CHAPTER 10 191

ALTERNATING CURRENT

10.1 ALTERNATING QUANTITIES

As mentioned earlier, an alternating quantity is one which reverses its
direction periodically, being in one direction (say the ‘positive’ direction)
at one moment and in the opposite direction (the ‘negative’ direction) the
next moment. The frequency of alternations can be as low as once every
few seconds or as high as once every few nanoseconds (1 ns=10"% s or
Tog0000000 )

The frequency of the UK alternating power supply is 50 cycles per
second or 50 hertz (Hz), so that the time for one complete cycle (known
as the periodic time of the supply) is

= 1 seconds = % =0.02 s or 20 ms

Whilst many countries have adopted 50 Hz as the supply frequency, other
countries such as the US, use a frequency of 60 Hz, having a periodic time
of

T= 61—0 $s=0.01667 s or 16.67 ms

Radio transmissions use a much higher frequency, and a frequency of
10 MHz has a periodic time of

1
(10 x 10%)

The electricity power supply has a sinusoidal waveform of the type in
Figure 10.1. The waveform shown is that of a current wave which follows
the equation ‘

i =Ipysin 6 (10.1)

=0.1 x107%so0r 0.1 us
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fig 10.1 a sinusoidal current waveform
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where i is the instantaneous value of the current at angle 6, and /,,, is the
maximum value or peak value, which is reached at an angle of 90°. The
current follows the sinewave through zero, and then increases to its maxi-
mum negative value of —1I,,, at an angle of 270°. The cycle repeats itself
every 360°. As mentioned in Chapter 8, the angular frequency of a wave is
given in radians per second, where

angular frequency, w = 27 rad/s (10.2)
so that the angular frequency corresponding to a frequency of 50 Hz is
angular frequency, w =27 x 50 = 1007 = 314.2 rad/s
It was shown in Chapter 8 that an angle in radians is given by
angle in radians = angle in degrees x 32_1r
so that
27 m ’

for 6 = 90°, radian angle =90 x — = — rad
360 2

for 6 = 180°, radian angle = 180 x 2 . 7 rad
360
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A complete cycle (360°) is therefore equivalent to

radian angle = 360 x 2 - 27 rad
360

If the angular frequency of the waveform is w rad/sec, then the radian
angle, 6, turned through after a time ¢ seconds is

radian angle, 8 = angular velocity (rad/s) x time (s)

wt rad
If the supply frequency is 50 Hz (or w = 2nf = 100 7 rad/s), then the angle
turned through when ¢ = 5 ms after the start of the sinewave is

0 = wt = 1007 x (5 x 1073) = %rad (or 90°)

The above equation allows eqn (10.1) to be rewritten in the form
current, i = I,,, sin 8 = I,,, sin wt

So far we have discussed only a current wave. If the sine wave is that of a
voltage, the equation can be written as follows

voltage, v = V,,, sin 0 = V,,, sin wt (10.3)

where v is the instantaneous voltage of the wave at angle 6 after the
commencement of the wave (or at time ¢ after the start of the wave),
Vn is the maximum value or peak value of the wave, and w is the angular
frequency of the wave.

10.2 MEAN VALUE OR AVERAGE VALUE OF A SINE WAVE

The strict meaning of the average value of a waveform is

total area under one complete wave
periodic time of the wave

average value =

However, an alternating waveform has equal positive and negative areas,
so that the total area under the wave taken over a complete cycle is zero.
That is, the average value of an alternating wave taken over one complete
cycle is zero!

The electrical engineering interpretation of the average value or mean
value therefore differs from this and is given by

area under one half of the waveform
one-half of the periodic time (104)

mean value =
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To determine the area under the half cycle, we shall use the mid-ordinate
rule as follows. The half cycle (a current waveform is chosen in this case -
see Figure 10.2) is divided into an equal number of parts by lines known
as ordinates (shown as dotted lines in the figure). Mid-ordinates i, , i,, i3,
etc, are drawn and measured, and the average value of the current in that
half cycle is calculated as follows:

average current, I,, = sum of the mid-ordinates (10.5)

number of mid-ordinates

In Figure 10.2 only three mid-ordinates are shown, which is far too few
to give a reliable answer; many more values are usually needed to give an
accurate result.

fig 10.2 the ‘mean’ value or ‘average’ value of an a.c. wave

iy, iy and i3
are mid-ordinates

current

time

Suppose that the current waveform has a maximum value of 1 A and
that we can divide the waveform up to give ten 18° mid-ordinates (the first
being at 9° and the last at 171°). If the values of the mid-ordinates are as
listed in Table 10.1, the average value of the current is

_ sum of mid-ordinate values
average current, I, =

number of mid-ordinates

_ 63922
10

=0.63922 A

The above average value was, in fact, calculated for a sine wave using only
ten mid-ordinates. A more accurate value is determined using more mid-
ordinates, the most accurate value being obtained using the calculus which
can be thought of as taking an infinite number of mid-ordinates. It can be
shown that using the calculus the mean value of a sinewave of current is

mean current, I, = 0.6371,, (10.6)
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where I,,, is the maximum value of the current. In our case, the maximum
value of the current is 1 A, so that the calculus gives an average current
of 0.637 A (compared with our value of 0.639 A).

The same relationship holds for a voltage sine wave; that is the average
value of a sinusoidal voltage wave is

mean voltage, V,, =0.637 V,, (10.7)

Table 10.1 Calculation of average value

of current
Angle Mid-ordinate current
9° 0.1564
27° 0.4539
45° 0.7071
63° 0.891
81° 0.9877
99° 0.9877
117° 0.981
135° 0.7071
153° 0.4539
171° 0.1564

sum of mid-ordinates = 6.3922 A

Example

Calculate the mean value of a sinusoidal voltage wave whose maximum
value is 100 V. Determine also the maximum value of a voltage wave
whose average value is 90 V.

Solution
@ V,=100V
mean voltage, V,, = 0.637V,, =0.637 x 100
= 63.7 V (Ans.)
(i) Vg, =90V
maximum value, V,, = Yo 0 141.3 V (Ans)
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10.3 THE EFFECTIVE VALUE OR ROOT-MEAN-SQUARE (r.m.s.)
VALUE OF A SINE WAVE

The effective value of an alternating current (or an alternating voltage for
that matter) is expressed in terms of its heating effect; that is, it is given in
terms of its /2R effect. The effective value is known as the root-mean-
square (r.m.s.) value of the wave and is calculated as follows.

r.m.s. value = square root of the mean of the sum of
squares (r.m.s.) of the mid-ordinate
values of the wave.

This is illustrated in Figure 10.3. Each value on the waveform (the current
waveform in this case) is multiplied by itself (that is, it is ‘squared’); if the
wave is a sinewave, the equation of the wave is ,,, sin 0, and the equation
of the (current)? graph is I2,5in%6. You will see that the (current)? graph
has a positive value in the second half cycle even though the current is
negative (this is because the product of two negative values is a positive
value). The r.m.s. value of a sinusoidal current wave is given by

(sum of the mid-ordinate (current)? values)

r.m.s. current, / = - -
number of mid-ordinates

(10.8)

or, alternatively

2
r.m.s. current, ] = (area under (current)? curve) (10.9)
(Iength of base of the waveform)

fig 10.3 the r.m.s. value of an alternating wave

(current)? = /.,2 sin?9

iHh?

current, /
=/, sinf
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In the following we will determine the r.m.s. value of a sinusoidal
current waveform whose values are given in Table 10.2; mid-ordinates are
taken at 36° intervals (the first at 18°). The results in the table give

sum of (current)? = 5.0 (amperes)?
hence

2
sum of (current
r.m.s. value of current = ( )

(number of mid-ordinates)
5
=+ — =0.7071 A
v 10

That is to say, for a current sine wave the r.m.s. value is given by

r.m.s. current, /= 0.70711,, = Im (10.10)
V2
Similarly, for a sinusoidal voltage the r.m.s. value is given by
Vm

r.m.s. voltage, V'=0.7071 V,,, = (10.11)

V2

Example

(i) Calculate the r.m.s. value of a sinusoidal current wave of maximum
value 20 A. Determine (ii) the maximum value of a voltage wave whose
r.m.s. value is 240 V.,

Table 10.2 Calculation of r.m.s. value of current

Angle Value of current Value of (current)?
18° 0.3090 0.0955
54° 0.8090 0.6545
90° 1.0 10

126° 0.8090 0.6545

162° 0.3090 0.0955

198° —0.3090 0.0955

234° —-0.8090 0.6545

270° -1.0 1.0

306° —0.8090 0.6545

342° —0.3090 0.0955

sum of (current)? = 5.0
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Solution
(i) I, =20A
r.m.s. current, / = 0.7071 I,,, =0.7071 x 20
= 14.14 A (Ans.)
(ii) Vg =240V r.m.s.
From eqn (10.7), Vg = :}’-;E , hence
maximum voltage, V,, = Vg x+/2 =240 x 1.414

339.36 V (Ans.)

"

10.4 AVERAGE VALUE AND r.m.s. VALUE OF A WAVE OF ANY
SHAPE

So far we have discussed the mean and r.m.s. values of a sinewave. Every
waveform has its own average and r.m.s. value, and can be calculated for
current waves from eqns (10.4) and (10.5) and for voltage waveforms from
eqns (10.8) and (10.9). Illustrative calculations are performed for the
triangular wave in Figure 10.4.

Since the waveform has equal positive and negative areas, the mean
value must be calculated over one half cycle; for convenience, the positive
half-cycle is used. In this case the values are for a voltage wave (but it
could well be a current wave!) and, for the wave in Figure 10.4:

mean voltage, V,, = Sum of mid-ordinate voltages

number of mid-ordinates

= (0'2—5;(@ =0.5 V(Ans')

The r.m.s. value of the wave in Figure 10.4 is calculated over a complete
cycle using the equation

rm.s. voltage, V' = \/ (sum of mid-ordinate (current)? values)
. ’ (number of mid-ordinates)

=/ (([—0.75] 24 [—0.25]2+0.25% + o.752)>
4

= 0.559 V (Ans.)

Note
You should be aware of the fact that taking only a few mid-ordinates may
give a result of low accuracy. Whilst the mean voltage calculated above is
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fig 10.4 mean and r.m.s. values of a non-sinusoidal wave

mid-ordinates

time
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perfectly correct, the r.m.s. value obtained above is of limited accuracy
(the value using many mid-ordinates is 0.5774 V)

10.5 FORM FACTOR AND PEAK FACTOR OF A WAVEFORM

Information relating to the ‘shape’ of an a.c. waveform is often useful to
electrical engineers. The factors known as the form factor and the peak
factor (the latter also being known as the crest factor) act as electrical
‘fingerprints’ of the wave. Two differing waveforms may have the same
value for one of the factors, but the other factor will differ between the
two waves, indicating that the waveforms are different in shape. The two
factors are defined below

form factor = TS value of wave _ [ or na (10.12)
mean value of wave I, Vav
and
peak factor = peak value of wave _ I or Ym (10.13)
r.m.s. value of wave I vV

The form factor and peak factor for a sinewave (taking a current wave in
this instance) are calculated as follows:

I _ 070711,
Iy, 06371,

= 1.11

form factor =
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peak factor = Inoo  dm
I 0.7071 1,,,
= 1414
Example

Calculate the form factor of the triangular voltage wave in Figure 10.4.

Solution
The r.m.s. and mean values estimated for the wave are

r.m.s. value =0.559 V
mean value=0.5V

hence

r.ms. value _ 0.559V
mean value 0.5V

form factor = =1.118

Note

The above figure differs only slightly from that of the sinewave, the reason
being that the r.m.s. value determined in the calculation is not sufficiently
accurate. If the true r.m.s. value of 0.5774 V is used, the form factor of
the wave is seen to be

05774

=1.155

10.6 PHASE ANGLE DIFFERENCE BETWEEN TWO SINEWAVES

Suppose that we have a two-coil alternator on which both coils have the
same number of turns but are in different physical positions on the rotor.
Because of the difference in the position of the coils, the e.m.f. in each
coil will differ, as illustrated in the waveforms in Figure 10.5 for coils A
and B on the rotor of the alternator.

As each coil rotates, a sinewave of voltage is induced in it, but each
wave differs from the other by an angle ¢ which is known as the phase
angle difference (which can be expressed either in degrees or radians). The
phase angle difference (often simply referred to as the phase angle) is the
angular difference between the two waves when they are at the same point
on their waveform. For example, the phase angle difference can be mea-
sured as the angular difference between the waves when they both pass
through zero and are increasing in a positive direction (see Figure 10.5);
alternatively it is the angular difference between the two waves when they
pass through their peak negative voltage (also see Figure 10.5).
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fig 10.5 phase angle difference

e.m.f. from coil A

e.m.f. from coil B

>
=]

angle

‘voltage

R A

phase angle difference ¢

Lag or lead?

When describing phase angle difference, it is frequently necessary to know
which wave ‘lags’ or which wave ‘leads’ the other, that is, which wave is
‘last’and which is ‘first’? The answer to this is revealed from a study of
Figure 10.5. Clearly, waveform A passes through zero before waveform B;
from this we can say that

waveform A leads waveform By by angle ¢

Alternatively, since waveform B passes through zero after waveform A, we
may say that

waveform B lags behind waveform A by angle ¢

Both statements are equally correct.
10.7 PHASOR DIAGRAMS

Waveform diagrams are difficult to visualise, and engineers have devised a
diagrammatic method known as a phasor diagram to simplify the problem.

Imagine a line of length V,,, rotating in an anti-clockwise direction (see
Figure 10.6(a)). If you plot the vertical displacement of the tip of the line
at various angular intervals, the curve traced out is a sinewave (see Figure
10.6(b)).
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fig 10.6 production of a sinewave
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When the line is horizontal, the vertical displacement of the tip of the
line is zero, corresponding to the start of the sinewave at point A. After
the line has rotated through 90° in an anti-clockwise direction, the line
points vertically upwards (corresponding to point B on the waveform
diagram). After 180° rotation the line points to the left of the page, and
the vertical displacement is zero once more (corresponding to point C on
the waveform diagram). After a further 180° (360° in all) the rotating
line reaches its starting position once more (corresponding to point E on
the waveform diagram).

A phasor is a line representing the rotating line V,,, but is scaled to
represent the r.m.s. voltage, ¥, which is ‘frozen’ at some point in time.

For example, if the rotating line is ‘frozen’ at point A in Figure 10.6(b)
the corresponding voltage phasor which represents this is shown in Figure
10.7(a). If the rotating line is ‘frozen’ at point B, the voltage phasor is as
shown in Figure 10.7(b). Voltage phasors representing the ‘freezing’ of the
rotating line at points C, D and E in Figure 10.6 are represented by the

fig 10.7 several phasor diagrams for Figure 10.5(b)

(a) (b) (c) (d) (e)
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voltage phasors in diagrams (c), (d) and (e) in Figure 10.7. You will see
that the ‘length’ of the phasor in Figure 10.7 is 0.7071 that of the rotating
line in Figure 10.5 (remember, r.m.s. voltage = 0.7071 x maximum
voltage).

Phasor representation of two waveforms

Consider the case of the two waveforms in Figure 10.8, one being a voltage
wave and the other a current wave, which are out of phase with one
another (in this case the current waveform lags behind the voltage wave-
form by angle ¢).

If the phasor diagram for the two waves is drawn corresponding to
point W on the wave, the corresponding phasor diagram is shown in
diagram (a) in Figure 10.8 (note: the current phasor lags behind the
voltage phasor in the direction of ‘rotation’ of the phasor).

fig 10.8 phasor diagrams for a voltage wave and a current wave which are
out of phase with one another

voltage

e current
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(a) (b) (c) (d)
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If, on the other hand, the wave is ‘frozen’ at point X, the corresponding
phasor diagram is shown in diagram (b). Once again, the current phasor
‘lags’ behind the voltage phasor.

The phasor diagrams corresponding to points Y and Z on the waveform
diagram are drawn in diagrams (c) and (d), respectively; you will note in
each case that the current phasor always lags behind the voltage phasor.

10.8 ADDITION OF PHASORS

When two alternating voltages are connected in series in an a.c. circuit as
shown in Figure 10.9, the two voltage waveforms may not be in phase
with one another. That is, you need to take account of the fact that there
is a phase angle difference between the voltages. It is rather like the case
of a tug-of-war team in which one of the team pulls in the wrong direction;
the total pull is not simply the sum of the pulls of the individual team
members; account must be taken of the ‘direction’ of the pulls. In the a.c.
circuit you must determine the phasor sum of the voltages.

fig 10.9 phasor addition of voltages

H
h

Suppose that voltage V; has an r.m.s. voltage of 15V and V), has an
r.m.s. voltage of 10V, but ¥, leads V; by 60° (see Figure 10.10). The
total voltage, ¥V, in the circuit is given by

Vr

total voltage, V7 = phasor sum of V; and V,
The solution can be obtained in one of two ways, namely:

1. the phasor diagram can be drawn to scale and the magnitude and phase
angle of the resultant voltage, Vr, can be determined from the scale
diagram;

2. you can ‘add’ the voltages together by resolving the components of the
two voltages in the ‘vertical’ and ‘horizontal’ directions, and from this
determine the ‘vertical’ and ‘horizontal’ components of the voltage V;
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the magnitude and phase angle of V1 can be determined from the
resolved components of V.

Method 1 needs only simple drawing instruments and, provided that the
scale selected for the drawing is large enough, the method gives an answer
which is accurate enough for most purposes. Figure 10.10 shows how this
is done for the voltages given above. You will find it an interesting exercise
to draw the phasor diagram to scale and to compare your results with the
answer calculated below.

The solution using method 2 is described below for the voltages given
above (see also the phasor diagram in Figure 10.10). First, the voltages
V, and V, are resolved into their horizontal and vertical components.

Voltage V,

Since we are starting with this voltage, we can assume that it points in the
horizontal or ‘reference’ direction. That is to say, the voltage has a hori-
zontal component and no vertical component, as follows:

Horizontal component = 15 V
Vertical component =0 V

Voltage V,
This voltage leads ¥; by an angle which is less than 90°, so that it has both
horizontal and vertical components, which are calcualted as shown:

Horizontal component = 10 cos 60° = 10 x 0.5=5V
Vertical component = 10 sin 60° = 10 x 0.866 = 8.66 V

Resultant voltage, Vo

The horizontal and vertical components are calculated as follows:
horizontal component =sum of horizontal components of V; and V,

=15+5=20V

fig 10.10 the phasor sum of two voltages

V1 =15V
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vertical component = sum of the vertical components of V; and V,
=0+8.66=8.66V

The magnitude of voltage V1 is determined by Pythagorus’s theorem as
follows (see also Figure 10.11)

Vr = V[(horizontal component of ¥'1)? + (vertical component of V)l
= 1/(20% + 8.66) =/475
= 248V (Ans.)

fig 10.11 determination of the voltage V1

Vr

A
!
|
|

| vertical
component
| = 8.66 V

horizontal component = 20 V

The value of the phase angle ¢ between V1 and V, is calculated from the
equation

an o= 50 - 0349
248

hence
¢, =tan™! 0.347 =19.25°

where ‘tan—!’ means ‘the angle whose tangent is’. You may therefore say
that V' leads ¥, by 19.25°. However

¢ + ¢, =60°
or
¢, =60° — ¢, =60° — 19.25° =40.75°

where ¢, is the angle between V, and V. It follows that ¥ lags behind
V2 by 40.75°.
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10.9 VOLT-AMPERES, WATTS AND VOLT-AMPERES REACTIVE

In a d.c. circuit, the product ‘volts x amperes’ gives the power consumed
by the circuit. The situation is slightly more complex in an a.c. circuit, and
we will study this situation in this chapter.

Let us look at a circuit in which the voltage and current waveforms are
in phase with one another, that is, a circuit containing only a pure resistor,
as shown in Figure 10.12(a). When the two waves are multiplied together
to give the volt-ampere product, as shown in Figure 10.12(b), the power
consumed by the circuit is given by the average value of the area which is
between the zero line and the volt-ampere graph. You can see that, in this
case, power is consumed all the time that current flows in the circuit.

fig 10.12 (a) waveform diagram for a sinusoidal voltage wave and a current
wave which are in phase with one another and (b) the corres-

ponding volt-ampere product wave

_v=Vy, sinl

i=1, sind

((a)

voltage and current

(b)

volts X amperes

Let us now consider a circuit in which the current lags behind the
voltage by an angle of 45° (see Figure 10.13(a)). When the voltage and
current waveforms are multiplied together (Figure 10.13(b)) we see that
in the time interval between A and B the voltage is positive and the current
is negative; the volt-ampere product is therefore negative. Also in the time
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fig 10.13 waveforms of voltage, current and volt-ampere product for two
waves which are 45° out of phase with one another

power returned
to supply

interval C-D, the voltage is negative and the current is negative, so that the
volt-ampere product is negative once more.

During the time interval B-C, both the voltage and the current are
positive, giving a positive volt-amp product (as is also the case in the time
interval D-E when both voltage and current are negative).

What is happening in this case is that when the volt-ampere product is
positive, power is consumed by the load. When the volt-ampere product is
negative, the power ‘consumes’ a negative power! That is, the load returns
power to the supply; this occurs because the load (in this case) is inductive,
and some of the energy stored in the magnetic field is returned to the
supply when the magnetic field collapses.

You can see from Figure 10.13(b) that more energy is consumed by the
load than is returned to the supply and, on average over the complete
cycle, power is consumed by the load.

