Solution:
y=[x+3[+1 y=x>+4x-5

¥ ki
X
f f f f f f f f f f f f

y=~/—X y:4—x3

¥ ¥
X
f T T f f T f f f T T T

y=3x y=—"1

X A
X
f T T f f T f f f T T T
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1 _
y=—— y= 21 X
X
¥ ¥
.............................. .. I F S < P I S <
1
y=—— y=In(x - 4)
¥ ¥
.............................. 1. R R e e b R S

3agauu 38: CocTaBUThb YypaBHEHUE
NpsAMOM, NPOXOJALLEeN Yepe3 TOUYKHU
A(-1,3) u B(l,1). Ilokaxure Ha
rpadpuke  TOYKH  [epeceyeHUs
NpsAAMOM C KOOPJAMHATHBIMHU OCSMH.

Problems 38: Find the equation of
the straight going through the
points A(—1,3) and B(l,1).

Sketch the graph of this line and
show the intercepts.

¥
X
T T T T T T
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3agauyu 39: CocTaBUTh YpaBHEHUE
NpsAMOM, NMPOXOASAIIEN Yepe3 TOUKY

A(2,1) mnop mOpAMBIM YIJIOM K
NpsSIMOU
X+4y=5.

Pewmenue/ Solution:

3azayu 40: CocTaBUTb YpaBHeHUE
NpsSIMOU, MPOXOJAIIEeN Yepe3 TOUYKY
A(l, 2) napaJijiejibHO npsAMOU
2x-3y=6.

Pewmenue/ Solution:

3agaya 41: Iloctpouth rpaduk
byHKIMM Y = X% +2x+ 3, ykasaB

IMMOJIOXKEHHE
nmepecedeHud C
OCAMMU.

BEpIIMHBI KW TOYEK
KOOPAWHATHBIMHA

Pemenue/ Solution:

Problems 39: Find the equation of
the straight line passing through the
point A(2,1) at the right angle to the

line x+4y=>5.

a) Problems 40: Find the equation
of the line passing through the
point A(l,2) and being parallel to

the line 2x -3y =6.

Problem 41: Carefully sketch the
graph of y:—x2 +2X+ 3, showing

the location of the vertex and
intercepts.
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3agaya 42: Fpacbmc CIDYHKHI/II/I
y = f(X) mokasaH Ha Puc. 1.

Hcnosb3yiiTe 3TOT rpadpuK, 4TOObI
BBIYMCJAUTL npubmkenHo f(1),

f(-2) u (2.5).

Pewmenue/ Solution:

f(1)= f(-2)=
3agavya 43: Haitu TOYKHU
nepeceyeHus npsmMbix X—3y=-5

U
2X+7y=3.

Pemenue/ Solution:

3aza4a 44: [IocTpOUTH KPUBYIO
X2 + y2 +2X-6y+1=0.

Pewmenue/ Solution:

Problem 42: Let y= f(X) be the

function whose graph is shown
above in Fig. 1

Use the graph to approximate the
following values: f(1), f(-2) and

f(2.5).

f(2.5)=

Problem 43: Find the point of
intersection of the lines x—-3y=-5

and 2xX+7y=3.

Problem 44: Draw the curve
X2 + y2 +2Xx-6y+1=0.

Problems 45 - 47: How many

and y=1I;

3agauu 45 - 47: CKOJBbKO TOYeK
nepeceyeHus1 uMelT rpaduku | points of intersection have the
caeayomyx nap GyHKIum? graphs of the following couples of
a) y=[log|x+1||] wu y=1; |functions?
a) y=log|x+1
b) yoxd_d(xs3 y:%; ) y4 2g| | |
b) y=x“-4|x|+3 and =—;
M )y | X] y=3
= = i
c) y=2*mu y=[x+1]. Q) y=2-

69

and y=|x+1].



Pewmenue/ Solution:
y=logx, Yy=log|x+1] y=[log|x+1||, y=I

¥ N

y=X+1,




3agaya 48: B miaockoctu  xOy
n300pa3uTe 00.J1aCTh,
ONKMCBhIBAEMYK) HepaBEHCTBAMHU 3X -
y-7<0 nu X+5y+3=>0.

