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Soft-x-ray Cherenkov radiation generated by a charged particle moving near a finite-size screen
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This paper demonstrates the application of a polarization current approach to estimate the yield of soft x-ray
Cherenkov radiation when a charged particle travels in the vicinity of a finite-size screen. To account for resonant
anomalous dispersion of the complex permittivity, we apply the formalism for the atomic scattering factor. We
derived the simple analytical expression for the radiation field, which allows us to determine all properties for a
wide energy range of emitted radiation of a charged particle. The influence of screen sizes on Cherenkov radiation
characteristics is determined by macroscopic and microscopic approaches.
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I. INTRODUCTION

The significant progress in x-ray microscopy is closely
related to the investigation and development of new reflective
and diffractive optics [1–3], detectors, imaging methodol-
ogy [4–7], and new radiation sources. Soft x rays emitting
in the water window spectral range, which consists of x rays
between the K-shell absorption edges of carbon at 284 eV and
oxygen at 543 eV, are ideally suited for imaging live biological
samples [4]. The high contrast obtained in this spectral range is
due to very strong absorption of carbon in organic specimens,
while water is almost transparent [8]. Today there are several
different types of radiation sources for the spectral range
under consideration. These radiation source facilities differ
from each other by physics of emitted radiation, photon flux,
and design complexity. Synchrotrons and free-electron lasers
are the most powerful sources of soft x-ray radiation and are
widely used due to their obvious advantages. However, their
dependence on large-scale electron accelerator facilities means
that only a few of such sources exist worldwide. There are
promising alternative sources such as high-harmonic generated
femtosecond laser pulses [9,10] and laser plasma [11,12], but
usually do not meet the requirements for photon monochro-
maticity. Another disadvantage of laser plasma sources is the
production of target debris associated with laser ablation.
Thereby, the development of new and alternative methods
for generating soft x rays will be of great practical sig-
nificance in the near future. The most promising candidate
in the quest for a new monochromatic and high-brightness
source of ultraviolet and soft x ray is Cherenkov radiation
(ChR) that is generated by electron bunches from a compact
accelerator.

As is generally known, ChR occurs when the velocity of a
fast charge traveling in a homogeneous medium exceeds the
phase velocity of the photons [13–15]. This condition holds
for most mediums from the visible to the ultraviolet range.
In the 1970s, Piestrup et al. [16,17] pursued the development
of a radiation source based on the Cherenkov effect for the
far and vacuum ultraviolet bands and demonstrated that the
radiation power per unit wavelength for ChR is two to three
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orders of magnitude greater than for synchrotron radiation
in the visible and ultraviolet bands. The first experimental
demonstration was conducted at the Stanford’s High Energy
Physics Laboratory in 1973 using a 330-MeV electron beam
that traveled in air before striking the quartz or sapphire
targets.

According to the classical theory reported previously [18],
Cherenkov x rays can also be emitted in the very narrow
spectral ranges of resonant anomalous dispersion at the atomic
absorption edges such as the K , L, and M edges. This
phenomenon was experimentally confirmed by Bazylev and
coauthors [19] for carbon at frequencies close to the K edge
using 1.2-GeV electrons. In 1990, x-ray ChR was investigated
for condition where the 75-MeV electrons were incident on
thin foils with small grazing angles of incidence. The experi-
mental tests demonstrated that for grazing angles of incidence
the intensity of Cherenkov emission could be more than ten
times greater than for normal incidence [20]. The experimental
investigations stimulated further theory development of x-ray
ChR emitted by ultrarelativistic electrons in the case of very
small angles of incidence on thin foils [21–23].

The latest experimental studies performed by Knulst [24]
and the theoretical estimates obtained by Kaplan and Shkol-
nikov [25] in the first decade of this century are of great interest
for x-ray microscopy applications. They saw the need to
develop a soft x-ray source based on the Cherenkov effect using
a compact electron accelerator. To realize this goal, a series of
experimental investigations was carried out to show that x-ray
brightness, which can be achieved by passing a 5–10-MeV
electron beam through a thin foil, is sufficient for practical
x-ray microscopy in the water window spectral range [26,27].
It should be mentioned that the authors of the experiments
measured the x-ray approximately at the Cherenkov angles
and demonstrated that there was reasonable agreement with
the model based on the classical theory of transition radiation
(TR) [28,29].

From our point of view the main peculiarity of x-ray
radiation generated by a low-energy electron beam is the strong
interference phenomenon between ChR and TR. This interfer-
ence is understandable, since both radiation mechanisms may
be described as a secondary electromagnetic field produced
by polarization currents that emerge from the interaction of
an electromagnetic field of a charge with atomic electrons
of the medium [30,31]. Zrevol and Ružička were the first to
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conduct theoretical investigations of this interference effect
in the visible wavelength range [32]. They showed that the
emitted radiation possessed both TR and ChR properties, i.e.,
that it is a hybrid radiation. However, despite the critical
interest, the theoretical investigations ignored the effect in soft
x-ray range under consideration.

To avoid hybrid radiation and investigate only the properties
of ChR, the Cherenkov effect may be induced by a constant-
velocity charge in rectilinear motion in vacuum in close
vicinity to a target [33–37]. The first theoretical work on
x-ray diffraction radiation (DR) under the condition for the
Cherenkov effect, i.e., the simultaneous emission of ChR and
DR when a high-energy charge travels near an absorbing
screen, has been reported in [38]. Later, this phenomenon in
monograph [39] was studied in greater detail. Unfortunately,
the theoretical approach developed in mentioned papers cannot
be employed for a low-energy relativistic charge. Therefore,
a theoretical investigation of the simultaneous emission of
ChR and DR generated by a low-energy relativistic charge is
desirable to acquire a better understanding of the radiation’s
nature. New knowledge on ChR will enable the outlining of
the requirements for future experiments to increase the yield
of Cherenkov x-rays when an electron beam passes through a
target [40]. In this paper, we describe the process of x-ray ChR
using the more universal theory [31], wherein the origin of
the radiation field is a polarization current induced in the bulk
of a medium by the Coulomb field of the initial particle. We
discuss radiation properties including the polarization states
and dependence of ChR intensity on finite screen sizes and
charge energy.

The paper is divided into four sections. In Sec. II we
present in detail the theoretical study of Cherenkov x rays and
diffraction emission for a charged particle traveling parallel to a
finite-size screen using a polarization current approach (PCA).
We then discuss all limitations of the approach concerning
the assigned task and compare the derived result with a
well-known solution [38]. The consideration and discussion
of the calculation results are given in Sec. III. Our conclusions
and final comments are summarized in Sec. IV.