We turn our attention now to the case where the phase angle between
the voltage and current is 90° (see Figure 10.14). In this case, the volt-
ampere product graph has equal positive and negative areas, which tells us
that the load returns as much power to the supply as it consumes. That is,
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fig 10.14 waveforms for a phase angle of 90°, the average value of the
power consumed is zero

voltage
current

voltage and current
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volts X amperes

returned

when the phase angle between the voltage and the current is 90°, the
average power consumed by the load is zero.

It follows from the above that the volt-ampere product in an a.c.
circuit does not necessarily give the power consumed. In order to deter-
mine the power consumed by an a.c. circuit, you need to account not only
for the volt-ampere product but also for the phase angle between the volt-
age and current.

The product of the voltage applied to an a.c. circuit and the current in
the circuit is simply known as the volt-ampere product (shortened to VA
by engineers), and is given the symbol S. If the supply voltage is Vg and
the current taken by the circuit, the VA consumed is

volt-amperes, S = Vgl VA (10.14)

The volt-ampere product is also known as the apparent power consumed
by the circuit or device.

The ‘real’ power or useful power in watts used to produce either work
or heat is given by the equation

power, P= Vgl cos ¢ W (10.15)

where ¢ is the phase angle between Vg and I.
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There is also another element to the power ‘triangle’ in a.c. circuits
which is the reactive power or volt-amperes reactive (VAr) symbol Q, and
is given by the equation

reactive volt-amperes, Q = Vgl sin ¢ VAr (10.16)

The three elements of ‘power’ in an a.c. circuit can be represented by the

three sides of the power triangle in Figure 10.15 (for further details see
Chapter 11).

Since the three ‘sides’ representing the apparent power (§), the real

power (P), and the reactive power (Q) are related in a right-angled triangle,
then

S§? =p% +Q? (10.17)

fig 10.15 the power triangle of an a.c. circuit

V, /'sin 0

reactive power,

Q

power, P = Vs / cos ¢

Example
An a.c. circuit supplied at 11000 V r.m.s. draws a current of 50 A. The
phase angle between the applied voltage and the current is 36°. Calculate
for the circuit (i) the apparent power, (ii) the ‘real’ power and (iii) the
reactive power consumed.
Solution
Vg=11000V; I=50A; ¢=36°
(i) apparent power, S = Vgl = 11000 x 50 = 550000 VA (Ans.)
(ii) power, P= Vgl cos ¢ = 11 000 x 50 x cos 36°
=444 959 W or 444.959 kW (Ans.)
(iii) reactive power, O = Vgl sin ¢ = 11 000 x 50 x sin 36°
= 323282 VAr or 323.282 kVAr
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You should note that whilst the circuit consumes 550 kVA (volts x amps),
the useful power output from the circuit (which may be, for example,
heat) is about 445 kW. The relationship between these two quantities is
discussed further in section 10.10.

10.10 POWER FACTOR

The power factor of an a.c. circuit is the ratio of the useful power (in
watts [W]) consumed by a circuit to the apparent power (VA) consumed,

and is given by the equation
‘real’ power in watts

power factor = -
apparent power in volt-amperes

_ Vslcoso _

0s 10.18
Vel ¢ ( )

where ¢ is the phase angle between Vg and 1.
If for example, the phase angle between the current and the voltage is
0°, the power factor of the circuit is

power factor = cos 0° = 1.0

That is, the ‘real’ power is equal to the apparent power, that is the power
in watts consumed is equal to the number of volt-amperes consumed.
Waveforms for this condition are shown in Figure 10.12, and correspond
to the example of an a.c. circuit containing a pure resistive load.

If the phase angle between the voltage and the current is 45°, the power
factor of the circuit is

power factor = cos 45° = 0.7071

That is, for each 100 VA consumed by the circuit, 70.71 W are consumed.
The reason why not all the VA is converted into watts is shown in the
waveform in Figure 10.13.

If the phase angle of the circuit is 90°, the circuit power factor is

power factor = cos 90° =0

In this case the power consumed by the circuit is zero even though the
current may be very large. The reason for this can be seen from the wave-
forms in Figure 10.14, where it was shown that the circuit returns as much
power to the supply as it takes from it. This situation arises in any circuit
where the phase angle between the voltage and the current is 90°, that is,
in either a circuit containing a pure inductor or a pure capacitor.
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Equation (10.18) may be re-written in the following form:
Power = apparent power x power factor
= Vglcosp W (10.19)
Example

If the supply voltage to a circuit of power factor 0.8 is 11 000 V, and the
power consumed in 200 kW, calculate the current in the circuit.

Solution
Vs =11000 V; P =200000 W; power factor = 0.8
From eqn (10.19) P = VI cos ¢, hence

;- P _ 200000
(Vgcos¢g) (11000 x 0.8)

= 22.73 A (Ans.)

10.11 HARMONICS IN a.c. SYSTEMS

A device such as a resitor has a characteristic in which the current through
it is proportional to the voltage applied to it (see Figure 10.16(a)). This
type of characteristic is known as a linear characteristic or straight line
characteristics; if the voltage applied to it is a sinewave, the current through
it is also a sinewave.

However, in a device which has a voltage-current characteristic which is
not a straight line such as that in Figure 10.16(b), the current flowing
through it is not proportional to the applied voltage. That is, if a sinusoidal
voltage is applied, the current flowing through it is non-sinusoidal. This
type of characteristic is said to be non-linear, that is, it is not a straight line
which passes through zero.

Many common electrical devices have a non-linear characteristic, includ-
ing fluorescent lights and iron-cored inductors. This results in the current
waveshape being non-sinusoidal even though the voltage waveshape is
sinusoidal; these current waveshapes are said to be complex.

Complex waveshapes which arise in circuits can be constructed or
synthesised by adding together a series of sinewaves known as harmonics
as follows:

Fundamental frequency

The fundamental frequency is a sinewave whish is the ‘base’ frequency on
which the complex wave is built. The periodic time of the complex wave is
equal to the periodic time of the fundamental frequency.
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fig 10.16 (a) a linear characteristic and (b) a non-linear characteristic

current
current

voltage voltage

(a) (b)

Second harmonic
This is a sinewave whose frequency is twice that of the fundamental
frequency;

Third harmonic
This is a sinewave whose frequency is three times that of the fundamental
frequency;

Fourth harmonic
This is a sinewave whose frequency is four times that of the fundamental
frequency;

100th harmonic
This is a sinewave whose frequency is 100 times that of the fundamental
etc.

The ‘shape’ of the resulting complex wave depends not only on the number
and amplitude of the harmonic frequencies involved, but also on the phase
relationship between the fundamental and the harmonics, as illustrated in
Figure 10.17 which shows a fundamental frequency together with a
second harmonic.

In Figure 10.17(a), the second harmonic has one-half the amplitude of
the fundamental, and commences in phase with the fundamental. The
complex wave produced by the addition of the two waves is symmetrical
about the 180° point of the wave, the wave being ‘peaky’ in both half
cycles.

In Figure 10.17(b), the same second harmonic is added to the funda-
mental but, in this case, the second harmonic lags behind the fundamental
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fig 10.17 complex wave formed from (a) a fundamental and a second
harmonic which are in phase with one another, (b) a funda-
mental and a second harmonic which lags by 90°

complex wave complex wave

fundamental
fundamental frequency frequency
second
harmonic
/| N
/ /7N
J
/ \
l \ X )
/
N/

(a) (b)

frequency by 90° of the harmonic wave; the resulting complex wave is
peaky in the first half cycle but has a flattened second half cycle.

If high-frequency harmonics are present in a wave, then the sound of
the resultant complex wave is ‘sharp’ to the ear, that is it has a treble
sound. However, the phase angle between the fundamental frequency and
the harmonics has very little effect so far as hearing the sound is concerned
since the human ear is insensitive to phase shift. Unfortunately, if the
harmonic is produced in a TV video circuit, the phase shift of the har-
monic produces quite a marked effect on the TV screen since it gives rise
to a change in colour (we are all familiar with coloured ‘interference’ band
patterns on the TV tube produced under certain conditions which result
from harmonic effects).

Power electronic devices such as thyristors also give rise to harmonics in
the power supply system. In industry, these harmonic currents are fre-
quently carried by overhead power lines which can act as an aerial, giving
rise to radiated electromagnetic energy; the radiated energy can produce
interference in radios, TVs and other electronic equipment. It is for this
reason that electricity supply authorities limit the amount of harmonic
current that may be produced by industry.

SELF-TEST QUESTIONS
1. Calculate the periodic time of an alternating wave of frequency 152 Hz.

Determine also the frequency of an alternating wave whose periodic
time is 0.25 us.
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2. A sinusoidal current wave has a value of 10 A when the angle of rota-
tion is 58°. Calculate (i) the peak-value of the current and (ii) the value
of the current at an angle of 10°, 120°, 200°, 350°, 1 rad, 2 rad, and
4 rads.

3. Calculate the mean value and the r.m.s. value of a voltage sinewave of
peak value 120 V.

4. What is meant by the ‘form factor’ and ‘peak factor’ of an alternating
wave? Why do different types of wave have different combinations of
form factor and peak factor?

5. Two series-connected sinusoidal voltages of r.m.s. value 200 V and
150 V, respectively, the 200-V wave leading the 100-V wave by 45°.
Determine (i) the sum of, and (ii) the difference between, the wave-
forms.

6. An a.c. circuit consumes 10 kW of power when the applied voltage is
250 V. If the current is 50 A, determine (i) the VA consumed, (ii) the
phase angle and the power factor of the circuit and (iii) the VAr con-
sumed.

SUMMARY OF IMPORTANT FACTS

An alternating quantity is one which periodically reverses its direction or
polarity. The frequency, f, of the wave is the number of alternations per
second (Hz), and the periodic time, T, is the time taken for one complete
cycle of the wave (f= 1.).

The mean value of a wave is the average value taken over a given period
of the wave (in the case of an alternating quantity, the period is one-half
of the periodic time of the wave). The effective value or root-mean-square
(r.m.s.) value of the wave is the effective heating value of the wave. For a
sinewave

mean value = 0.637 x maximum value

r.m.s. value = 0.7071 x maximum value

The factors which give some indication of the ‘shape’ of the waveform are
the form factor and the peak factor. For a sinewave these factors are

form factor = 1.11
peak factor = 1414

The angular difference between two sinewaves is known as the phase dif-
ference. A phasor diagram represents waveforms which are frozen in time,
and are scaled to represent the r.ms. values of the waves concerned.
Phasors can be added to or subtracted from one another to give resultant
values.
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The product (volts x amperes) in an a.c. circuit is known as the volt-
ampere product (VA) or apparent power. The real power or heating effect
is measured in watts. The reactive volt-amperes (VAr) or reactive power is
the volt-ampere product which does not produce any ‘real’ power con-
sumption in the circuit.

The power factor of a circuit is given by the ratio of watts: volt-
amperes.

Non-sinusoidal waveforms in a circuit can be thought of as consisting
of a series of sinewaves known as harmonics, which are added together to
form the complex wave in the circuit.
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INTRODUCTION TO

SINGLE-PHASE a.c.

CIRCUITS

11.1 RESISTANCE IN AN a.c. CIRCUIT

In an a.c. circuit at normal power frequency, a resistance behaves in the
same way as it does in a d.c. circuit. That is, any change in voltage across
the resistor produces a proportional change in current through the resistor
(Ohm’s law).

Suppose that a pure resistor is connected to a sinusoidal voltage as
shown in Figure 11.1(a). The current through the resistor varies in propor-
tion to the voltage, that is the current follows a sinewave which is in phase
with the voltage (see Figure 11.1(b)). The corresponding phasor diagram
for the circuit is shown in Figure 11.1(c).

Since the phase angle between the voltage and the current is zero, then
the power factor of the resistive circuit is cos 0° = 1.0. The r.m.s. value of
the current, /, in the circuit is calculated from Ohm’s law as follows:

current, I = % (11.1)

fig 11.1 a pure resistor in an a.c. circuit

voltage

current

O v ’
R —’-—»VR

circuit diagram waveform diagram phasor diagram

(a) (b) (c)
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where Vg is the r.m.s. value of the voltage across the resistor. The power,
P, consumed in the circuit is given by

power,P=VgplIcos¢p W

but, since cos ¢ =1 in a resistive circuit, then

P=VxI W
However, by Ohm’s law, Vg = IR, then

power, P=VgpI=(IR)xI=I*R W (11.2)
Example

Calculate the power consumed in a single phase a.c. circuit which is
energised by a 240-V, 50-Hz sinusoidal supply, the load being a resistance
of value 100 2.

Solution
Vs =240 V;R =100 Q

Since the only element in the circuit is the resistor, then
Vg =Vg=100V

From eqn (11.1)

and from eqn. (11.2)
power consumed, P=I?R =2.42 x 100 = 576 W (Ans.)

11.2 PURE INDUCTANCE IN AN a.c. CIRCUIT

A pure inductance is resistanceless, and its only property is that it produces
a magnetic flux when a current flows through it. If it were connected to a
d.c. supply, the current would be infinitely large because its resistance is
zero! However, when a pure inductor is connected in an a.c. circuit the
current in the circuit is limited in value; in the following we consider why
this is the case.

When an alternating voltage is connected to a resistanceless inductor as
shown in Figure 11.2(a), a current begins to flow in the circuit. This cur-
rent produces a magnetic flux in the coil which, by Lenz’s law, induces a
‘back’ e.m.f. in the coil which opposes the current producing the flux. This
back e.m.f. therefore restricts the current in the coil and limits it to a safe
value.
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fig 11.2 a pure inductor in an a.c. circuit

supply voltage

L x rate of change
of current

(b)

voltage across L

(c)
(a)

current

(d) 90°

This phenomenon gives rise to the property known as inductive react-
ance, X, of the inductor. Since the inductive reactance restricts the
current in the circuit, it has the dimensions of resistance. The current, I, in
a pure inductive reactance X is calculated from the equation

current, ] = 14 A (11.3)
L
where V7, is the voltage across the inductor in volts, and X, is the inductive
reactance of the inductor in ohms. For example, if a resistanceless coil of
10 ohms inductive reactance is connected to a 240-V supply, then the
current in the coil is

Turning now to the phase relationship between the voltage across the
inductor and the current through it, your attention is directed to Figure
11.2. Since the supply voltage is connected to the resistanceless inductor,
the voltage across the coil must be opposed by the back e.m.f. in the coil
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(this is clearly the case, since the coil has no resistance). You will recall
from the earlier work on inductors that

‘back’ e.m.f. in an inductor = inductance x rate of change of current
in the inductor

Al

L A (114)
where % is the ‘rate of change of current’; that is the current changes by
AI amperes in At seconds. To determine what the current waveshape itself
looks like, consider the voltage waveforem in Figure 11.2(b). Eqn (11.4)
relates the voltage across the inductor to the rate of change of current
through it; we therefore need to deduce a method of working back from
eqn (11.4) to the current waveshape. Since we may assume that the

inductance of the coil has a constant value, eqn (11.4) reduces to
voltage across

. f chan ¢ ’
the inductor  © rate of change (the ‘slope’) of the current waveform

where a means ‘is proportional to’, that is, doubling the voltage across the
inductor doubles the rate of change of current in the inductor. Looking at
the points A to E in Figure 11.2(b) we deduce the results in Table 11.1.

Bearing in mind the fact that the right-hand column in Table 11.1 is the
slope of the current waveform, we deduce that the actual shape of the
waveform of current through L is a sinewave which lags by 90° behind the
current waveform (see Figure 11.2(c)).

Table 11.1 Relationship between voltage and current waveforms in a
pure inductor

Point in figure 11.2(b) Value of voltage Slope of current waveform

A zero Zero
B positive (large) positive (large)
C Zero zero
D negative (large) negative (large)
E Zero zero

The same solution can be found using the calculus which is included for
the reader with a mathematical turn of mind. If the instantaneous supply
voltage vg is given by the expression

vg = Vgm sin wt
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where Vg, is the maximum value of the supply voltage and w is the
angular frequency of the supply in rad/s, and the instantaneous value of
the e.m.f., e, induced in the inductor is equal to v Js- Alsoe = It‘g’ where L
is the mductance of the inductor in henrys and ; is the rate of change of
current through the coil in amperes per second and since e =g, then

Ldi

— = Vg, sin wt

dt Sm

di = Ysm sin wt dt
L

Integrating the equation with respect to time gives the following result for
the instantaneous current, #, in the circuit

i=— Yom cosor=Ysm sin (wt — 90°)
wL wL
= I,,, sin (wt —90°) (11.5)

where (— cos wt) = sin (wt — 90°) and I,,, = Y8m .

wL
Equn (11.5) says that the current has a sinusoidal waveshape of maxi-
mum value 7,,, and lags behind the voltage across the inductor by 90°.

11.3 CALCULATION OF INDUCTIVE REACTANCE, X},

The value of the inductive reactance, Xy, can be determined from the
following relationship:

induced e.m.f. = inductance xrate of change of current in L
which can be rewritten in the form

average supply voltage = inductance L x average rate of change of
current in the inductor

You will recall from Chapter 10 that the average value of a sinewave is
0.637V,,, where V,, is the maximum value of the voltage. The average
rate of change of current is calculated as follows. Since the maximum
current I,, is reached after the first quarter cycle of the sinewave, the
average rate of change of the current in this quarter cycle is 7—{’2 , where
f is one quarter of the periodic time of the cycle. Now, the periodic time
of each cycle is T'= where fis the supply frequency in Hz. That is,

FR _uf

T/4 1/4f
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The equation for the average supply voltage therefore becomes
0.637V,, =L x4fl,,

or
Vi 4fL
! = = 6.284fL =2nfL = wL 11.6

I 0.637 f /i (11.6)

where w = 2nfL rad/sec. Now X, = I;A , where ¥ and I are the respective
r.m.s. values of the voltage across L and the current in it. Also Vg =
0.7071V,, and I=0.70711,),, then

_ Vi _0J071Vp _ Vm

1 0.7071 1,,, I,
and since l;m = wL, then
m
inductive reactance, X; = wL = 2nfL 2 (11.7)

Example
Calculate the current in a coil of 200 mH inductance if the supply voltage
and frequency are 100 V and 500 Hz respectively.
Solution
L=200mH=0.2 H; Vg=100 V;f=500 Hz
inductive reactance, X; = 2nfL = 2w x 500 x 0.2
6283 Q

From eqn (11.3)

11.4 X;,,I AND FREQUENCY

The equation of X, is 2nfL, which implies that the reactance of a fixed
inductance increases with frequency , that is

inductive reactance, X; « frequency, f

This relationship is shown as a graph in Figure 11.3. At zero frequency,
that is, at direct current, the value of X; is zero. At an infinitely high
frequency, the inductive reactance is infinitely large. This means that the
inductor ‘looks’ like a short circuit to a d.c. supply, and at infinite fre-
quency it looks like an open-circuit. This is illustrated by calculating the
reactance of a 200 mH inductor as follows
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fig 11.3 inductive reactance, current and frequency

*

7]

3

2

€8

/
0 frequency, f

frequency inductive reactance
zero Zero
500 Hz 628.3 Q
5 kHz 6.283 kQ
S MHz 6.283 MQ
5 GHz 6283 MQ

The current, 7, in a circuit containing only a pure inductor of reactance X,

Hence, as the frequency increases, so the inductive reactance increases and

the curreni reduces in value. This is illustrated in Figure 11.3. At zero
v, P

freqtlfxency Xy =0and/ =—0§ = oo, and at infinite frequency X; =0 and

I= 78 = 0.

Example

An inductor has an inductive reactance of 10 €2 at a frequency of 100 Hz.
Calculate the reactance of the inductor at a frequency of (i) 50 Hz, (ii)
400 Hz, (iii) 1500 Hz. If the supply voltage is 100 V r.m.s., determine also
the current in the inductor for each frequency.

Solution

Xy =10Q; =100 Hz
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If the inductor has a reactance of X, at frequency f; and X, at fre-
quency f; , then

Xz =2nfiL and X, =27f,L
dividing the equation X, by X gives
X 2hL f
or
5
fiy

If we let X7, =10 £ and f; = 100 Hz, then the reactances are calculated
as follows

Xp2 =Xp1 X

) I 50
=50Hz: X7, = X7, x =% =100 x —
@ £ L2 L1 R 100

50 2 (Ans.)

400
ii =400 Hz: X;, =100 x —
(i f; L2 100

=400 2 (Ans.)

(i) f, = 1500 Hz: Xg, =100 x 1150—0(? = 1500  (Ans.)

The current in the inductor is calculated as follows.

i) I= —= = _— =2 A (Ans.
@) iy (Ans.)
Vs _ 100
ii) I= —= = — =0.25 A (Ans.
(i) X, @ (Ans.)
i) 7= 28 = 19 _ 40667 A (Ans)
X, 150

11.5 CAPACITANCE IN AN a.c. CIRCUIT

We saw in Chapter 6 that when the voltage applied to a capacitor is in-
creased, the capacitor draws a charging current (and when the voltage is
reduced, the capacitor discharges). In an a.c. circuit the applied voltage is
continually changing, so that the capacitor is either being charged or dis-
charged on a more-or-less continuous basis.
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Capacitive reactance

Since a capacitorin an a.c. circuit allows current to flow, it has the property
of capacitive reactance which acts to restrict the magnitude of the current
in the circuit. As with inductive reactance, capacitive reactance has the
dimensions of resistance, that is, ohms. If V is the r.m.s. voltage across
the capacitance and X is the capacitive reactance of the capacitor, then
the equation for the r.m.s. current in the capacitor is

Ve (volts)

current, I =
Xc (ohms)

(11.8)

For example, if a voltage of 20 V r.m.s. is applied to a capacitor and the
current is 0.01 A, the capacitive reactance is

Suppose that the capacitor current is changing in a sinusoidal manner
as shown in Figure 11.4(b). It was shown in Chapter 6 that

capacitor charging current = capacitance, C x rate of change of
voltage across
“the capacitor
AVe
At

= Cx
where C is the capacitance of the capacitor in farads, and 8YC is the rate
of change of the capacitor voltage in ¥/s. Since the capacitor is the only
element in the circuit in Figure 11.4(a), the capacitor current is equal to
the supply current. We can determine the waveshape of the capacitor
voltage from the above relationship as follows. Since the capacitance, C,
in the foregoing equation is constant, then

capacitor current « rate of change (slope) of the capacitor voltage

An inspection of the points A-E on the capacitor current wave in Figure
11.4(b) provides the data in Table 11.2. Bearing in mind that the right-
hand column of the table is the slope of the voltage waveform, it can be
deduced that the shape of the waveform of the voltage across C is a sine-
wave which lags 90° behind the current through C (see Figure 11.4(c)).
The corresponding phasor diagram is shown in Figure 11.4(d).