Pemenue/ Solution:

3agaya 49: HalijuTe cooTBETCTBHE
MEXY GYHKIMAMU U 10:4
rpadpUKamu.

a) y=[x+1|,

Problem 48: Shade the region in
the xy-plane which is described by
the inequalities 3x-y-7<0 and x
+5y+32>0.

¥
: X
T 1 1 i T T

Problem 49: Match the following
functions with their graphs.

1

D) Y=( 5

1
C) y: ’ d =x-1].
<2 ) y=x-1]
= R
,,,,,,,,,,,,,, I T .
______________ S T N S DA
,,,,,,,,,,,,, T
> 0 5 4 4 -2 0 2
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3agaya 50:

Hautu paauyc
KOOPAWHATHI LIEHTPA OKPY>KHOCTH

x2+y2+8x—4x—5:0.

Pewmenue/ Solution:

3agaya 51: [padpuk mnapabo.ibl
nepecekaeT ocb Ox B TOYykax -1 u 3.
OnpenendTs BUJA KBaJpaTUYHOU

byHKIMY, ecad  06JlaCcTbl0  ee
3HaYeHUH ABJATCA BCe
BellleCTBEeHHbIe JHUCIIa, He

npeBbllIawIye 4.

Pemenue/ Solution:
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U | Problem 50: Find the radius and

center of the circle
X2 + y2 +8X—4x-5=0.

Problem 51: The graph of a
parabola has x-intercepts, which are
equal to (1) and 3. Determine an

expression for the corresponding
quadratic function if its range
consists of all numbers less than or
equal to 4.



6. JlucKpeTHas ajare6pa

6.1. 'ApudmMeTHUyecKasa v
reoMeTpuYecKas nNporpeccuu:
OCHOBHbIE popMyJibl

Discrete Algebra

Arithmetic Progressions (1)-(3)
and Geometric Progression (4)-
(7): Basic Formulas

a, =a, + d ) (1)
a,=a, +(n-1d, (2)
n n a; +ap)n
Sn = Ya = X +k-h) =B )
k=1 k=1
a'n+1 :an q' (4‘)
a,=2a,q"", (5)
n n 3 a 1_ n
Sn = Y = pag ! <AL, (6)
k=l k=l —q
S, = Y= (7)
k=1 14
6.2. 3agauu Problems

3agava 1: HalTu nepBbIi 4ieH a,

apudMeTHIeCKOn
ecin a, =5 ag =11.

IpOrpeccuy,

Pemenue/ Solution:

3agaya 2: Hautu pasdoctb d
apudMeTHYECKON IpOrpeccuy,
ecau a; =2 u a, =—18.

Pewmenue/ Solution:

3agaya 3: Haitu BTOpOM a, U
9

apudpMeTHUECKOH POrPecCHy, eciu
a;=32ud=5.

,[LeCHTbIﬁ YJIEHbI

' Cwm. [4], Tnasa 5, ctp. 102. | See [4], Chapter 5, p. 102.
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Problem 1: Find the first term a,

of the arithmetic progression, if
a, =5 and a; =11.

Problem 2: Find the difference d
of the arithmetic progression, if
a; =2 and a, =—18.

Problem 3: Find the second term a,
and the tenth term a, of the
arithmetic progression, if a;=32
and d =5.



Pewmenue/ Solution:

3agaya 4: Hauntu cymmy S,
IepPBbIX 20 YJIEHOB
apupMeTHYeCcKOHr POrpeccuH,

ecim a, =1ua, =16.

Pewmenue/ Solution:

3agava 5: Hauty 3HaMeHaTesb g
reoMeTpUYecKou IPOTPECCUH,
ecau a; =81 u a, =3.

Pewmenue/ Solution:

3agavya 6: HaliTu mecToy 4jieH a,

reoMeTpUYecKon IIPOTPECCHUH,
ecau a, =256 u a, = 64.

Pemenue/ Solution:

3aga4ya 7: BbIYUCIUTL CYMMY S

NepBbIX 15 YJIEHOB
reoMeTpUYEeCKON TMpPOrpeccud |
HAaUTU ee BTOPOW 4JIeH a,, eC/IH

CyMMa TMepBbIX TpEX YJEHOB
S; =15, a 3HaMeHaTeJ b
nporpeccum (=-2.

