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To the Student 
 
In this workbook, the topics are presented in the same order as in the 
textbook [1]. The problems concern three content areas: Linear Algebra, 
Vector Analysis, and Analytical Geometry.  
Prerequisites: A student should be able 

– to solve linear equations; 
– to perform the basic operations on numbers and algebraic 

expressions; 
Linear Algebra topics include the following themes: matrices and 
determinants; matrix operations; determinant calculations; inverse 
matrices; systems of linear equations. 
The Linear Algebra tests will reveal your knowledge and skills, your 
abilities in interpreting symbols, justifying statements and constructing 
proofs. You should be able to apply the properties of determinants and 
matrix operations and solve linear systems of equations. 
The Vector Analysis topics include: linear vector operations; the dot 
product of vectors; the cross product of vectors; the scalar triple product; 
geometrical applications of vectors. 
After you complete this supplement you should be able to formulate and 
solve problems basing on vector representation, to use standard techniques 
of vector analysis. 
The Analytical Geometry topics include different forms of equations of 
straight lines and planes; angles between simple figures; the curves of the 
second order. 
To pass the final test, you should be able to solve basic problems, 
demonstrate full understanding of all topics, and give a significant portion 
of the answer successfully. Minor calculation errors are admissible. 
You can also use another textbooks [2,3] to understand better the main 
points of the problems studied.  
If you have difficulties with elementary mathematics, turn to textbooks 
[4,5] and workbook [6-9]. 
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LINEAR ALGEBRA 
Matrix Operations 

Problem 1:  Which of the below matrices are equal, if any? 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

21
54

A ,  ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

51
24

B ,  ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

021
054

C , 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

°
−

=
290sin
2515D ,  ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=

201
504

E . 

Solution: 
 
 
 
Problem 2:  Given the matrices 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

=
02
13

A ,   ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛−
=

50
11

B    and   ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
=

14
22

C , 

find the linear combination CBA 432 +− . 
Solution: 
 

=+− CBA 432  
 
 

Problem 3:  Express matrix  as the linear combination of the 
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
=

z
y
x

A

matrices 

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
=

0
0
1

X ,   , and  . 
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
=

0
1
0

Y
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
=

1
0
0

Z

Solution:  =
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
=

z
y
x

A
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Problem 4: Determine which of the matrix products AB  and BA  are defined. 
If the product is appropriate, find the size of the matrix obtained. 

1) A is a  matrix and B is a 53× 25×  matrix; 
2) A is a  matrix and B is a 23× 32×  matrix; 
3) A is a  matrix and B is a 24× 24×  matrix; 
4) A is an 71×  matrix and B is a 17×  matrix; 
5) A and B are square matrices of the fifth order. 

Solution: 
1)  
2)  
3)  
4)  
5)  
 

Problem 5:  Let ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
=

243
125

A .  

Evaluate the matrix products TAA  and AAT  
If the difference  AAAA TT −  is defined, find it. If not, explain why. 
Solution: 

=TAA  
 

=AAT  
 

AAAA TT −  
 
 
Problem 6:  Find the matrix product AB , if 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
=

243
125

A    and   
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

−
−−

−
=

234
153

120
B . 

Solution: 

=
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

−
−−

−

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
=

234
153

120

243
125

AB  
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Problem 7: Using the matrices A and B given in Problem 6 find the matrix 
element  on the third row and second column of the matrix 2,3c TT ABC = . 
Solution: 

=TB  
 

=TA  
 

=2,3c  
 
Problem 8:  Given three matrices 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
=

42
13

A ,  ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

6
5

B ,  and  ( )182−=C , 

find the matrix products CAB)(  and )(BCA  by straightforward procedure. 
Solution: 

=AB  
 

=CAB)(  
 

=BC  
 

=)(BCA  
 
Problem 9:  Let A and B be two diagonal matrices of the order 4. Find the 
matrix  BAAB − . 
Solution: 

=− BAAB  
 

Problem 10:  Find 50A  , if  ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

11
01

A . 

