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IMPEAKWCJIOBHE

B nacrosimieli KHHMre 1H3jJaraioTcsi OCHOBHI YHCJEHHLIX
MeToM0B. KHHra comep:KuT Martepuas, OpeayCcMOTPEHHBIIR
nporpaMMoi Kypca «Bricuiass MaTeMaTHKa OJISi HHIKe-
HEepHO-TeXHHYECKHX CIIeUHAJbHOCTEH BEICIIMX YYeOHBIX
3aBelleHuil». JlJf MOHUMAHHUSl MOYTH BCErO COAEPIKAHHUSA
KHHUIH JOCTATOYHO 3HAHHs OOLIEro Kypca MaTeMaTHKH
10 yKasaHHOH mnporpaMMme B o0beMe Tpex YyueGHHKOB
sI. C. Byrposa, C. M. HuxkoJsibckoro: DJjeMeHThH JHHEek-
Ho#l ajreGpel H aHAJUTHUYECKOH reomerpuu. — M.: Hayka,
1984; HuddepenunajbHoe 1 HHTErpadbHOE HCUHCHIE-
nue. — M.: Hayka, 1984; uddepenunabubie ypaBHe-
Hus. KpaTuele unrterpaJjbl. Pspbl. OYHKIHH KOMILIEKC-
Horo nepeMenHoro. — M.: Hayka, 1985.

ITpu urenun § 14, 17 norpebyiorcst CBeAEHHST O Cay-
YafHHX BeJHYHHAX H3 3JeMEHTapHOro Kypca TEOpHH Be-
posiTHOCcTel. HekoTopble JIONOJNHUTE/NbHbIE TOHSITUSI, HC-
noJiL3yeMbie B TEKCTe, Pa3bsCHAIOTCA BO BBEAEHNH M IO
Mepe HeOOXOAMMOCTH.

I'naBa 1 nmocssillleHa YHC/AEHHBIM MeTOJAaM NpuHGIHKe-
HUsl QYHKIHHA OQHOH mnepeMeHHOH. 37ech, KpOME MHOIO-
yieHoB Teilnopa, HHTEPHOJSIHHOHHEIX MHOIOYJIEHOB H
MHOrO4JIEHOB HAMJIyYIIero paBHOMEPHOro NpUGJIHKeHHs,
paccMaTpHBAIOTCS aNNpPOKCHMAIUK KYOHUECKUMH CIJIafi-
HaMH, 3HaUUTEJbHOE MECTO Y/EeJSieTCs] BaXKHOMY B HHIKE-
HepHO-TEeXHUUYECKUX TMPHJIONKEHHSAX METOLY HaHMEHBIIHX
KBa/paToB B HeNepHOJHYECKOM H MEPHOJHUYECKOM CJIy-
yadgx C aHaJu30M MOrpeniHOCTH CaMOro MeToja U CJay-
yaiiHOil OIKHGKY, BO3HUKAIOLIel 32 cyeT OIMGOK HAGJ0-
nenuil. B ra. 1 BkaoueH Takxke naparpacd, OTHOCSILHIICS
K UYHCJEHHOMY JAH(Q(epeHIHPOBAaHHIO, HCIOJb3yEMOMY
IpH NOCTPOEHHH CIUIAHHOB, H BBOAHHEA § 1 o npubau-
JKeHHBIX YHCJ/AX.

B ry. 2 npeiacTaB/eHn! YHCJAEHHbIE METOJAbl MHTErPH-
poBanusi. Hapsay c¢ TpaJUUMOHHBIMH KBaApaTypHLIMIL
¢opMyJaMH KpaTKo ussoxen Meron Monre-KapJso Bhi-
YHCJIEHHs1 OTNpPeJeJeHHBIX HHTerpaJioB. B § 16 060CcHOBE-
BaeTcsl NPAKTHYECKOE NMPaBHI0 PyHre OLEHKH HOrpeilHo-
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CTH KBaAPATYPHBIX (OPMYJ H METOX YTOUHEHHS Pe3yJlb=
Tata no PuyaprcoHy. UHC/JIEHHHIM METOAAaM HMHTErpHpo-
BaHilsl OGHLIKHOBEHHBIX M (epeHinanspibX ypaBHEHUH
(pewenrio 3agaun Koum) nocssimer § 18.