II. X-RAY CHERENKOV EMISSION AS A RADIATION
OF POLARIZATION CURRENTS

A. Polarization current approach

As was mentioned in Introduction, ChR and DR can be
considered as radiation generated by polarization currents in-
duced in a medium by the electromagnetic field of a uniformly
moving charge. Hence, emitted radiation can be described by
the use of PCA as the polarization radiation (PR). The approach
was created by Ryazanov and Tilinin [41], who applied it to
estimate the TR characteristics from the perfectly conducting
focusing targets. Their assumption was to use a current induced
on the target surface of a charge particle as the radiation
source. However, the clear physical basis of PR, as well as
the term itself, was coined and provided by Amusia (refer
to [42] and the references therein). Potylitsyn and Karlovets
performed further development of the approach [30]. They
summarized Ryasanov’s approach on the dielectric structure
and showed the possibility of the simultaneous generation

of DR and ChR when a charge travels near a screen of
finite conductivity and finite dimensions. Karlovets used PCA
to successfully describe the properties of resonant DR, also
known as Smith-Purcell radiation [31]. Subsequent research
enabled the generalization of the approach for the case of
a charged particle in oblique motion near dielectric targets of
finite dimensions [43,44]. The theoretical predictions obtained
for the case of oblique motion were subjected to experimental
tests [45,46] and displayed good agreement between theory
and experiment in the millimeter-wave range. We should also
mention the papers [47,48] in which the authors used PCA
for the semiclassical description of the TR characteristics
from vortex electrons. Below, we consider the fundamentals
of PCA.

According to PCA, the PR field emitted by the medium’s
atoms polarized by the external field E0 of a passing particle
with energy γ = E/mc2 = 1/

√
1 − β2 moving rectilinearly

and with constant velocity v = βc in a substance (or in its
vicinity) can be presented as a solution to the “vacuum” set of
macroscopic Maxwell’s equations. Here, c is the speed of light
and m is the mass of the particle. For a nonmagnetic medium,
the density of the polarization currents in the right-hand side
of the equation can be written as

jpol = σ (ω)[E0 + Epol(jpol)], (1)

where E0 ≡ E0(r,ω) and Epol ≡ Epol(r,ω) are the respective
Fourier images of the particle field in vacuum and the field
generated by the currents induced in a medium. The medium’s
conductivity σ (ω) is related to the dielectric permittivity ε(ω)
as

σ (ω) = iω

4π
[1 − ε(ω)], (2)

where ω = 2πc/λ is the radiation frequency and λ is the
emitted radiation wavelength. Solving Maxwell’s equations in
a wave zone for a target of finite volume VT , one can derive an
expression for the PR magnetic field emitted by the medium’s
atoms excited by the passing particle in the form below:

Hpol(r,ω) = curl
1

c

∫
VT

σ (ω)E0(r′,ω)

× exp
[
i ω

c

√
ε(ω)|r′ − r|]

|r′ − r| d3r ′. (3)

In this approach we assume that the energy loss by the
particle is negligibly small in comparison to the total energy.
Here Eq. (3) is an exact solution of Maxwell’s equations,
which allows us to avoid solving a differential Eq. (1).
When we account for the second term in Eq. (1), the wave
number ω/c in vacuum is simply replaced with

√
ε(ω)ω/c.

Such a replacement represents a “renormalization” of the
particle field inside a medium caused by the field from the
polarization currents [31]. Despite its simple form, Eq. (3)
describes all types of PR generated in a target of an arbitrary
shape.

B. Radiation field in a medium

We consider one of the basic radiation problems: emis-
sions of a charged particle moving near a finite rectangular
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FIG. 1. A schematic view of the radiation geometry for a charged
particle moving in the vicinity of a finite-size screen.

conductivity screen (see Fig. 1). For the presented geometry
two types of PR arise: DR and ChR. Due to the fact that the
polarization currents are induced in a finite volume determined
by the screen dimensions, the solution of Eq. (3) can be found
in the form

Hpol(r,ω) = 2πi

c

eikr

r
k

∫ 0

−a

dz′
∫ d

0
σ (ω)E0(kx,y

′,z′,ω)

× e−i(y ′ky+z′kz)dy ′, (4)

where k = ω
√

ε(ω)e/c is the wave vector and e = r/r is the
unit vector along the photon emission. Accounting for Snell’s
law of refraction, the unit vector is

e =

⎛
⎜⎝

sin θm sin φ

sin θm cos φ

cos θm

⎞
⎟⎠ = 1√

ε

⎛
⎜⎝

sin θ sin φ

sin θ cos φ√
ε − sin2 θ

⎞
⎟⎠, (5)

where θm and θ are the respective polar angles for a medium
and in vacuum and φ is the azimuthal angle. For simplicity we
apply ε(ω) = ε.

In Eq. (4), the range of integration is reduced only to the
volume of the medium (target). We assume the screen to
be infinity in the x direction, which is perpendicular to the
plane of Fig. 1. This statement is principally true when the
screen dimension in the x direction becomes much larger than
the effective size of a charged-particle field ∼ γ λ. To find
the solution for Eq. (4), we need the Fourier component of the
charged-particle field. Since we know the complete Fourier
image of the field in the equation [49]

E0(k,ω) = 4πi

ω

j0(k,ω)ω2/c2 − k[k · j0(k,ω)]

k2 − ω2/c2
, (6)

we can derive the expression for the Fourier component as

E0(kx,y
′,z′,ω) =

∫ ∞

−∞
dky

∫ ∞

−∞
E0(k,ω)ei(y ′ky+z′kz)dkz.

(7)

In Eq. (6) the Fourier image of a particle current’s density is

j0(k,ω) = ev
(2π )3

δ(k · v − ω) exp[ikyb], (8)

where e is the particle charge, v = (0,0,v) is the particle
velocity vector, δ(k · v − ω) is the Dirac δ function, and b

is the distance from the particle trajectory to the edge of the
target (impact factor).

The Fourier component of a uniformly moving charge field
entering the current density j0(k,ω) is readily expressed by the
equation

E0(kx,y,z,ω) = − ie

2πvK
exp

[
i
ω

v
z

]
(γβex

√
ε,iK,γ −1)

× exp

[
− ω

vγ
(y + b)K

]
, (9)

where K =
√

1 + (γβex)2ε.
Substituting Eqs. (2) and (9) in Eq. (4) and integrating over

the target volume, we can obtain an expression for the PR field
strength,

Hpol(r,ω) = eβ

4πc

(ε − 1)
√

ε

K

exp
[
i ω

c

√
εr

]
r

F

×
1 − exp

[−ia ω
βc

(1 − β
√

εez)
]

1 − β
√

εez

× exp

[
−b

ω

βc
γ −1K

]

×
exp

[−d ω
βc

(γ −1K + iβ
√

εey)
] − 1

γ −1K + iβ
√

εey

, (10)

where we have used the following designations:

F =

⎛
⎜⎝

γ −1ey − iKez

(γβ
√

εez − γ −1)ex

(iK − γβ
√

εey)ex

⎞
⎟⎠. (11)

C. Optical properties of medium in x-ray range near
the absorption edges

In the x-ray frequency range, permittivity is usually cal-
culated with what is also known as the plasma formula [50]:

ε(ω) = 1 −
(

�ωp

�ω

)2

. (12)

It is also assumed that all atomic electrons respond to the
x-ray radiation as if they are free �ω � �ωp, i.e., as if the
emitted photon energy �ω is larger than the plasmon energy
in the target material,

�ωp =
√

4πner0(�c)2 =
√

4π
Z

A
N0ρr0(�c)2, (13)

where ne is the concentration of free electron in matter, r0 =
e2/(m0c

2) is the classical electron radius, Z and A are the
atomic number and the atomic mass number, respectively, N0

is the Avogadro constant, and ρ is the matter density.
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However, in the frequency range when �ω > 30 eV, the
free-electron approximation is invalid because the energy of
the emitted radiation is comparable to the energy of electrons
at the atomic outer shell. In the case under consideration,
the propagation of an electromagnetic wave in a medium is
accompanied by radiation scattering from all atomic dipoles.
These dipoles occur as a result of the distortion of the outer
electron shells of the atoms under radiation influence [24]. The
emission of the electromagnetic waves with energy �ωs (where
ωs is the natural frequency of atomic dipole) is caused by the
tendency of the formed dipoles to return to the initial condition.
Dipole radiation, in turn, interferes with the scattering radiation
of the electromagnetic waves. When the frequency of the
incident wave is the same as the frequency of the natural dipole
oscillation (ω = ωs), the resonant change of the dielectric
properties of the medium (anomalous dispersion) and a
sharp rise in photon yield occur [51]. The above-mentioned
resonance condition is satisfied only at frequencies ωq that
correspond to the atomic absorption edges.