The following alternative solution for the phase angle of the capacitor
voltage is obtained using the calculus. If the instantaneous current taken
by the capacitor is given by i = I,,; sin wt, where I, is the maximum value
of the current through the capacitor, and w is the angular frequency of the
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fig 11.4 pure capacitance in an a.c. circuit
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supply in rad/s, then the instantaneous voltage v across the capacitor is
given by

i=Cx —
dt

Table 11.2 Relationship between current and voltage waveforms in a
pure capacitor

Point in figure 11.4(b) Value of current  Slope of voltage waveform

A zero Zero
B positive (large) positive (large)
C zero zero
D negative (large) negative (large)
E zero zero
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where C is the capacitance of the capacitor in farads, and C is the rate of
change of the voltage across the capcitor in V/s. Since the current is sinu-
soidal, then

Cdve _ I, sin wt

dt
hence
I, .
dve = Y sin wt dt

Integrating the equation with respect to time results in the following
equation for the instantaneous voltage, v, across the capacitor:

— I
Ve = —2 cos wt =—2 sin (wt — 90°)
we we
= V,, sin (wt — 90°) (11.9)

where —cos wt = sin (wt —90°) and V,, = ;7'"., Eqn (11.9) says that the
voltage across the capacitor is sinusoidal and has a maximum voltage V,,,
and that the voltage lags behind the current by 90°.

11.6 CALCULATION OF CAPACITIVE REACTANCE, X¢

The value of the capacitive reactance, X, can be deduced from the fol-
lowing equation for the charging current:

capacitor current = capacitance x rate of change of voltage across C
which can be rewritten in the form

average current through capacitor = C x average rate of change of
voltage across capacitor

From Chapter 10, you will recall that the average value of a sinusoidal
current is 0.6371,,, where I,, is the maximum value of the current; this
value will be used in the above equation.

The average rate of change of voltage across the capacitor is calculated
as follows. Since the maximum voltage across the capacitor is V,,, and the
time taken to reach this value is I where T is the periodic time of the
wave, the average rate of change of voltage during the first quarter cycle is

Vm 4 . qs . s =1
0 2 =1
77 O Vin X T Now the periodic time for each cycle is T H hence

T =
a4
current through the capacitor becomes

0.6371L,, = C X 4f Vs

1 Vim = Vm = ;
a5 therefore T4 14 4fV,,. The above ewuation for the average
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therefore
Vm _ 0.637 _ 1 -1 _ 1
I, 4fC 6. 28fC 2nfc wC

where w =27f. Now X¢ = I , where V¢ and I are the respective r.m.s.
values of the voltage across and the current through the capacitor; also the
r.ms. voltage is given by V¢ =0.7071V,,, and the r.m.s. current by
I1=0.70711,,, hence

vV _ 07071V, _ Vm

capacitive reactance, X¢ = 7 = m ) Iy
m

1L 1 g (11.10)

B 2nfC  wC

Example
A sinusoidal current of 0.1 A r.m.s. value flows through a capacitor con-
nected to a 10-V, 1-kHz supply . Calculate the capacitance of the capacitor.
Solution
I=0.1A; Vc=10V; f=1kHz=1000 Hz
=Yc
From eqn (11.8),7 X or

Xc= % = —10—1 =100 Q
Now X¢ =~ hence
1 1

capacitance, C=

21fXe (27 x 1000 x 100)
= 1.592 x 1079 F or 1.592 uF (Ans.)

11.7 X, 1 AND FREQUENCY

Since the equation for X is 21rfC’ then for a fixed value of C the capa-
citive reactance decreases with frequency, or
1

capacitive reactance, X ¢ ————
frequency

The relationship is shown in graphical form in Figure 11.5. At zero fre-
quency, that is, direct current, the value of X is given by

XC= =00 ()

(=N
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fig 11.5 capacitive reactance, current and frequency

capacitive reactance
and current

frequency

That is, the capacitor has infinite reactance to the flow of direct current.

As the frequency increases, X, decreases and, at infinite frequency
(which is beyond the scale of the graph in Figure 11.5), the capacitive
reactance is

That is the capacitor presents no opposition to the flow of very high
frequency current. This can be summarised in the following.

At zero frequency (d.c.) the capacitor ‘looks’ like an open-circuit,
and at infinite frequency it ‘looks’ like a short-circuit. For example a
capacitor with a reactance of 100 2 at a frequency of 1000 Hz has a
reactance of 200 £2 at 500 Hz, and a reactance of 50 £ at 2000 Hz.

The current in a circuit containing only a pure capacitance of reactance
XC is

That is, as the frequency increases so the current through the capacitor
increases. At zero frequency the capacitive reactance is infinity, so that the
current is

Ve

I=2€ =0A
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fig 11.6 a full-wave rectifier and smoothing circuit with waveforms
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11.8 SUMMARY OF CURRENT AND VOLTAGE RELATIONSHIPS
In an inductor we may say that EITHER

the current through L lags behind the voltage across it by 90°,
OR

the voltage across L leads the current through it by 90°,
In a capacitor we may say that EITHER

the voltage across C lags behind the current through it by 90°,
OR

the current through C leads the voltage across it by 90°.
These are neatly summarised by the mnemonic CIVIL as follows:

InC,Ileads V
CIVIL

VleadsIin L

11.9 APPLICATIONS OF INDUCTIVE AND CAPACITIVE REACTANCE

Whenever an inductor or capacitor is used in an a.c. circuit, its effect is felt
in terms of its reactance. A popular application of both L and C are in a
‘smoothing’ circuit which acts to ‘smooth out’ the ripples in the output
voltage from a rectifier circuit (a rectifier is a circuit which converts an
alternating supply into a d.c. supply; the operation of rectifiers is fully
described in Chapter 16 and need not concern us here).

The circuit in Figure 11.6 shows a full-wave rectifier which converts
both positive and negative half-cycles of the alternating supply (hence the
name full-wave) into a unidirectional or d.c. supply. During the positive
half-cycles A-B and C-D of the a.c. wave, the rectifier produces a positive
output voltage (shown in Figure 11.6(b) as A'-B' and C'-D’, respectively).
During the negative half cycles B-C and D-E of the a.c. wave, the rectifier
once more produces a positive output voltage (shown as B'-C' and D'-E").
The resulting ‘d.c.’ output waveform is shown in Figure 11.6(b).
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The latter waveform can be considered to consist of two part which can
be added together to form the composite waveform in Figure 11.6(b).
These parts are the ‘steady’ d.c. output voltage V4 . (see Figure 11.6(c)),
and an ‘a.c.’ component (Figure 11.6(d)). The composite rectified wave
(Figure 11.6(b)) is applied to an L-C ripple filter; you will see that the
output current from the rectifier must flow through L, and that C is con-
nected between the output terminals.

It is important to note that L has little resistance and therefore does
not impede the flow of d.c. through it.

The frequency of the ‘ripple component’ of the wave (which is the ‘a.c.’
component of the composite output) in Figure 11.6(d) has the following
effect on the smoothing circuit:

1. the reactance of the inductor is fairly high (remember, inductive
reactance increases with frequency);

2. the reactance of the capacitor is fairly low (remember, capacitive react-
ance reduces with increasing frequency).

The two reactance effects combine to reduce the ‘ripple’ voltage at the
output terminals as follows. The high inductive reactance impedes the flow
of ripple current through the reactor (this current can be regarded as ‘a.c.’
current) and the low reactance of the capacitor applies an ‘a.c. short-
circuit’ to the output terminals. The former restricts the flow of ripple
current to the d.c. load, and the latter by-passes the ripple current from
the load. In this way, the L-C circuit smooths out the ripple at the output
terminals of the circuit.

When an inductor is used in a smoothing circuit in the manner described
above, it is known as a choke since it ‘chokes’ the flow of ripple current.
The capacitor is sometimes described as a reservoir capacitor since it acts
as a reservoir of energy during periods of time when the output voltage of
the rectifier approaches zero; that is at A, B’, C', D', etc. in Figure 11.6(b).

Another application of inductive and capacitive reactance is in the
tuning of radios and televisions. A ‘tuning’ circuit consists of an inductor
connected in parallel with a capacitor, one of the two components having
a variable value. The tuning control has the effect of altering either the
capacitance of the capacitor or the inductance of the inductor. When the
circuit is ‘tuned’ to the desired frequency, the impedance to a.c. current
flow is at its highest, so that for a given current flow the voltage across it is
at its highest.

The impedance of the parallel circuit is lower to frequencies other than
that to which it is tuned, so that it is less sensitive to these frequencies. In
this way the tuning circuit rejects other frequencies than the one selected
by the L and C of the circuit.
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SELF-TEST QUESTIONS

1. The power consumed in an a.c. circuit containing a pure resistance is
200 W. If the supply voltage is 240 V, determine the current in the
circuit and the resistance of the circuit.

2. What is meant by (i) inductive reactance, (ii) capacitive reactance?
Circuit A contains an inductance of reactance 150  and circuit B
contains a capacitance of reactance 80 2. If the supply voltage is
100 V, calculate for each circuit (i) the current in the circuit and (ii)
the phase angle of the circuit.

3. An inductance of 0.5 Hisconnected to a 100-V a.c. supply of frequency
(i) 50 Hz, (ii) 60 Hz, (iii) 1 kHz. Calculate in each case the inductive
reactance and the current in the circuit.

4. An ac. supply of 10V, 1kHz is connected to a capacitor. If the
current in the circuit is 0.628 A, calculate the capacitance of the
capacitor.

5. The reactance of (i) an inductor, (ii) a capacitor is 100 2 at a frequency
of 850 Hz. Determine the reactance of each of them at a frequency of
125 Hz.

SUMMARY OF IMPORTANT FACTS

In a pure resistive circuit, the current is in phase with the voltage across
the resistor. In a pure inductive circuit, the current lags behind the voltage
across L by 90°. In a pure capacitive circuit the current in the capacitor
leads the voltage across it by 90°. The mnemonic CIVIL is useful to
remember these relationships (in C, I leads V; V leads I in L).

The current in a resistive circuit is given by & YR , and the power con-
sumed is I°R.

Inductive reactance, X , is given by the equation

X, =2nfL (finHz, L in henrys)

and the current in L is given by I = L . The inductive reactance increases

in proportion to the frequency, that is X; af.
Capacitive reactance, X, is given by the equation

Xc= (fin Hz, C in farads)

21rfC

and the current in C is given by I= XE The capacitive reactance is

inversely proportional to frequency, that is X, « l (X¢ reduces as f
increases).
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SINGLE-PHASE a.c.

CALCULATIONS

12.1 A SERIES R-L-C CIRCUIT

A single-phase circuit containing a resistor, an inductor and a capacitor
is shown in Figure 12.1. You will recall that the phase relationship between
the voltage and the current in a circuit element depends on the nature of
the element, in other words, is it an R or an L or a C? This means that in
an a.c. circuit you cannot simply add the numerical values of Vg, V; and
Ve together to get the value of the supply voltage Vg; the reason for this
is that the voltage phasors representing Vg, V;, and V ‘point’ in different
directions relative to the current on the phasor diagram. To account for
the differing ‘directions’ of the phasors, you have to calculate Vg as the
phasor sum of the three component voltages in Figure 12.1. That is

supply voltage, Vg = phasor sum of Vg, ¥V and V¢

To illustrate how this is applied to the circuit in Figure 12.1, consider the
case where the current, /,is 1.5 A, and the three voltages are

Vg =150V, ¥, =200V, Vo =100V

fig 12.1 an R-L-C series circuit

- - -
R c
N\
2O
-
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We shall consider in turn the phasor diagram for each element, after which
we shall combine them to form- the phasor diagram for the complete
circuit.

The phasor diagram for the resistor (Figure 12.2(a)) shows that the
voltage Vg across the resistor is in phase with the current /. Phasor dia-
gram (b) for the inductor shows that the voltage V;, across the inductor
leads the current I (remember the mnemonic CIVIL). The phasor diagram
for the capacitor (Figure 12.2(c)) shows the current I to lead the voltage
Ve across the capacitor by 90°.

The phasor diagram for the complete circuit is obtained by combining
the individual phasor diagrams. Since the current, /, is common to all
three elements in the series circuit, it is drawn in the horizontal or reference
direction. The combined phasor diagram is shown in Figure 12.2(d). First,
Vy, is shown leading I by 90°; next, Vg is added to ¥, (remember, Vy is
in phase with I, and therefore ‘points’ in the horizontal direction); next
Ve is added to the sume of ¥ and Vg to give the phasor sum of V;, V¢

fig 12.2 phasor diagrams for (a) R, (b) L and (c) C in Figure 12.1. The
phasor diagram for the complete circuit is shown in (d)

200V A V. =X,

150 V \90
S\ :
Ve =IR I=15A /=15A
(a) (b)
/=15A 150V Vg =R
200V kv, - /x,
Vc=/Xc
100 V
100V Y Ve =/x, 100V —— —— —— —A v
V2
(c) QS// }
|
[ {Y
0 150V /=15V

(d)
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and V¢, which is equal to the supply voltage V. In engineering terms, the

phasors ¥V and V¢ are in quadrature with /, meaning that they are at an

angle of 90° to / or to the reference ‘direction’. The supply voltage Vg has

two components, namely its horizontal component and its quadrature

component. These can be calculated from the phasor diagram as follows.
Since ¥, and V¢ do not have a horizontal component, then

horizontal component of Vg = Vg =150V

Since Vi does not have a quadrature component, the upward (quad-
rature) component of Vg is

quadrature component of Vg = V; — V¢
= 200 —100=100V

The triangle OVgY in Figure 12.2(d) is a right-angled triangle, and from
Pythagoras’s theorem

Vs = +/[(horizontal component)? + (vertical component)?]
V/[150% +100%] =+/32500
1803V

The phase angle, ¢, for the complete circuit (see Figure 12.2(d)) is calcu-
lated from the trigonometrical relationship

vertical component of Vg

tan¢ =
horizontal component of Vg
= 100 0.6666
150
hence

¢ =tan"! 0.6666 = 33.69°

where tan™! 0.6666 means ‘the angle whose tangent is 0.6666°. The
expression tan™! is also known as ‘arc tan’.

In the circuit for which the phasor diagram in Figure 12.2(d) is drawn,
the current I lags behind the supply voltage Vg by angle ¢ (alternatively,
you may say that the supply voltage leads the current).

12.2 VOLTAGE DROP IN CIRCUIT ELEMENTS

In a pure resistor, the voltage drop across the resistor is given by the
equation

Vg =IR (12.1)
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where 7 is the r.m.s. value of the current. This is shown in the phasor
diagram in Figure 12.2(a). For the values given in that case (/=1.5 A,
Vg =150 V), the resistance is

_ Vg _ 150(V) _

In a pure inductive reactance, the voltage drop across it is given by the
equation
Ve =IXy (12.2)

and is illustrated in Figure 12.2(b). For the values given in the problem
(I=1.5 A, Vy, =200 V), the value of X, is

Xy = s -1330

Finally, in a pure capacitive reactance, the voltage drop across the capacitor
is

Ve=IXc (12.3)

This is shown in Figure 12.2(c); for the values given I=15A, Vo=
100 V) the value of X is

12.3 CIRCUIT IMPEDANCE, Z

The total opposition to the flow of alternating current of the circuit is
known as the impedance of the circuit, symbol Z. That is, Z is the effec-
tive opposition to alternating current flow of all the components (R, L and
C) in the circuit. The magnitude of the r.m.s. current flow, 7, in an a.c.
circuit connected to a sinusoidal voltage Vy is given by

Vs
z

I= (12.4)
where Z is the impedance of the circuit.

Taking the values given in the example in Figure 12.2, the impedance
of the circuit is
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This value should bé compared with the ohmic values of the elements in
the circuit, namely

R=100
X, =1333Q
Xc=66.6%Q

You should carefully note that the value of the impedance is not equal to
the sum of the ohmic values of the circuit components; the impedance Z is
calculated from R, X, and X as follows.

Figure 12.3(a) shows the voltage components for the series circuit in
Figure 12.1 (see also the phasor diagram in Figure 12.2(d)). The voltage
triangle for the circuit comprises Vg, Vg and Vj, where ¥V is the effec-
tive quadrature voltage in the circuit (that is Vg = V, — V). The value of
each side of the voltage triangle is expressed in terms of

current () x ohmic value (R, X or Z)

so that if you divide each side of the voltage triangle by 7, you will be left
with the impedance triangle of the circuit (see Figure 12.3(b)) showing
the respective ohmic values of the circuit, namely R, (X; — X¢) and Z.
You will also note that the phase angle, ¢, of the circuit between voltage
Vg and I is the same as the angle between Z and R in the impedance
triangle. That is to say, you can calculate the phase angle of the circuit
from a knowledge of the ohmic values in the circuit!

Since the impedance triangle is a right-angled triangle, the value of the
impedance Z can be determined by Pythagoras’s theorem as follows:

Z=\/[R2 +(XL —Xc)2] (12.5)

fig 12.3 (a) the voltage triangle for a series circuit and (b) the impedance
triangle

XL —Xc

Vg = IR R

(a) (b)
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Using the values calculated for the series circuit in Figures 12.1 and 12.2
(R=100 %, X; =133.3 Q, X =66.6 ), the impedance Z of the circuit
is calculated as follows

Z = [R* + (XL - X¢)*]
= 4/[100? +(133.3 — 66.6)*]
= 4/[10000 +44499] = 1202 Q

You will note that the above value is the same as that calculated from the
equation Z = _Vli

12.4 POWER IN AN a.c. CIRCUIT

It was shown in Chapter 10 that when the current and voltage are 90° out
of phase with one another, the power consumed by the circuit is zero. You
have already seen that the phase angle not only for a pure inductor but
also for a pure capacitor is 90°; that is

the power consumed by a pure inductor and a pure capacitor is
zero.

However, a practical circuit consists of a mixture of inductors, capacitors
and resistors, and the power loss in the circuit occurs in the resistive parts
of the circuit in the form of 7?R loss.

Moreover, since a coil is wound with wire which has resistance, every
coil has some resistance; consequently, there is some power loss in the coil
(there is, in fact, no power loss in the purely inductive part of the coil).
Also, as mentioned earlier, there is also some power loss in the coil if it has
an iron core attributed to eddy-current loss (due to current induced in the
iron core) and to hysteresis loss (due to the continued reversal of the mag-
netic domains as the alternating current reverses the direction of magne-
tisation of the magnetic field). The two latter types of power loss have the
effect of increasing the effective resistance of the coil. You must therefore
remember that a practical coil is far from being a perfect inductor.

Although a practical capacitor is a more-nearly ‘perfect’ element, it too
has some imperfections. Its dielectric is, in fact, not a perfect insulator,
but allows ‘leakage’ current to flow through it; that is, it has some ‘leakage
resistance’.

A practical coil and a practical capacitor can be represented in the
forms shown in Figure 12.4. The coil is represented by inductor L in series
with resistor R which represents the combined effects of the resistance of
the coil, the eddy-current power-loss, and the hysteresis power-loss. A
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fig 12.4 the equivalent circuit of (a) a practical coil, (b) a practical capacitor

r

R L
J S
(o
(a) (b)

practical capacitor can be regarded as a pure capacitor C in parallel with
resistor r, the resistance representing the ‘leakage resistance’.

Consider now the series circuit in Figure 12.5 consisting of a resistor in
series with a pure inductor (alternatively, you may think of the complete
circuit as a single practical coil), connected to an a.c. supply. The circuit
has an impedance Z of

Z=+/(R*+X2%)=+/(10% +15%)=18.03 Q

The current 7 in the circuit is given by

Now, the pure inductive element does not itself consume power, so that
the power consumed by the circuit is

power,P=I*R=13.312x10=1771.6 W
The apparent power consumed by the circuit is
apparent power, S = Vgl =240 x 13.31 =3194.4 VA
and the quadrature power or VAr consumed is
quadrature power, Q =+/(5? — P?)
=4/(3194.4%> — 1771.6%) =2658.1 VAr

The above data allow us to calculate the power factor of the circuit as
follows:

‘real’ power
apparent power

_ 17716
3194.4

power factor = = f
S

=0.555

That is, 55.5 per cent of the volt-amperes consumed by the circuit are
converted into watts.
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fig 12.5 a series a.c. circuit calculation

Now it was shown in Chapter 10 that the power factor of the circuit is
equal to cos ¢ for the circuit, where ¢ is the phase angle between the
supply voltage and the current drawn by the circuit. If we draw the phasor
diagram for the circuit as shown in Figure 12.6, we see that

Ccos ¢ = Vi = B = 5
s 1Z Z
that is for the circuit in Figure 12.5, the power factor is
power factor = cos ¢ = R__10 . 0.555
Z 1803

This shows that the power factor can be calculated either from a knowledge
of the watts and volt-amperes, or from a knowledge of the resistance and
reactance of the circuit elements.