[1aBa 3 COJAEPIKUT 4YICJAeHHLIE METOALI pelleHHs 3a-
nau JinHeiiHofi aareOpbl, B 4aCTHOCTH METOA laycca, me-
TOA KTepalmil pelleHHs CHCTeM JHHEHHBIX ypaBHEHHil H
METO/H pelIeHHsi YaCTHYHBIX Mpob/eM COOCTBeHHBIX 3Ha-
yenuii matpun. B § 22 paccmartpupaercst MeTOA NPOroH-
KH pelIeHHs CHCTEMbl € TPEeXAHAroHaJbHOI MaTpuuei
(TpexTOYesHOro pasHOCTHOrO YpaBHEHHs), NOJyUHBLIHH
LIRPOKOE pacnpocTpaHeHHe.

B rJa. 4 u3jiaraiTcsd OCHOBHbIE NPHOJMIKEHHbIE YHC-
JieHnDle MEeTOAbl peulerisl HeJHHEHHBIX ypaBHEHHH M CH=
cTeM HeJauHeHHBIX YpaBHEHI.

[jgaBa b nocssimena OpuOJHKCHHBIM MeTOAAM pelue-
HHs KpaeBoll 3ajaud AU JIMHEHHOTO OGEIKHOBEHHOTrO
nuddepeHIHapHOTO  ypaBHEHHs  BTOPOro  nopsixa.
B § 28 pauel MeTOAH MHHHMH3aLMH HEBS3KH H T'anep-
xnra. B § 29 uanaraetcs pasHoctHuii Merox. Ha Gase
ZBYXTOYEUHOji KpaeBOil 3aJaud BBOJATCA OCHOBHBIE MNO-
HATHA H PasbsCHSIOTCA OCHOBHBIE MOJIOXKEHHS TEOpHH
Pa3HOCTHEIX CXEM.

B rJa. 6 u3yuaioTcs PasHOCTHBIE CXeMbl IS npHef-
HBIX AnddepeHuaibHbX YPaBHEHHil C YacTHHIMH OO«
I3BONHBIMH TIEPBOrO M BTOPOro mopsmkos. Paccmatph-
BalOTCS BONPOCH AaNNpPOKCHMAIHH, YCTOIYHBOCTH, CXOLH~
MOCTH, 4 TaKike SKOHOMHUYHOCTH pPa3HOCTHBIX CXEM.

Cnucok JIHTEpPAaTypbl pPeKoMeHoBaH JAJs  Gosiee
yray6JeHHOrO H3yueHHsl YHCICHHBIX METOLOB.

[Ipu HanuCcaHMHM KHHCH aBTOD ONMHPAJICS Ha OMNBIT HTE-
HHs JEKUHil 1o uyucjaeHHHM Mmeroxam B MMOU u cyme-
CTBEHHO ucnoJsb3oBad coseTs akazemnka C. M. Hukoub-
ckoro u npodeccopa . C. ByrpoBa, KOTOPHM OH
HCKpeHHe 6J1arofapex.

ABTOp BHIpa)aeT CBOI TMIOOKYIO NpPH3HATENBIOCTH
yneny-koppecnonzenry AH CCCP H. C. BaxeaJjioBy,
npogeccopy B. A. TpeHOruHy u HOUEHTY H. A. Ilotan-
KOBY, NpOYHTABIUHM KHHTY B DYKONHCH H CAEJIABIINM
pAA LUEHHBIX 3aMeyaHuil.

E. A. Boxxos
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Ha npakTuke B GOJIBUIHHCTBE CHydYaeB HafTH TOUH oe
pelrenne BO3HHUKIIEH MaTeMaTHUECKOH 3ajaud He yiae
cst. IJTO NPOHCXOAMT IJaBHLIM 00pa3oM He MOTOMY, UYTO
MBI HE YMeeM 3TOro CAenaTth, a MOCKOJLKY HCKOMOE pe-
LieHie OOBIUHO He BLIPAXKAGTCS B IMPHBBIYHBIX JJs HAC
3JIEMEHTAPHBIX HJH APYTHX H3BECTHLIX GYyHKHHsX. [lo-
3TOMY BaKHOe 3HaueHue NpHOoOpeJn YMCIEHHBIE METOH,
0oco0eHHO B CBSI3M C BO3pacTaHHEM DOJH MaTeMaTHyes
CKHMX METOJOB B Pa3jHYHBIX 00JaCTAX HAYKH U TEXHIIKH
U C MOSIBJAEHNHEM BLICOKONPOH3BOAHTE bHBIX DBM.