Therefore, it is necessary to use a more general model
for dielectric permittivity instead of plasma formula (12) to
describe the optical properties of matter in the frequency
range being considered. The plasma formula is invalid at the
absorption edges due to anomalous dispersion. Accounting
for the anomalous dispersion, we calculate the dielectric
permittivity in terms of the complex atomic scattering factor
f (ω) [8,52],

f (ω) = f1(ω) ± if2(ω), (14)

where factors f1(ω), f2(ω) are real and can be derived from
the Kramers-Kronig relations

f1(ω) = Z + 1

2π2r0c

∑
q

∫ ∞

ωq

ω2
s

(
ω2 − ω2

s

)
Zqμq(ωs)dωs(

ω2 − ω2
s

)2 + 
2
qω

4
,

f2(ω) = 1

2π2r0c

∑
q

∫ ∞

ωq

ω2
s 
qω

2Zqμq(ωs)dωs(
ω2 − ω2

s

)2 + 
2
qω

4
, (15)

where Zq is the number of q-shell electrons, μq(ωs) is the
cross section for photoionization of q-shell electrons by a
photon with frequency ωs , and 
q is the damping factor that
is usually determined by experimentation.

Therefore, the interaction of x rays with the medium can be
described by the model of dielectric permittivity developed by
Henke [8]:

ε(ω) =
[

1 − 1

2Z

(
�ωp

�ω

)2

f (ω)

]2

. (16)

For frequencies higher than the eigenfrequencies of atomic
electrons (�ω � �ωp), Eq. (16) becomes the well-known
plasma formula, since the value of the integral term of Eq. (15)
is small in comparison with the first term of factor f1(ω). We
should also note that the contribution of higher-order terms
from Eq. (16) will be negligible for the high-frequency range.

It is also noteworthy that an ambiguity in the sign between
the coefficients f1(ω) and f2(ω) that actually determine the real
and imaginary parts of the dielectric permittivity is present in

Eq. (14). The choice of sign allows us to describe both passive
(absorption of the radiation) and active mediums (stimulation
of the radiation). At the same time, the medium properties
will directly depend on the sign in front of the phase term
(spread factor) of Maxwell’s equation solution for a plane
electromagnetic wave [53]. To verify the last statement, let us
consider propagation of a plane electromagnetic wave,

E(r,t) = (E0 exp[±iωt ± κz],0,0),

H(r,t) = (0,H0 exp[±iωt ± κz],0),
(17)

in the ±z directions. The plane-wave phase exp [±iωt ± κz]
includes two independent signs. The sign before iω is chosen
according to the accepted convention. However, an ambiguity
in the sign before κz persists because Maxwell’s equations
allow both treatments. Note that the +iω sign convention is
commonly used by American and European physical societies
(refer to the Feynman lectures on physics [54]), while in
Russian the −iω sign convention is usually accepted (refer
to the course of theoretical physics written by Landau and
Lifshitz [55]). To prove this statement, we can substitute solu-
tion (17) into Maxwell’s equations, which describe Faraday’s
law and Ampere-Maxwell’s law,

∇ × E(r,t) = −μ
∂H(r,t)

∂t
,

∇ × H(r,t) = σ E(r,t) + ε
∂E(r,t)

∂t
,

(18)

where μ is the magnetic permeability. Solving the system (18)
for κ , we obtain

κ2 = ±iωμ(σ ± iωε). (19)

The next step is the choice of the sign before iω according
to the accepted convention, for instance, +iω. Therefore,
transforming Eq. (19) we have two independent solutions:

κ = ±iω
√

εμ

√
1 − i

σ

ωε

= ±iω
√

εμ

√
1 + σ 2

ω2ε2
exp

[
− i

2
arctan

(
σ

ωε

)]
. (20)

Note that the phase term in Eq. (20) has the same sign as
in the accepted convention. Thus, the electromagnetic wave
phase, which propagates in the z direction, decreases at any
time t . In the case being considered we should use the negative
sign in Eq. (20). A consequence of the choice of sign is the
decrease proportional to κ = ω

√
εμ of an electromagnetic

wave phase. In this way, the real part of the spread factor has
the sign ∝ −i (−i) arctan[σ/(ωε)], the sign being negative
for positive conductivity (passive medium). The obtained
result is correct because the amplitude of an electromagnetic
wave, which propagates in the +z direction in a passive
medium, drops with increasing z. Similarly, when we use the
positive sign in Eq. (20), the electromagnetic wave phase rises
with increasing z. Hence, an electromagnetic wave spreads
in the negative z direction. In this case, the real part of
spread factor has a positive sign for an absorbing medium,
with an electromagnetic wave amplitude that increases with
increasing z. We can derive similar results using the other
convention (−iω). However, incorrect choice of the sign
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between the parts of complex dielectric permittivity and/or
magnetic permeability leads to an incorrect sign before the real
part of the spread factor, which will result in an active medium
being incorrectly considered to be passive. In other words,
for correctly describing the matter’s dielectric properties, it
is necessary to follow the guidance from the principle of
causality [56]. According to this principle, the intensity of
an electromagnetic wave spreading from the interface between
vacuum and matter must decrease for matter in thermodynamic
equilibrium.

D. Radiation field in vacuum

To find the radiation field in vacuum we should use the
reciprocity theorem [55] according to the application of this
approach,

|Epol(vacuum)| =
∣∣∣∣ 1√

ε
Epol(medium)

∣∣∣∣
= 1

|ε|2 |Hpol(medium)|, (21)

where Epol(vacuum) is the radiation field in vacuum generated
by the dipole in a medium and Epol(medium) is the radiation
field in the medium generated by the dipole placed in vacuum
at a large distance from the interface. In Eq. (21) we use the
relationship between electric and magnetic fields. The spectral-
angular distribution of PR in vacuum can be defined as

d2W

dωd�
= cr2|Epol(vacuum)|2

= cr2

|ε|2 [|fH |2|H pol
⊥ |2 + |√εfE |2|H pol

|| |2]

= cr2

|ε|2
[|fH |2∣∣H pol

x cos φ − H pol
y sin φ

∣∣2 + |√εfE|2

× ∣∣√(
H

pol
z

)2 + (
H

pol
x sin φ + H

pol
y cos φ

)2∣∣2]
.