12.5 PARALLEL a.c. CIRCUITS
A parallel circuit is one which has the same voltage in common with all its

circuit elements. A typical parallel R-L-C circuit is shown in Figure 12.7.
The phasor diagram for the complete circuit is deduced from the phasors

fig 12.6 phasor diagram for an R-L series circuit
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fig 12.7 a parallel a.c. circuit

of the individual parallel branches. The calculation is kept as simple as
possible by using ‘pure’ C and L elements in the bottom and centre
branches of the circuit respectively.

The phasor diagram for the resistive, the inductive and the capacitive
branches of the circuit are shown in diagrams (a), (b) and (c), respectively
of Figure 12.8. In the case of a parallel circuit Vg is common to all
branches, so that the supply voltage is used as the reference phasor, and is
shown in the horizontal (reference) direction.

Applying Kirchhoff’s first law to junction A (or to junction B) of
Figure 12.7, and bearing in mind that we are dealing with an a.c. circuit,
the supply current is given by the equation

supply current, I = phasor sum (I + I, +1¢) (12.6)

The complete phasor diagrams is obtained by adding the current phasors
according to eqn (12.6) as shown in diagram (d) of Figure 12.8. The mag-
nitude of the individual currents are calculated below:

Vs _ 100 . .
I = —= = — =5 A (in phase with V,
R R 20 ( p S)
I =Y8 =19 _ 10 A (lagging Vs by 90°)
L 10
Io = V5= 190 1 A (leading Vg by 90°)

Xc 100
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fig 12.8 phasor diagrams for (a) the resistive branch, (b) the inductive .
branch, (c) the capacitive branch and (d) the complete circuit

Vs

(a)

90
(b)
Vs
=22
Y X,
V.
Ic = ’s
Xe
(c) 90°
—— Vs
T Vs
(d) | = phasor sum of /; , /g and /¢

Ic

N L———————-—l

Ip

The horizontal component, I, of the total current is given by
horizontal component, I, = Ig p.245
The vertically downwards component, I, of the total current is

Iv=IL—IC=10—1=9A
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The magnitude of the total current, /, drawn from the supply is determined
using Pythagoras’s theorem as follows:

total current, I = \/(I2 + I2) =1/(5% +9?)
=103 A

You will see from Figure 12.8(d) that I lags behind Vg by angle @,
where

vertically downwards component of /

tan ¢ = -
horizontal component of /

= —(IL —Ic) = 2 =18
Ix 5

hence
phase angle, ¢ = tan~! 1.8 = 60.95°
The power factor of the circuit is given by
power factor = cos ¢ = cos 60.95° = 0.4856
and thepower consumed by the complete circuit is
power, P= Vgl cos ¢ = 100 x 10.3 x 0.4856
= 500 W

Since the inductor and the capacitor are ‘pure’ elements they do not con-
sume any power, and all the power is consumed in resistor R. To verify
this fact we will calculate the power consumed in R as follows:

power consumed in R = IR = 5% x 20 = 500 W
12.6 RESONANCE IN a.c. CIRCUITS

The word resonance means ‘to reinforce a vibration or oscillation’. When
resonance occurs in an electrical circuit, the circuit acts either to reinforce
the current taken from the supply (series resonance or acceptor resonance)
or to reinforce the current circulating between the branches of a parallel
circuit (parallel resonance or rejector resonance).

The resonant condition occurs when the reactive elements (L and C)
have values which cause the circuit to ‘vibrate’ electrically in sympathy
with the electrical supply; this produces the reinforcement of either the
voltage or current within the circuit.

The reason for resonance in an electrical circuit is, in fact, the inter-
change of the stored energy between the electromagnetic field of the
inductor and the electrostatic field of the capacitor.
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The electrical circuit‘resonates’ at some frequency fo Hz (or wg rad/s),
and the current I is in phase with the supply voltage at the resonant
frequency. That is, a circuit containing L and C appears at the resonant
frequency as though it were a pure resistive circuit (see I in Figure 12.9).
At any other frequency the current either leads the supply voltage (see /;
in Figure 12.9). or it lags behind it (see I3).

fig 12.9 resonance in an a.c. circuit

/h

- A

- VS

X

12.7 SERIES RESONANCE

From eqn (12.5) the impedance of a series circuit at any frequency, is
given by

impedance, Z =v/[R? + (X, — X¢)?]
If both sides of the equation are ‘squared’ it becomes

Z* =R* +(X, - Xc)?

At the resonant frequency (fp or wg), the ‘impedance’ is purely resistive
(it must be resistive since the current and voltage are in phase with one
another!); that is, the ‘reactive’ part (X, — X¢)? must be zero. This part
of the equation can only be zero if X; = X¢, that is, if

|

wol= ——
° («J()C

Hence the resonant frequency of the circuit is given by

1
wo = rad/s (12.7)
Lo
where L is in henrys and C in farads. However, since wg =2afoC, the
resonant frequency fo is

_ 1
[27V(LO)]

fo (12.8)



246

For the circuit in Figure 12.10, L= 0.1 H and C= 10 uF, the resonant
frequency is

1 _ 1

= = = 1000 rad/s
€O T JLC)  V(01x[10x10-°]) /
and
fo__‘“’_o - 1000 =1592 H
2m 27

You will note that the resistance of the circuit does not appear in any of
the foregoing calculations since it does not affect the resonant frequency
of the series circuit.

As a matter of interest we will calculate the value of X; and of X at
resonance as follows:

X, = woL =1000x0.1=100 K
1 1

X = = =100
€ woC (1000 x [10x 10-%])
fig 12.10 series resonance

C L R
10 4F 0.1H o

()

—/
-
Vs =10V

Resonance curves for a series circuit

At very low frequency, the capacitive reactance of the capacitor is very
high (remember, Xo = —), with the result that impedance of the series
circuit is very high at low IC equency. Consequently, the current flow in the
circuit is small at low frequency (see Figure 12.11).

As the frequency of the supply increases, the capacitive reactance
reduces in value, and with it the circuit impedance reduces in value. This
results in an increase in current as the frequency increases in value (it being
assumed for the moment that the supply voltage remains constant).

The current in a series circuit reaches its maximum value at the resonant
frequency, when Z=R and [ = _Vis,
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fig 12.11 frequency response of an R-L-C series circuit

to infinity

|

125A
§ 100A
5
[3)

20A

fo = 159.2 Hy

frequency

Beyond the resonant frequency there is a reduction in the circuit
current (see Figure 12.11) for the following reason. As the frequency
increases, the inductive reactance increases (remember, X; =2afL) at a
rate which is greater than the reduction in capacitive reactance. This results
in a net increase in circuit impedance beyond the resonant frequency.
Consequently, the current diminishes when the frequency passes through
resonance.

At infinite frequency the inductive reactance Xy, is infinitely large, so
that the impedance of the circuit becomes infinity. That is, at infinite
frequency the current diminishes to zero.

The curves in Figure 12.11 (known as the frequency response curves)
show the variation in current in a series circuit for various values of fre-
quency (the supply voltage being constant). You will see that the maxi-
mum r.m.s. value of current in the circuit is given by I = VS fora supply
voltage of 10 V r.m.s., the resonant current in the circuit for a circuit
resistance of 5 Q is ? =2 A, for a resistance of 1 Q is% =10 A eétc,and
for a resistance of zero ohms is %o- =0 A,
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12.8 Q-FACTOR OR QUALITY FACTOR OF A SERIES RESONANT
CIRCUIT

We will illustrate the Q-factor or voltage magnification factor of a series
circuit at resonance by means of the circuit in Figure 12.10. The impedance
of the circuit at its resonant frequency of 1000 rad/s is

Z=+v[R*+ (XL, — X¢)*] =+/R* + (100 — 100)*]
=R=1Q

The current drawn from the 10-V supply at resonance is

Since this current flows through R, L and C, the voltage across each of
these elements is

=R=10x1=10V
vV, = IX; =100 x 10 = 1000 V
Ve = IXc =100 x 10 = 1000 V

o
I

Although the supply voltage is only 10 V, the voltage across L and across
C is 1000 V! That is, the circuit has ‘magnified’ the supply voltage 100
times! This is a measure of the ‘quality’ of the circuit at resonance; the
value of this magnification is given the name Q-factor.

Let us determine how its value can be calculated. As you can see from
the above calculations, the voltage across R is equal to the supply voltage,
that is

VS =Vg =IR
The voltage V- across the capacitor is equal to IX, hence the Q-factor is

voltage across C at resonance

Q-factor =
voltage across R at resonance
= I_Xg = & = 1/ wOC
IR R R
1
i (12.9)
woCR
Similarly
Q-factor = voltage across L at resonance

voltage across R at resonance
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IXL _XL woL

= 2L = 4L - 0~ 12.10
IR R R ( )
Referring to the circuit in Figure 12.10 and using eqn (12.9)
Q-factor = 1
woCR

1

= 100
[1000 x (10 x 107%) x 1]

It is left as an exercise for the reader to verify that eqn (12.10) gives the
same result.

12.9 FEATURES OF SERIES RESONANCE

You can observe from the foregoing that the total impedance of a series
circuit is at its lowest value at the resonant frequency, hence the largest
value of current flows in the circuit at resonance. In the case of an elec-
tronic circuit, the resistance of the circuit is usually fairly high so that even
at series resonance the current does not have a very high value.

On the other hand, in an electrical power circuit the resistance values
are low (often only a fraction of an ohm), so that the current at resonance
can have a dangerously high value. The high value of current produces not
only damaging heating effects but also very high values of voltage across
the inductors and capacitors in the circuit (remember, the voltage across
these is Q times the supply voltage!) Both these effects can damage the
circuit elements, and it is for this reason that series resonance is avoided in
power circuits.

12.10 PARALLEL RESONANCE

Resonance occurs in the parallel circuit in Figure 12.12 when the total
current [ is in phase with the supply voltage Vg; it occurs at the resonant
frequency wqg rad/s or fo Hz. The total current 7 is determined from the
expression

total current, / = phasor sum of I; and I

Now, the current in the branch containing the pure inductor is



250

and the current in the capacitive branch is

At the resonant frequency, wg, the reactive component of the total cur-
rent is zero, that is Iy = I or

Vs . Vs
X, Xc
that is
XL =Xc
or .
wol = o?C—

Cross-multiplying and taking the square root of both sides of the equation
gives the resonant frequency wq as

1
wo = rad/s (12.11)
VILO)
or
fo= — (12.12)
21/(LC)
For the circuit in Figure 12.10
0" JIC)  V(0.1x[10x107%])
= 1000 rad/s
or
fo= 20 = 1000 _ 15991,
27 27

Comparing the equations for the resonant frequency for the series circuit
(eqns (12.7) and (12.8)) and those for the simplified parallel circuit above,
you will see that they are the same!. However, whilst it is true that the
resistance of the series circuit does not affect the calculation for the
resonant frequency of the series circuit, it does in fact affect the parallel
circuit. This fact did not arise in the case of Figure 12.12 since it was
assumed that the coil was a ‘perfect’ inductor. It can be shown that if the
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fig 12.12 parallel resonance

V5=10V

coil contains some resistance R, the equation for the resonant frequency
of the parallel circuit is

_ 1 R?
wo - \/ (L—C - L—2> rad/s

and
fo =29
2

If the resistance of the coil in Figure 12.12 is 1 §, the resonant frequency
is calculated to be 999.95 rad/s or 159.15 Hz (compared with 1000 rad/s
and 159.2 Hz, respectively), but if the resistance of the coil is 500 £2, the
resonant frequency is 866 rad/s or 137.8 Hz! Clearly, only if R is much
less in value than X at the resonant frequency can its value be ignored.

12.11 CURRENT DRAWN BY A PARALLEL RESONANT CIRCUIT

The total current, /, drawn by a parallel resonant circuit at resonance is
best determined by means of an example. Take the case of the circuit in
Figure 12.12. The impedance of the inductive branch at the resonant
frequency of 1000 rad/s is

X1 = woL =1000 x 0.1 =100 £
The impedance of the capacitive branch at the resonant frequency is
1 1

Xo = = =100 Q
€ woC (1000 x [10 x 10-°])
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The current, I}, in the inductive branch is

IL = & = .& =01A
Xt 100
and the current /¢ in the capacitive branch is
IC = _I/i = ﬂ =0.1A
Xc 100

Let us now look at the phasor diagram for the circuit at the resonant
frequency in Figure 12.13. The current in the inductive branch lags 90°
behind Vg, and the current I in the capacitive branch leads Vg by 90°.
Now, the total current / drawn by the circuit is the phasor sum of Iy, and
Ic; this is clearly seen to be zero in Figure 12.13. We now have to solve
the apparent dilemma of the circuit, namely that whilst a current flows in
both L and C, no current flows in the main circuit!

fig 12.13 current at resonance in a parallel circuit

Alc=01A
/=0

' Vs
Yi=01A

A reason for this is offered by the waveform diagram for the circuit in
Figure 12.14. Under resonant conditions, the value of the current in each
branch has the same value (see the calculation above) but, whilst I leads
Vs by 90°, I, lags behind Vg by 90°; the corresponding waveform dia-
grams are as illustrated in Figure 12.14. If we add I, and I together at
every instant of time, we see that the total current [ is zero.

The value of the total current can also be arrived at by considering the
energy flow in the circuit. During the period A-B in Figure 12.14, the
capacitor is absorbing energy from the supply (I is positive!) and, at the
same time, the inductor is returning energy to the supply (I, is negative!).
In effect, during the period A-B, the energy which is given up by L is
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fig 12.14 waveforms in a parallel resonant circuit

absorbed by C! Hence, during that period of time there is no need for the
power supply to provide energy (current) to the circuit.

That is, a parallel resonant circuit containing a pure inductor and a pure
capacitor does not draw any current from the supply.

Current drawn when the circuit contains resistance
In a practical circuit, the coil in the circuit contains some resistance (as
does the wiring and the capacitor for that matter), which consumes elec-
trical energy. This energy must be supplied by the power source in the
form of a current; that is, a ‘practical’ parallel resonant circuit takes some
current from the supply at the resonant frequency.

The resistance, Rp (known as the dynamic resistance), of a practical
resonant circuit at resonance is given by the equation

L
Rp=—Q
DT R
For example, if L=0.1 H,C=10 uF and R = 1 §, then
L 0.1

Rp~=

—_— = = 10000 2
CR ([10x107%] x1)
You may like to check that if R =10 § then Rp = 1000 £, and if R =
100 © then Rp = 100 2. With a supply voltage of 10 V, the total current,
I, drawn from the supply at the resonant frequency (calculated from the
equation I = }—%) for various values of R is as listed in Table 12.1.

The current-frequency curves are shown in Figure 12.15. The interest-
ing point to note about the curves is that the current drawn by the circuit
at resonance rises as the resistance of the inductive branch of the circuit
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Table 12.1 Dynamic resistance and current for a parallel resonant circuit
having resistance R ohms in its inductive branch

Resistance, R Dynamic resistance, R p Current at resonance, 1
ohms ohms amperes
0 o0 0
1 10000 0.001
10 1000 0.01
100 100 0.1

fig 12.15 current-frequency graph for a parallel circuit having various
resistance values

0.1

current, A

0.01

0.001

fo =159.2 H Z +

frequency

rises. This is explained by the fact that more energy is dissipated in the
resistive branch when it has a higher resistance.

12.12 Q-FACTOR OF A PARALLEL RESONANT CIRCUIT

The quality factor or Q-factor of a parallel resonant circuit is equal to the
current magnification that the circuit provides at resonance, as follows:
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current in C (or in L) at resonance
current drawn from the supply at resonance

1T

Q= factor =

where I; is the current in the coil, that is, in the inductive branch. The
Q-factors for the parallel circuit having the dynamic resistances listed in
Table 12.1 are given in Table 12.2. You can also use the following equa-
tion to calculate the Q-factor for a practical parallel circuit containing
some resistance in the inductive branch.

wolL
Q= _;_ (12.13)
Q= L (12.14)
woCR
Table 12.2 Q-factor of a parallel resonant
circuit
R(2) I(4) IC(4) Y
0 0 0.1 o0
1 0.001 0.1 100
10 0.01 0.1 10
100 0.1 0.1 1
SELF-TEST QUESTIONS

1. A series R-L-C circuit contains a 100-£2 resistor, a 0.5-H inductor and a
10-uF capacitor. If the supply frequency is 200 Hz, calculate the react-
ance of the inductor and of the capacitor, and the impedance of the
circuit.

2. In question 1, if the supply voltage is 10 V r.m.s., calculate the current
in the circuit and the voltage across each element in the circuit. Draw
the phasor diagram of the circuit to scale. What is the power consumed
and the power factor of the circuit?

3. The three elements in question 1 are reconnected in parallel with one
another in the manner shown in Figure 12.7. If the supply voltage is
10V, 200 Hz, calculate (i) the current in each branch of the circuit,
(ii) the total current drawn by the circuit, (iii) the phase angle of the
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total current with respect to the supply voltage and the circuit power
factor, (iv) the VA, the power and the VAr consumed by the circuit.
Draw the phasor diagram of the circuit to scale.

4. What is meant by resonance in an a.c. circuit? Explain under what
conditions (i) series resonance, (ii) parallel resonance occurs.

5. A series circuit containing a resistor of 10 2 resistance, an inductor of
0.05 H inductance and a capacitor resonates at a frequency of 1 kHz.
Calculate the capacitance of the capacitor. If the supply voltage is 15V,
determine the current in the circuit at resonance.

6. Determine the Q-factor of the circuit in question 5.

SUMMARY OF IMPORTANT FACTS

The impedance of a circuit is its total opposition to flow of current.

The voltage triangle of a series circuit shows the voltage across the
resistive elements (IR ), and across the reactive elements (IX = IX; — IX¢),
and across the complete circuit (/Z). The phase angle of the circuit is the
angle between the supply voltage and the current drawn from the supply,
and can be determined from the angle in the voltage triangle. The imped-
ance triangle for a circuit is obtained by dividing each side of the voltage
triangle by the current, I, and shows the total resistance, the effective
reactance, and the impedance of the circuit.

The volt-amperes (VA) or apparent power consumed by an a.c. circuit
is equal to the product of the supply voltage and the supply current. The
power consumed is either equal to the sum of the />R products in the
circuit (the power loss in all or the resistors), or is equal to Vgl/cos @,
where Vg is the supply voltage, I is the current drawn from the supply and
¢ is the phase angle between Vg and /.

In a series circuit, the phasor sum of the voltages across the circuit
elements is equal to the supply voltage. In a parallel circuit, the phasor
sum of the current in each of the branches is equal to the supply current.

Resonance occurs in an R-L-C circuit when the current drawn from the
supply is in phase with the supply voltage. A series resonant circuit is
known as an acceptor circuit; a parallel resonant circuit is known as a
rejector circuit.

The impedance of a series resonant circuit is equal to the resistance of
the circuit. The impedance of a parallel resonant circuit is known as the
dynamic impedance of the circuit and is equal to Z,—L— ohms, where R is the
resistance in the inductive branch of the circuit; tl!fe dynamic impedance
of a parallel circuit usually has a very high value.

The Q-factor of a resonant circuit is a measure of the quality of the
circuit in terms of magnifying either the voltage (series resonance) or the
current (parallel resonance).
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POLY-PHASE a.c.

CIRCUITS

13.1 FEATURES OF A POLY-PHASE SUPPLY

As its name implies, a poly-phase power supply or multi-phase supply
provides the user with several power supply ‘phases’. The way in which
these ‘phases’ are generated is described in sections 13.2 and 13.3, and we
concentrate here on the advantages of the use of a poly-phase supply
which are:

1. For a given amount of power transmitted to the user, the volume of
conductor material needed in the supply cable is less than in a single-
phase system to supply the same amount of power. A poly-phase trans-
mission system is therefore more economical than a single-phase supply
system.

2. Poly-phase motors and other electrical equipment are generally smaller
and simpler than single-phase motors and equipment. For industry,
poly-phase equipment is cheaper and easier to maintain.

A poly-phase supply system may have two, three, four, six, twelve or even
twenty-four phases, with the three-phase system being the most popular.
The National Grid distribution network is a three-phase system. An intro-
duction to electrical power distribution systems was given in Chapter 8,
where it was shown that power is distributed to industry using a three-
phase system, a single-phase system being used for domestic power distri-
bution.

13.2 A SIMPLE TWOPHASE GENERATOR

Consider the simple single-phase generator or alternator in Figure 13.1(a).
If line N1 is earthed, the waveform of the alternating voltage on line L is
shown dotted in Figure 13.1(c).
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fig 13.1 a simple two-phase generator

L L1
single [
rotor phase N2
supply ﬁf _L
N1 - L2

= 1

voltage

(c)

Suppose now that we disconnect the earth from line N1 and move it
to the centre-point of the alternator winding (shown as N2 in diagram (b)).
In effect, the two ‘ends’ of the winding are ‘live’ with respect to point N2,
but they each have one-half the r.m.s. voltage on them when compared
with the single-phase case (Figure 13.1(a)). Moreover, when line L1 is
positive with respect to point N2, then L2 is negative with respect to it.
The corresponding waveform diagrams for the voltages on lines L1 and
L2 are shown in Figure 13.1(¢).

