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1. INTRODUCTION. PROBLEM SETTING

Suppose that a scalar sequence (X¢)i=.. _10,1,2,. is generated by a nonlinear heteroscedastic
autoregression of order m

Xt =V (U) + (Ut)&s, (1)

where Uy = (X¢—iy, -, Xi—iy, ), 1 <ip <2 < ... <y is a known subsequence of natural numbers,
(&) is a sequence of independent identically distributed (with density positive on R!) random
variables with zero mean, unit variance, zero third, and finite fourth moments, ¥ and & > 0 are
unknown nonperiodic functions bounded on compacts, where the function ®?(z) = D(X; | U; = =)
is the conditional variance (volatility function). Note that i,, may be large, while m is small.
Models of type (1)—CHARH (conditional heteroskedastic autoregressive nonlinear)—find many
applications in financial time series analysis, e.g., in analyzing currency exchange rates [1-3], where
the volatility function characterizes the corresponding financial risks.

By identifying a model (1) in a general sense [4, 5] we mean the problem of nonparametric
estimation of the functions ¥ and ® and the derivatives of ¥ that show how much input variables
in (1) influence the output variable.

We will assume that function ¥(z) and ®(z), x € R™, satisfy, in addition, the following con-
ditions (3.2 (c) [1]). First, there exist vectors a = (ai,...,an) and d = (dy,...,dy), d; > 0,
i=1,...,m (perhaps, both of them zero) such that for ||z| — oo

U(z) = Zaiiﬂz’ + o([|z]),
i=1

®(z) =) diwf + of|[z?).
i=1
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258 KITAEVA, KOSHKIN

Besides, we define an i,,-dimensional square matrix A as the zero matrix if a = 0 and

(00 ... 0 df ]
10 ... 0 d
A=|01 . 0 & |

100 ... 1 aj |

otherwise and assume that p(AAT) + max(d;) < 1if d # 0, and p(A) < 1 if d = 0. Here p denotes
1
the spectral radius of the matrix, a] = a,, r =1,m, aj = 0 otherwise, ||z| is the Euclidean norm
of x, AT is the transpose of A.
In this case, as shown in [1] (Lemma 3.1, p. 264, these conditions are also discussed there), the

process (X;)i=.. 1,012, will be a strictly stationary process and will satisfy the strong mixing
(s.m.) condition with s.m. coefficient

aft) ~e 0, §>0, T o0. (2)

Here and below the notation f(z) ~ g(x) for z — oo means that Jim flx)/g(x) = 1.

Let X1-,,,...,X, be observations generated by an autoregression process (1). The conditional
expectation ¥(z) = E(X; | U, = x) = E(X}; | ), = € R™, we estimate by the statistic which is a
semi-recursive counterpart of the Nadaraya—Watson estimate [6, 7]

n

\yn,mmzzégK(ﬂ”;tUt)/g h;KC;tUt). 3)

t=1

We estimate the conditional variance ®?(x) with a statistic similar to (3):

"L XE x—U, 1 x—U,
2 _ t t t\ g2

t=1

The estimate (4) is a semi-recursive counterpart of a widely used volatility function estimate [8].

Estimates with this structure are called semi-recursive [9], because only the numerator and the
denominator are computed recursively.

One can study how some variables influence others in stochastic systems with the s.m. power of
sensitivity functions [10]. In particular, for the conditional expectation E(X; | z) in the model (1)
the sensitivity function on the variable z; is defined as

1) = P =T, )

Thus, the problem of identifying in the general sense a model (1) is a special case of estimating
functions of the form

H(4) = H(a(@), a"(@)), (6)

where a(z) = (ag(z), ai(z), as(x)), aM)(z) = (a(()lj)(m), aglj)(az), aglj)(m)), j=1m, z€R™,
H(-): R3m+D 5 Rl is a given function. To unify notation in what follows, we introduce the
(19)

following notation: a(x) = a(%)(x). Functionals a;(z) and aj *’(z) are defined as

_ Oa;(x)

1 =0,1,2, j=1
((h] ) ? » Ty S ] > 1,

ai(x) = / Y fa,y)dy, ol (@)
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SEMI-RECURSIVE NONPARAMETRIC IDENTIFICATION 259

where f(z,y) is the unknown probability density of the random vector Z = (U;_1, X¢) in stationary
mode.