(22)

The Fresnel equations for an infinite boundary are given by

fH = 2ε cos θ

ε cos θ + √
ε − sin2 θ

,

(23)

fE = 2 cos θ

cos θ + √
ε − sin2 θ

.

In x-ray range, the Fresnel equations are equal to unity for
many different materials, as shown in Fig. 2. Clearly, the PR
spectral-angular distributions in vacuum and in the medium
are the same. The eikonal approximation is valid in the high-
frequency range for most materials and the relative error is
always a few percent or less (e.g., for photon energies near
the absorption L edge of carbon and aluminum the relative
errors are 2% and 4%, respectively). Therefore, Eq. (22) can
be represented in simplified form as

d2W

dωd�
= cr2|Epol(r,ω)|2, (24)

where Epol(r,ω) = −e × Hpol(r,ω)/
√

ε.
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FIG. 2. (Color online) Fresnel equations as a function of obser-
vation angle θ . The solid green and dashed red curves correspond, re-
spectively, to Fresnel equations for electric and magnetic components
of an incident wave impinging on an aluminum-vacuum boundary.
The x-ray energy near the L-edge absorption of aluminum is
72.6 eV. The dot-dashed black and the dotted blue curves correspond,
respectively, to Fresnel equations for electric and magnetic compo-
nents of an incident wave impinging on a silicon-vacuum boundary,
respectively. The x-ray energy near the L-edge absorption of silicon
is 99.8 eV.

The final expression for the spectral-angular distribution of
PR in the forward direction (the positive direction of the z

axis) for a charged particle not directly intersecting a screen is
defined as

d2W

dωd�
= e2β2

16π2c

∣∣∣∣ (ε − 1)

K
F

∣∣∣∣
2∣∣∣∣

exp
[−d ω

βc
�

] − 1

�

∣∣∣∣
2

×
∣∣∣∣
1 − exp

[−ia ω
βc

P
]

P

∣∣∣∣
2

exp

[
−2b

ω

γβc
Re K

]
,

(25)

where we used the following notations and relationship for the
polar angles θm ≡ θ :

P = 1 − β
√

ε cos θ,

� = γ −1K + iβ
√

ε sin θ cos φ,

K =
√

1 + (γβ sin θ sin φ)2ε.

Equation (25) describes the spectral-angular density of PR
and accounts for both DR and ChR. Cherenkov emission
corresponds to the pole in the denominator:

|1 − β
√

ε cos θ | → 0.

This expression leads to the well-known Vavilov-Cherenkov
condition.

E. Stokes parameters for PR

The use of the Stokes parameters is the most effective
way to describe the polarization properties of PR. The Stokes
parameters are a set of values that provide full information
on the polarization state and intensity of electromagnetic

053851-5



M. SHEVELEV, A. KONKOV, AND A. ARYSHEV PHYSICAL REVIEW A 92, 053851 (2015)

radiation [57–60],

ξ1 = E∗
1E1 − E2E

∗
2

E∗
1E1 + E2E

∗
2

,

ξ2 = i
E∗

1E2 − E1E
∗
2

E∗
1E1 + E2E

∗
2

,

ξ3 = E∗
1E2 + E1E

∗
2

E∗
1E1 + E2E

∗
2

,

(26)

where E1 and E2 are the electric-field components orthogonal
to the direction of radiation propagation. The asterisk repre-
sents the complex conjugate.

The first Stokes parameter ξ1 describes the amount of linear
horizontal or vertical polarization along the axis defined by the
unit vector e1, the second parameter ξ2 helps to determine
the amount of right or left circular polarization, and the
third parameter ξ3 corresponds to the amount of linear ±45◦
polarization along the mentioned axis.

To determine the electric-field components E1 and E2 in
Eqs. (26), the following equations for system of polarization
unit vectors can be applied,

e1 = [e × n]

|[e × n]| , e2 = [e × e1], (27)

where n is the unit vector along the target surface normal.
Thus, the vector components of the PR electric-field

strength may be expressed as

E1 = [e1 · Epol(r,ω)],

E2 = [e2 · Epol(r,ω)], (28)

E3 = [k · Epol(r,ω)] = 0.

The PR electric-field strength Epol(r,ω) is associated with
the magnetic-field strength Hpol(r,ω) by the well-known
relationship [61]

Epol(r,ω) = − 1√
ε

[e × Hpol(r,ω)],

(29)
Hpol(r,ω) = √

ε[e × Epol(r,ω)].

To calculate the polarization properties of radiation in a
medium using Eqs. (26), it is necessary to obtain the magnetic-
field strength Hpol(r,ω) from Eq. (10) and then describe
the electric-field strength in the form of two orthogonal
components using relationships (28) and (29). Note that
the obtained result describes the polarization properties of
radiation in vacuum, where the eikonal approximation is valid
and the influence of reflection and refraction at the target edges
can be neglected. Otherwise, refraction and reflection effects
must be considered. For this purpose, the obtained components
of electric field E1 and E2 must be multiplied by the corre-
sponding Fresnel equations fE and fH . We must also express
the radiation angles in the medium (θm,φ) in terms of corre-
sponding radiation angles in vacuum (θ,φ) using Snell’s law
and account for the association between the field strengths (21).

For the geometry of radiation where the normal vector to
the target surface n is equal to (0,0,1), the polarization unit
vectors can be written as follows:

e1 = (ey, − ex,0)√
e2
x + e2

y

, e2 =
(
exez,eyez, − (

1 − e2
z

))
√

e2
x + e2

y

. (30)

Then, using Eqs. (28) and (29), we obtain the components of
the electric strength field:

E1 = −e1 · e × Hpol(vac)(r,ω)√
ε

= C
γβ

√
ε sin2 θ cos φ sin φ + iK(cos2 θ − sin3 θ sin φ)

sin θ
,

E2 = −e2 · e × Hpol(vac)(r,ω)√
ε

= −C sin3 θ [γ −1 sin θ cos2 φ(cos θ sin φ + sin θ ) − iK cos θ cos φ(cos θ sin φ + sin θ ) − sin2 φ(γβ
√

ε cos θ − γ −1)

− (γβ
√

ε sin θ cos φ − iK) sin θ cos φ sin2 φ(cos θ − sin θ sin φ)],

E3 = −k · e × Hpol(vac)(r,ω)√
ε

= 0. (31)

Here we introduce a convenient notation for the scalar part of the vector of the magnetic strength field:

C = eβ

4πc

(ε − 1)

K

exp
[
i ω

c

√
εr

]
r

exp
[−d ω

βc
�

] − 1

�
exp

[
−b

ω

βc
γ −1K

]1 − exp
[−ia ω

βc
P

]
P

. (32)

Finally, using Eq. (26) we can calculate the Stokes parame-
ters. In this paper the final equations for the Stokes parameters
are not shown because they are cumbersome to view. However,
Eqs. (31) obtained above show that DR and ChR have an
elliptical polarization.