Pemenue/ Solution:

3agaya 8: BpIYUMCIAUTE CyMMy
OECKOHEYHOTr0  4YMCJa  YJIEHOB
yObIBaKOIIEN reoMeTpU4YeCcKoun
nporpeccud, ecad a3 =125, a

3HaMeHaTeJb mporpeccun (=1/5.

Pemenue/ Solution:
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Problem 4: Find the sum S,; of

the first 20 terms of the arithmetic
progression, if a, =1 and a, =16.

Problem 5: Find the common
ratio q of the geometric
progression, if a; =81 and a, =3.

Problem 6: Find the sixth term a

of the geometric progression, if
a, =256 and a, = 64.

Problem 7: Find the sum S5 of

the first 15 terms of the geometric
progression and find its second
term a,, if the sum Sj3 of the first

three terms equals 15 and the
common ratio ¢ equals —2.

Problem 8: Find the sum of an
infinite number of terms of
decreasing geometric progression,
if a3 =125 and the common ratio is

q=1/5.



7. 2KoMIlJIeKCHBbIE YMCJIa

7.1. OCHOBHBbIE COOTHOILLIEHUA

Complex Numbers

Basic Relationships

00 Z=X+1y,
N , y
j,-_____ *_ .
. | Z =Xx-ly,
g | X=rcosd, y=rsind,
0 X
lZl=r=x*+Vy?, tanQ:X,
X
Z=r(cos@ +isinb),
e'’ =cos@ +isind,
7=re'?,
Zn:r.neine
i0+20m
Vz="re n (m=0,1,---,n—1),
£
1z
Z |z
7.2. 3agaum Problems

3agaya 1: Ilyctb 2y u 2, -
KOMIIJIEKCHbIE yHuCJIa. HaynTu
CYyMMYy Z| +Zp, Pa3HOCTb Z| —1Zj,
pousBeJieHue Z;Z, U 4YaCTHOe
21/25,ecmm 23 =3-4iu 7, =2+i.

Pewmenue/ Solution:
L1 +1H =

1Ly =

3agaya 2: M3Bjsiedb KBaJpaTHbIU
KOpeHb U3 yucaa z =1+ iV3.

Pemenue/ Solution: r=

2) =
(V2); =

2 Cwm. [4], Tnaa 6, ctp. 109. | See [4], Chapter 6, p. 109.
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Problem 1: Let z; and z, be

complex numbers. Find the sum
| + Z,, difference z; —z,, product

212, and quotient zy/z,, if
2123—4i and Zn =2+1.

Problem 2: Find the square roots
of the complex number z =1+ iV3.

9:



Z2001

3agaya 3: Hauntu , eCJH
V2 32

2 2
Pemenue/ Solution: |z |=
;2001 _
3agaun 4 - 7:
PemiutTe  npuBeZieHHble  HUXe
ypaBHEHUS: 17| n306pasuTe
pellleHUsI Ha  OKPYXKHOCTU B

KOMIIJIEKCHOM MJIOCKOCTM:

4, 72 +1=0,
6. 2°+1=0,

Pemenue/ Solution:

4. 7 +1=0 = 1=
5. 2°-1=0 = 1=
6. 2'+1=0 = 1=
7. 1°-1=0 = 1=
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Z2001

Problem Find if

ff'

I=———|——

2 2
argz =

Problem 4 - 7:
Solve the below equations and
show the roots on the circle in the
complex plane.

5.
7.

2 -1=0,
28 —1=0.

AN
N
AN
N
AnY
N
AnY
N




7.3. TpuroHomerpuyeckKue Trigonometric Applications of
npuwioxeHus popmyJibl Jnjaepa the Euler Formula

e'? =cosO +isin®,

sinf = %(e” —e %y =Ime"’,
|

1. . .
cosf = E(elg +e'?)=Ree'".