[Ton uncneHHBIMH METOAAMH IOAPa3yMEBalOTCA METO-
JIbl pelueHusi 3ajay, CBOJSL{HEeCs K apilpMeTHUeCKHM U
HEKOTOPBIM JIOTHYECKHM AeHCTBUSIM Hajd UYHCJIAMH, T. €.
K TeM JeHCTBHsIM, KOTOpble BhInoJiHseT DBM. B 3aBucu-
MOCTH OT CJIOXKHOCTH 3ajauH, 3aJaHHOH TOUHOCTH, MpI-
MEHSIEMOr0 MeTOoJa H T. Jl. MOKeT nOTPeboBaTbLCA BHINOJ-
HHTL OT HECKOJBbKHX JECSITKOB [0 MHOTHX MHJIHapi0B
npeiictBuil. Econ yncsao neficTBUil He MpeBbIIIAET THICSIYH,
TO ¢ TakoH 3ajaueil OOLITHO MOXKeT CIPABHTLCS YEJOBEK,
HMesl B CBOEM PACMOPSIKeHHH HACTOJILHYIO KJABHIIHYIO
CUeTHYI0 Mamuiy 0e3 mporpaMMHOroO ynpaBJieHHsI H Ha-
6op Tabaun aneMeHTapHBX (QyHKIHI. OnHako 6e3 GbICT-
poleiictBytomeii DBM siBHO He 000iTHCL, €Cau JJs1 pe-
LIEHHsT 3a/la4d HYXKHO BLINOJIHUTH, CKa)keM, MopsaiKa
MHJLINOHA fieficTBuil U TeM OoJiee, KOrjga pelleHHe AOJXK-
HO ObiTh HaiifeHo B cxkatble cpoku. Hampumep, sanauu,
CBSI3aHHBIE C CYTOYHBIM MPOTHO30M HOTOABI, MOJIXKHBI
ObiThb peLIeHbl 32 HECKOJbKO YacoB, a MPH YHpaBJeHHH
6BLICTPO HPOTEKAIOILHMH TEXHOJIOTHYECKHMH INpOIecCaMH
TpeOyeTcsi HAXOAUTDb PellieHHe 3a J0JH CeKYHIHL.

Pellienne, NOJy4eHHOE YHCJIEHHHIM METOLOM, OOLIYHO
SIBJISICTCA NPHUOJHKEHHBEIM, T. €. COHEPKUT HEKOTOPYIO
norpeIHocTb. MCTOUHHKAMH MOTPeIlHOCTH NPHOJIHKeH-
HOTO pellieHHst sIBJSIOTCS: 1) HeCooTBeTCTBHE MaTeMaTH-
yecKoil 3ajaud (MaTeMaTHUYRCKOH MOJAEJH) H3yuaeMOMY
peasibHOMY SIBJIEHHIO; 2) MOTPELIHOCTb HCXOAHLIX LAHHBIX
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(3XOAHBIX mapaMeTpoB); 3) NOTPEIIHOCTh METOJAA pewie-
1isl; 4) NMOrpelInocTI OKpPYTJeHuii B apH(METHUECCKHX U
APYrHX JCHCTBHAX Hal YHCJIaMH.

I[TorpeiiocTs B pellen#y, oOycJOBJeHHast MEPBBIMI
ZBYMs MCTOUHHKAMH, Ha3LIBAETCs neycrparumoll. DTa
{OTPCIIIOCTh MOZKET MpPICYTCTBOBATD, Aaze €CJH pelle-
Lile NOCTABJCHHOH MaTeMaTHuecKo#d 3ajadn  HalijleHo
10uHo. Bonpoce o ToM, HacKOILKO XOPOIIO ONHCHIBaeT Ma-
TeMaTHUECKass MOJEJb HCCJefyeMoe sIBJEHHE, MNpOoBe-
psIeTCsl NyTEM CPAaBHEHHs! PE3YJbTATOB IKCNEPHUMEHTOB H
THTIHYHBIX YACTHEIX pellerHii NPpH HEKOTOPbIX 3HAUCHHAX
BXOJLHBIX MapaMeTpoB. BiusHue NOrpenrHOCTH HCXOMHBIX
A2HHBIX YacTO yAaeTcsl OLUEHIThL 3JIEMEHTapHBIMH CpeX-
CTBaMH, HANpPHMEpP BapbHPys UCXOJHBIE JaHHBIC B Tipe-
Aedax WX norpemmnocteil n (Quxcupys pemenus. Econ
JICXOJHBIX JAHHLIX MHOTO, a HX IIOIPCIIHOCTH HOCAT CJIYy-
yafiHblil XapakTep, TO Ha TMOMOLIb MOIYT NMPUHTH CTaTH-
cruyeckue Metoabl. (B § 14 paiorcst oneHKH ciydaiHOi
OWMOKN NpPH amnnpoOKCHMalUH (QYHKUHH METOAOM HaH-
MeHbUIHX KBaipaToB.) B HEKOTOpHIX ciyyasx HeyCTpa-
HEMYIO TIOTPEIIHOCTb MOXKHO paccMaTpHBATh KAK MOTPEl-
HOCTb (DYHKIHM, BO3HHKAIOMIYI0 3a CUET MOTPEIIHOCTH
aprymentoB. (OueHKa Takoil MOrpemHoCcTH, onnpaomas-
cs Ha ¢opmyay Jlarpanixa, paccMaTpPHBAETCs B § 1)