F. Limitations of PCA

All theories have their limitations and PCA is not an excep-
tion. Since the developed approach is based on macroscopic

Maxwell’s equations, it must meet the applicability limits
of the macroscopic approach of classical electrodynamics.
The applicability range for the macroscopic approach in the
radiation theory has been analyzed in detail by Ryazanov [62].
Considering TR as a process of reflection and refraction of
the self-field of a charge from the interface between two
mediums, Ryazanov has shown that, based on condition
for frequency conservation of an electromagnetic field and
tangential components of a wave vector to the section plane,
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two criteria for the applicability of a macroscopic approach
occur:

ka0 
 1, (33)

(ω − kxvx − kyvy)
a0

vz


 1. (34)

The smallest value of the wave vector k of the emitted
wave in comparison with the inverse interatomic distance a−1

0
is the main condition (33). Nevertheless, when condition (34)
is violated, the macroscopic approach becomes inapplicable,
even if condition (33) is fulfilled. When the speed factor vz in
the direction of a charged-particle motion is small (i.e., for the
nonrelativistic energy or for oblique incidence condition when
the speed vector of a charged particle is parallel to the target
plane), condition (34) is not fulfilled.

The next restriction is a direct consequence of applying
Ohm’s law in differential form [see Eq. (1)]. Although Ohm’s
law may be derived from Maxwell’s equations, Ohm’s law
is an empirical law if conditions (33) and (34) are satisfied,
rather than a fundamental physical law [63]. For this reason,
there may be violations of Ohm’s law [64,65] such as for the
following: substances that have superconductive properties at
law temperature, conductive and dielectric mediums at high
temperature, the strong and high-frequency electromagnetic
fields. The use of Ohm’s law for plasma, gaseous, and
inhomogeneous medium is a nontrivial task and requires
detailed consideration.

For the case of an external effect on the target (variation of
temperature, pressure or application of electromagnetic field),
the macroscopic properties of a substance may vary due to
different processes, such as a variation in the number of carri-
ers, appearance of inertia effects, breakdowns, and discharges.
All the above-mentioned effects cause a disturbance of linear
dependence of the polarization current density jpol as a function
of the intensity of electric field E = E0 + Epol.

The critical limitation of the developed approach is the
use of the Fresnel equations to determine the spectral-angular
distribution of PR in vacuum. Since the obtained Fresnel
equations were for an ideal and flat surface without any
roughness, the obtained results are valid for a medium with
sharp boundaries. In practice, the real surfaces of a target have
roughness with dimension of td . To use PCA for such target

surfaces, it is necessary for the roughness of the boundary
surface to be much less than the wavelength of emitted
radiation [66]:

td 
 λ. (35)

Thus, the limits of PCA application are determined by
inequalities in (33) and (34), as well as by the scope of Eq. (1).

G. Verification of obtained result

As we mentioned above, the investigation of DR under
condition for the Cherenkov effect has been the subject of
several works [38,39]. However, the results obtained by the
previous works apply to the case of a charge particle at
an ultrarelativistic velocity at a high frequency. Hence, for
an appropriate comparison with a well-known solution we
must use a straightforward expansion method for solving
Eq. (25) that contains the small parameters γ −1 
 1, θ 
 1,
and express the dielectric permittivity as

ε(ω) = 1 + χ ′(ω) + iχ ′′(ω), (36)

where χ ′(ω) = −ω2
p/ω2 
 1 and χ ′′(ω) 
 1.

Thus, after expansion and keeping only the dominant first-
order terms in Eq. (25) we obtain

P = 1

2
(γ −2 + θ2 − χ ′ − iχ ′′),

� = γ −1K + iθ cos φ

(
1 + χ ′ + iχ ′′

2

)
,

(37)
K =

√
1 + (γ θ sin φ)2ε,

F =

⎛
⎜⎜⎝

γ −1θ cos φ − iK
(
1 − θ2

2

)
(
1 − θ2+γ −2−χ ′−iχ ′′

2

)
γ θ sin φ

iγ�θ sin φ

⎞
⎟⎟⎠.

Substituting Eqs. (36) and (37) in Eq. (25) and then
considering the case of the infinite-size screen (d → ∞), we
get

d2W

dωd�
= e2

π2c

χ2

γ −2 + θ2

|1 − exp
[−ia ω

2βc
(γ −2 + θ2 − χ ′)

]
exp

[−a ω
2βc

χ ′′]∣∣2

(γ −2 + θ2 − χ ′)2 + (χ ′′)2

1 + 2(γ θ sin φ)2

1 + (γ θ sin φ)2

× exp

[
−2b

ω

γβc

√
1 + (γ θ sin φ)2

]
, (38)

where χ2 = |χ ′ + iχ ′′|2.
For ultrarelativistic velocities β = 1, Eq. (38) obtained

above agrees with the solution from previous works [38,39].
Therefore, our result shows that PCA is a more universal
approach, which makes it possible to obtain the proper-
ties of x-ray ChR for a wide energy range of a charged
particle.

III. RESULTS AND DISCUSSION

A. Spectral-angular distribution of forward PR

The properties of x-ray ChR depend strongly on the
dielectric permittivity of the target material. To use PCA,
the target material must satisfy several criteria. First, it
must be a commonly used condensed matter with known
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FIG. 3. (Color online) Spectral-angular distribution of PR in θ ,
emitted by an electron of energy γ = 50 from various target material.
The photon energies: x-ray near absorption L edge of silicon is
99.8 eV (red dashed line), x-ray near absorption L edge of aluminum
is 72.6 eV (blue line). Parameters are a = 0.1 mm, d = 10 mm,
b = 1 μm, and φ = 0. Notice that distributions have scale factors for
better presentation: 106 for silicon and 103 for aluminum.

permittivity near the absorption edge. Second, the angular
spread of Cherenkov emission determined by the real part
of the complex permittivity should be as large as possible.
Thus, the interference phenomenon between ChR and forward
DR will not be prominent in spectral-angular distribution and
would clearly simplify the explanation of the obtained results.

For silicon and aluminum the spectral-angular distributions
of the forward PR obtained by Eq. (25) are shown in Fig. 3
with the following parameter selection: screen dimensions
are a = 0.1 mm, d = 10 mm; impact factor b is equal to
1 μm; and the electron energy is γ = 50. One can easily see
that Cherenkov x rays are emitted in the forward direction
at an angle relative to the charge trajectory θc given by
cos θc = c/ Re

√
εv, whereas the spread of the forward DR

occurs along the direction of the charge trajectory. In Table I we
list the data for commonly used materials. The spectral-angular
distribution of PR for carbon and titanium are not shown in
Fig. 3, since the increase in energy of emitted photons leads
to a drop in radiation intensity for the considered calculation
parameters. For example, the intensities of carbon and silicon
differ by 15 orders of magnitude. Using the absolute value
of the emitted energy distribution presented in Fig. 3 one can
estimate the average number of emitted photons per electron.
As is seen from Fig. 3 aluminum foil satisfies the mentioned
criteria.

According to the derived results based on Eqs. (26) and (31),
DR (θ = 0) and ChR (θc = 15.31◦) in the plane φ = 0 from

TABLE I. Table of considered Cherenkov radiators. The energy
of emitted photons corresponds to absorption edges of materials (the
K edge for C, and L edge for Al, Si, and Ti).