Solution: 
=2A  

 
=3A  

 
=50A  
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Problem 11:  Let  .  Find a matrix B such that C = A + B is 
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

−
−

−
=

735
143

120
A

a diagonal matrix. 
Solution: 
 
B = 
 
Problem 12:  Which of the below matrices are symmetric?  Which are skew-
symmetric? 

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

−
−

−
=

711
142

120
A ,  

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

−
−

−
=

011
102

120
B ,  and   . 

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
−=

715
142
523

C

Solution: 
 
 
 

Problem 13:  Let ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
=

43
25

AB . Find the matrix product TT AB , where TA  

is the transpose of A, and TB  is the transpose of B. 
Solution: 
 

=TT AB  
 
 

Problem 14: Let ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
=

30
21

A   and . 453)( 2 −+= xxxf

Find )(Af . 
Solution: 
 

=)(Af  
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Determinants  
Problem 1: Apply the Sarrus Rule to calculate the determinants of the 
matrices 

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

−
−

−
=

711
142

120
A ,  

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

−
−

−
=

011
102

120
B ,  and   . 

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
−=

715
142
523

C

Solution: 

=
−

−
−

=
711
142

120
det A  

 

=
−

−
−

=
011
102

120
det B  

 

=−=
715
142
523

det C  

 

Problem 2: Calculate 
321
654
987

det =A . Using the properties of 

determinants, express each of the below determinants through Adet . 

978
645
312

det =B ,   
978
312
645

det
−
−

−−
=C ,  

642
654
272421

det
−−−

=D  

Solution: 

==
321
654
987

det A  
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==
978
645
312

det B  

=
−
−

−−
=

978
312
645

det C  

=
−−−

=
642
654
272421

det D  

Problem 3: Let ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

−
=

41
23

A   and  ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

25
36

B .  Find the determinant of 

the matrix product  32BA . 
Solution: 

=
−

−
=

41
23

det A  

==
25
36

det B  

=)det( 32BA  

Problem 4: Evaluate 10det A , if ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

35
24

A . 

Solution:    

==
35
24

det A  

=10det A  
 
Problem 5: Let A be a square matrix of the third order such that 5det =A . 
Find 

1)  )2det( A ;   2)  TAdet ;    3)  3det A ,    4)  . )2det( 2 TAA
Solution:  =)2det( A  
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=TAdet  

=3det A  

=)2det( 2 TAA  

Problem 6:  Let D=
−

−

054
132
128

. Express the determinants of the below 

matrices 

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

−
−=

054
2416
132

A ,   
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

−

−
=

520
323
243

B ,   and    
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

−

−
=

054
132
056

C

in terms of D. The calculation of the given determinant D is not required. 
Solution: 

=
−
−=

054
2416
132

det A  

=
−

−
=

520
323
243

det B  

=
−

−
=

054
132
056

det C  

Problem 7: Let . Evaluate 
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

−
=

631
142
051

A Adet  using expansion according 

to the second column. Then expand the determinant by the first row and 
compare the results obtained. 

Solution:  K+=
−

= 2121

631
142
051

det AaA  
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K1111

631
142
051

det AaA =
−

=  

Problem 8: By elementary row and column operations, reduce the matrix 

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

−

−
=

321
704
232

A   to the triangular form and calculate Adet . 

Solution: =
−

−
=

321
704
232

det A  

Problem 9:  Let 

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛
−

−

=

1245
3170
1631

0215

A . Calculate Adet . 

Solution:   

=
−

−

=

1245
3170
1631

0215

det A  

 
Inverse Matrices 

Problem 1:  Find the cofactors of the matrix elements on the second row of 

the matrix 
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

−

−
=

157
614
323

A . 

Solution: 

=21A   

=22A   

=23A   
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Problem 2:  Find the adjoint matrix of 
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

−

−
=

157
614
323

A . 