3agaum 8 -11: JlokazaTtb | Problems 8 - 11: Prove the
caeayrouiie bopMy.Jibl nis | following addition and subtraction
CUHYCOB U KOCHHYCOB cyMMbl M | formulas:
Pa3HOCTU yTJIOB:

sin(a + f)=sinacos f + sin fcosa,

cos(a + ) =cosacos f —sinasin

sin(a — ) =sinacos f —sin fcosa,

cos(a — ) =cosacos f +sinasin .

Pewmenue/ Solution:
8)-9) e' @ P = cos(a + f) +isin(a + ),
ei(a+ﬂ) :eiaeiﬂ —

10)-11) €' =cos(a — B) +isin(a — f),
ei(oz—ﬁ’) _ eiae—iﬂ

3agava 12: /lokasatb cieaywuide | Problem 12: Prove the following
TOoXJecTBa: [uiA  cuHycoB U | double-angle identities:
KOCHHYCOB JIBOWHBIX YTJIOB:

sin2a =2sina cosa,
2

cos2a =cos” a —sin’ a.
Pemenue/ Solution:
(e1)? — g2 —
(€'*)? =(cosa +isina)* =
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8. 3lIpeaennl QyHKUUM

8.1. Hau6oJ1iee BaxxHbIe POPMYJIbI

sin X B

Limits of Functions

The Most Important Formulas

lim =1. (D)
X—0
lim =1. (2)
x—0
i+ (3)
X—0
lim(1 + X)X =e. (4)
8.2. 3agauu Problems
3agaun 1 - 10: Boraucauts | Problems 1 - 10: Evaluate the

caenyrolue npejesbl:

1) lim s1n4X,
x—0 8X
3) lim arcsin 2X ,
x—0  6X
5)  lim 207X
Xx—0 sin 3X
2_
7)  lim—~ L
X=>IX" +4x-5
2
9) lim 6X° +5x—-2

X—03%2 — 4X+100

Pewmenue/ Solution:

1) lim sin 4X _
x—0 8X

sinSX2

2) lim 5

Xx—>0 3x

* Cwm. [4], TnaBa 7, ctp. 119. | See [4], Chapter 7, p. 119.

following limits:

)
2) lim sinS5X ’
Xx—0 3x2
4) lim 1—cos2x’
X—0 x2
3X
6) limo_—!
Xx—>0 X
3X
8)  limo_—!
Xx—>0 X
2
10)  fim 24 =3¥D)
Xx—0 4)(2



arcsin 2X

3) lim— =
x—0  6X
4) lim 1 —cos2X _
X—0 x2
5) lim 207X -
Xx—0 sin 3X
3x
6) lim & -
x—=>0 X
2

X—>1x2+4x—5

3X
8) lim & -
x—0 X
2
9) lim 6X™ +5X-2

x—03x2 — 4X+100

_ay2
10) lim 20=3%7) 2" ) .
X—0 4x
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9. 4[IpousBoaHbIe PYHKL MU

9.1. Ta6/Mua NpoOU3BOAHBIX

Derivatives of Functions

A Common Table of Derivatives

(Xn)l — an—l

=a*Ina

@)

COETE

(Inx) =~
X

(sin X)" = cos X

(cosX)' =—sin X

1
(tgx)' = (tanx)' = 5 (ctgx)' = (cotx)' =— 5
cos” X sin” X
(arcsinx)' = ! (arccosX)' =— :
V1I-x° VI-x°
(arctgx)’ = (arctan X)' = (arcctgx)’ :(cot_l X)'=— ! 5
1+ x2 1+ X
9.2. 3agauyu Problems

3agava 1: Ilycte f(X)= x> —5x+4 | Problem 1: Let f (X)= x> —5x +4.

Haiitu cpeanwoio ckopocth | Find the average rate of change of
nameHenuss f(X) Ha wuHTepBase | f(X) over the interval [2, 3].
[2;3].

Pemenue/ Solution:

3agaum 2 - 11: Haitu
IIPpON3BOJHbIE caeJyrumunx
bYyHKIUHA:

2)  f(x)=x,

4) f(x):§—43\/;+2x8,

6) f(X)=In(x+ 2)

8)  f(0=In("

10 f(x _XSll’lX COSX,

I

* Cwm. [4], T'maBa 8, ctp. 123.| See [4], Chapter 8, p. 123.
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Problems 2 11: Find the
derivatives of the functions:

3)  f0=vx,

5) f(X)=sin’2Xx,

7)  f(X)=In(XcosX),

9) f(x)=3tanXx—3cotX,
11) f(x)=Ine* +sin’ X+ cos” X.