Material �ω (eV) ε θc (deg)

Al 72.6 1.07559–0.00437i 15.31
Si 99.8 1.03275–0.00851i 10.02
C 284 1.00734–0.00276i 4.75
Ti 453.8 1.00698–0.00197i 4.53

0 2 4 6 8 10

0.2
0.4
0.6
0.8
1.0
1.2

0.0

( )a m

4 8.2 mabsl ChR

DR

FIG. 4. (Color online) The PR intensity emitted by an electron of
energy γ = 50 at maximum of spectra-angular distribution in θ as a
function of longitudinal size a of aluminum foil. The red solid and the
blue dashed curves correspond to the forward DR (θ = 0) and ChR
(θc = 15.31◦), respectively. Parameters are d = 10 mm, b = 1 μm,
φ = 0, the energy of x ray near the absorption L edge of aluminum
is 72.6 eV.

the aluminum screen have a linear polarization: ξDR
1 = 100%,

ξChR
1 = 99.85%, and ξChR

3 = 0.15%.

B. PR from an absorbing medium with the sharp boundaries

Numerous investigations have been devoted to electromag-
netic radiation generated by a charge in an absorbing medium
for different frequency ranges [19,30,67–69]. In this section we
investigate the effect of absorption by the medium and target’s
sharp boundaries on the x-ray PR generated by an electron
moving near an absorbing screen of finite dimensions. The
influence of the screen’s finite sizes on the radiation intensity
is considered by both macroscopic and microscopic methods
in electrodynamics.

Let us consider the dependence of the intensity of emitted
photons in the given directions corresponding to the maxi-
mum value in a spectral-angular distribution of PR on the
longitudinal dimension of screen a (see Fig. 1). Figure 4
shows dependencies that correspond to the different respective
observation angles θ = 0 and θc = 15.31◦ for forward DR
and ChR. The selected calculation parameters are as follows:
impact factor is b = 1 μm, transverse size of screen is d =
10 mm, and the electron energy is γ = 50.

We observe that the dependence of the forward DR is a
rapidly oscillating function, which undergoes attenuation with
increasing longitudinal screen size, whereas the dependence
of ChR rises with increasing longitudinal foil size and then
saturates. To describe the features of electromagnetic radiation
for a medium with sharp boundaries, we need to address several
aspects. The first aspect relates to the radiation coherence
length, which is also called the formation length. The second
aspect is the influence of the absorption properties of a medium
on radiation processes.

Now let us discuss the coherence length of forward DR. To
avoid any possible confusions with the term, it may be helpful
to remember that from classical formalism in electromagnetic
theory the coherence length can be defined as the length of the
particle path section such that the fields of radiation produced
from all its points arrive at the observation point with almost
the same phases and are coherently summed [67]. Potylitsyn
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et al. consider the qualitative explanation of coherence length
of forward DR using microscopic theory [39]. The condition
of the coherence length in a medium can be written in the
following form:

lcoh ∼ λ

|β−1 − Re
√

ε| . (39)

After a detailed analysis the authors showed that two atoms of
the medium emit coherently if the distance L between them is
equal to an integer number of coherence lengths lcoh.

For forward DR, the radiation sources are the polarization
currents occurring in the surface layers of the interface between
two mediums (BC and AD facets in Fig. 1); refer to Ref. [44].
Nevertheless, all estimations of coherent length obtained from
microscopic theory could be applied to understand the results
obtained by the macroscopic approach. As one can see from
Fig. 4, the dependence of the forward DR intensity on the
longitudinal screen size is a periodic function with period
lcoh = 469 nm. The maximums of the oscillating function
correspond to when the two polarization layers emit radiation
in one phase. Therefore, we can describe the dependence for
the forward DR in x-ray range as an interference phenomena
between two coherent radiation sources. Note that radiation
from the first surface (BC facet) into an electron propagation
direction goes through the screen and undergoes an absorption
that could be characterized by absorption length. According to
classical macroscopic electrodynamics [61], the radiation will
be completely absorbed under the condition

a � labs = λ

4π Im
√

ε
, (40)

where labs is the absorption length. Thus, when the longitudinal
screen dimension becomes greater than labs, only the forward
DR from the second surface (AD facet) can be observed. In
Fig. 4 we mark the value of a length equal to 4πlabs and claim
that the radiation generated by the BC facet is completely
absorbed by the screen material at this distance.

Hence, in the case of forward DR the polarization layer
thickness, which is the radiation source, can be obtained from
Fig. 4 and corresponds to half of the function period or the
coherence length.

As is generally known for Cherenkov effect, which could
be explained as coherence interaction of all emitted waves,
the coherence length extends to infinity [67]. For this reason
we do not observe any oscillations for ChR dependence in
Fig. 4. The phenomena of saturation must be determined only
by the influence of the absorption properties of the medium in
the radiation process. Understandably, not all emitted photons
manage to leave the screen.

We further note that the above relationships can be obtained
in general form from the macroscopic approach if we consider
Eq. (25). The simple term, which includes an exponent
with a complex argument, describes the dependence of the
intensity of emitted photons on longitudinal screen size
a. The previously mentioned factor can be presented as a
multiplication of two exponents, which depend on real and
imaginary parts of the dielectric permittivity. We can rewrite
the exponent with a complex argument that depends on the
real part of permitivitty using Euler’s formula. In this way,
the dependence of the radiation intensity on the longitudinal

screen size takes the form∣∣∣∣1 − exp

[
−ia

ω

βc
(1 − β Re

√
ε cos θ − iβ Im

√
ε cos θ )

]∣∣∣∣
2

= e−2y |ey − cos x − i sin x|2, (41)

where

x = a
ω

βc
(1 − β Re

√
ε cos θ ),

y = a
ω

c
Im

√
ε cos θ.

Let us consider the case for when Eq. (41) provides a maximum
radiation intensity. The negligibly small parameter y is the
main condition because an increase of the component drives
the exponential decrease in the radiation intensity. Hence,
the radiation intensity will have a maximum value when
component y = 0 and Eq. (41) can be significantly simplified:

|1 − cos x − i sin x|2 = 2(1 − cos x). (42)

From the relationship in Eq. (42) one can see that radiation
intensity has a maximum magnitude when cos x = −1 (i.e.,
when the radiation is emitted coherently), if the longitudinal
screen size satisfies the criteria

acoh = (2n + 1)
πc

ω

β

|1 − β Re
√

ε cos θ |

= 2n + 1

2

λ

|β−1 − Re
√

ε cos θ | . (43)

Equation (43) coincides with Eq. (39), which is derived
by the microscopic approach. Naturally for the case of the
Cherenkov effect, the dependence of the coherent length on the
observation angle coincides with the earlier results obtained
by Pafomov [67].

In considering the problem of radiation in an absorbing
medium, one can claim that its intensity exponentially de-
creases and that it is characterized by absorption length. The
expression for absorption length is obtained from Eq. (41)
under the condition 2y = 1. For this case, the radiation
intensity decreases by e times, when the longitudinal screen
size corresponds to

aabs = c

2ω Im
√

ε cos θ
= λ

4π Im
√

ε cos θ
. (44)

Equation (44) derived above coincides with Eq. (40). We
must mention that, in general, the absorption length depends
on the radiation-spread direction. Therefore, the x-ray ChR
absorption is proportional to the relationship between the real
and imaginary parts of dielectric permittivity:

aabs ∝
√

Re ε

Im ε
.