Since ag(z) = [ f(x,y)dy = p (x), where p (x) is the probability density of U;, we can represent
in the form (6) any function of the conditional moments

bi(x) = ai(@)/p(2) = [ 4y | 2)dy

; ob;
and their derivatives bl(-lj )(:1:) = aéaj), i = 1,2, which is sufficient for our needs: for H(ag,a;) =
J
a1/ag we get the conditional expectation ¥ (z), for H(ag,ar,as) = as/ag — (a1/ag)*—the volatility
, , (15) (17) .
function ®2(z) = D (Y | x) = ba(x) — b3 (z), and for H(ag, a1, a((]lj),aglj)) = aclz - alag = bglj)—
0 ag

the sensitivity function T;_;(x).
As recursive nonparametric estimates for the functionals (%) (z) = a(x) and the derivatives
a9 (z) at the point = we take the statistics

, 1 (L, X, X2y (2= Ui g
(r4) — )Ry <R (rg) 1
@) = ; e K ( . )
) L () (1, X0, X2) iy (7 — Up_a
= a, () — " lan_l(x) = K9 n 7

where r = 0,1, Z; = (Uj_1,X;), | = 1,n are (m + 1)-dimensional observables characterized by the
density f(z,y), K (u) = K(u) = ﬁ K (u;) is the m-dimensional multiplicative kernel; K(17) (u) =
OK (1) . K ()
Ou, du;
numbers; agfj)(x) = (agg)(ac),agg)(ac),agg)(ac)).
Semi-recursive kernel estimates for substituting conditional functionals b(x) = (b1(z),ba(z)) at
the point = are given by

= K(u1) ... K(uj—1) KO (u) K (ujt1) .. K (um), KW (u;) ; (hy) is a sequence of

= M hi
@)= ™

K "

()

A semi-recursive (functionals a;(x) and their derivatives are computed recursively) substitution
estimate for (6) looks like

H(A,)=H ({a,(fj)(m)}, j=1m, r=0, 1) . (8)

The problems of the instability of estimates (7) and, perhaps, (8) and related obstacles to
finding the mean squared error (MSE) of the estimates we propose to solve via a piecewise smooth
approximation [11].

Since the observations are dependent, studying the estimates’ properties becomes much harder.
For example, the main part of the asymptotic MSE Nadaraya—Watson estimate for s.m. sequences
was found only in 1999 [12]; the authors also proved that this estimate converges with probability
one.
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260 KITAEVA, KOSHKIN

In this paper, we propose a unified approach to the identification problem in the general sense
for the model (1) based on the estimates H(A,) and their piecewise smooth approximations. We
find the main parts of the MSE and determine the (enhanced due to kernel selection) mean square
convergence speed for the considered estimates to H(A).

2. ASYMPTOTIC PROPERTIES OF ESTIMATES OF THE FUNCTIONALS a;(z)
AND THEIR DERIVATIVES

Since when we consider asymptotical bias and convergence speed of the estimates agj )(m), the
dependence of sample values is irrelevant, then results shown in Lemmas 1-3 in [13] still hold (in
this case, in the notation of [13] the vector function g(y) = (1,y,y?)).

Thus, in conditions of Lemma 3 from [13], the following relation holds for the convergence speed
of the estimates’ deviations:

b (a7 (@) = Susslr @)his| = o(hy), (9)

where

i i i i T, m 8l/a(rj) T -
Wi () = (wéyﬂ)(g;),w§yﬂ)(x)7wéya)(x)) - 3 (w( )7 P01, j=1lm.
T =1 l

T,,:/u”K(u)du, v=12....

The constant S, appears since the estimates are recursive; it reflects the constraints imposed upon
the sequence (hy,) (cf. Definition 5 in [13]):

1 n
> hit = Sah + o(h}): (10)
s
by (10), for (9) a = v.
We introduce the following notation:

ot (@)= [15 5@y dy,

aii_(l—i-T),tp(aj)y) :/|thp|f1(1+7—)(l',’[),y,Q) dv dq,
R2

where fi(14,) is the 2(m + 1)-dimensional density of the sample values distribution (Z1, Z14,),
7 > 1. The event that (Xj;);>1 satisfies the s.m. condition with s.m. coefficient «(7) we denote by
(Xj)j=1 € S(ov). We define the necessary classes of functions introduced in Definitions 1-4 in [13].

A function H(-): R® — R! belongs to the class N, (z) (H(-) € N,(z)) if the function and all
its partial derivatives (of order up to and including v) are continuous at point z. The function
H(-) € N,(R) if the conditions for H(-) are satisfied for all x € R®.

A function K (u) belongs to the class of normalized kernels A, + = 0,1, if [ |K")(u)|du < oo,
J K (u)du=1. A function K(-) € A if K(-) € A" and K (u) satisfies conditions [ |u” K (u)|du < oo,
T;=0,7=1,...,v—=1,T, #0, K(u) = K(—u).

For simplicity, we denote A©) = A, .,41(,0) =A,.