Then find all non-diagonal elements of the matrix product AA adj⋅ . Explain 
why they are equal to zero. 
Solution: 
 

=Aadj  
 

=⋅ AA adj  
 
Problem 3: Let A be the matrix given in Problem 2. Evaluate all diagonal 
elements of the matrix product AA adj⋅ . Explain why they are equal to each 
other. 
Solution: 
 

=⋅ AA adj  
 
Problem 4: Using matrix A given in Problem 2 find the inverse of A. Verify 
the result by the definition of the inverse matrix. 
Solution: 

=−1A  
 
Verification: =− AA 1  
 

=−1AA  
 

Problem 5: Find the inverse of ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

23
45

A . Check the result by the 

definition. 
Solution: 

=Adet      =Aadj     
 

=−1A       =−1AA  
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Problem 6: Let ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

23
45

A  and ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
=

71
62

B . Solve for X the matrix 

equation BAX = .  Verify the solution. 
Solution:  =X  

=−1A  

Verification:  

Problem 7: Let A and B be the matrices given in Problem 6. Solve for X the 
matrix equation BXA =2 .  Verify the solution. 
Solution:  =X  

=−1A  

Verification:  

Problem 8: Evaluate the inverse of . Find the product 
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

−
−=

113
042
501

A

AA 1−  to check up the result. 
Solution: 

=
−

−=
113
042
501

det A  

=Aadj      =−1A  

Check up:  

Problem 9: Evaluate the inverse of ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−−

=
72

51
A  by means of the 

elementary transformations of the extended matrix )|( IA . 

Solution:  →⎜⎜
⎝

⎛
⎟⎟
⎠

⎞
−−

=
10
01

72
51

)|( IA  

=−1A   



LINEAR ALGEBRA 

 15

LINEAR ALGEBRA 
Systems of Linear Equations 

Problem 1: Reduce the matrix 

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

−−
−

−−
=

1451073
40312
25143

A  

to the row echelon form and find the rank of A. 
Solution:  

→
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

−−
−

−−

1451073
40312
25143

 

 
 
 

Problem 2: Find the rank of 

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

−−
−

−−−
−

=

2813
11327
51112
318311

A  by elementary 

transformations.  
Solution:  

→

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

−−
−

−−−
−

2813
11327
51112
318311

 

 
 
 
 
rank A = 
Hint: You can interchange two rows or columns, multiply a row or column 
by a nonzero number and multiply a row (column) by a number to add the 
result obtained to another row (column). 
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Problem 3: Solve the system of linear equations 

⎪⎩

⎪
⎨

⎧

=++
=++
=−+

142
343

4425

321

321

321

xxx
xxx
xxx

 

via Gaussian elimination. Check whether the solution satisfies all the given 
equations. 
Solution:  

→
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛ −

1
3
4

142
431
425

 

 
 
 
Solution check: 
 

Problem 4:  Use Gaussian elimination to solve the system of equations 

⎪⎩

⎪
⎨

⎧

=++−
=−+
=−+

22
534
357

321

321

321

xxx
xxx
xxx

 

Solution:  

→
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

−
−
−

2
5
3

112
314
517

 

 
 
 
Solution check: 
 

Problem 5:  Find the general solution and a particular solution of the linear 
system, which is given by the augmented matrix 

⎜
⎜
⎜

⎝

⎛

⎟
⎟
⎟

⎠

⎞
−

−−
−

−−

4
2

2

1311
1112
1223

. 

Check the solution by substituting the values of the unknowns. 
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Solution:  

→
⎜
⎜
⎜

⎝

⎛

⎟
⎟
⎟

⎠

⎞
−

−−
−

−−

4
2

2

1311
1112
1223

 

 
 
The general solution is 
 
A particular solution is 
 
Solution check: 
 

Problem 6: Let  be the coefficient matrix of the 
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

−−
−

−
=

4255
1122
3522

A

homogeneous system of linear equations 0=AX . Find the general solution. 
Solution: 

→
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

−−
−

−

4255
1122
3522

 

 
 
The general solution is 
 
Solution check: 
 

Problem 7: The homogeneous system of linear equations is given the 

coefficient matrix 
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
−−

−
=

014
213
512

A .  Determine the number of solutions. 