Clearly, by earthing the centre point of the alternator winding, we have
produced two sets of ‘phase’ voltages which can be used independently
and have (in this case) a phase angle difference of 180° between them.
This type of power supply is used in many bi-phase rectifier circuits (see
Chatper 16).

13.3 A THREEPHASE GENERATOR

A three-phase supply can be thought of as being generated by three
windings on the rotor of an alternator connected as shown in Figure
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13.2(a) [you should note that this is only one of several possible methods
of connection] . The voltage induced in each winding or phase is known as
the phase voltage, and the three voltages are described as follows:

Vg is the red phase voltage
Vyun is the yellow phase voltage

Vgn is the blue phase voltage

fig 13.2 a three-phase generator

rotation

Ven
120°
&
£ 120 Van
>
120°
Vyn

120° 120° 120°

(b)
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The N-point in Figure 13.2(a) is known as the ‘neutral’ point since it is
often connected to earth, that is, to a ‘neutral’ potential.

Since each winding on the alternator rotor is displaced from each of the
other windings by 120°, the phase angle between each of the generated
waveforms (Figure 13.2(b)) is 120°; the corresponding phasor diagrams
are shown in Figure 13.2(c). With the conventional direction of rotation
in Figure 13.2(a), the voltages become positive in the sequence red, yellow,
blue; the phase sequence R, Y, B is known in electrical engineering as the
positive phase sequence.

The phase sequence of a poly-phase electrical supply can be deduced as
follows. Imagine that you are standing on the right-hand side of the
alternator rotor in Figure 13.2(a) and looking towards point N. With the
direction of rotation shown for the rotor, the windings pass you in the
sequence R, Y, B; this means that the voltages become positive in the
sequence R, Y, B.

If the direction of the alternator rotor is reversed, the phase sequence
is R, B, Y; this means that the phase voltages become positive in the
sequence R, B,Y.The latter sequence is known as negative phase sequence.
You would find it an interesting exercise to draw the waveform diagrams
for an alternator having the phase sequence R, B, Y.

13.4 ‘BALANCED’ AND ‘UNBALANCED’ THREE-PHASE SYSTEMS

A balanced three-phase supply system is one which has equal values of
phase voltage which are displaced from one another by 120°. The phasor
diagram in Figure 13.2(c) is for a balanced three-phase supply.

An unbalanced three-phase supply either has unequal phase voltages, or
has three voltages which are displaced from one another by an angle which
is not 120°, or both. The phasor diagram in Figure 13.3 is one for an
unbalanced three-phase system; certain types of electrical loading and fault
conditions produce unbalanced operation.

fig 13.3 an unbalanced three-phase supply

VBN

Ven

Vyn
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13.5 THE THREE-PHASE, FOUR-WIRE STAR CONNECTION

The star connection, as its name implies, means that the three windings of
the alternator (or of the connected load) have a common point or star
point. In Figure 13.4 both the generator and the load are ‘star’ connected
but, for clarity, we have described the ‘star’ point of the generator as the
neutral point (V) since it is usually connected to earth. The star point of
the load is given the symbol S.

Figure 13.4 shows a three-phase, four-wire supply system since, as its
name implies, four wires are used to connect the alternator to the load.
The fourth wire is the neutral wire, which is used to carry current between
the S-point of the load and the N-point of the generator. The three-phase,
four-wire supply system is used to supply electricity to houses within a
town or village. One group of houses would be supplied by power from the
‘red’ phase (strictly speaking, the power is supplied from the red-to-
neutral (R-N) phase), a second group of houses would be supplied from
the ‘yellow’ phase, and the remaining houses from the ‘blue’ phase. In the
United Kingdom the ‘phase voltage’ supplied to houses is 240 V, 50 Hz; in
the United States of America it is 110 V, 60 Hz.

As in any walk of life, anyone in a house is an individual and each has
his own demand on the electricity system. It follows that each group of
houses requires a different current at a different power factor (the latter
depending on the type of load that is switched on) than the other groups.
For example, the group of houses connected to the R-phase may need a
current of 100 A, the group connected to the Y-phase may need 20 A, and
the group connected to the B-phase may need 70 A. Thisload is unbalanced,
and it is the phasor sum of these currents which returns to the N-point of

fig 13.4 the three-phase, four-wire star connection

B

neutral wire

~ J ~——
generator load
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the generator along the neutral wire. This is one reason why the domestic
power supply system needs the neutral wire or ‘fourth’ wire between the
load and the supply.

Line voltage of a star connected system

When specifying a three-phase supply voltage, it is usual to quote the
voltage between a pair of lines in the supply system; the line-to-line
voltage is shortened to line voltage. The line voltages are specified as
follows (see also Figure 13.5):

Vry = voltage of line R relative to line ¥

= Vrn — Vyn 3
Vgr = voltage of line B relative to line R
= Ven — Ven
Vyp = voltage of line Y relative to line B

Vyn — Van

fig 13.5 phase and line voltage and currents in a star-connected system

Vys =V,

(a) (b)

We will now determine the value of the line voltage Vgy, which is given
by
VeRy =Vrn — Vyn =Vrn + (=Vyn)

That is, we simply add the ‘negative’ of Vyp to Vgy; the voltage (— Vyn)
is simply obtained by reversing the direction of the phasor Vy, as shown
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in Figure 13.6. By drawing the diagram accurately to scale you will find
that the value of Viy is:

Vey = 1.732Vrn =3 X Vra

fig 13.6 determining the line voltage Vgy

- Vyn

Vry = Ven + (= Vyn)

= Van — Vyn
y -
/ Ven
//‘_/’1 20°
/
/
/
/v
In general, we may say that
line voltage =+/3 x phase voltage
or
Vi =V3xVp (13.1)

For a phase voltage of 240 V (which is the nominal UK single-phase
domestic voltage), the line voltage is

Vi, =3 %x240=4157V

As mentioned ealier, three-phase supply systems are specified in terms of
their line voltage, and we would describe the above supply as a 415.7V,
three-phase supply. The UK 400-kV grid system therefore operates with a
line voltage of 400 kV and a line-to-neutral voltage of %’—g =2309kV.

Line current of a star connected system
Since the current in one phase of the load flows in the supply line which

is connected to it (see Figure 13.5), the phase current, Ip, is equal to the
line current, I . That is

phase current = line current
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or

Ip=1Ip (13.2)
13.6 THREEPHASE, THREE-WIRE STAR CONNECTED SYSTEM

If the load connected to a three-phase system is balanced, that is the load
has the same impedance in each of its three branches and each branch has
the same phase angle, then the magnitude and phase angle of the current
in each phase of the load is the same. In this case, the phasor sum of the
three phase currents at the star point of the load (or the neutral point of
the supply) is zero. That is, the neutral wire current is zero, so that we can
dispense with the neutral wire! This is shown in Figure 13.7.

Practically all industrial installations have a balanced load, and the
three-phase, three-wire supply system is universally adopted in industry.
Reducing the number of supply conductors in this way does not have any
technical drawbacks, and it significantly reduces the overall cost of the
supply system.

fig 13.7 the three-phase, three-wire star connection
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R
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Y Y
- v J ~ ~ J
generator load

13.7 THREE-PHASE DELTA OR MESH CONNECTION

If the three-phase generator described in section 13.3 has three separate
windings which can be connected together in any way, and if we connect
the ‘end’ of one winding to the ‘start’ of the next winding, we get the
delta connection or mesh connection shown in Figure 13.8.

Whilst it may appear in this case that we are ‘short-circuiting’ the
windings together, you must remember that the line voltages are at dif-
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fig 13.8 the delta or mesh connection of a three-phase generator and load

generator ‘phase’ winding

B n 3

Ip

Ip

generator

load

ferent phase angles to one another (120° in the case of a three-phase
system), so that the voltage between the ‘end’ of the final voltage in the
mesh and the ‘beginning’ of the first voltage is zero! Hence, when the
mesh is connected as shown, no current circulates around the close mesh.

You will see that each winding of the generator (the ‘phase’ winding
in which the phase voltage Vp is induced) is connected to two of the
supply lines. That is, in a mesh or delta system

phase voltage = line voltage
or
Vp=Vp (13.3)

That is, if the line voltage of a distribution system is 6.6 kV, it can be
supplied from a delta-connected generator with a ‘phase’ voltage of 6.6 kV
(if the generator was star-connected, the phase voltage of the generator
would be &5 =3.81kV).

For a\fmlanced delta-connected load, the relationship between the

phase current Ip in the phase winding (or in one phase of the load), and
the line current I}, in the supply line is

line current =+/3 x phase current

or

IL =\/3 XIP
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For example, if the line current supplied to a delta-connected machine
is 100 A, the phase current is

13.8 SUMMARY OF STAR AND DELTA EQUATIONS

The relationship between the voltages and the currents in a balanced
three-phase system are listed in Table 13.1.

Table 13.1 Summary of three-phase line and phase quantities

Phase voltage Line voltage Phase current Line current
Star VP=VL\/3 VL=\/3VP Ip=1j I, =1p
Delta VP=VL VL=VP IP=1L/\/3 ]L=\/3IP

13.9 POWER CONSUMED BY A THREE-PHASE LOAD

In any three-phase load, either balanced or unbalanced, the total power
consumed is equal to the sum of the power consumed in each of the three
phases.

Example
Calculate the total power consumed in a three-phase system having a phase
voltage of 1000 V and the following phase current and power factor:

Red phase 10 A at 0.8 power factor

Yellow phase 20 A at 0.2 power factor

Blue phase 15 A at 0.6 power factor
Solution .

The power consumed by each phase is given by the expression Vplp cos ¢p,
where Vp is the phase voltage, Ip is the phase current, and cos ¢p is the
phase power factor. The power consumed in each phase is calculated as
follows:

power in R phase = 1000 x 10 x 0.8 = 8000 W
power in Y phase = 1000 x 20 x 0.2 = 4000 W
power in B phase = 1000 x 15 x 0.6 = 9000 W
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and
total power consumed = 8000 + 4000 + 9000
=21000 W (Ans.)

13.10 VA, POWER AND VAr CONSUMED BY A BALANCED THREE-
PHASE LOAD

In the case of a balanced load, the current and the power factor associated
with each phase of the load is the same. This allows us to deduce some
general equations as follows. In the following

Vp = phase voltage
Vi = line voltage
Ip = phase current
I;, = line current
cos ¢ = power factor of the load

The reader may find it helpful to consult Table 13.1 when reading the
following.

VA consumed by a balanced load
The volt-amperes consumed by one phase of the load is Vplp, and the
total VA consumed by the load is 3Vplp.

Star connected system

total VA, S = 3Vplp=3 x % x I =\/3V,I, VA

Delta connected system

total VA, S =3Vplp =3 x Vi, x £/ =3V I, VA

V3
Power consumed by a balanced load
The power consumed by one phase is Vplpcos ¢, and the total power
consumed is 3V plpcos ¢.

Star connected load

total power, P = 3Vplpcos ¢ = 3 x 143 x Iy cos ¢

V3
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= 3V I, cos p=Scos p W
Delta connected system

total power, P =3Vplpcos ¢ = 3 x Vp x % cos ¢

=3V, I, cosp=ScospW

Volt-amperes reactive consumed by a balanced load

The VAr consumed by one phase is Vplpsin ¢, and the total VAr con-

sumed is 3Vplpsin ¢.
Star connected load

total VAT, 0 =3Vplpsin = 3x YL xIpsiné

V3
=+/3V I sin¢ = Ssin ¢ Var

Delta connected load

total VAr, Q = 3Vplpsin ¢ = 3 x Vp, X A sin ¢

V3
= /3V I sin ¢ = Ssin ¢ VAr

Summary
In any three-phase balanced load

total VA consumed, S =+/3V,I;, VA
total power consumed, P =~/3VI; cos ¢ W
total VAr consumed, Q =+/3V I sin ¢ VAr

Example

(13.5)
(13.6)
(13.7)

A three-phase motor has a mechanical output power of 10 kW and an
efficiency of 85 per cent. If the motor is supplied at a line voltage of
416 V and the power factor of the motor is 0.8 lagging, calculate the line
current drawn by the motor. Calculate the phase current and voltage of

the motor if it is (a) star connected, (b) delta connected.

Solution

Output power = 10 kW = 10000 W; efficiency = 0.85; ¥V =416 V; cos ¢

=0.8.
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The power input to the motor is

power output _ 10000
efficiency 0.85

11765 W

power input =

An electrical motor is a balanced load, so that we may use eqn (13.6) as
follows

electrical input power to the motor =+/3V I cos ¢
hence

P
(V/3Vcos ¢)
_ 11765
(v/3 x416 x0.8)

= 2041 A (Ans.)

line current, I}, =

(a) For a star connected motor

IP = IL =2041 A (Al’lS.)

Vy _ 416
Vp= —= =—— =240V (Ans.
P T (Ans.)
(b) For adelta connected motor
Ip= 1 _ 2041 =11.78 A (Ans.)
V3 V3

Vp =V, = 416 V (Ans.)

SELF-TEST QUESTIONS

1. Explain why a poly-phase power distribution is used for the National
Grid distribution system.

. Describe the operation of a three-phase generator.

3. What is meant by (i) a balanced supply voltage and (ii) an unbalanced
supply.

4. A three-phase supply has a line voltage of 33 kV; calculate the phase
voltage if it is star connected. What is the line voltage of a star con-
nected system which has a phase voltage of 100 V?

5. Under what circumstances are the following used? (i) A three-phase,
four-wire system, (ii) a three-phase, three-wire system.

N
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6. A factory draws a balanced three-phase load of 100 kW at a power
factor of 0.8, the line voltage being 3.3 kV. Calculate the line current
and the phase current if the load is (i) star connected, (ii) delta con-
nected.

7. For the factory in question 6, calculate the phase angle of the load, the
apparent power consumed, and the volt-amperes reactive consumed.

SUMMARY OF IMPORTANT FACTS

A poly-phase supply provides the user with several (usually three) power
supply ‘phases’, the phase voltages being at a fixed angle to one another
(which is 120° in a three-phase system). A poly-phase system can transmit
more power for a given amount of conductor material than can an other-
wise equivalent single-phase system. Poly-phase motors are generally
smaller and more efficient than equivalent single-phase motors; polyphase
switchgear and control gear is also smaller and cheaper than equivalent
rated single-phase equipment.

A balanced or symmetrical three-phase supply has three equal phase
voltages which are displaced from one another by 120°. The National Grid
distribution network and local area distribution systems employ a three-
phase distribution system.

Factories and other installations with three-phase balanced loads use a
three-phase, three-wire distribution system. Housing estates and other
consumers with an unbalanced load use a three-phase, four-wire distri-
bution system; the fourth or neutral wire is used to return the out-of-
balance current in the phases to the generator.

Generators and loads can be connected in one of several ways including
delta (mesh) or star; star connected systems can use a three-phase, four-
wire supply. In star, the line and phase currents are equal to one another;
in delta or mesh, the line voltage is equal to the phase voltage.

The power consumed by a three-phase load (either balanced or un-
balanced) is equal to the sum of the power consumed in each of the three
loads. The power consumed in a balanced load is equal to\/3V Iy cos ¢.
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THE TRANSFORMER

14.1 MUTUAL INDUCTANCE

In Chapter 7 (Electromagnetism) it was shown that

1. when a current flows in a coil, a magnetic flux is established;
2. when a magnetic flux cuts a coil of wire, an e.m.f. is induced in the
coil.

The above effects are involved in the process of mutual induction, illu-
strated in Figure 14.1, in which a changing alternating current in one coil
of wire (the primary winding) induces an e.m.f. in the second coil (the
secondary winding). The general principle of operation is described below.
When a current flows in inductor L, , it produces magnetic flux ®. For
practical reasons, not all this flux manages to link with the secondary
winding; let us say that a proportion k® of this flux, where & is a number
in the range zero to unity, links with the secondary winding. The flux
which is common to the two windings is known as the mutual flux. This
flux acts to induce mutually an e.m.f. ¥, in inductor L, . The magnitude
-of ¥, is given by the formula
-y AL
Va A . (14.1)
where M is the mutual inductance in henrys between the two coils, and
Mr is the rate of change of current I; with respect to time (in A/s). For
example, if the primary winding current changes at the rate of 80 A/s
(corresponding approximately to a sinewave of peak current value 1 A at a
frequency of 50 Hz), and if the mutual inductance is 100 mH, the induced
e.m.f. is

Va = MAIL At
= (100 x 1073) x80=8V
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fig 14.1 mutual inductance: the basis of the transformer

magnetic flux linking L, and L,
/ (mutual flux)

- - T~
/ magnetic flux linking \

( S ~ only L1 )
N A ~
primary L L, secondary
winding winding

/h

Vi voltmeter

This is the principle of the electrical transformer in which the primary
winding carries alternating current from the power supply, which is
‘transformed’ to a different voltage and current level by the mechanics of
mutual inductance.

14.2 COUPLING COEFFICIENT

We saw in Figure 14.1 that not all the magnetic flux produced by the
primary winding links with the secondary winding. The amount of mag-
netic flux linking with the secondary winding is k®, where k is known as
the magnetic coupling coefficient and is defined by the equation

amount of flux linking the secondary winding
amount of flux produced by the primary winding
_ ke
P

k=

The coupling coefficient has a value of zero when none of the flux pro-
duced by the primary winding links with the secondary winding, and has a
value of unity when all the flux links with the secondary winding; the
coupling coefficient is a dimensionless number.

Depending on the application, ¥ may have a low value (a low value of
k is used in certain radio and television ‘tuning’ circuits when k may be as
low as 0.05) or it may have a high value (as occurs in electrical power
transformers when k& may be as high as 0.95, where we need a high elec-
trical efficiency).
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The mutual inductance, M henrys, between two coils of self inductance
L, and L, , respectively, is

M=k/(L,L,) (14.2)

Example
Determine the coupling coefficient between two coils of inductance
10 mH and 40 mH, respectively, if the mutual inductance is 5 mH.

Solution
From eqn (14.2)
k = .__M.__
N L1 Ly)
_ 5x1073
V(10 x 1073 x40 x 1073)

=0.25 (Ans.)

14.3 BASIC PRINCIPLE OF THE TRANSFORMER

The operating principle of the transformer can be described in terms of the
diagram in Figure 14.2. We have seen earlier that an e.m.f. is induced in a
coil whenever the magnetic flux linking with it changes, the equation for
the induced e.m.f. being
E=N Ao
At

where N is the number of turns on the coil and% is the rate at which the
magnetic flux changes.

However, in the transformer in Figure 14.2, the flux links with both the
primary and secondary coils, so that the rate of change of magnetic flux is
the same for both coils. That is, there is an induced e.m.f. E, in the
secondary winding, and a ‘back’ e.m.f. E, in the primary winding. Hence

AP _E _E (14.3)
At Ny N,
That is, each winding supports the same number of volts per turn.

Now, if we can assume that the transformer has no power loss (this is
not correct in practice since each winding has some resistance and there-
fore gives rise to an /2R loss [often known as a copper loss] , and the iron
circuit of the transformer has both eddy-current loss and hysteresis loss
[collectively known as the iron loss, the core loss or as the no-load loss] ),
then we may assume that the power consumed by the load connected to
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fig 14.2 (a) a simple transformer, (b) circuit symbol
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the secondary terminals is equal to the power supplied by the primary
winding. That is

E\I;cos ¢ = E;Ipcos ¢
where
E, = primary winding voltage
E, = secondary winding voltage
I = primary winding current
I, = secondary winding current
cos ¢ = power factor of the load
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The cos ¢ term cancels on both sides of the equation, giving
E111 =E212 (144)

Eqns (14.3) and (14.4) enable us to spell out two important design con-
siderations, namely

1. each winding supports the same number of volts per turn (eqn (14.3));
2. the volt-ampere product in each winding is the same (eqn (14.4)).

We can combine the two equations into a composite equation as follows

Ex .M _ b (14.5)
E;, N I
The ratio E,:E; is described as the voltage transformation ratio of the
transformer (this is the reciprocal of the ratio. E, :E; in eqn (14.5)). If
this ratio is greater than unity then F, is greater than E;, and the trans-
former has a step-up voltage ratio; if the ratio is less than unity, the trans-
former has a step-down voltage transformation ratio.

The ratio I,:1, is the current transformation ratio. If 7, :I; is greater
than unity, then [, is greater than I; and the transformer has a step-up
current ratio; if 7, :7; is less than unity, the transformer has a step-down
current ratio.

A transformer which has a step-down voltage ratio has a step-up current
ratio and vice versa. For example, if £; =400 V and E; =20V, the trans-
former has a voltage ratio of E,:E; =20:400=1:20=0.05 (which is
usually described as a step-down voltage ratio of 20 to 1 or 20:1). The
same transformer has a step-up current ratio of 20: 1, so that if the current
in the primary winding is 0.5 A, the secondary winding current is 10 A.

If we cross-multiply the centre term with the right-hand term in eqn
(14.5) we get the equation

LN, =LN,
which gives another cardinal design rule which is

3. Ampere-turn balance is maintained between the windings.

Example

A single-phase transformer supplied from a 1100-V supply has a step-down
voltage ratio of 5:1. If the secondary load is a non-inductive resistor of
10 ohms resistance calculate (a) the secondary voltage, (b) the secondary
current and the primary current, (c) the power consumed by the load.