Lemma 1 (covariance of the estimates ag;j )(m) and al(g%k) (x)). Suppose that the index 6 takes

values t and p, the index v takes values r and q, and the following conditions hold:
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SEMI-RECURSIVE NONPARAMETRIC IDENTIFICATION 261
1) (Zj)j>1 € S(), [[a(r)] T < 0o for some X € (0,1);
0
2) the functions arip (1) € No(R), ag(-) € No(R), a’y, (1) € No(z);

1—-X

x 1-X
()EA(V), sup |KO) (u)| < oo; sup |K (u)] < oo form>1, rq=1;
u€eR?! u€R
5) for a monotone nonincreasing sequence (hy) it holds that

(1)
(2)
(3) supag () < o0, supa’y (z) < oo; supa,(x) < oo,
(4)
()

(hp + 1/(nhmOFNFTHa)) | 0,

Then for n — oo

1—-X
y 24 2
‘cov (agnj)(x), a;‘ff) (a:))‘ < IYCREV I CLEA (a;)a},k (33)}
" 1-X
2 o0 1
« [ / ‘K(r)( = du/ ‘K = du] /[Oz(T)])‘dT-i-O( m(1+)\)+7“+q> . (11)

If, moreover,

(6) A < 1/2 and for the sequence (hy) (10) holds for o« = —(m + 1+ q);

(7) supal(HT) (@ y) <C, a, 20 ( ) € No(), 811pa+29A (x) < o0, then for n — oo
x 1—

rJ S m-+r m—1
cor (af (@), @) =1 ey @) [ KO@KO ) du ( [ K2 au)

1
—o( tiess) (12)

and, in particular, fort =p
i S_ m-+2r m—1
Daf @)~ (e [1KO @) du ( [ K2 du) .

Theorem 1 of [13] and Lemma 1 of this paper imply Theorem 1.

Theorem 1 (MSE for optimal estimates of the functionals ayj )(m)) Under the conditions of
Lemma 3 in [13], conditions (1)—(4) and (6), (7) of Lemma 1 for v = r, 8 = p = t, and, in
addition, wt(y)(m) # 0, then for n — oo

hg;j)o = argminu (ainj)( ))
Wm0

(m+2r)(m + v+ 2r) ag (v) ") ()12 du 2(0) du m_ll (47
dnp(m + 20 + 2r)[w (z)]2 /[K (" d (/K (u)d ) ’

2(m+v+2r)
m + 2(7/ + ’f’) m+4-2(v+r)
u? (agn |h(”) h“‘”") - (ag’?) (:1:)) ~ (m+142r) [ m+v+2r }
o0 m—+2r
m42(vtr) m+2(v+r)

[wir?) ()]
m -+ 2r

X [aztn(j) /[K(T) (u)]? du (/ K2 (u) du) "
-0 (n_ m+22(yu+7‘)) )
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262 KITAEVA, KOSHKIN
By Theorem 1, the convergence speed order for optimal non-parametric estimates ag;j )0(33)
2v

m+2(v +r)
variables, tends to the usual convergence speed order of parametric estimates, which equals one.

for s.m. observations, which equals , for large v, just like the case of independent
We introduce the following notation:
J141) (i4j+1) (i+j+k+1) (2, 8, u, w)—distribution density for sample values (Z1,Zit1, Ziyjs1,
Ziyjrk+1),

+
Y (1) 44 1) (ke 1), £ (B U575 Y)

‘£ |U8U,S/|tfl(i+1)(i+j+1)(i+j+k+1) (':Ea v,Y, S, .ZL'/, Ulv y/7 8/) d’Ude’U,dSI, 1< j,k<n,i+j+k<n—1;
R

similarly, air(1+j)(1+j+k)7t(ac, y, ') = f3 [osv'[* fi14j) (14 j4k) (@, 0, Y, 5,2, 0) dudsdy,
R
af(iﬂ),t(:r,x’) :Rj; |vs|tf1(1+j)(x,v,s,x’) dvds;
My(am) = E [am (@) — ar(2)]*, Sin = asn(x) — Eagn(x).
Lemma 2 (convergence order for the fourth central moments of the estimates ag;j )(a:)) Suppose
that for r =0 (or 1):
(1) (Z)) € S(a) and [ 72[a(7T)] 2L dr < o0 for some 0 < 0 < 2;
0
(2) sup | K" (u)| < oo, [|KT(u)|du < oo;
ueR?!
(3) for a monotone nonincreasing sequence (hy,) it holds that

(hn + 1/ (nhy7 7)) | 0;

(4) supajs(z) < oo, B=0,4

+ +
() sup Y (1) (4541 (i k4 1), (T T T, ) < 00, SUP @ (145) (1+45+k), 1(2+6) (2,2, 1) < o0,
+
SUP @y (;.41), 1(2+9) (w,2) < occ.