Solution: 

=−−
−

=
014
213
512

det A  
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Problems 8: Use Cramer’s Rule to solve the following system of linear 
equations. 

⎪⎩

⎪
⎨

⎧

=++
=++
=−+

142
343

4425

321

321

321

xxx
xxx
xxx

 

Solution: 

=
−

==
142
431
425

det AD  

=
−

=
141
433
424

1D  

=
−

=
112
431
445

2D  

==
142
331
425

3D  

 

==
D
Dx 1

1        =2x =3x  

 
Solution check: 
 
 

Problems 9: Solve the following system of linear equations by Cramer’s 
Rule. 

⎪⎩

⎪
⎨

⎧

=++
−=−+
=+−

642
33
1952

321

321

321

xxx
xxx
xxx
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Solution: 

=−
−

==
142
311

512
det AD  

=−−
−

=
146
313

5119

1D   

=−−=
162
331

5192

2D  

=−
−

=
642
311

1912

3D  

==
D
Dx 1

1    ==
D
Dx 2

2    ==
D
Dx 3

3  

Solution check: 

Problem 10: Given the system of linear equations 

⎪⎩

⎪
⎨

⎧

=++
=++
=++

cxxx
bxxx
axxx

321

321

321

987
654
32

 

For which values of a, b, and c  the system is consistent? 
Hint: Transform the augmented matrix to the reduced row echelon form and 
then apply Cramer's General Rule. 
Solution: 
 
 

Problem 11: Given the system of linear equations 

⎪⎩

⎪
⎨

⎧

=++
=++
=++

0987
654
32

321

321

321

xxx
bxxx
axxx
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For which values of a and b  the system is inconsistent? 
Solution: 
 
 

Problem 12: Find the values of  a  for which the following system of linear 
equations 

⎪⎩

⎪
⎨

⎧

−=−+
=+−

=++

.2
2

332

321

21

321

xxx
xx

xxx

α
 

has the unique solution. 
Solution: 
 
 

Problem 13: Given the reduced row echelon form of the augmented matrix, 

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛ −

=

3
1
4
2

1000
0300
2070
5131

A , 

Find the number of solutions of the corresponding linear system. It is not 
necessary to solve the system. 
Solution: 
 
 
 

Problem 14: Given the reduced row echelon form of the augmented matrix, 

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

=

a

A
3
2
1

0000
9800
7650
4321

. 

How many solutions has the corresponding linear system? 
Solution: 
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VECTOR ALGEBRA 
Linear Vector Operations 

},,{ 321 aaa λλλλ =a  

}.,,{ 332211 bababa +++=+ ba  

Problem 1: Given two vectors }2,14{ −= ,a  and }2,51{ −= ,b  in Cartesian 
coordinate system, find the lengths of the vectors bap +=  and . baq −=
Solution: 
=p       =|p|  

=q       =|q|  

Problem 2:  Let  and }2,14{ −= ,a }2,51{ −= ,b . Solve for p the following  
vector equation: 

3 a – 2 p = 4 b. 
Solution: 
p = 

Problem 3: Let )3,2,1(A  be the common origin of two vectors 

}7,42{ ,AB −==
→

a  and . Find the coordinates of the points }5,13{ −==
→

,ACb
B  and C . 
Solution: 
 
 

Problem 4:  Find the unit vector u in the direction of 
→
AB , if )1,3,5( −A  and 

)1,7,2( −B . 
Solution: 
u = 

Problem 5: Let . Find the unit vector u in the direction of  a. }0,43{ ,−=a
Solution: 
u = 

 



VECTOR ALGEBRA 

 22

In Problems 6 through 8 determine whether the given vectors a  and  b  are 
parallel. 
Problem 6: }5,42{ ,−=a  and  }20,168{ −= ,b . 
Solution: 
 
 
Problem 7:  and  }5,43{ ,=a }8,76{ ,=b . 
Solution: 
 
 
Problem 8:  and  }1,53{ −= ,a }2,106{ −= ,b . 
Solution: 
 
 
Problem 9: Let A, B, C, and D be the vertices of a parallelogram. Express 

vectors  and  as linear combinations of two adjacent vectors 
→

= AC1d
→

= BD2d
→

= ABa  and 
→

= ADb . 