Pewmenue/ Solution:
2) ()=
3) (x)'=

4) (%—4i/i+2x8)'=
5)  (sin’2x) =

6) (In(x+2)) =

7)  (In(XcosX)) =

-3

XA/ X
X+ 2

8)  (In( ) =

9) (3tanx—3cotx) =

Xsin X —cos X,
10) (ST =
X

11) (Ine* + sin? X + cos> X)' =
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9.3. UccneaoBaHue QyHKIMHA

YTob6BI HCCIEA0BATb
f (X), Hy»KHO:

byHKIIMI0

e HaiiTu o6s1acThb ee
onpejeaeHUsl.

e YCTaHOBUTHb obJslajaeTr  JIU
bYHKIUSA CBOUCTBAMU CHUMMETPHUH.
e HaWTu KpUTUYEeCKUE TOYKH, T.e.
TOYKH, B KOTOpPbIX MHPOU3BOJHAs
f'(X) o6paliaercss B HyJIb UJIU He

CyLLleCTBYeT.
e [IpoBepuUTh UMEKWTCH JIU Cpeau
KPUTUYECKUX TOYeK TOYKHU
3KCTpPEMYyMa; ecJu TaKOBbIe
VMEKTCH, TO BBIYUC/IUTD
MaKCUMYMbI U MUHHUMYMBbI
[0)74:08105078

e Hautu VHTepBaJbl
MOHOTOHHOTO  BO3pacTaHUd U

yObIBaHUSA QYHKIUH.
e HaWTu Bce TOYKH, B KOTOPBIX
BTOpass  IPOU3BOJHAs f"(x)

obpailaeTcss B HYJIb WJIM K€ He
cywectByeT. [I[poBepuTh Kakue u3
HaWJEeHHbIX TOYEK  SABJAKTCA
TOYKaMHM Ileperuoa.

e HailTu nHTepBasbl BBINYKJIOCTH
¥ BOTHYTOCTH KpuBoi Y = f(X).

e HauTy acuMnTOTHI QyHKIHH.

3agaya 12: HaWtu wuHTepBasbl
MOHOTOHHOCTHU QYHKLIUHU

Investigation of Functions

In order to investigate a function
f (X) you can follow the algorithm

below:

¢ Find the domain of the function.
e Determine whether the function
has a symmetry.

e Determine critical points by
solving the equation f'(x) =0 and
finding the points in which the
derivative f'(X) does not exist.

e Check each critical point
whether it is an extreme point or
not. Calculate the value of the
function in each extreme point.

e Find the intervals of
monotonicity of the function.

e Determine the points of
inflection, that is, find the solution
of the equation f"'(x)=0.Also itis
necessary to find the points, where
the second derivative f"(X) does
not exist. Each of these points must
be checked whether it is a point of
inflection or not.

e Find the intervals where the
curve y= f(X) is concave, and
where it is convex.

e Find the asymptotes for the
function.

Problem 12: Find the intervals of
monotonicity of the function

f(x)=3x% +16x> — 6x% — 48x +1.

Pemenue/ Solution:

(f () =3x* +16x° —6x> —48x +1)' =



3aga4da 13: Kakue n3 | Problem 13: Which of the
HWXKENPHUBEIEHHBIX ¢ynkuuin | following functions are even, odd,
ABJAKTCA 4YeTHbIMHU, Kakue - | neither even nor odd?