Then for n — oo correspondingly for r =0 (or 1),

E (SS;”)4 =0 <n2h721(1n+2r)> :

Lemma 3 (convergence order for the fourth moments of deviations M4(ag;j ))) If forr =0 (or1)
conditions of Lemma 3 from [13] and Lemma 2 hold, then for n — oo

M (o) =0ty 1)

n2 h%(m-‘rQr)

The proofs of Lemmata 1 and 2 are given in the Appendix, Lemma 3 is proven just like Lemma 6
in [13].

3. MSE OF THE SUBSTITUTION ESTIMATES
AND THEIR PIECEWISE SMOOTH APPROXIMATIONS

To find MSE, we use the results of [11].
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SEMI-RECURSIVE NONPARAMETRIC IDENTIFICATION 263

Forr=0,1, j =1,m, :=0,1,2 we denote

Hijr = 0H(A)/ (ayﬂ
Q=1 {1}, ifvj r=1 max(r) = max(r).
{0,1}, if dj 7':0/\7“:1, reqQ

N—

For H(A,) we introduce the piecewise smooth approximation

H(A,
BB = (g i
where 7 >0, p >0, pr > 1, (6,) 4 0 for n — oo.
Theorem 2 (MSE for the estimate of H(A,)). Suppose that for t,p=0,1,2 and r € Q:
(1) (Z;) € S(a) and TTz[Oé(T)]Qi‘S dr < oo for some 0 < § < 2;
(2) a1y () € No(R), afy () € Nola)s sup s (&) < o0, supas(e) < o0, = 0,4

(3) K() e AV, sup |K) (u)| <o0;if1 €Q, thenl lim K(u)=0 and form>1 sup |K(u)| < oo;
—

ueR? u|—oo ueR?!
. 8ya(7”j)x
(@) 0l () € MR, sup (@) < s sup |4 1 <o 1 = 1w
z q

(5) for a monotone nonincreasing sequence (hy,) it holds that

(dn) = (hn +1/ (nhpt2m)) Lo,

and (10) holds for a = v, a = —m — 2[, | = 0, max(r);
(6) SUP @1(i41) it 41) g h41) £ (20, 8, ) < 00, SUD GG 1) 5441 y(a4) (@52, ) < 00,
sgpaf(iﬂ)’t(ﬂ(;) (z,2) < 00, szug) af(iﬂ)’tp(a:, y) < oo for alli,j, k > 1,
(1) () € Na(A);

(8) for all possible values of Xy,..., X, the sequence {|H(t,)|} is dominated by the sequence of
numbers (Cody),), (dy) T 00, where Cy is a constant, and 0 <y < 1/4.

Then
S m-nr r
u? Y S S Hn k[ i () [ KO @K

t,p=0r,q€Q j,k
3
2)

Theorem 3 (MSE for the estimate of H(A,,d,)). Suppose that the conditions of Theorem, 2 hold,
except for condition 8) which is substituted by

(8%) H(A) #0 or7=4,6,....
Then for n — oo

« ( / K2(u)du> ) +S2w§§”( ool () 2

1 22U
oo (Lh?”nmm +hy,

u? (H(Ay, 00)) ~ u? (H(A,)).
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264 KITAEVA, KOSHKIN

The optimal sequences of the fuzziness parameter and the corresponding MSE for the estimates
of H(A,) and their piecewise smooth approximations H(A,,d,) for s.m. observations are found
similar to Theorem 1.

The proof of Theorem 2 is given in the Appendix, Theorem 3 follows from Corollary 4 from [11]
for k =2 and m = 4.

4. IDENTIFYING SECOND ORDER AUTOREGRESSIONS
IN THE GENERAL SENSE. REAL DATA ANALYSIS

Let us go back to the autoregression process (1). To clarify the presentation, we consider the
special case m = 2.

It is easy to see that if (2) holds, then a(7) satisfies the conditions of Theorems 2 and 3 for
every 0 < 4 < 2.

Note also that the s.m. coefficient a(7) < copf, 0 < po < 1, g > 0, [2] also satisfies the
conditions of Theorems 2 and 3.