 
Solution: 

=1d  

=2d  

Problem 10: Assume that the vectors   and    join the 
→

= AC1d
→

= BD2d

opposite vertices of a parallelogram. Find the adjacent vectors 
→

= ABa  and 
→

= ADb . 
Solution: 

==
→
ABa  

==
→

ADb  
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Problem 11: Given a triangle with the vertices at the points )1,1,2( −A , 
)4,4,3(B , and , find  )3,2,5(C

(i) the medians  AD, BE, and CF; 
(ii) the coordinates of the medians interception point. 

 
Solution: 

=
→

AD       AD  = 

=
→

BE       BE  = 

=
→

CF       CF = 
 
 
Problem 12: Let )1,1,2( −A  and )11,2,8( −B  be the endpoints of a linear 
segment AB.  
Find the coordinates of the point  dividing AB in the ratio 2:1. C

 
Solution: 
 
 
 
Problem 13: Consider two vectors }5,42{ ,−=a  and },3{ zx,−=b .  
For which values of  z  the equation  

| a| = | b | 
has  exactly one solution with respect to x? 
For which values of z the equation has exactly two solutions with respect to x? 
For which values of z the equation for x has no solutions? 
Solution: 
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Scalar Product 

zzyyxx bababa ++=⋅ ba  
θcosba=⋅ba  
θcosProj a=ab  

Problem 1: Find the scalar product of two vectors  and 
. 

}4,32{ −= ,a
}1,57{ ,=b

Solution: 
=⋅ba   

 
Problem 2: Let 3|=a| , 4|=b| , and the angle between vectors  and  be a b
equal to . Find the scalar product °60 ba ⋅ . 
Solution: 

=⋅ba  
 
Problem 3: Let  and qpa 34 −= qpb 2+= . Find the scalar product ba ⋅ , if 

5|=p| , 2|=q| , and vectors p  and  form the angle of . q °30
Solution: 
 
 
In Problems 4 through 6 find the angle between two vectors  and . a b
Problem 4:  and }4,32{ −= ,a }4,51{ −−= ,b . 
Solution: 

=|a|        =|b|  

=⋅ba  

=θcos  

Problem 5:  and }4,30{ ,=a }4,42{ −= ,b . 
Solution: 

=|a|        =|b|  

=⋅ba  

=θcos  
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Problem 6:  and }1,14{ −= ,a }7,30{ ,=b . 
Solution: 

=|a|        =|b|  

=⋅ba  

=θcos  

In Problems 7 through 9 find the projection of a on b. 
Problem 7:  and }1,56{ −= ,a }4,3,2{ −=b . 
Solution: 

=⋅ba  
=|b|  

=abProj  
 
Problem 8:  and }5,11{ −= ,a }0,3,4{=b . 
Solution: 

=⋅ba   
=|b|  

θcosProj a=ab  

Problem 9: }6,12{ −−= ,a  and }1,5,2{=b . 
Solution: 

=⋅ba   
=|b|  

θcosProj a=ab  
 
In Problems 10 through 14 find the value of a parameter p to satisfy the 
required condition. 
Problem 10:  }1,56{ −= ,a ,  }4,3,{ −= pb , and  ba ⊥ . 
Solution: 

=⋅ba  
p = 
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Problem 11:  }3,2{ −= p,a ,  }5,2,3{ −=b , and  ba ⊥ . 
Solution: 

=⋅ba  
p = 
 
Problem 12:  }5,26{ ,−=a ,  },1,3{ p−=b , and   ba || .
Solution: 