There is yet another factor which can influence the intensity
of PR and consequently suppress interference. As an example,
Fig. 5 shows the dependencies of the intensity of the emitted
photons in the given directions on the transverse screen size d

(see Fig. 1) for an electron traveling in the vicinity of an alu-
minum foil. Figure 5 shows the dependencies corresponding to
different respective observation angles θ = 0 and θc = 15.31◦
for forward DR and ChR. The selected calculation parameters
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FIG. 5. (Color online) The PR intensity emitted by an electron
of energy γ = 50 at maximum of a spectral-angular distribution in
θ as a function of transverse size d of aluminum foil. The red solid
and the blue dashed curves correspond to the forward DR (θ = 0)
and ChR (θc = 15.31◦), respectively. Parameters are a = 0.1 mm,
b = 1 μm, φ = 0, and the x-ray energy near absorption of the L edge
of aluminum is 72.6 eV.

are as follows: the impact factor is b = 1 μm, the longitudinal
screen size is a = 0.1 mm, and the electron energy is γ = 50.

According to Ref. [70], the typical transverse radiator size
contributing to TR or DR generation is γ λ. As we expected, the
intensity of forward DR rises with increasing transverse screen
size and then saturates, which can be explained by attenuation
of the electromagnetic field of a charge.

For the case of Cherenkov emission, the radiation intensity
dependence is also a rapidly oscillating function that decays
with increasing transverse screen size. To understand this
radiation behavior, we must note that the formation of ChR
comes from the polarization current occurring at the interfaces
between mediums [44]. For the case of the radiation geometry
illustrated in Fig. 1 the screen facets AB and CD are the
potential sources of Cherenkov emission in the x-ray range.
Therefore, we can obtain the dispersion relationship for
oscillation function using the microscopic approach.

Let us consider the scattering of one Fourier component
of the self-field of a fast charge from two identical atoms
at points R1 and R2 on the y axis for a fast charge moving
uniformly in vacuum in a direction perpendicular to the
y axis. According to the microscopic theory developed in
Ref. [39], the spectral-angular radiation distribution created
by the Fourier component of the field of the fast charge can be
found as

d2W

dωd�
= ω2

c
|α(ω)|2|[k × E0(q,ω)]|2

× 2{1 − cos[(q − k) · (R1 − R2)]}, (45)

where α(ω) is the polarizability of the atom, q = ω
v

(0,0,1)
is the wave vector of the transmitted wave, and k =
ω
c

√
ε(0, sin θ, cos θ ) is the wave vector of scattering wave

under observation angle θ (refer to Eq. (2.9) in Ref. [39]).
For the case under consideration, vector R1 − R2 is directed

along the y axis; hence, (q − k) · (R1 − R2) = (qy − ky)(Y1 −
Y2) = L(−ky). Therefore, the factor 2[1 + cos (Lky)] takes a
value from 0 to 4 in accord with the cosine argument (q − k) ·
(R1 − R2) = Lky . For Lky 
 1, this factor is equal to 4. For
this reason the energy emitted by two atoms is four times
higher than the energy emitted by one atom. This means that

waves emitted by both atoms are coherent, i.e., arrive at a point
of observation with the same phases, and their amplitudes
are summed. As a result, the radiation field is doubled and
the energy reaching the observation point is quadrupled. If
Lky � 1, cos (Lky) is a rapidly oscillating function.

Thus, the condition of the radiation coherence from two
atoms can be written in the form

L 
 dcoh, (46)

where the length

dcoh ∼ λ

sin θ Re
√

ε
(47)

may be called the coherence depth or the formation depth
similarly to coherent length.

However, according to Eq. (45), radiation from two atoms
can also be coherent under the condition

L = dcohn. (48)

Thus, two atoms of the medium will emit coherently if the
distance between them is equal to an integer number n of
coherence depth dcoh.

As shown in Fig. 5, the dependence of ChR intensity on
the transverse dimension d of an aluminum screen is an
oscillation function with a period dcoh = 63.13 nm. When
the transverse dimension of a target becomes greater than the
typical transverse radiator size ∼ γ λ, only radiation from the
first boundary between two mediums (AB facet in Fig. 1)
is observable. The computation results also indicate that the
polarization layers thickness for Cherenkov emission can be
determined as a half of the coherence depth.

Using the macroscopic approach, the expression for coher-
ence depth (47) can be easily derived from Eq. (25) when
considering the case for maximum radiation intensity. For this
purpose we present a factor that includes the transverse screen
size d, in the same way as expression (41),

∣∣∣∣ exp

{
−id

ω

βc
[β(Re

√
ε + i Im

√
ε) sin θ cos φ

− iγ −1(Re K + i Im K)]

}∣∣∣∣
2

= e−2y |ey − cos x + i sin x|2, (49)

where

x = d
ω

βc
(β Re

√
ε sin θ cos φ + γ −1 Im K),

y = d
ω

βc
(γ −1 Re K − β Im

√
ε sin θ cos φ).

Consequently, the radiation intensity will decrease by e

times under condition 2y = 1, which corresponds to the
transverse screen size:

dabs = γβc

2ω(Re K − γβ Im
√

ε sin θ cos φ)

= γβλ

4π (Re K − γβ Im
√

ε sin θ cos φ)
. (50)
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For the case of DR, the coherence depth (47) agrees with the
value of the effective attenuation radius of electromagnetic
field ∝ γβλ.

If we consider Eq. (49) in the same way as for coherence
length (43) under the condition cos x = −1, we can get the
expression for coherence depth:

dcoh = (2m + 1)πβc

ω(β Re
√

ε sin θ cos φ + γ −1 Im K)

= 2m + 1

2

βλ

β Re
√

ε sin θ cos φ + γ −1 Im K
. (51)

Equation (51) completely agrees with the results (47) obtained
by the microscopic approach.

Investigations performed in this section agree well with
predictions made by microscopic theory and open up new
possibilities for increasing the intensity of x-ray Cherenkov
emission from multilayer screens. The examples presented
above indicate that radiator dimensions affect the intensity
of different types of radiations and can increase the contrast
between different radiations.

C. Dependence of PR intensity on a charged particle’s energy

As we mentioned briefly in the Introduction, the last
experimental and theoretical studies [25–27] showed that
the brightness of PR, which can be achieved by passing a
low-energy electron beam (a few MeV) through a thin foil, is
sufficient for practical x-ray microscopy. Therefore, the critical
need is to address the dependence of the Cherenkov emission
intensity on electron energy and to compare the intensities of
simultaneous radiations (DR or TR).