By f(z,y) we denote the stationary distribution (X;_1,X; 2,X;). The function ¥(x) =

H(a(z)) = Z;Eg, a(x) = (ap(z), a1(x)), a1(z) = [yf(z,y)dy, ap(z) = p(x), and the estimate

n+2 n+2 (04)
Xt — U, x— Uy ay,)’ (x)  ap(z)
ot () ()
() ; 2K, Z 2K A0y~ pale) (13)
where Uy = (X;—1, X¢—2).
To find the MSE of the estimate ¥,, () we use Theorem 2. Let K (u) € Ay, K(u) = K (u1) K (u2),

sup |K (u)] < 00, (hy, +1/(nh2)) ] 0, and suppose that (10) holds for the sequence (hy,) for a = v
u€R
and o= -2

Suppose that functions a;(z), i = 0,1, and their derivatives up to and including order v are
continuous and bounded on R?, and functions [ y?f(z,y)dy and [ y*f(x,y)dy are bounded on R?
and, moreover, [42f(z,y)dy and [ |y|**°f(z,y)dy are continuous at the point 2. Then conditions
(1)-(5) of Theorem 2 hold; we also suppose that (6) holds. If p(x) > 0, then condition (7) holds,
too.

If the random variables X; are uniformly bounded, and we select a nonnegative kernel, then it
is easy to show that W, »(x) are bounded for v = 2. By condition (8), this is equivalent to the
existence of a majorizing sequence with v = 0. As a result, for n — oo we get:

. @it / K (u)du ©) . (0)
P(Una@) = Y HiHy | S L, SR @l

7 i,p=0
1 4 3/2
e ([nh e,

where
1 _ Y() B 9 .
Hy = p(z)’ Hy = 2 (z)’ az(x) = /y f(z,y)dy;
0, To [Dar(z)  *ai(z) ©, _ T (0*p(z) 0O*p(x)
wiz () = 2 < Ox? - ozt )’ woz () = 2 0z? * ozt |-

For v > 2 we cannot compute the MSE by this method, because the denominator of (3) may
become zero, and this does not let us find a majorizing sequence (d,,) in condition (8) of Theorem 2.
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SEMI-RECURSIVE NONPARAMETRIC IDENTIFICATION 265

In this case, a piecewise smooth approximation solves the problem.

~ ‘I’n 2(3:)
\Ijn - ’ 5
20 = (1 5 (@)

where 7 >0, p> 0, p7 > 1, 85, = O (h¥ + 1/(nh2)), (6n,) 4 0 for n — co. Thus, by Theorem 3
for (14) condition (8*) holds if we take an even 7 > 4. Then for n — oo

ai+p(m)/K2(u)du
h;

(14)

+ 52w ()0l () h2

w

U2 (‘i’mg(x)) = i HZ'Hp 5_2

4,p=0
1 2v 3/2
e ([nh% o] ™).

WO (z) = ¥ (8”a1(x) n 8”a1(rr)) 7

where

V! oz Oz
)y Lv (9"p(2) 8”1)(9:))
wou (@) = v! < oxy * oxy )’

The estimate for the volatility function will look like

n+2 2 n+2 2
X} z—U; X x— U
Z:h%K< ) [Zh%K( h )]

2 t=3 t=3

x— U - 2 g x —U, 8
k(") (7.7
tzzghf hy [;hf hy

Consider the estimates of sensitivity functions

n+2 n+2 n+2

Tn(l‘) = |7 — = ,
! ’§1K<x—Ut) %211{(9;—0;)2
+=3 h% ht =3 h? ht

which show how much changes in the input variable z;_; are related to the output variable z; of
the model (1), j = 1,2.
For the sensitivity function, the obstacles we have encountered for finding the majorizing se-
quence force us to use a piecewise smooth approximation
~ Tjn(x)
Tin(x) = o .
= (1 b0 | D))

Here the kernel K (u), in addition to the conditions stated above in this section, should also con-

1
form to sup [K™M (u)| < oo and lim K (u), and for (h,) it should hold that lim (hn + 4> =0.
ueR1 |u|—o00 n—00 ’I’Lhn
To use the result of Theorem 3 and find u? (Tjn(:p)), we also have to demand that functions ag(x)
and aj(z) have continuous and bounded on R? derivatives for orders up to and including (v + 1).

Let us apply the estimates above to the data about the prices of SJC “Gazprom” stock for the
period from January 15, 2008 till March 24, 2009. The data are shown on Fig. 1, the number
observations is n = 292. Figure 2 shows the estimate (13) that reflects how “today” price depends
on the prices in the previous two days. Figures 3 and 4 show the estimate for the volatility
function @%72(:1:) and level lines of this surface; they allow to estimate the risks of forecasts that
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268 KITAEVA, KOSHKIN

use the function ¥, o(z). Figures 5 and 6 show the estimates of the sensitivity functions T3, (z)
and T5,(z), respectively. It is clear from these figures that the prices of “yesterday” and “the day
before yesterday” have approximately the same influence on the “today” prices.