=
x

x

b
a  

p = 
 
Problem 13:  }3,2{ −= p,a ,  }15,5,10{ −−=b , and   ba || .
Solution: 

=
x

x

b
a  

p = 
 
Problem 14:  }3,21{ −= ,a ,  },5,4{ p=b , and   ba || .
Solution: 

=
x

x

b
a  

p = 
 
Problem 15:  Let . Fund the direction cosines. }1,24{ −= ,a
Solution: 

=|a|  

=αcos  

=βcos  

=χcos  
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Vector Product 

zyx

zyx

bbb
aaa
kji

ba =×  

θsin|| ba=×ba ,     aba ⊥× ,      bba ⊥×  

Problem 1: Find the vector product of two vectors  and 
. 

}4,32{ −= ,a
}1,57{ ,=b

Solution: 
 

=×ba  
 
 
Problem 2: Let 2|=a| , 7|=b| , and the angle between vectors  and b  be a
equal to . Find the absolute value of the vector °30 ba × . 
Solution: 

=× || ba  

Problem 3: Simplify the vector product )4()32( baba +×− . 
Solution: 

=+×− )4()32( baba  
 
Problem 4: Let A(2, 3, –2), B(1, 7, -1), and C(3, 4, 5) be three adjacent 
vertices of a parallelogram. Find the area S of the parallelogram. 

 
Solution: 

==
→
ABa  

==
→

ACb  

=×ba  

S = 
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Problem 5: Find the area of the triangle with the vertices at the points 
)2,6,5(A , )7,8,4(B , and . )4,3,5(C

Solution: 

==
→
ABa  

==
→

ACb  

=×ba  

Area = 
 
Problem 6:  Given two vectors, }4,51{ −= ,a  and }1,22{ −= ,b , find a vector 

 such that    and  . c ac ⊥ bc ⊥
Solution: 
 
 
Problem 7: Given the parallelogram with the adjacent vertices at the points 

)2,3,1(−A , )2,1,4(B , and , find the length of the height from the 
vertex B to the base AC. 

)4,4,3(C

Solution: 

=
→
AB  

=
→

AC  

=×
→→

ACAB  

=
→

|| AB  

h = 
 
Problem 7: Given the triangle with the vertices at the points )2,3,1(−A , 

)2,1,4(B , and , find the length of the height from the vertex B to 
the base AC. 

)4,4,3(C

Solution: 

=
→
AB       =

→
AC  

=×
→→

ACAB  

=
→

|| AB      h = 
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Scalar Triple Product 
cbacba ⋅×= )()],,([  

zyx

zyx

zyx

ccc
bbb
aaa

)( =⋅× cba  

Problem 1:  Determine whether the vectors }2,43{ −−= ,a ,  , 
and   are linear independent. 

}2,3,0{ −=b
}1,12{ ,c −=

Solution:  
 

=abc  
 
Conclusion: 

Problem 2:  Determine whether the vectors }2,51{ −= ,a ,  , and  }3,1,4{ −=b
}1,22{ ,c −=  form a basis. 

Solution:  
 

=abc  
 
Conclusion: 

Problem 4:  Determine whether four points )1,3,2( −A , )0,3,3(B , , )4,1,3(C
and  lie in the same plane. )1,4,5(D −

Solution:  

==
→
ABa  

==
→

ACb  

==
→

ADc  
 

=abc  
 
 
Conclusion: 
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Problem 5:  Find the volume V of the tetrahedron with the vertices at the 
points )4,1,3( −A , )4,4,4(B , , and . )2,0,1(C D )2,5,1(

Solution:  ==
→
ABa  

==
→

ACb      ==
→

ADc  
 

=abc  
 
V = 

Problem 6: Find the volume of the parallelepiped constructed on the vectors 
cba and,  as it is shown in the figure. 