Solution

E, =1100V; 22 = %; R=10Q

1
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E, 1

a) == =z, hence
(a) 7
By =1 = 19 _50v(ans)
S 5
E, _ 220
b I,==2="—=22A(Ans.
b)) I R 10 (Ans.)
Also, since £ =-}, then L 5
1 1
therefore
I, _ 22
ILL=—==—=44A(Ans.
== (Ans)
(c) power consumed by the load = J3R =222 x 10

=4840 W (Ans.)
14.4 CONSTRUCTION OF A PRACTICAL TRANSFORMER

The operation of a two-winding transformer has been based on the con-
struction in Figure 14.2, in which each winding is on a separate limb of the
iron circuit. However, this arrangement is not efficient since the two
windings are well separated from one another, resulting in a large magnetic
leakage with an associated low value of magnetic coupling coefficient.
Efficient power transformer design brings the two windings into inti-
mate contact with one another so that there is a close magnetic coupling
between the two. The principal types of magnetic circuit and winding
arrangements used in power transformers are described below.

Magnetic circuit design

A practical iron circuit has a certain amount of power loss because of
induced eddy current power loss in the iron circuit. Using good engineering
design, it is possible to minimise this power loss. The way in which this is
done in power transformers is to construct the iron circuit using thin iron
laminations as shown in Figure 14.2.

The laminations increase the resistance of the iron core to the flow of
eddy current, so that the induced eddy-current power-loss in the core is
reduced. The laminations are isolated from one another by a very thin
coat of varnish (or oxide) on one side of each lamination. At the same
time, the total cross-sectional area of the iron circuit is not reduced, so
that the magnetic flux density is unchanged.

In the core-type magnetic circuit (see Figure 14.3(a)), one half of each
winding is associated with each limb of the transformer, the magnetic
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fig 14.3 (a) core-type magnetic circuit construction, (b) shell-type

construction
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circuit having a uniform cross-sectional area throughout. In the shell-type
magnetic circuit (see Figure 14.3(b)) both the primary and the secondary
winding are on the centre limb which has twice the cross-sectional area of
the outer limbs.

Winding design

In the concentric construction of windings (Figure 14.4(a)), the low-
voltage and high-voltage windings are wound concentrically around the
iron core. In the sandwich construction of windings (Figure 14.4(b)), the
high-voltage winding is sandwiched between the two halves of the low
voltage winding.

Other general features of transformer construction

In large power transformers, ventilation spaces are left in the windings to
allow space for a coolant to circulate, which may be either air or oil. Oil is
used as a coolant in large equipment because it is an efficient insulating
medium at normal operating temperature.

14.5 AUTOTRANSFORMERS OR SINGLE-WINDING TRANSFORMERS

In some applications, a two-winding transformer of the type described
above can be replaced by a simpler single-winding transformer known as an
autotransformer. Two simplified versions of the autotransformer are
shown in Figure 14.5. An autotransformer can either have a step-down
voltage ratio (Figure 14.5(a)) or a step-up voltage ratio (Figure 14.5 (b)).
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fig 14.4 (a) concentric winding construction and (b) sandwich winding
construction
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The general principles of the transformer apply to the autotransformer,
that is

Ey _E

and I;N, =L,N.
N, N, 14Vy =130V,

For some applications the autotransformer has the drawback that the
primary and secondary windings are not electrically isolated from one
another (as they are in the two-winding transformer); this introduces the
hazard that the low-voltage winding can be accidentally charged to the
high voltage potential under certain fault conditions.

14.6 TRANSFORMER EFFICIENCY
The efficiency of a transformer for a particular electrical load is given by
the following:

output power (watts)
input power (watts)

efficiency, n =

output power

output power + power losses

_ input power — losses

input power

A well-designed transformer has relatively low power-losses (low, that is,
when compared with the power transmitted to the load), and the efficiency
is quite high (95 per cent or better at normal load). The power loss occur-
ring within a transformer can be divided into two types, namely

1. I*R loss or ‘copper’ loss due to flow of load current in the transformer
windings (this power loss varies with the load current).

2. Power loss in the magnetic circuit consisting of the hysteresis loss and
the eddy-current loss (this loss is fairly constant and is independent of
load current, and occurs even under no-load conditions).

Example

A 6600/550 V transformer has an iron loss of 350 W and a full-load
copper loss of 415 W. If the full-load secondary current is 45 A at a power
factor of 0.6 lagging, calculate the full-load efficiency of the transformer.

Solution
E; =6600 V; E, =550 V; iron loss = 350 W; full-load copper loss = 415 W;
full-load secondary current = 45 A; power factor = 0.6.
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Power output from transformer = E, I, cos ¢

550 x45 x 0.6 =14850 W

The power loss in the transformer at full load is given by
copper loss + iron loss = 415 + 350 = 765 W
Hence

fulldoad efficiency, n = output power

(output power + losses)

_ 14850
(14850 + 765)

= 0.951 per unit or 95.1 per cent (Ans).
14,7 INSTRUMENT TRANSFORMERS

In industrial applications, many items of equipment require either a very
high voltage to operate them, for example, several kilovolts, or a very high
current, for example, hundreds or thousands of amperes. It is impractical
in many cases to produce instruments which can be used to measure these
values directly and, for this reason, ‘instrument’ transformers are used to
transform the voltage or current level to a practical value which can be
measured by conventional instruments (the normal range used is 1 A or
S A for current and 110 V for voltage).

A voltage transformer (VT) or potential transformer (PT) is designed
to operate with a high resistance voltmenter connected to its secondary
terminals. That is, it is designed to operate with a very small load current.

A current transformer (CT) is designed to operate with an ammeter
connected to its secondary terminals; that is to say, in normal operation
the secondary terminals are practically short-circuited (note: since the
ammeter has very little resistance, the CT transmits very little power to the
ammeter). If the ammeter is disconnected for any reason (such as for
maintenance purposes), the secondary terminals of the CT should be short-
circuited. If this is not done, the primary current can endanger the trans-
former by causing (i) overheating of the iron core due to the high level of
magnetic flux in it, and (ii) damage to the secondary winding by inducing
a very high voltage in it.

14.8 USING A TRANSFORMER TO PRODUCE A TWO-PHASE SUPPLY

A two-phase supply is produced at the secondary of the transformer in
Figure 14.6. The transformer has a centre-tapped secondary winding and,
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fig 14.6 use of a centre-tapped secondary winding to produce a two-
phase (bi-phase) supply

. b,
single-phase two-phase
supply supply

in effect, each half of the secondary winding has the same value of voltage
induced in it. However, the voltages V/; and V, are 180° out of phase with
one another (see also section 13.2). This type of circuit is used in certain
types of rectifier circuit (see Chapter 16), and the same general principle is
used to produce a six-phase supply from a three-phase supply (see section
14.10).

14.9 THREE-PHASE TRANSFORMERS

A three-phase transformer can be thought of as a magnetic circuit which
has three separate primary windings and three secondary windings on it,
either of which may be connected in star or in delta (some three-phase
transformers use quite complex connections).

The basis of the three-phase transformer is illustrated in Figure 14.7,
in which one phase of a three-phase transformer is shown. The general

fig 14.7 windings on one limb of a three-phase transformer
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fig 14.8 (a) a three-phase delta-star transformer and (b) connection
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equation of the single-phase transformer holds good for each phase of
the three-phase transformer; that is

Ey _E

N M
and

IlNl = IgNg

the values of E, N and [ referred to above are shown in Figure 14.7.

Figure 14.8 shows a three-phase delta-star transformer, that is the
primary winding is connected in delta and the secondary winding is con-
nected in star. The physical arrangement of the transformer windings are
illustrated in Figure 14.8(a) and the circuit diagram in Figure 14.8(b). This
type of transformer enables the three-phase, three-wire supply connected
to the primary winding to energise a three-phase, four-wire load. This type
of transformer is used to connect, say, a local medium-voltage distribution
system to a housing estate.

14.10 A THREE-PHASE TO SIX-PHASE TRANSFORMER

Many industrial power electronics circuits need a six-phase power supply.
In this section we look at one method of producing a six-phase supply
from a three-phase supply.

The transformer described here (see Figure 14.9) uses the method des-
cribed in section 14.8 for the production of a two-phase supply from a
single-phase supply. The basic transformer consists of a delta-star trans-
former of the type in Figure 14.8(a) with the difference that each second-
ary winding is centre-tapped. In this way, each of the secondary windings
produces two supplies which are 180° out of phase with one another. All
the centre-taps of the secondary windings are connected together to form
a common neutral point (or star point) for the secondary winding. The net
result is a three-phase to six-phase transformer, the secondary ‘phase’
voltages being displaced 60° from one another.

SELF-TEST QUESTIONS

1. Explain what is meant by the expression ‘mutual inductance’. How is
mutual inductance utilised in a transformer?

2. What is meant by the ‘coupling coefficient’ of a magnetic circuit? State
the limiting values of the coupling coefficient; explain why its value
cannot fall outside these limits.
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fig 14.9 a three-phase to six-phase transformer
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3. Two coils of equal inductance are magnetically coupled together. If
the coupling coefficient is 0.5 and the mutual inductance is 0.5 H,
determine the inductance of each coil.

4. A transformer has 50 turns of wire on its primary winding and 10 turns
on its secondary winding. If the supply voltage is 100 V, calculate the
secondary voltage. A 10-watt load is connected to the secondary
terminals; determine the primary and secondary current.

5. Describe the construction and operation of a two-winding transformer.
Include in your description details of the magnetic circuit construction
and the winding construction.

6. How does an auto-transformer differ from a two-winding transformer?

7. A transformer has a 10: 1 step-up voltage ratio. If the efficiency of the
transformer is 95 per cent, calculate the power delivered to the load if
the primary voltage and current are 100 V and 0.1 A, respectively.

8. Discuss applications of instrument transformers.
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SUMMARY OF IMPORTANT FACTS

The transformer depends for its operation on the principle of mutual
induction. The primary winding of the transformer is connected to the
power source (which must be a.c.), and the load is connected to the
secondary winding.

The transformer may have either a single winding (when it is known as
an autotransformer) or more than one winding (two-winding transformers
are the most common single-phase transformers). The iron circuit of the
transformer is laminated to reduce the eddy-current power-loss. Important
rules relating to transformer design are

1. Each winding supports the same number of volts per turn.
2. Ampere-turn balance is maintained between the windings.

If a transformer has a step-down voltage ratio it has a step-up current
ratio, and vice versa.

The efficiency of a transformer is the ratio of the power it delivers to
the load to the power absorbed by the primary winding.

Instrument transformers (potential transformers or voltage transformers
and current transformers) are used to extend the range of a.c. measuring
instruments.

A three-phase transformer may be thought of as three single-phase
transformers using a common iron circuit. Special winding connections
allow a six-phase supply (or a twelve-phase supply for that matter) to be
obtained from a three-phase supply.
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a.c. MOTORS

15.1 PRINCIPLE OF THE a.c. MOTOR

Imagine that you are looking at the end of the conductor in Figure 15.1(a)
when the S-pole of a permanent magnet is suddenly moved from left to
right across the conductor. By applying Fleming’s right-hand rule, you can
determine the direction of the induced e.m.f. and current in the conductor.
You need to be careful when applying Fleming’s rule in this case, because
the rule assumes that the conductor moves relatively to the magnetic flux
(in this case it is the flux that moves relatively to the conductor, so the
direction of the induced e.m.f. is determined by saying that the flux is
stationary and that the conductor effectively moves to the right). You will
find that the induced current flows away from you.

You now have a current-carrying conductor situated in a magnetic
field, as shown in Figure 15.1(b). There is therefore a force acting on the

fig 15.1 (a) how current is induced in a rotor conductor and (b) the
direction of the force on the induced current

movement
S I
of magnetic fields

magnetic A ‘ * magnetic flux
flux
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conductor
current
induced
conductor (b)
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conductor, and you can determine the direction of the force by applying
Fleming’s left-hand rule. Application of this rule shows that there is a
force acting on the conductor in the direction of movement of the mag-
netic field.

That is, the conductor is accelerated in the direction of the moving
magnetic field.

This is the basic principle of the a.c. motor. An a.c. motor therefore
provides a means for producing a ‘moving’ or ‘rotating’ magnetic field
which ‘cuts’ conductors on the rotor or rotating part of the motor. The
rotor conductors have a current induced in them by the rotating field, and
are subjected to a force which causes the rotor to rotate in the direction
of movement of the magnetic field.

15.2 ROTATING AND ‘LINEAR’ a.c. MOTORS

Most electrical motors have a cylindrical rotor, that is, the rotor rotates
around the axis of the motor shaft. This type of motor generally runs at
high speed and drives its load through a speed-reduction gearbox. Appli-
cations of this type of motor include electric clocks, machines in factories,
electric traction drives, steel rolling mills, etc.

Another type of motor known as a linear motor produces motion in a
straight line (known as rectilinear motion); in this case the mechanical
output from the motor is a linear movement rather than a rotary move-
ment. An application of this type of motor is found in railway trains. If
you imagine the train to be ‘sitting’ above a single metal track (which is
equivalent to the ‘conductor’ in Figure 15.1) and the ‘moving magnetic
field’ is produced by an electromagnetic system in the train then, when the
‘magnet’ is made to ‘move’ by electrical means, it causes the system to
produce a mechanical force between the electromagnet and the track.
Since the track is fixed to the ground, the train is ‘pulled’ along the
conductor.

15.3 PRODUCING A ROTATING OR MOVING MAGNETIC FIELD

A simplified form of a.c. motor is shown in Figure 15.2. We will describe
here a very simplified theory of the rotating field that will satisfy our
needs. Imagine the three-phase supply to be a sequence of current ‘pulses’
which are applied to the red, yellow and blue lines in turn. Each current
pulse causes one of the coils to produce a magnetic field, and when one
electromagnet is excited, the others are not. As the current pulse changes
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fig 156.2 production of a rotating magnetic field
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from the red line to the yellow line and then to the blue line, so the
magnetic effect ‘rotates’ within the machine.

The net result is that we can regard this field as the rotating permanent
magnet shown dotted in Figure 15.2. The speed at which the magnet
rotates is known as the synchronous speed of the machine. Various symbols
are used to describe the synchronous speed as follows

Ng is the synchronous speed in rev/min

ng is the synchronous speed in rev/s

wg is the synchronous speed in rad/s
The relationship between them is

Ng =60 ng
and

wg =27mng = 120mNg (15.1)
In practice the synchronous speed of the rotating field is dependent not

only on the number of pole-pairs produced by the motor (that is, the
number of N- and S-pole combinations - the motor in Figure 15.2 has one
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pole-pair), but also on the frequency, f Hz, of the a.c. supply, the equation
relating them is

frequency, f=ngp Hz (15.2)
where
f = supply frequency in Hz
ng = synchronous speed in rev/s

p = number of pole-pairs produced by the motor

Example

Calculate the speed of the rotating field of a two-pole motor in rev/min if
the supply frequency is (i) 50 Hz, (ii) 60 Hz. What is the synchronous
speed if the motor has two pole-pairs, that is, two N-poles and two S-poles?

Solution
(@) p=1; f=50Hz. From eqn (11.2)
ns=£ =30 =50 rev/s
D 1
and
Ng =60ng =60 x 50 = 3000 rev/min (Ans.)
(ii)p=1; f=60Hz.
ng = f .00, 60 rev/s
D 1

and
Ng =60ng =60 x 60 = 3600 rev/min (Ans.)

Note: Since the US supply frequency is 60 Hz, then a motor with the same
number of pole-pairs runs 3¢ 60 = 1.2 times faster than the same motor in the
UK.

You can see from eqn (15.2) that if the number of pole-pairs is doubled,
then the speed is halved. The respective synchronous speeds for four-pole
motors, that is, two pole-pair motors are

50 Hz: ﬂg—o = 1500 rev/min (Ans.)
60 Hz: &go = 1800 rev/min (Ans))
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15.4 A PRACTICAL a.c. MOTOR - THE INDUCTION MOTOR

The simplest form of motor is the cage rotor induction motor which has
the rotor structure shown in Figure 15.3. The rotor conductors consist of
a series of stout aluminium or copper bars which are short-circuited at the
ends by substantial metal end rings. The conductor assembly resembles a
‘squirrel cage’ and, for this reason, the motor is sometimes described as a
squirrel cage induction motor.

The rotor conductors are embedded in a laminated iron core (see Figure
15.3(b) and (c)) which provides the iron path for the magnetic flux pro-
duced by the windings on the stator or stationary part of the machine; the

fig 16.3 construction of the rotor of a cage induction motor
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rotor is laminated in order to reduce the rotor iron loss. No electrical
connections are made to the rotor of the machine.

The stator carries a three-phase winding which produces a rotating
magnetic field when it is energised by a three-phase supply.

15.5 ‘FRACTIONAL SLIP’ OF AN INDUCTION MOTOR

When a three-phase supply is connected to the stator winding of the
induction motor, a magnetic field is produced which rotates at the syn-
chronous speed of the motor, this flux cutting the rotor conductors. The
net result is that a current is induced in the conductors in the manner
described in section 15.1, and the rotor experiences a torque or furning
moment which accelerates it in the direction of the rotating field.

Let us examine what happens next. As the rotor speeds up, the relative
speed between the rotating field (which is the constant synchronous speed)
and the rotor reduces. Consequently, the rotating magnetic field does not
cut the rotor at the same speed; the net result is that the current is still
induced in the rotor, the rotor continues to accelerate.

For the moment, let us assume that the rotor can continue acclerating
until its speed is equal to that of the rotating field. In this event, the rotor
conductors no longer ‘cut’ the magnetic field produced by the stator (since
they both rotate at the same speed!). Since current is only induced in a
conductor when it ‘cuts’ magnetic flux, it follows in this case that the
rotor current falls to zero; that is, the rotor no longer produces any torque
and it will begin to slow down. We therefore conclude that, under normal
operating conditions, the rotor of an induction motor will never rotate at
the synchronous speed of the rotating magnetic field.

There are, of course, special conditions under which the rotor rotates
at a speed which is equal to or even higher than the synchronous speed,
but a discussion of these is outside the scope of this book.

The actual difference in speed (in rev/min, or in rev/s or in rad/s)
between the rotor and the rotating field is known as the slip of the rotor.
It is more usual for engineers to refer to the fractional slip, s, which has
no dimensions and is calculated as follows:

_ synchronous speed — rotor speed
synchronous speed

fractional slip, s (15.3)

If the speed is in rev/min, the fractional slip is

= Ws=N)
N
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If the speed is in rev/s, the fractional slip is
g= (s —n)
ns
If the speed is in rad/s, the fractional slip is

g2 Ws - )
ws

where N, n and w is the speed of the rotor in rev/min, rev/s and rad/s,

respectively.

Example
Calculate the fractional slip of a three-phase, four-pole machine which has
a supply frequency of 50 Hs if the rotor speed is 1440 rev/min.

Solution
p =2 (2 pole-pairs); f = 50 Hz; N = 1440 rev/min.
From eqn (15.2)

nS=-]: =30 =25 rev/s
p 2

hence
Ng =60ng =60 x 25 = 1500 rev/min
From eqn (15.3), the fractional slip is

g= (s —N) _ (1500 — 1440)
Ng 1500

= 0.04 per unit or 4 per cent (Ans.)

That is to say, the rotor runs at a speed which is 4 per cent below the
synchronous speed.

15.6 THE SYNCHRONOUS MOTOR

A number of applications call for a motor whose rotor runs at precisely
the same speed as that of the rotating magnetic field. This type of motor
is known as a synchronous motor.

Quite simply, the principle is to replace the cage rotor with what is
equivalent to a permanent magnet. The N-pole of this magnet is attracted
to the S-pole of the rotating field, and the S-pole on the permanent magnet
is attracted to the N-pole of the rotating field. Provided that the magnetic
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pull between the permanent magnet and the rotating field is large enough,
the rotor runs at the same speed as the rotating field.

In practice, the ‘permanent magnet’ effect is produced by an electro-
magnet which is excited by a d.c. power supply which may be either a d.c.
generator (known as an exciter) or from a rectifier.

Synchronous motors are generally more expensive than induction
motors which (apart from providing an absolutely constant speed) have
the ability to provide a certain amount of power factor ‘correction’ to an
industrial plant. The latter feature means that the synchronous motor can
‘look’ like a capacitor so far as the a.c. power supply is concerned. It is this
feature which makes the synchronous motor financially attractive to
industry. Detailed treatment of this aspect of the operation of the syn-
chronous motor is beyond the scope of this book.

15.7 SINGLE-PHASE INDUCTION MOTORS

As explained earlier, in order to develop a torque in an induction motor,
it is necessary to produce a rotating magnetic field. Unfortunately, a coil
connected to a single-phase supply can only produce a pulsating magnetic
field; that is to say, the magnetic field merely pulsates in and out of the
coil and does not ‘rotate’ or sweep past the coil.

A rotating magnetic field can only be produced by using a supply with
more than one phase; that is, at least two coils are needed, each of which is
excited by a current which has a phase difference with the current in the
other coil (in the three-phase case, three coils are used, the currents in the
three coils being displaced from one another by 120°). It is therefore
necessary to produce a second ‘phase’ from the single-phase supply in
order to start a single-phase motor. One way in which this can be done is
described below.

Once a rotating field has been produced, the rotor of the motor begins
to rotate in the direction of the rotating field; at this point it is possible
to ‘switch off’ the second phase, and the rotor will continue running so
long as one coil is connected to the single-phase supply. This principle
is utilised in the capacitor-start motor in Figure 15.4.