Twenty of the last values were used to estimate the quality of a forecast obtained with W,, o(z).
The mean absolute error of this forecast is 3.28 roubles, the relative error—2.7%. We have used
the standard Gaussian kernel everywhere and have subjectively adjusted the fuzziness parameters.
All surfaces were constructed for the ranges of both variables from 110 to 350; the computations
were conducted with the Mathcad 14.0 package.

5. CONCLUSION

This work presents a unified approach to estimating the characteristics (conditional expecta-
tion, conditional variance, and sensitivity functions) of the process (X¢)i=. —1,0,1,2,.. of a nonlin-
ear heteroscedastic autoregression of an arbitrary order m. The approach is based on estimat-
ing the substitutions of functions depending on functionals of the joint stationary distribution of
X, Xi—1,...,Xi_m. We have shown that in the considered case we can restrict our attention to
functionals of the form

Oa;(x)

)
8.’Ej

ai(z) = agoj)(m) = /yif(a:,y)dy, al(-lj)(m) = 1=0,1,2, j=1m.

As substitution elements we propose to use recursive estimates of the kernel type a(r] )(a:)

Under the assumption that the autoregression process satisfies the strong mixing condltlon with
exponentially decreasing the strong mixing coefficient, we have considered asymptotic properties
of the estimates a( J )( ). These estimates allow for finding the main parts of asymptotic MSE of
the estimates for the characteristics we are studying due to convergence theorems [11] and their
piecewise smooth approximations. The substitution estimates are semirecursive, i.e., we recursively
compute only the estimates a( J )( ) appearing in them. By using piecewise smooth approximations
of the estimates, we have managed to avoid the problems that occur while we consider MSE due
to the existence of the majorant sequence (see condition (8) of Theorem 2).

The proposed algorithms have been illustrated on the example of a second order autoregression
and used to forecast the stock prices for SJC “Gazprom.”

APPENDIX

By v we mark the end of a proof.

Informally speaking, Lemmas 1 and 2 are proven very similarly to Lemmas 4 and 5 in [14].
Technical problems arising from the recursive structure of the estimates can be overcome with the
help of condition (10) and the monotonicity Of (hn).

Proof of Lemma 1. We denote &;(x) = i thK ( _hUi—l )

We rewrite the covariance as

cov (ag;] ) (x), az(m ) Z::

Zcov( (T] Ez(n )
= An(2) + Ro(z

o (67,617 )

kDD g v (€87 @), 645 )
)

(A1)
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By Lemma 4 from [13], we have for the A, (z) summand and for n — oo:
S—(m-+r-+a) 2( m 1
An(l‘) - nhzﬁ-r-i-q t+P /K d’LL </K du) =0 (nhzﬁ-r-iﬂ) ’

Denoting U = t(zj)( ) and V = f ( ), we bound the summand R, (x). By Proposition 1

T-‘rl

2496
from [14], for r = j; ,p=¢q=2+4, where 6 > 0 is an arbitrary number, we get

1
|cov(U, V)| < 12[a(r)] 2+ [EU[ZHEV[#+0] (A.2)

N (T —t
K () (5’3 )
z h,

then, as in Lemma 1 from [13], we get for 240 =

Since

2+45
f(t, z)dtdz,

1
248 _
E[U] h(m+r)(2+6) /

Rm+1
11—\

1 2 3 1
246 _
E|U] - p () (2+8)—m t(2+5 / ‘K dz+o <h(m+r)(2+6)—m> ’

1 2 5 1

248 _ (@)

EIVIT = tnrazrsim %ot / K@) dz o ( h(m+q>(2+6)—m) :
T+ T+i

Taking into account that a(7) | 0 and A = 0 , 0 < A< 1, we have

249
00 1 2 o)
5 5 5
S la(r)]2t < / la(r)] 25 dr + / la(r)]2bsdr + ... = / () dr < . (A.3)
=1 0 1 0
By (A.2) and (A.3), expressing 0 via A\, we get
n—1ln—r
(rj) (qk)
Z Z cov ( ! gp(g7'+i) (5”))‘
=1 i=1
2t
24 2+5
< n2[a;’£2+5)( ) 2+6 2+6 |: /‘K dz/‘ ]
n—1ln—r
(7)) 24 1 1
X TZ:ZI ; l(mm) (248)—ml /(2+) h[(il‘+q)(2+5)—m]/(2+5) o b l@mAT ) (248)~2m) /(249)

1—-X

72:; [a?jA (z)a, = } [ / ’K : ) (u) = du} 2
R

- *du/ ‘K@

N

n—1 n 1-X
1 1 24 2
A + +
X Zl[o‘(T)] > (N 7+ to <nhm(1+>\)+r+q> < N T+ a ' (2)as (x)}

. 1—-X -
1=T 1 1=A

2
X [ / ‘K(T)(u) A du/ ‘K(q)(u
R™ R™
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This proves the inequality (11).
Let us now prove (12). (A.1) implies that

C(TL ln T

Rl <y 32 3 foov (6700512, )|

n—

‘2 i oov (€57 (@), €950, @) | = + .