 
Solution:  
 
 

Problem 7: The tetrahedron is given by the vertices )1,1,0( −A , )3,0,2(B , 
)1,4,0(C D, and .  )3,3,3(

Find the height from the point D to the base ABC. 

 
Solution:  
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ANALYTICAL GEOMETRY 
Straight Lines 

zyx q
zz

q
yy

q
xx 000 −

=
−

=
−

 

01

0

01

0

01

0

zz
zz

yy
yy

xx
xx

−
−

=
−
−

=
−
−

 

222222
cos

zyxzyx

zzyyxx

qqqppp

qpqpqp

++++

++
=

⋅
⋅

=
|q||p|

qpθ  

 
Problem 1: Find the canonical equations of the line passing through the point 
 M(2,–3, 4) and being parallel to the vector }7,1,5{ −=a .
Solution: 
 
 
Problem 2: Find equations of the line passing through the point  M(4, 0, 8) 

and being parallel to the vector 
→

AB , if )6,2,3(−A  and )4,4,1( −B .
Solution: 
 
 
Problem 3: Find equations of the line passing through the point M(0,–1,3) 

and being parallel to the line   
4
7

1
5

2
3

−
−

=
+

=
− zyx . 

Solution: 
 
 
Problem 4: Let L be a line passing through the points  and )3,1,4(1 −M

)2,5,3(2 −M .  
Determine whether the point )6,3,1(A  lies on the line L. 
Solution: 
 
 



ANALYTICAL GEOMETRY 

 32

Problem 5: Let L be a line passing through the points  and )3,1,4(1 −M
)2,5,3(2 −M . Find a few other points on the line L. 

Solution: 
 
 
Problem 6: In the x, y–plane a line is given by the equation 

02432 =+− yx . 
Find   

(i)   any two points on the line; 
 (ii)  the slope of the line; 
 (iii) the x-intercept and y- intercept. 
Solution: 
(i) 
(ii) 
(iii) 
 
Problem 7: In the x, y–plane, find the equation of the line passing through the 
point  and being perpendicular to the vector )4,2(1 −M }1,3{=n . 
Solution: 
 
 
Problem 8: Let  and )5,1(1M )3,2(2 −M  be the points on a line.  
Which of the following points, )4,6(A , )7,2(B  and )10,2(C , are the points 
on the line? 
Solution: 
 
 
 
Problem 9: Let  0823 =+− yx   and  054 =−+ yx  be two lines in the x, y–
plane. Find the cosine of the angle between the lines. 
Solution: 

=1n       =2n  
 

=θcos  
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Problem 10: Transform the equation of the line 054 =−+ yx  in x, y–plane to 
the intercept form. 
Solution: 
 
 
Problem 11: Let A = {2, –1}, B = {4, 4} and C = {9, 7} be the vertices of a 
triangle. Find the equation of the altitude from the vertex A. Write down the 
equation in the intercept form. 
Solution: 
 
 
Problem 12: Find the distance from the point )5,2(−M  to the line 

0134 =+− yx . 
Solution: 
 
 
 
Problem 13: Let ABC be a triangle with the vertices at the points }5,3{=A , 

}1,2{ −=B  and }7,6{=C  in the x, y–plane. 
Find the length of the altitude from the vertex A. 
Solution: 
 
 
 
Problem 14: Find the point of intersection of the lines 

0823 =+− yx   and  054 =−+ yx . 
Solution: 

⎩
⎨
⎧

=−+
=+−
054
0823

yx
yx

  ⇒

 
Problem 15: Find the point of intersection of the lines 

032 =−− yx   and  0563 =++− yx . 
Solution: 

⎩
⎨
⎧

=−+
=+−
054
0823

yx
yx

  ⇒
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Planes 

0=+++ DCzByAx , 

0

131313

121212

111

=
−−−
−−−
−−−

zzyyxx
zzyyxx
zzyyxx

, 

2
2

2
2

2
2

2
1

2
1

2
1

212121cos
CBACBA

CCBBAA
++++

++
=θ  

 
Problem 1: Find the general equation of the plane passing through the point 
M(5,–2, 1) and being parallel to the vectors }0,3,4{−=a  and . }2,6,1{ −=b
Solution: 
 