The single phase supply is connected directly (via the starting switch)
to the running winding. The ‘second phase’ is obtained by means of
capacitor C; the capacitor has the effect of supplying a current to the
starting winding which has a phase angle which differs from the current
in the running winding. The net result is that the starting and running
windings can be thought of as being supplied from a two-phase supply;
these produce a rotating magnetic field in the motor (its effect is not as
good as a three-phase motor, but is adequate to start the motor).
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fig 15.4 a single-phase, capacitor-start induction motor
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The rotor begins to accelerate and, when it reaches a pre-determined
speed set by a centrifugal switch, this switch cuts the starting winding out
of circuit. The motor continues to run under the influence of the single-
phase supply connected to the running winding.

Single-phase motors are well-suited to small drives used in domestic
equipment, but are both uneconomic and inefficient for large industrial
drives.

SELF-TEST QUESTIONS

1. Explain how a ‘rotating’ magnetic field is produced by a polyphase a.c.
motor. How can this idea be adopted to produce a ‘linear’ motor?

2. A 10-pole a.c. motor is connected to a 50-Hz supply. Calculate the
synchronous speed of the rotating field.

3. Explain the principle of operation of (i) an induction motor, (ii) a
synchronous motor.

4. A 50-Hz, four-pole induction motor has a fractional slip of 5 per cent.
Calculate the speed of the motor.

5. With the aid of a circuit diagram, explain the operation of one form of
single-phase a.c. motor.

SUMMARY OF IMPORTANT FACTS

a.c. motor action depends on the production of a rotating magnetic field
(or a linearly moving magnetic field in the case of a ‘linear’ motor).

A cage rotor induction motor has a rotor consisting of a cylindrical
cage of conductors in laminated iron. The stator (which is also laminated)
carries a poly-phase winding which produces a rotating magnetic field
when excited by a poly-phase supply. The current induced in the rotor
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acts on the rotating field to produce a torque which acts in the same
direction as the rotating field.

The supply frequency, f, is related to the synchronous speed of the
rotating field, ng rev/s, and thé number of pole-pairs, p, by the equation

f=ngpHz

The rotor of an induction motor runs at a speed, n rev/s, which is slightly
less than the synchronous speed. The fractional slip, s, of an induction
motor is given by

ng —n
s=(ns=n)
ns

The rotor of a synchronous motor runs at the same speed as the synchro-
nous speed of the rotating field. The primary advantage of the synchronous
motor is that it can draw a current at a leading power factor (the current
drawn by an induction motor lags behind the supply voltage), but it has
the disadvantage of higher cost and complexity than an induction motor.

Single-phase induction motors are generally more complex than three-
phase types because they need both a ‘starting’ and a ‘running’ winding,
together with some means of making the transition from starting to running
conditions. '
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POWER ELECTRONICS

16.1 SEMICONDUCTORS

A semiconductor is a material which not only has a resistivity which is
mid-way between that of a good conductor and an insulator, but has
properties which make it very useful in the field of electronics and power
electronics. There are two principal categories of semiconductor, namely
n-type semiconductors and p-type semiconductors.

An n-type semiconductor is one whose physical make-up causes it
to have mobile negative charge carriers in its structure, hence the name
n-type semiconductor (these negative charge carriers are, of course,
electrons). When current flows in an n-type semiconductor, the current
flow is largely due to the movement of negative charge carriers, that is,
electrons. Hence, in an n-type semiconductor, electrons are known as
majority charge carriers (since they carry the majority of the current).
A small amount of current flow in n-type material is due to the movement
of holes (see Chapter 1 for a discussion on electronic ‘holes’); in n-type
material, holes are described as minority charge carriers.

A p-type semiconductor is one whose physical structure causes it to
have mobile positive charge carriers, hence the name p-type semiconductor
(the positive charge carriers are holes). The majority charge carriers in
p-type material are holes, and current flow in p-type material can be
thought of as being largely due to movement of holes. Electrons are the
minority charge carriers in p-type material.

A range of semiconductor materials are used by the power electronics
industry, the most popular being silicon, closely followed by germanium.
A range of specialised items of equipment are manufactured using such
materials as cadmium sulphide, indium antimonide, gallium arsenide,
bismuth telluride, etc.
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16.2 SEMICONDUCTOR DIODES (THE p-n JUNCTION DIODE)

A diode is an electronic device which allows current to flow through
it with little opposition for one direction of flow, but prevents current
flow in the reverse direction. That is, it is the electrical equivalent of
a ‘one-way’ valve.

It has two electrodes (see Figure 16.1), known respectively as the
anode and the cathode; the anode is a p-type semiconductor and the
cathode is n-type (a diode is a single piece of semiconductor with an
n-region and a p-region; it is not simply a piece of p-type material which
has been brought into contact with a piece of n-type material). The symbol
representing a diode is shown in the lower part of Figure 16.1; the ‘arrow’
shape which represents the anode points in the ‘easy’ direction of current
flow. That is

the diode offers little resistance to current flow when the anode is
positive with respect to the cathode; the diode offers nearly infinite
resistance to current flow when the anode is negative with respect
to the cathode.

You may therefore regard a diode as a ‘voltage-sensitive’ switch which is
switched to the ‘on’ or is closed when the anode is positive with respect to
the cathode, and is ‘off’ or open when the anode is negative.

fig 16.1 a p-n junction diode

easy direction of current flow
—_—

/' - j\
p-type anode p-n junction n-type cathode

NS

symbol

The diode in Figure 16.1 is known as a p-n junction diode, and a
practical diode of this type is physically very small (even a ‘power’ diode
which can handle several hundred amperes is only a few millimetres in
diameter!). However, each diode is housed in a container or canister of
manageable size for two reasons:
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1. it must be large enough to handle;
2. it must have sufficient surface area to dissipate any heat generated in it.

A photograph of a ‘signal diode’ (a small-current diode) is shown in
Figure 16.2(a), its diameter being 2-3 mm. A ‘power diode’ is shown in
Figure 16.2(b); this is seen to be physically larger than the signal diode,
and is suitable for bolting onto a heat sink which is used to dissipate the
heat produced by the diode in normal use.

fig 16.2 photograph of (a) a signal diode and (b) a power diode

Reproduced by kind permission of RS Components
A heat sink is a metal (often aluminium) finned structure to which the
diode is fastened. It may be painted black to increase its heat radiation
capacity and, in some cases, may be fan-coiled. A selection of heat sinks
are shown in Figure 16.3.
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fig 16.3 a selection of heat sinks

Reproduced by kind permission of RS Components
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16.3 DIODE CHARACTERISTIC CURVES

The characteristic of a diode (technically known as the static anode
characteristic) is shown in Figure 16.4. It has two operating areas cor-
responding respectively to the anode being positive with respect to the
cathode and to the anode being negative.

In the first quadrant of the graph in figure 16.4, the anode is positive
with respect to the cathode, and this is known as forward bias operation.
In this mode, current flows easily through the diode, and the p.d. across the
diode is more or less constant between about 0.3 V and 0.5 V (the value
of this p.d. depends to a great extent on the type of semiconductor
material used in the construction of the diode). When the diode is forward-
biassed it is said to operate in its forward conduction mode.

In the Third quadrant of the characteristic curve, the anode is negative
with respect to the cathode, and the diode is said to be reverse biassed.
At normal values of reverse-bias voltage practically no current flows
through the diode and it can be thought of as a switch is ‘open’ or off.
In fact, a small value of leakage current of a few microamperes does
flow through the diode; in most cases in electrical engineering this current
can be ignored (this current is sometimes known as the reverse saturation
current).

fig 16.4 static anode characteristic of a diode
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If the reverse bias voltage is increased to a sufficiently high value,
reverse conduction commences at a voltage known as the reverse breakdown
voltage. Any attempt to increase the reverse bias voltage further results
in a rapid increase in the current through the diode. If the current through
the diode is not restricted in value (by, say, a fuse), the diode will rapidly
overheat and will fail catastrophically.

If must be pointed out that diodes used in power supplies are operated
well below their rated reverse breakdown voltage, so that the possibility
of failure of the above reason is unlikely.

A branch of the diode family known as Zener diode is operated in
the reverse breakdown mode, and details are given in Mastering Electronics
by J. Watson.

16.4 RECTIFIER CIRCUITS

A rectifier is a circuit containing diodes which convert alternating current
into direct current (unidirectional current). The basic arrangement is shown
in Figure 16.5; alternating current enters the rectifier from the a.c. supply
and leaves as d.c.

The a.c. supply may be either a single-phase supply, or a three phase
supply, etc. The rectifier circuit can be any one of a number of possible
types of circuit including half-wave or full-wave; these terms are described
in the following sections

fig 16.5 block diagram of a rectifier

N
—

ac. ectifier de.

supply f supply
.

16.5 SINGLE-PHASE, HALF-WAVE RECTIFIER CIRCUIT

A half-wave rectifier circuit is one which utilises one-half of each complete
wave or cycle of the a.c. supply in order to send current to the ‘d.c.’ load.
A typical single-phase, half-wave rectifier circuit is shown in Figure 16.6(a).

The operation of the circuit is described below, and the corresponding
waveform diagrams are shown in diagram (b), (c), and (d) of Figure 16.6.

During each positive half-cycle of the a.c. wave (that is, in the time
intervals A-B and C-D of Figure 16.6(b)), the diode is forward biassed
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fig 16.6 single-phase, half-wave rectifier circuit
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(that is, its anode is positive with respect to its cathode) and current
flows through it. Since the ‘d.c.’ load is resistive, the current in the load
is proportional to the voltage (Ohm’s law), and the voltage across the
load is the same as that of the alternating wave, that is, the ‘d.c.’ voltage
is sinusoidal for the first half-cycle (see Figure 16.6(c)).

During each negative half-cycle of the a.c. wave (that is, during the time
intervals B-C and D-E in Figure 16.6(b)), the diode is reverse biassed (that
is, its anode is negative with respect to its cathode) and no current flows
through it. Consequently, in the negative half-cycles of the supply, no
current flows in load resistor, R, and no voltage appears across it. Hence
the current on the d.c. side of the rectifier flows in one direction only, that
is, it is unidirectional.

The value of the d.c. voltage, V., across the load is calculated from
the equation

Vi = 'm =0318V,, =045V, (16.1)
T
where V,, is the maximum value of the a.c. supply voltage, and Vj is the
r.m.s. value of the a.c. voltage. The d.c. current in the load is calculated
from

(16.2)

X e

where R is the resistance of the load in ohms.
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Example

A 240-V sinusoidal supply is connected to a single-phase, half-wave rectifier
circuit of the type in Figure 16.6(a). Calculate (i) the direct voltage across
the load and (ii) the current in a load resistance of 100 ohms. Determine
also (iii) the power consumed by the load.

Solution

V¢ =240V (r.m..); R = 100 ohms.

() Ve =0.45V,=0.45 x 240 =108 V (Ans.)
Vv 108

i) 1 =2dec = " =108 A (Ans.

(i) g, R 100 (Ans.)

(iii) d.c. power =1.08% x 100 = 116.6 W (Ans.)
16.6 SINGLE-PHASE, FULL-WAVE RECTIFIER CIRCUITS

A full-wave rectifier circuit utilises both half-cycles of the a.c. supply
wave, so that current flows in the d.c. side of the circuit during both
half-cycles of the a.c. wave. With the same supply voltage and load re-
sistance, this has the effect of doubling the d.c. voltage when compared
with the half-waves case and that the d.c. current is doubled.

The popular forms of single-phase, full-wave rectifier circuit are the
centre-tap (or bi-phase) circuit and the bridge circuit, and are described
in the following paragraphs.

Single-phase centre-tap (or bi-phase) rectifier circuit)

The circuit is shown in Figure 16.7(a). It contains two diodes D1 and D2
which are energised by a transformer with a centre-tapped secondary
winding. You will recall that it was shown in Chapter 14 that this type of
winding provides a two-phase output voltage, the voltage at points X and
Y being of opposite phase to one another (centre point Z being the
‘common’ zero volts line).

In one half-cycle of the supply, the voltage at X is positive with respect
to Z on the secondary winding, and Y is negative. This causes D1 to be
forward biassed at this time and D2 to be reverse biassed; the net result
is that D1 conducts and D2 is cut off. Current therefore flows out of the
positive terminal and into the load. In the other half-cycle of the supply,
the polarity at X and Y are reversed so that D1 is reverse biassed and D2
is forward biassed. During these half-cycles, current flows through D2 and
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fig 16.7 single-phase, full-wave (a) centre-tap circuit and (b) brige circuit

centre-tap
transformer

Vs

+

A 'B Vd.cT R
D4

(b)

into theload via the positive terminal. That is, current always flows through
the load in the same direction during both half-cycles of the a.c. waveform.
The corresponding voltage and current waveforms are shown in Figure
16.8. The current through the diodes is ‘summed’ at junction J in Figure
16.7 to give a pulsating but unidirectional (d.c.) load current.
The d.c. (average) load voltage, V., is calculated from the equation

Vie =2V 1=0.636V,, =09V, (16.3)



305

fig 16.8 voltage and current waveforms for a single-phase, full-wave recti-
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where V,,, is the maximum value of the a.c. voltage induced in one-half
of the secondary winding (see Figure 16.7(a)), and V, . as its r.ms.
value. The d.c. load current, /4. is given by

I de. = Vd.c. / R (1 6~4)

where R is the resistance of the load in ohms.

A feature of this circuit is that you can select a direct voltage of your
choice simply by obtaining a transformer with the correct voltage transfor-
mation ration. Another feature of the circuit is that the transformer enables
the secondary circuit to be electrically ‘isolated’ from the mains supply;
this feature is particularly useful in special cases such as medical installations.

A possible disadvantage of this circuit over a number of other rectifier
circuits is that it needs a bulky and relatively expensive transformer. This
disadvantage usually means that the centre-tap circuit is only used where
other lighter and less expensive circuits cannot be used.
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Single-phase bridge rectifier circuit

The circuit is shown in Figure 16.7(b); in this case the rectifier circuit
contains four diodes D3-D6 which are connected in a ‘bridge’ formation.

When the a.c. supply causes point A to be positive with respect to
point B, diodes D3 and D4 are forward biassed and diodes D5 and D6
are reverse biassed. Current therefore leaves point A and enters the load
via diode D3 (D6 cannot conduct since it is reverse biassed at this time).
The current returns to point B via the forward-biassed diode D4. That is,
the upper terminal of the load resistor R is positive with respect to its
lower terminal.

When the a.c. supply makes B positive with respect to A, diodes D5
and D6 are forward biassed and D3 and D4 are reverse biassed. Current
enters the load via diode D5 and leaves it via D6. That is, the upper terminal
of the load is once more positive.

In this way, current flows through the load resistor, R, in one direction
only in both half-cycles of the a.c. supply.

The equations for the d.c. voltage and current in the bridge circuit are
given by eqns (16.3) and (16.4), respectively, with the exception that
V4. should be replaced by the r.m.s. value of the supply voltage, V.

Advantage of the bridge circuit include its simplicity and the fact
that it does not need a transformer. Disadvantages of the circuit include
the fact that the d.c. voltage is directly related to the a.c. supply voltage,
that is the d.c. voltage cannot be altered without connecting a transformer
between the a.c. supply and the rectifier. Another disadvantage is that the
a.c. and d.c. voltages are not ‘isolated’ from one another; that is to say,
if one of the a.c. supply lines is earthed, then you cannot earth one of
the d.c. lines.

16.7 SMOOTHING CIRCUITS

The ‘d.c.’ voltage waveform from simple rectifier circuits of the type
described in section 16.6 is in the form of ‘pulses.; whilst this may be
satisfactory for a number of applications, it is unsuited to applications
which need a ‘smooth’ d.c. voltage. A number of simple low-cost
smoothing circuits or ripple filter circuits using combinations of L and C
are widely used to reduce the current and voltage ripple in the d.c. output
of rectifier circuits.

Since the single-phase, half-wave rectifier conducts for only one half of
each cycle, it is not a practical proposition to try to obtain a ‘smooth’
output from it. We therefore concentrate on circuits primarily used to
smooth the output from a full-wave rectifier circuit.
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A simple choke-input filter is shown in Figure 16.9(a) and you will
no doubt recall (see section 11.9 for details) that the function of the
inductor or ‘choke’ is to introduce a high impedance to the ‘alternating’
ripple current component, and that the function of the reservoir capacitor
is to short-circuit the tipple current from the d.c., load resistor. The net
result is a significant reduction in the ripple component of the current
in the d.c. load (see Figure 16.9(c)).

An improved filter circuit known as a n-filter is shown in Figure 16.9(d).
This circuit uses two capacitors which are often equal in value and, for a
given application, each has about twice the capacitance of C in Figure
16.9(a) (for a given application, the same value of L can be used in both
circuits).

16.8 THE THYRISTOR

A thyristor is a multi-layer semiconductor device. There are two broad
categories of thyristor, namely the reverse blocking thyristor and the
bidirectional thyristor or triac (the latter being a trade name). Each type
is described in this section.

fig 16.9 (a) choke-input filter circuit and (b) a n-filter
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The reverse blocking thyristor

This is the type of device to which engineers generally refer when they
mention the ‘thyristor’; it is a four-layer semiconductor device which
has the construction shown in Figure 16.10(a).

It has three electrodes, namely an anode, a cathode and a gate. The
anode and cathode can be thought of in the same way as the anode and
cathode of a diode; that is to say, the ‘easy’ direction of current flow
is from the anode to the cathode. It is the four-layer construction and the
‘gate’ electrode which account for the difference between the thyristor
and the diode.

The operation of the thyristor can be explained in terms of the simpli-
fied equivalent circuit in Figure 16.11. The thyristor can be thought of
as a diode in series with an electronic switch, S, which is controlled by
the signal applied to the gate electrode as follows:

When the gate current is zero, switch S is open and no current can
flow through the thyristor. When gate current flows, switch S
closes and current can flow through the thyristor (but only from
the anode to the cathode).

However, once switch S has been closed by the flow of gate current, it
will remain closed (even if the gate current falls to zero) so long as the
anode is positive with respect to the cathode.

The source of the gate current which ‘closes’ switch S can either be
d.c. or a.c. (it must be the positive half-cycle of an a.c. wave!). In fact,
the majority of gate ‘driver’ circuits are special pulse generator which
supply a short pulse of current (say about 1 A or so for a few microseconds
duration).

When the reverse blocking thyristor is used in an a.c. circuit, the current
flowing into the anode of the thyristor falls to zero once during each
cycle, so that the thyristor current automatically becomes zero at this
time. When this occurs, switch S automatically opens, and current can-
not flow again until current is applied to the gate electrode once more
at some point in the next positive half-cycle.

That is to say, the point at which the current starts flowing in the load
in each positive half cycle of the a.c. supply is controlled by the instant
of time that the pulse of current is applied to the gate electrode. It is
by controlling the point in the positive half cycle at which the gate is ener-
gised that you control the phase angle at which the load current is turned
on; for this reason, this method of load current control is known as phase
control.

When the thyristor is used in a d.c. circuit, the anode current does not
fall to zero (assuming, that is, that the supply voltage is not switched off)
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fig 16.10 (a) sectional diagram of a p-n-p-n reverse blocking thyristor, (b)
circuit symbols and (c) a practical thyristor
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310

fig 16.11 simplified operation of the thyristor
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and special current ‘commutating’ circuits have to be used in order to turn
the thyristor off.

The characteristic of a reverse blocking thyristor is shown in Figure
16.12. In the forward-biassed mode (when the anode is positive with
respect to the cathode) the thyristor has one of two operating conditions,
namely

fig 16.12 characteristic of a reverse blocking thyristor
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1. when the gate current is zero: in this case the thyristor ‘blocks’
the flow of current, that is, switch S in Figure 16.11 is open. This
is known as the forward blocking mode;

2. when the thyristor is triggered: in this case the gate current is
either flowing or it has just stopped flowing. This causes switch
S in Figure 16.11 to close, allowing current to flow through the
thyristor. This is known as the forward conducting mode.

In the reverse biassed mode (when the anode is negative with respect to
the cathode) the thyristor blocks the flow of current (and is also known
as the reverse blocking mode). At a high value of reverse voltage which is
well in excess of the voltage rating of the thyristor, reverse breakdown
occurs; the thyristor is usually catastrophically damaged if this happens.

A typical application of a reverse blocking thyristor would be to an
industrial speed control system, such as a steel rolling mill or an electric
train. The operators control lever is connected to a potentiometer which
is in a pulse generator in the gate circuit of the thyristor. Altering the
position of the control lever has the effect of altering the ‘pulse angle’
at which the pulses are produced; in turn, this has the effect of controlling
the current in (and therefore the speed of) the motor being controlled.

On the whole, the reverse blocking thyristor is more ‘robust’ than the
triac (see next paragraph) and the thyristor can be used in all electric
drives up to the largest that are manufactured.

The triac or bidirectional thyristor

This device is one that can conduct in two ‘directions’ and, although it
has a more complex physical structure and operating mechanism than
the reverse blocking thyristor, it still has three electrodes. These are

known respectively as T1, T2 and the gate; circuit symbols for the triac
are shown in Figure 16.13.

fig 16.13 circuit symbols for a triac or bidirectional thyristor
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Since the triac can conduct in either direction, terminal T2 may be either
positive or negative with respect to terminal T1 when current flow takes
place. However, the triac must be triggered in to conduction by the ap-
plication of a pulse to the gate electrode; the trigger pulse in this case may
have either a positive or negative potential with respect to the ‘common’
electrode T1.