The considered approach enables us to calculate the
spectral-angular distribution of PR for various electron en-
ergies and plot the desirable dependencies. Figure 6 shows
results for intensities at the maxima of spectral-angular
distribution for an electron traveling at a distance b = 1 μm
from an aluminum foil with fixed sizes. To avoid any effects
induced by the coherence length (or depth), the dependencies
were obtained only under the condition where the dimensions
of the foil were at least several orders of magnitude larger
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FIG. 6. (Color online) The PR intensity emitted at the maximum
of spectral-angular distribution in θ as a function of an electron energy
γ . The red solid and the blue dashed curves correspond to the forward
DR (θ = 0) and ChR (θc = 15.31◦), respectively. Parameters are a =
0.1 mm, d = 10 mm, b = 1 μm, φ = 0, and the energy of x ray near
the absorption L edge of aluminum is 72.6 eV. Note that the Y axis
is logarithmic.

than the coherence length (or depth). We made a similar
estimation for different target materials and claim that the
obtained dependencies are monotonically increasing functions
of electron energy for both types of radiation. For a low-energy
electron that reaches the Cherenkov threshold v > c/ Re

√
ε,

the intensity of the Cherenkov emission is predominant over
DR (or TR), but the flux of x-ray photons is ultraweak.

If electron energy increases, the intensity of DR (or TR) will
begin to exceed the Cherenkov emission with a dramatically
enhanced contrast. Hence, the intricacy determined by an
interference effect in the interpretation of the obtained results
disappears.

For the ultrarelativistic case, Eq. (25) becomes indepen-
dent of electron energy. This conclusion agrees fully with
well-known results obtained by different approaches for the
ultrarelativistic electron energy limit [29,40].

D. Spectrum dispersion of x-ray Cherenkov emission

For an experimental study of Cherenkov x rays, mea-
surements of the photon energy and angular distribution are
essential for interpreting experimental data. The photon energy
in the x-ray range is typically measured by detecting the photon
flux passing through different optical elements [4]. Thus, the
spectral resolution of a detector system and the employed
optical elements will determine the measured spectrum.

Therefore, the theoretical results obtained for the fixed
photon energy are not suitable for estimating the photon yield,
as it would require future experimentation. To calculate the
photon flux for averaged energy, we propose employing the
complex permittivity as a function of photon energy. As shown
in a previous section, Henkel’s model enables us to derive
complex permittivity using the scattering factors.

Figure 7 illustrates the experimental data and approxima-
tions curves for the real and imaginary parts of the aluminum
scattering factor as a function of photon energy. To describe
the real and imaginary parts of aluminum scattering factor we
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FIG. 7. (Color online) The real and imaginary components of
the aluminum scattering factor for x rays as a function of photon
energy. The blue diamonds and red circles correspond, respectively,
to the real and imaginary parts of the aluminum scattering factor.
Similarly, the dashed and solid curves correspond, respectively, to the
approximation functions for the real and imaginary parts of scattering
factor.
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FIG. 8. (Color online) Spectral-angular distribution of PR in θ

emitted by an electron of energy γ = 48 from aluminum foil for
the different cases of averaged photon energy. The black solid,
the red dotted, and blue dashed curves correspond, respectively, to
��ω = 69–74 eV, ��ω = 69–71 eV, and ��ω = 71.6–73.6 eV, the
averaging photon energy. Parameters are a = 5 μm, d = 10 mm,
b = 1 μm, and φ = 0.

apply the respective approximation functions,

f1(�ω) = −2.59 exp

[
− (�ω − 72.7424)2

1.0805

]
+ 111.9440

− 3.0130 �ω + 0.0199(�ω)2,

f2(�ω) =

⎧⎪⎨
⎪⎩

−0.2547 + 0.0072�ω, I

3.1687 exp
[− (�ω−72.8539)2

0.0356

]
, II

−8.9201 + 0.1642�ω, III

where I, II, and III correspond, respectively, to �ω � 72.55
eV, 72.55 eV < �ω � 72.82 eV, and 72.82 eV < �ω � 80 eV
energy ranges.

Angular distributions of x-ray PR illustrated in Fig. 8 are
calculated using the presented approximation functions for
various average photon energy near the L edge of aluminum.
As clearly seen in Fig. 8, aluminum has a very large spectral
dispersion and will satisfy the Cherenkov criteria for a broad
energy range near the L edge. Thus, the existence of spectral
dispersion may pose difficulties in explaining the experimental
data. Conversely, the broad spectral dispersion of Cherenkov
emission can open new opportunity for many x-ray microscopy
applications. For example, the x-ray ChR may be applied
as a broadband source in x-ray range with specific angular
distributions, which depend on radiation energy. Another
active area of research can be the determination of the
real part of complex permittivity of different materials from
spectral-angular measurements.

For these reasons the question of a photon energy range
that satisfies the Cherenkov criteria becomes essential for
many applications. To justify our assumption, we intentionally
studied the angular distribution of PR from aluminum foil with
a selected photon energy, 80 eV, which does not correspond
to x-ray energy near any absorption edge of aluminum. To
simplify explanation of the obtained result, we used specific
screen dimensions in our calculation. For instance, to suppress
forward DR, the transverse screen size was configured to be
8 nm. As is shown from Fig. 9 the maximum intensity of the

0 10 20 30 40

3

2

1

0

(deg)

FIG. 9. (Color online) Spectral-angular distribution of PR in θ

emitted by an electron of energy γ = 50 from aluminum foil.
Parameters are a = 0.8 μm, d = 8 nm, b = 1 μm, φ = 0, and the
x-ray energy is 80 eV.

considered distribution corresponds to 8.5◦, which satisfies the
condition cos θc = c/ Re

√
εv.

At the end of this section we may conclude that photon
energy near the absorption edges is not a requirement for the
appearance of Cherenkov x rays. The well-known Cherenkov
criteria plays the main role in the x-ray range. However, the
yield of Cherenkov rays are great near the absorption edges of
mediums compared to other spectral ranges and are determined
by two factors. First, the real part of permittivity is sharply
enhanced near the absorption edges. Second, the imaginary
part of permittivity, which corresponds to the absorption
properties of the medium, may be weak. These subtleties are
in good agreement with the criteria Re ε − 1 > Im ε proposed
by Bazylev for x ray Cherenkov emission [18,19].

IV. CONCLUSIONS

In this paper, PCA has been applied to study in detail
the x-ray radiation emitted by a charged particle traveling in
the vicinity of an absorbing foil. We demonstrated that x-ray
Cherenkov emission could be considered as a radiation of
polarization currents induced in the bulk of a medium by the
Coulomb field of a charged particle. PCA enables us to obtain
well-known results from existing theories and account for the
absorption properties of the medium and the real shape of a
target. Using simplified radiation geometry, we demonstrated
how to derive all features of emitted radiation including the
polarization properties for a wide energy range of a charged
particle. The influence of finite foil sizes, which can effectively
increase the yield of Cherenkov x rays, was studied by both
macroscopic and microscopic electrodynamics methods. It
was found that the Cherenkov effect in the x-ray range might
occur even beyond the near vicinity of the absorption atomic
edges of a medium. The Cherenkov criteria is still the main
condition for radiation emergence in the x-ray range, and
the relation Re ε − 1 > Im ε proposed by Bazylev is required
to observe the x-ray Cherenkov effect in real experimental
studies.

We would like to emphasize that the obtained results can
potentially lead to a high level of understanding of the features
of emitted radiation and enable us to develop new sources of
radiation in the soft x-ray range based on the Cherenkov effect.
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