 
 
Problem 2: Find the general equation of the plane passing through the points 

)2,4,1(1 −M , , and . )1,4,3(2 −M )6,5,0(3M
Solution: 
 
 
 
Problem 3: Find the general equation of the plane passing through the point 
M(1,–2, –3) and being perpendicular to the vector }1,4,7{ −−=n . 
Solution: 
 
 
Problem 4: A plane is given by the equation  0632 =−+− zyx . Find a unit 
normal vector u to the plane and any two points in the plane. 
Solution: 
 
 
Problem 5: Transform the equation of the plane 024423 =−−+ zyx  to the 
intercept form. 
Solution: 
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Problem 6: Find the point of intersection of the line  

52
3

2
1 zyx

=
−
+

=
−  

and the plane 423 =+− zyx . 
Solution: 
 
 
Problem 7: Let L be the line of interception of two planes  542 =+− zyx  
and  62 =−+ zyx . Find the canonical equations of the line L. 
Solution: 
 
 
Problem 8: Find the angle between two planes  0543 =−−+− zyx  and 

0132 =−+ yx . 
Solution: 
 

=θcos  
 
Problem 9: Find the angle between the plane 02534 =+−+ zyx  and the line  

1
5

4
2

7
3

−
+

=
−

=
+ zyx . 

Solution: 
 

=θcos  
 
Problem 10: Find the distance from the point )1,7,2( −−M  to the plane 

0534 =+− yx . 
Solution: 
 
 
Problem 11: Find the point of intersection of the planes 052 =++− zyx , 

033 =+−+ zyx , and 012 =+− zx . 
Solution: 
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Quadratic Curves 
22

0
2

0 )()( Ryyxx =−+− , 

1)()(
2

2
2

2

2
0 =

−
+

−
b

yy
a

xx , 

1)()(
2

2
2

2

2
0 ±=

−
−

−
b

yy
a

xx , 

)(2)( 0
2

0 xxpyy −±=− , 

)(2)( 0
2

0 yypxx −±=− . 

 
Problem 1: Sketch the graph of  . 0364 22 =−++− yyxx
Solution: 
 
 
 

Problem 2: Given the circle  , find the radius and 0364 22 =−++− yyxx
coordinates of the center. 
Solution: 
 
 
 
Problem 3: Write down the equations of the circle with center at the point 
M(–3, 5) and radius 2. 
Solution: 
 
 
Problems 4–9: Reduce each of the following equations to the canonical form: 

4) ; 1142123 22 =++− yyxx
5) ; 1442123 22 −=++− yyxx
6) ; 1512342 22 −=++− yyxx
7) ; 3826 22 =+−− yyxx
8) ; 012342 22 =−−+ yyxx
9) . 142 22 −=−+ yxx

Give the detailed description of the curves. 
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Solution: 
4)      1142123 22 =++− yyxx ⇒
 
5)     ⇒  1442123 22 −=++− yyxx
 
6)      1512342 22 −=++− yyxx ⇒
 
7)     ⇒  3826 22 =+−− yyxx
 
8)       012342 22 =−−+ yyxx ⇒
 
9)       142 22 −=−+ yxx ⇒
 

Problem 10: Using the equation  1
9

)3(
25

)5( 22

=
+

+
− yx  recognize the curve 

and find   
i) the location of the center; 
ii) the major axis and minor axis; 
iii) the coordinates of the focuses; 
iv) the eccentricity; 
v) the equations of the axes of symmetry. 

Solution: 
 
 
 

Problem 11: Using the equation  1
16

)1(
9

)2( 22

=
−

−
+ yx   find 

i) the location of the center; 
ii) the coordinates of the focuses; 
iii) the eccentricity of the hyperbola; 
iv) the equations of the asymptotes. 

Solution: 
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