Applications of the triac are limited to power levels up to about a few
hundred kilowatts, but this is a situation which is continually changing as
technology advances. A popular application of the triac is to a domestic
lighting control; the triac and its gate pulse circuitry is small emough to
be housed in a standard plaster-depth switch, the knob on the front of the
switch controlling the gate pulse circuitry. The knob is connected to a
potentiometer which applies ‘phase control’ to the pulse generator. At
switch-on, the triac gate pulses are ‘phased back’ to between about 150°
and 170° so that current only flows for the final 30° to 10° of each half-
cycle of the supply (remember, the triac conducts for both polarities
of T2); this results in the lamp being dimly illuminated at switch-on.
As the control knob is turned, the gate pulses are graduglly ‘phased forward’
so that the triac fires at an earlier point in each half-cycle of the supply
waveform, resulting in increased illumination. Finally, when the gate pulses
are phased forward to 0°, the triac conducts continuously and the lamp
reaches its full brilliance.

The characteristic of a triac is shown in Figure 16.14. Before gate
current is applied (for either polarity of voltage between T2 and T1)
the ‘triac blocks the flow of current (shown as forward blocking and

fig 16.14 characteristic of a triac
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reverse blocking in Figure 16.14). After the application of a gate pulse,
the triac conducts for either polarity of potential across it (shown as
forward conduction and reverse conduction in Figure 16.14); the triac
continues conducting (even when the gate pulse is removed) so long as
a p.d. is maintained across it. When the supply current falls to zero (as
it does in an a.c. system), the triac reverts to one of its blocking modes
until it is triggered again.

16.9 A ‘CONTROLLED’ THREE-PHASE POWER RECTIFIER

A three-phase ‘controlled’ bridge rectifier circuit is shown in Figure
16.15, and consists of three thyristors and three diodes, the pulses
applied to the gates of the thyristors are ‘separated’ by the equivalent
of 120°, so that only one thyristor conducts at a time.

When THI is triggered, current passes through it to the positive
terminal of the load, the returns to the supply via either D2 or D3. In
fact, only one of the diodes conducts at any one time, which one it is
depends on which of the Y or B supply lines is at the most negative
potential. That is, current will return via D2 for one period of time, and
via D3 for another period of time.

When TH2 is triggered into operation, current returns either via D1 or
D3; when TH3 conducts, current returns either via D1 or D2.

Once again, the output current and voltage are controlled by phase
control, that is the phase angle of the gate pulses is altered via the gate
pulse generator.

The circuit in Figure 16.13 is known as a half-controlled rectifier
because one-half of the devices in the circuit are thyristors.

fig 16.15 a controlled three-phase bridge rectifier

gate
pulse
generator ___k %

TH1  |tH2  [TH3 [j de.
load
{R —

three-phase
supply
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16.10 INVERTORS

An invertor is a circuit which converts d.c. into a.c.; for example, the
circuit which provides the power from the battery of a bus to its flu-
orescent lights is an invertor. This circuit takes its d.c. supply from a 12-V
battery and converts it into a higher voltage a.c. supply for the fluorescent
lights.

For a circuit to be able to ‘invert’. all the semiconductor elements in
the invertor must be thyristors. For example, if all six devices in the half-
controlled ‘rectifier’ in Figure 16.15 were thyristors, then it could act
as a three-phase invertor. In this case the ‘d.c. load” would be replaced
by a battery or d.c. generator, and the ‘three-phase supply’ would be
replaced by a three-phase load such as a motor or heating element.

16.11 A STANDBY POWER SUPPLY

A number of installations need a power supply which is 100 per cent
reliable. One method of providing such a power supply is shown in Figure
16.16.

Under normal operating conditions, the load is supplied directly from
the mains via contact A of the electronic switch S (which would probably
by a thyristor circuit). Whilst the main circuit is working normally, diode
D trickle-charges the ‘standby’ battery.

When the power supply fails, the contact of switch S changes to position
B, connecting the load to the output of the invertor circuit. Since the
invertor is energised by the standby battery, the a.c. power supply to the
load is maintained at all times.

fig 16.16 one form of standby power supply

a.c. power

A
supply S L: a.c. supply
D B

to lead

) a.c. output
— invertor from invertor
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SELF-TEST QUESTIONS

1. What is meant by ap-type semiconductor and an n-type semiconductor?
Also explain the meaning of the expressions ‘majority charge carrier’
and ‘minority charge carrier’.

2. Draw and explain the characteristic of a p-n junction diode. What is
meant by ‘forward bias’ and ‘reverse bias’ in connection with a p-n
diode?

3. In what respect do ‘half-wave’ and ‘full-wave’ rectifiers differ from one
another?

4. A rectifier circuit is supplied from a 100-V r.m.s. supply. For (i) a half-
wave and (ii) a full-wave rectifier circuit, calculate the no-load d.c.
output voltage. Determine also the load current in each case for a
100-ohm load.

5. Explain the purpose of a ‘smoothing’ circuit or ‘ripple’ filter. Draw a
circuit diagram for each of two such circuits and explain how they
work.

6. What is a thyristor? Draw and explain the shape of the characteristic
for (i) a reverse blocking thyristor and (ii) a bidirectional thyristor.
Discuss applications of the two types of device.

7. Explain what is meant by an ‘invertor’. Where might an invertor be
used?

SUMMARY OF IMPORTANT FACTS

A semiconductor is a material whose resistivity is mid-way between that
of a conductor and that of an insulator; popular semiconductor materials
include silicon and germanium. The two main types of semiconductor are
n-type and p-type; n-type has mobile electrons in its structure whilst p-type
has mobile holes. In an n-type material, electrons are the majority charge
carriers, and p-type holes are the majority charge carriers.

A diode permits current to flow without much resistance when the p-type
anode is positive with respect to the n-type cathode. In this mode it is said
to be forward biassed. The diode is reverse biassed when the anode is
negative with respect to the cathode; in this mode the diode blocks the
flow of current through it. Reverse breakdown occurs if the reverse bias
voltage exceeds the reverse breakdown voltage of the diode; the diode
can be damaged if the current is not limited in value when reverse break-
down occurs. Diodes designed to work in the reverse breakdown mode are
known as Zener diodes.

A rectifier circuit converts an a.c. supply into d.c. The circuit may
either be single-phase or poly-phase, and may either be half-wave or full-
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wave. The ‘ripple’ in the output voltage or current from a rectifier can be
reduced by means of a smoothing circuit or a ripple filter.

An invertor is the opposite of a rectifier, and converts d.c. into a.c.

A thyristor is a multi-layer semiconductor device. A reverse-blocking
thyristor (which is the type referred to when thyristos are discussed)
allows you to control the flow of current from the anode to the cathode
by means of a signal applied to its gate electrode. A bidirectional thyristor
(often called a triac) allows you to control the flow of current through it
in either direction by means of a signal applied to its gate electrode. The
gate signal of both types of thyristor may be either d.c. or a.c., or it may be
a pulse.
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SOLUTIONS TO

NUMERICAL PROBLEMS

Chapter 1

Chapter 2
Chapter 3

Chapter 4

Chapter 5
Chapter 6

Chapter 7

w

AN pbW

DN

PRns

RPN

0.2 A

100 S

non-linear

1kHz ;10us

400 C; 400 W;80001J

0.1Q

5518

0.1818

86.4 Q

(i) 400, (i) 4Q

(iii) series =400V, parallel=40V

(iv) series = 4kW, parallel = 400 W

I, =0.136A;1, =0.318A;1+ 1, =0.454A

33.33 c¢m from one end and 66.67 cm from the other
end.

144 MJ;40 kWh

1kV

(i) 10V, (i) 100 kV

3.54 nF

(i) 12 uF ;@) 1.091 uF

(i) 120uC :10.91 uC ; (ii) 600 uJ;54.55 uJ

(i) 0.01 s ;(ii) 0.01 A ;(iii) 0.007 s ;(iv) 0.05s;
(v) 10V,00A

25 000 At; 53 052 At/m ;0.209 mWb ;0.209 T
1293 At/m ;2328 At

1257

(i) 0.5 s ;(ii) zero; 1.0 A ;(iii) 0.35s (iv) 2.5s;
) 257
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Chapter 8

Chapter 9

Chapter 10

Chapter 11

Chapter 12

Chapter 13

Chapter 14

Chapter 15

Chapter 16

W

N -

Nk ow

w

. 200 Hz

(i) 1.047 rad ;(ii) 2.094 rad ;(iii) 91.67°
(iv) 263.6°

0.372T
960 Nm

6.58 ms ; 4 MHz

(i) 11.79 A ;(i) 0.174 A, 10.21 A, —-4.03 A,

—2.05A,9.92A,10.72A,-892A

76.44V ;84.84 V

(i) 323.9 V leading the 150-V wave by 25.88°;

(ii) either 141.7 V lagging the 150-V wave by 86.5°
(if the 200-V wave is subtracted), or 141.7 V
leading the 200-V wave by 93.48° if the 150-V
wave is subtracted)

(i) 12500 VA ;(ii) 36.87°, 0.8 ;(iii)) 7500 VAr

0.833 A ;28882

Circuit A: (i) 0.667 A ; (ii) I lags behind ¥, by 90°;
Circuit B: (i) 1.25 A ;(ii) I1leads ¥ by 90°

(i) 157.1 82, 0.636 A ;(ii) 188.5Q,0.531 A;

(iii) 314.2 82, 0.0318 A

10 uF

(i) 14.71 Q ; (i) 680

628.38;79.6 2 ;557.7Q

1793 mA ; Vg =1.793V , ¥V, =11.27V,

Ve =143 V;P=32.15 mW, power factor =0.179
(I lagging V)

(i) I =01A,I; =159 mA, [ =0.126 A;

(ii) 0.149 A;(iii) 47.75° (I leading V), 0.672;
(iv) 1.49 VA, 1W, 1.105 VAr

0.507uF;1.5A

31.42

19.05 kV, 173.2V
(i) 21.87 A,21.87 A;(ii) 21.87 A, 12.63 A
36.87° ;125 kVA ;75 VAr

1H
20V;05A;01A
95W

5 rev/s or 300 rev/min
1425 rev/min

(i) 45V,0.45 A;(i) 90V, 09 A
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INDEX

A

acceptor circuit 244
accumulator 25-9
accuracy, instrument 68
a.c. generator 160, 169
a.c. motor 286
linear 287
air dielectric capacitor 115
alternating current 8,157,191
alternator 160, 169
ampere 1
analogue instrument 63-77
electronic 82
analogue-to-digital convertor (ADC)
83
angular frequency 161
anion 1,14
anode 14, 25,297
apparent power 209, 240
armature 167,179, 181
armature current 179
atom 1
autotransformer 277
average (mean) value 193,198

‘back’ e.m.f. 183

balanced three-phase supply 260,
264, 265

balanced three-phase system 260

battery 20

bell, electric 150, 151

B-H loop 135

bimetallic strip 89

branch current method of solving
circuits 59

bridge rectifier 303, 306

bridge, Wheatstone 77-80

C

cage rotor 290
calculus 225

capacitance 98
capacitance of a parallel-plate capa-
citor 101,105
capacitive reactance 22§, 227,231
capacitor
applications of 103
charge stored in 98
energy stored in 99
fixed 97
parallel connection of 108
series connection of 106
typesof 115
variable 97
carbon resistor 395, 41
cathode 14, 25,297
cation 1,14
cell 19,23
ceramic dielectric capacitor 116
charge, electrical 1,95
charging current of capacitor 109
circuit
electrical 50
magnetic 137
coercive force 134
commutation problems in d.c.
machines 187
commutator 167, 180
complex waveform 212
compole 181
compound-wound motor 186
concentric winding construction
277
conductance 6, 46
conductivity 46
conductor 3
contact potential 29
controlling force, in instrument
65,66,72,73,76
‘copper’ loss 273,279
core loss 273
core type construction of trans-
former 276
coupling coefficient, magnetic 272
crest factor 199
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current 2-4

heating effect of 86
current transformation ratio 275
current transformer 72, 280
cycle, alternating 10, 161

D

damping of instruments 65, 67,
72,73,76,77

d.c. generator 167

d.c. motor 179,181

d.c. power distribution 170, 172

decay of current in an inductor
146-50

deflecting force, in instrument
65,66,72,73

delta. connection 264

depolarising agent 23

dielectric 96, 97

digital instrument 63, 82

diode 7

direct current,d.c. 8

discharge current of capacitor 113

domain, magnetic 122

dry cell 19,24

dynamic resistance of parallel
resonant circuit 253

dynamometer wattmeter 74

E

eddy current 67, 164

power loss by 165,173
effective (r.m.s.) value 196
efficiency 173

transformer 279
electric field 95, 96
electric field intensity 97
electric flux density 99
electrical power distribution

169, 171

electricity generator 169
electrolysis 15

lawsof 17
electrolyte 14,15
electrolytic capacitor 117
electromagnet 125
electromagnetic induction 140
electromotive force 3
electron 1, 3,296
electroplating 14,17

electrostatic flux 95
electrostatic flux density 99
electrostatic screening 97
em.f. 4

‘back’ 183
energy 12,87
energy band, in atom 1
energy in a capacitor 99
energy in a magnetic field 143
energy meter 76
excitation current 125,179
exciter 163, 169
exponential curve 112

F

farad 98
Faraday cage 98
Faraday’s laws of electrolysis 17
Faraday’s laws of electromagnetic
induction 141

ferromagnetism 122,132
field current 179
field regulator 185, 186
field system, of machine 179, 181
Fleming’s left-hand rule 177
Fleming’s right-hand rule 158
flux

electric 95

magnetic 122
flux density

electrostatic 99

magnetic 129
force on a conductor 179, 182
former of a coil 65
form factor 199
forward bias 300, 301, 310
forward blocking 311,312
forward conduction 300,311, 312
fractional slip 291
frame of motor 167, 181
frequency 10,191
full-wave rectifier 303, 306
fundamental frequency 212
fuse 87

G
galvonometer 65
generator
a.c. 160, 169
d.c. 167



grid distribution system 170,171
growth of current in an inductive
circuit 143

H

hairspring, in instrument 65

half-controlled three-phase rectifier
313

half-wave rectifier 301

Hall effect 31

hard magnetic material 135

harmonic 212

heating effect of current 86

heat sink 298

hole, electronic 2, 3,296

hysteresis coefficient 135

hysteresis energy loss 135,173

hysteresis loop 135

I

impedance 237
impedance triangle 238

induced e.m.f. 140
inductance
mutual- 141, 271
self- 141

induction by motion 140

induction furnace 165

induction meter 76

induction motor 290
single-phase 293

inductive reactance 221, 231

instantaneous value, of wave 110

instrument transformer 280

insulator 3

internal resistance 21

interpole 181

inverse-time fusing characteristic

87

invertor 314

ion 1,14

ionisation current 15

iron loss 273,279

PRloss 86,273,279

J

junction diode 297
junction, in an electrical circuit 56
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K

kilowatt-hour 12, 87

kilowatt-hour meter
meter

Kirchhoff ’s laws 56-61

see energy

L

lamination 165, 166, 181, 274,
276,290

layer, in atom 1
lead-acid accumulator 26
leakage current 300
least significant digit 63
left-hand rule, Fleming’s 177
Lenz’slaw 141,157
light-emitting diode (LED) 83
linear characteristic 212
linear motor 287
linear scale, of instrument 73
line current 263, 265
line of force

electric 96

magnetic 122
line voltage 262,265
liquid crystal display (LCD) 83
local action 23

M

magnetic circuit 137
magnetic coupling coefficient 272
magnetic domain 122
magnetic field intensity 128
magnetic field strength 128
magnetic flux 129
magnetic flux density 129
magnetic saturation 133
magnetic screening 140
magnetism 122
magnetisation curve 132
magnetising force 128
magnetometer 32
magnetomotive force 128
majority charge carrier 296
maximum demand 91
maximum value, of a.c. wave
161, 192
mean (average) value 193
mercury cell 25
mesh connection 264



322

metal-film resistor 36

mica dielectric capacitor 116
minority charge carrier 296
mixed dielectric capacitor 116

m.m.f. 128
motor
a.c. 286
d.c. 181

motor starter, d.c. 187
moving-coil meter 65
moving-iron meter 72
multiple-plate capacitor 205
mutual inductance 141, 271

N

negative phase sequence 260

negative resistance-temperature
coefficient 49

neutral wire 8, 261, 264

neutron 1

non-linear characteristic 212

non-linear resistor 7

non-linear scale, instrument 73

n-type semiconductor 296

nucleus 1

(0)

ohmmeter 81

Ohm’slaw 5

overcurrent protection 153
see also fuse

P

paper dielectric capacitor 115
metallised 115
parallel circuit 53
a.c. 241
capacitors in 108
resistors in 53
parallel-plate capacitor 96,101,105
parallel resonance 244, 249-55
peak factor 199
peak value 192
Peltier effect 30
periodic time 10, 161, 191
permeability 130
relative 131
permeability of free space 130
permittivity 100
relative 100

permittivity of free space 100

phase angle 200, 236, 238

phase control of thyristor 308,313

phase current 263, 265

phase voltage 259, 263, 265

phasor 201

addition of 204

phasor diagram 201, 235

photovoltaic effect 32

piezoelectric effect 32

pivotless suspension 65

plastic film dielectric capacitor 115

p-n junction diode 297

polarisation 23

pole of machine 181

polyphase supply 163, 164, 257

potential difference 97

positive phase sequence 260

potential difference, p.d. 3

potential energy 3

potential gradient 97

potential transformer 72,280

potentiometer (resistive) 40

power 11

power in a.c. circuit 239, 244

power in a three-phase circuit 266,

267

power factor 211, 240, 244

power loss, in electrical equipment
172

power triangle 210

preferred values of resistance 37-9

primary cell 19,25

primary winding of transformer
271

proton 1

p type semiconductor 296

Q

Q-factor
parallel circuit 254
series circuit 248
quadrature power 240
quadrature voltage 238
quantity, electrical 11

R

radian 161
reactance
capacitive 225,227, 231



inductive 221, 231
reactive power 210
‘real’ power 209
rectifier 71, 301
half-controlled 313
single-phase bridge 303, 306
single-phase full-wave 303
single-phase half-wave 301
three-phase controlled 313
rejector circuit 244
relative permeability 131
relative permittivity 100
relay 151
reluctance 136
remanence See remanent flux
density
remanent flux density 134
reservoir capacitor 307
resistance 5, 41
measurement of 77-81, 83
parallel-connected 53
series-connected 51
series-parallel-connected 54
temperature coefficient of 47
resistance colour code 37-9
resistivity 44, 46
resistor 35
carbon composition 35, 41
cermet 36,41
colour code of 37
conductive plastic 41
film 36
linear 7
metal oxide 36
non-linear 7
oxide film 36
preferred value of 37
wirewound 36, 41
resonance 244
parallel 244, 249-55
series 244-9
reverse bias 300, 302, 311
reverse blocking 311,313
reverse breakdown 301
reverse conduction 301, 313
reverse saturation current 300
rheostat 40
right-hand rule, Fleming’s 158
r.m.s. value 196, 198
rotating magnetic field 287
rotor, of a.c. motor 287
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S

sandwich winding construction 277
saturation, magnetic 133
screw rule 124
secondary cell 19
secondary winding of transformer
271
Seebeck effect 29
self-induced e.m.f. 140
self-inductance 141
semiconductor 3, 7,296
sensitivity of meter 67
sensor 104
separately excited d.c. motor
184
series circuit 50
a.c. 234
capacitors in 106
resistorsin 50
series-parallel circuit 54
series resonance 244-9
series-wound d.c. motor 186
settling time of transient 113
shell, atomic 1
valence 2
shell-type construction of trans-
former 277
shunt, ammeter 69, 71
shunt wound d.c. motor 186
SI (Systéme International d’Unités)
10,11
Siemens 6
single-phase motor 293
single-phase supply 163
sinusoidal wave 192
slip, of induction motor 291
slip ring 163
solar cell 32
smoothing circuit 306, 307
soft magnetic material 135
solenoid 125
squirrel cage induction motor

standby power supply 314
star connection
three-phase four-wire 261
three-phase three-wire 264
star point 261
starter, d.c. motor 187
static anode characteristic of diode
300
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stator of motor 290 two-phase generator 257
steady-state period 111,112 two-winding transformer 276
Steinmetz index 135

storage cell 19 U

storage battery 25-9

strain gauge, semiconductor 32
superconducitivity 49
synchronous motor 292
synchronous speed 288

unbalanced three-phase supply 260
unbalanced three-phase system

260, 261
unidirectional current 8, 302

T \%
tariff, electricity 91

calculation of 93
temperature coefficient of resistance

valence energy band 2
variable capacitor 96, 97
variable resistor 35, 40
volt 4

47
terminal volt 21 volt-ampere 207
;;;?;nalzv; age volt-amperes, three-phase 267

volt-amperes reactive 207,210

volt-amperes reactive, three-phase
267

voltage 3

voltage-dependent resistor 7

voltage multiplier resistor 70, 71

voltage transformation ratio 275

voltage transformer 72, 280

voltage triangle 238

voltaic cell 20

thermal overcurrent trip 89
thermistor 49
thermocouple 30
thermoelectric effect 29
thermopile 30

thermostat 89

three-phase circuit 257
three-phase generator 258
three-phase motor 286-92
three-phase supply 257

thyristor 307 w
bidirectional 311
phase control of 308,313 watt 207
reverse blocking 308 wattmeter 74
time constant waveform synthesis 212
RC circuit 111-13 Weber 129
LC circuit 144-6 wet cell 19
torque 182 Wheatstone bridge 77-80
transducer 104 wirewound resistor 36, 41
transformer 273 work function 29
three-phase 281-3
single-phase 273-81 Y

six-phase 283, 284
two-phase 280
transient period 110 z
transistor 7
triac 311 Zener diode 301

yoke of motor 181