HEYETHbIMHM M KaKMe W3 HHUX He
00J1a1a10T CBOMCTBAMU YETHOCTU?

x|, X3, x>, x*, 3, AUx, (x+1),
sin X, COS X, sin? X, sin”! X, tan’ X, X Ccos X,
Inx, |Inx|, In|x|,  In(x?+1), In(x+1),

e X, el e X,

Pewmenue/ Solution:
YetHsbie ¢pyHknuu / Even functions:

HeueTHble pyHkiuu / Odd functions:

He saB/sit0TCA HU YeTHBIMU, HU HedyeTHbIMU / Neither even nor odd
functions:

3agauu 14 - 19: Pa3o6utb ob6siactu | Problems 14 - 19: Divide the

onpe/iesieHUs cnenyromux | domains of the following functions
$yHKIIMH Ha KOHedyHoe 4MCJO |into a finite number of intervals for
WHTEPBaJIOB BO3pacTaHUs v | which the functions are strictly
yO6bIBaHUSI QYHKIIWH. monotone. Indicate the intervals

where the functions are increasing
and where they are decreasing.

14) f(x)=x*(x-3), 15) f(x)=(x=3)Wx,
16) f(x)=xInx, 17) f(x)=e",

e _ X
18) f(0=", 19) f00=—.
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Pewmenue/ Solution:
14) (x*(x-3))' =

CnepoBatenbHo / Therefore:

15) ((x=3)Wx)' =

CnepoBatenbHo / Therefore:

16) (xInx)' =

CnenoBatenbHo / Therefore:
X2 —4X~\r
17) (e ) =
CnenoBatenbHo / Therefore:
X
SN
18) () =
X
CnenoBatenbHo / Therefore:
X
19) (—)'=
) ()

CnepnoBatenbHO / Therefore:

3agaum 20 - 22: HaliTu JioKaJIbHbIE

sKcTpeMyMbl OGyHkuuu f(X) u
KJ1acCUPHUIIUPOBATH Hx o
npU3HaAKaM MaKCHUMyMa WU
MUHUMYMa:
20) f(x)==x2——6X4—7,

2

X“=2X+2
21) f(X)=——,

X—1

Problems 20 - 22: Find all local
extrema of f(X) and determine

which of them are local minima and
which are local maxima:
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22) f(X)=x—In(1+X).
Pewmenue/ Solution:
20) (x2 —6xX+7) =

x2—2x+2
Xx—1

21) ( ) =

22) (x—In(1+x))' =

3agaum 23 - 26: Haupgure
ACUMIITOTHI CeAyIUX GYHKIUM.
N306pa3uTe CXeMaTU4YeCKHU
rpadpuku byHKIMM 10| UX
aCUMITOTBI, He obpaias
BHUMaHHUS Ha 3KCTPEMYMBbI,
BOTHYTOCTb U T.J.
2
X
23) f(x)= RN
X“ -9
1
25) f(x)= TR
X“+9
Pewmenue/ Solution:
2
23) f(x)= =
X2—

Problems 23 - 26: Find the
asymptotes for the following
functions. Sketch the graphs of
these functions and indicate their
asymptotes. No need to determine
extrema, concavity, and so on.

2
X“+4
24) f(X)=—,
/o2
X“ -4

26) f(x)=e>*.

\fH
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24) f(x)= =
x> —4
1
25) f(x)= 5 =
X“+9

26) f(x)=e** =

3agaun 27 30: Iloctpouts
rpaduku GYHKIMH,
npeABapUTebHO UCC/Ie0BAB:

e (06JacTb onpejie/IeHus.

e (CuUMMeTpHUI.
e HMHTepBasbl BO3pacTaHUA U
yObIBaHUS.
e [IpoMexXyTKM BOTHYTOCTU U
BBINYKJIOCTH.

.u.y

\I
.n..y

\.I
.u.y

X
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For Problems 27 - 30, sketch the
graphs of the functions. Extract as

much information about the
function as you can:

e Domain.

e Symmetry.

e Intervals of increasing,

decreasing, concaving, convexity.
Extreme points and points of



e To4KH 3KCTpEMyMa U neperuoba.
e ACUMIITOTEI.

MaciutTabbsl Ha KOOPJAMHATHBIX OCSIX
Ox u 0Oy MOXXHO BbIOMpATb
HEe3aBUCHUMO, co0b6pasyschb C
COOOpaXKEeHUSIMHU HATJISIAHOCTH.