T=c(n) =1

3

Suppose that c(n) are positive integers such that c¢(n)h™ — 0, c¢(n)h2m*

instance, one can take ¢(n) ~ hnm(e_l), 0<e<1—-2X\0<AX<1/2). Then for n — oo

—1n—7
i [T — U
\n2 Z th—i-rhm-i-q / ‘ZtK( ])< h; )

=1 =1 T+ R2(m+1)

K () | 200.9) = 0,2 f(0,0)] duds dody

2 C(TL) ln T 1

\ "I'L2 Z Z hm+rhm+q

— oo for n — oo (for

sup aZ(HT) (@) + SUp a; R E )sgp a; (x)

=1 =1 T+1
(r4) (gk)
‘K ’ ( h; )K‘Y <h7+i> dudv
1
— . Ce(n) 1
< ; Zh’“hq / }K()(u)}dui K@ e <

hite(n) 1
=0 (nhnn"ri-r-i-q) =0 <nhz’L+T+Q) :

In what follows, C' will denote constants which are not necessarily equal even throughout the same
proof.

ZD)
Let us take 0 = , 0 < XA < 1/2. Then, similar to (A.4), we get

1—2A
24 )
Jo < 2 [GT%A (z)a™, . } [/‘K( 2 du/ ‘K

n 1 1 24 2
+ +
X Z m(1+A\)+r+q To <nhm(1+)\)+r+q> S nhm(1+2)\)+r+q A’y (2)a’s, (x)]
mn mn

i hi - -
1—2X
2 00 1
r 1— 2>\ 1— 2A 2
x { [ IO [ ] > o) +o ( hmum)w) -
Rm T=c(n) Nin
Further,
O (o]
Jy < e(n)[a(r)]*
c(n)nh m(14+2X)+r+q T;ﬂ)
C > C >
< Tlo(7) < Tlo(7)].
C(n)nhz@(1+2>\)+r+q T:zc(:n) C(n)nhnm(1+2)\)+r+q Tz:=1
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Since «(7) is nonincreasing, i.e., 1 > a(1) > «(2) > ..., then
> 1
Z[a(T)]’\ <oo, 0<A< o
=1

implies that

Yo rlamPr =303 e < Y laM Y _[a®)

=1 fy:l t:ﬂ/ ’y:l =y

Thus,

1 1 1
Jy = O —0 _ ( ) _
2 (c(n)n Z@(l+2>\)+r+q> <nhzl+T+qC(n)h%m)‘> nhmtrtd Y%

Proof of Lemma 2. We apply the techniques used to prove Lemma 4 in [15, pp. 239] and
Lemma 1 in [15, pp. 270]. We denote

; —U;— N[ —Ui—
XK (™) ("” i 1) —E {X?K(”) ( i 1)” .
i hz i hz

The sequence (Z;);>1 is stationary, so

() _ 1
T hm—i—r
i

(St( ) = <Z 7717”) nd Z |Ensr7](7,—1—5)7“77(2+]+s)r77(7,+]+k+8)r| (A5)
S7Z7J7k
where the sum is taken over s,7,7,k > 1, s+i+j+k < n. Applying Proposition 1 from [14] again
240
for r = i , p = q =2+, and taking into consideration condition (2) of this lemma and the

fact that En,,. = 0, after changing variables in the integrals we get

}E{nsr(77(2'+s)rn(i+j+s)r77(i+j+k+s)r)}‘

1
. 5 246 | 246
< 12[af(i)] 2+ [E|7787“|2+5E‘n(i—i-s)rn(i+j+s)r77(i+j+k+s)r
4
246
< Cla ()]2i5h2+5_4(m+r ( /‘ 2+5 )
s —A(mr) 8
% sup g ()34t aga0) (70 ) H <o ()] 2+
and
—4(m+r) 5
B i Mt s} | < OB (k)] 2+,

Similarly, we find

’E{(7757“77(1'4-8)7“)(n(i+j+8)r77(i+j+k+s)r)}‘ = [E{(NsrN(i+5)r) M(itjrs)rM(i+jrhrs)yr) b
- E(nsrn(i—i-s)r)E(n(i+j+s)r77(i+j+k+s)r) + EMsi (s iy EMitj 4 s)r (it jrhrs)r)]