He nosieHMTech HaWTH TOYKH
nepecedyeHusl rpaduka PyHKIUHU C
KOOP/IMHATHBIMU OCSIMHU.
[IpomexxyTO4YHBIE pe3yJIbTaThl
yA0OOHO TpeACTaBUTb B  BHUJE
Tabsun. OJAUH U3  NpPUMEPOB
TabJMLbl TpPUBEAEH HUXe - [Js
byHKIUHY, onpejeaeHHON Ha
WHTepBasie [8,0) U UMewllel

KPUTHUYECKHE TOYKH X| U X;.

inflection.
e Are there asymptotes? How does
the function approach them?
Do not decide on a scale for axes
until you have come to a picture of
the function. It is not necessary to
use the same scales for the X— and
y —axes.

Try to find the X- and Y -intercepts.

It is convenient to place the
calculated results in the tables.

An example of the table is given
below. The function y= f(x) is
assumed to be defined in the
interval [@,0); X; and X, are some

critical points.

b'¢ a [a, x1) X1 (x1, x2) X2 (x2, +0)
9 N 2 7 +oo 7
y' - - 0 + does not +
exist
fx) fx) fx)
BbIBOJ / . y6bIBae'I:/ . ].30.3paCTaE.3T/ paspbIB/ BO3pacTaeT
. is decreasing| min |is increasing| ,. . /
conclusion discontinuity is
increasing
2 X
27) f(x)=x*+=, 28) f(x)= ,
) () < ) f(® NER

29) f(x)=2+x*)e™,
Pemenue/ Solution:
27) f(x)=x +%. Domain:

Symmetry:

30) f(x)=xInx’.

Critical points:
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28) f(x)=

x> +4

Domain:

Symmetry:
Critical points:

29) f(X)=2+x})e X

Domain:

Symmetry:
Critical points:

30) f(x)=xXlIn X2
Domain:

Symmetry:
Critical points:
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10. SHHTerpaJsbl

19.1. Ta6/iMua UHTErpajioB

Integrals

A Table of Common Integrals

n+1

+C,

(n=-1)

ngmuwc
X

Iexdx =e*+C

jsin xdXx =—cosXx+C

jcos xdx =sinX +C

J d); =tanX+C =tgx+C J d)2( =—cotx+C=—ctgx+C
cos” X sin” X
dx :
J =arcsinX + C J 5 = arctan X + C=arctgx+C
V1= x? 1+ X
10.2. 3agaum Problems
3agaum 1 - 8: Beruucaute | Problems 1 - 8: Evaluate the
HeomnpenAeneHHble HWHTerpasbl U | following indefinite integrals.
pOBEPbTE pe3yJibTaThbl c | Check wup the results by
noMolnbio AudpepeHIMPOBaAHUS. differentiating.
1) [(4x° —6x* +x+3)dx, 2) [+/xdx,
3 [ 4) [eos(1-4x)dx
Jox+5’ ’
5) [cos? xdx, 6) Isin 4xcos4xdx,
. 3 dx
7 cos” Xdx, 8 .
)] ) IJ§+1

Pemenue/ Solution:

1) J'(4x3 —6x% + X+ 3)dx =

Check-up:

> Cwm. [4], Tnasa 9, ctp. 129.| See [4], Chapter 9, p. 129.




2) I Jxdx =
Check-up:

Check-up:

4) [cos(1 - 4x)dx =
Check-up:

5) J‘cos2 Xdx =
Check-up:

6) Isin3Xcos3XdX =
Check-up:

7) Isin3 xdx =

Check-up:
dx

°) J.\/;+3=

Check-up:

3aga4u 9 - 10: BeiyucauTh TOYHO
cJlelylolle UHTerpaJbl, €CJId OHU
CylLeCTBYIOT:

dx,

Pewmenue/ Solution:

t1n” x
=

1

9) dx =

10) j(3x—4)7dx =

11: Hautu naoumajab

OrpaHUYEHHOH

3agaua
obJiacTy,
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Problems 9 - 10: Evaluate the
following integrals exactly, if they
exist:

10) j(3x —4) dx.

Problem 11: Find the area of the
region bounded by the graphs of



rpapukamu  PyHkuM y=3x U | thefunctions y=3x and y=x’.
y=x".

Pemenue/ Solution:

[Toackaska / Hint:

b
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