—d(mtr), o a
Ch2+6 [a(])] 48 + ‘E 7787”77 s+i)r)E(n(i+j+s)r77(i+j+k+s)r) ) (A6)
Eanean)] < CRE 2 agiy)at, (A7)

—2(m+r) 5
|E (N(itjts)rMitj+hrs)r) | < Ch2+5 [a(k)] 2+s. (A.8)
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Substituting (A.7) and (A.8) into (A.6), we get:

|E{(778r77 i+s)r)(77(2'+j+s)r77(i+j+k+s )}
< Ch2+5 —4(m-+r) ([a(z)] 2j5 [ (k)] 2+5 + [a(y)] 2+5)

So,

T +4(m+r)
C~ lh 2+5 Z ‘E7]5r7](i+s)rn(i+j+s)r77(i+j+k+s)7"‘

87i7j7k

1

which also uses the fact that 1 = a(0) > a(1) > «(2) > ....
Now (A.5) and (A.9) imply that

2+6
c(s7)" < 0 [ (St ) w0 et m]

k=1

_2mé m(2—5)

2
Chn 9 (&, Chat &

- .

2p2m+2r) (;[0‘(2)]2”) + 2p20mt20) Z 2+6

Consider the first summand in the right-hand side of (A.9). Take a sequence of positive numbers
2mé

c¢(n) such that c¢(n) = o(n), ¢(n) = O(h,;™). In this case, since ¢*(n)h;" — oo for n — oo, we get

e s oo s 2 he s 0o S 2
n2h721(m+2r) Z )[OZ(Z)] e = nzh%(m-‘rQr) 2 (n) Z C(TL) [04(2)] 2+

i=c(n it=c(n)

2
C e 5 1
< " (Zf[amm) L (n%i(m%) |

nzh%(m+2T) 2(n)h2*?

We now show that
~5re (n) 2
Chn + an B S 1
< .
n2hp ") (;[a(z)] M) =0 (rz?h%(m“’“’)
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By conditions (2) and (5) of Lemma 2, we conclude that
‘ E{nsr (77(z+s)r77(i+j+s)r77(i+j+k+s)r)} ‘

4
—4r r + 4r
< Ch, </ ‘K( ‘du) SUP G (ios) (i+-+5) (i-+7+h+5).t (@2, 2,2) < Chy ™ agicy

< Chy ¥ ag( s

‘E{ 7787"77(i+8)r77(i+j+5)r)n(i-i-j—i-k-‘rs)r}
‘E{(nsrn(i-i-s)r)(n(i-i-j—i-s)rn(i—i-j—i-k—i—s)r)}‘ < Chy Y a0 4
where

Gsi(-),¢ = TEXSUD O(o48) (i) g ), (T T 5 2,

($7 x? x? x)?

@s(-)kt = MAXSUD as(i+s)(i+j+s)(i+j+k:+s),t

. — +
Cs()i ()it = DBXSUD Oy ) i) (i), (B2 o T2 T)-

Similar to inequalities (A.9),

n s
Z |E7787“77(i+s)r77(i+j+s)r77(i+j+k+s)r| < 3Ch‘1’_L4T Z Z Qsi,t
87i7j7k s=1 7'7]7]621

n &9]
<3Ch, "N sagy <3Ch, " 'n > Kagy
s=1 k=1

c(n)—
= 3Ch,""n ( Z Kap + Z k akt) , (A.10)

k=c(n)

where ag; ¢ = max (asi(..),t, Qs ()it as(.)i(.),t), Gs,t = IAX Qgit.

)

1
The second summand in the right-hand side of (A.10) has order o ( )y 2(m2 )>, and the first
n hnm T
c¢(n)—1
summand satisfies Z k*ay; < Cnc?(n). Since nh_)ngo c(n)h, = o(1), we get
k=1

21 2 4
)\ N Cc*(n)h;, 1 _ 1
E(ST”" ) = n4hﬁ(m+T) to nzh%(m+27“) 0 nzh%(m+27“) -V

Proof of Theorem 2 follows from (9), Lemmas 1 and 3, Theorem 1 from [11] for k& = 2 and
m = 4, in which we set t, = A,, d, = O (n mt2 max(r) + h;z”). Let us make two notes, though.
A condition of Lemma 2:

/7’2[@(7')] 2 dr < oo, 0<d<2,
0

implies the following condition of Lemma 1:

(e}

/[a(T)])‘dT <oo, 0<A<1/2
0

Besides, sup atﬁ( x) < oo and = 0,4 imply that supa (2+5)( x) <oo. VY
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