YycsenHble MeToAbl B GOJBLIHHCTBE CJY4YaeB CaMH
o cebe sIBJAAIOTCS MPUOJHKEHHBIMH, T. €. Jlaxe NpH OT-
CYTCTBHH [MOrpelIHOCTell BO BXOJAHBIX JAaHHBIX U TpPI
Jifea bHOM BBHIIIOJIHEHHH apU(METHUECKHX AeliCTBHIl OHH
AAI0T pelIeHHe MCXOZHON 3ajauH ¢ HEKOTOPOH morpem-
HOCTBIO, HA3BIBAEMOIl N02PEUIHOCTbI0 MeTo0a. DTO MpOo-
JICXOAUT T[OTOMY, 4YTO YHCJEHHBIM METOJAOM OOBIYHO
pemaetcss HeKkoTopas JApyras, Gosee TpocTas 3anada,
annpokcuMupyioutast (mpubiuKaoIas) HCXOMHYIO 3a1a-
uy. B psle ciyuaeB HCIOJNb3YeMBIH YHCJEHHBIH METOX
crpourcst Ha Gase GECKOHEYHOro Ipouecca, KOTOPHIl B
npejese MNPHBOAHT K HCKOMOMY pEIUCHHIO (sanpumep,
BLIYMCJACHHE 3HAYEHMil 3JIEMEHTapHOH (YHKUHH C TO-
MOIIBIO UACTHUHBIX CYMM CTENEHHOro psila, B KOTOPBIH
pasnaraetcst ata Gysxnns). OnHako peaspHO TNPEAesb-
Ui epexoa OOBLIYHO He YAaeTcst OCYIIeCTBHTH, M HPO-
lecc, MPEepBAaHHBI Ha HEKOTOPOM Iuare, Naer npuban-
JKEHHOe pellIeHHe.

HccnenoBanmio TMOTPEIIHOCTH  YHCJIEHHBIX METOLOB
yjelsieTcs 3HauuTeNbHOE BHHMaHIE BO BCeX pasjienax
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AaHHOH KHuUrd. YUucjaeHHBHH MeToJ OOHLIYHO 3aBHCHT OT
OJIHOTO MJIH HECKOJIbKHX NapaMeTpOB, KOTODLIMH MOXKHO
pacnopsikaTbcd. B KauecTBe Takoro mapamerpa CiyKuT,
HanpuMep, YHCJO HTepaluil NpH pelleHud CHCTeM ypas-
HeHuii HJIH YHCJO YUHTBIBAEMBIX WIEHOB IIPH CyMMHPO-
BaHMH psila, a TAKKe liar, ¢ KOTOPLIM HCHOJbL3YITCH
3HAUEHHS NOJABIHTErpabHOil (QYHKUIHH NpH NPUOJHKEeH-
HOM BHIUMCJICHHH oOmpejeseHHoro unterpasa. [lorpew-
HOCTh METO/J2 WJIH NOJIyyaeMmasi ee OLeHKa OOLIYHO 3aBH-
CHT OT COOTBETCTByIOIero napamerpa. Muoraa ynaercs
MOJVYHTL OLEHKY [OrpPeIiHOCTH, BHIPaXKaeMmyl TOJbKO
yepe3 U3BECTHLIE BeJUYHHHL.

C noMOIIbI0 3TOA OLEHKH MOXKHO ONpelesuTh 3Haye-
HHS TapameTpa, 3alaloillero MeTod, HPH KOTOPHX [MO0-
rPeIIHOCTh METOAd JEXHUT B TpebyeMHX npenenax. Haiue
7K€ OLEHKa TMOTPEeIlHOCTH COLEPIKUT HEH3BeCTHLIE [o-
CTOSIHHbIE MHOXKHTEJH, 8 TapaMeTp MeTOAAa BXOJAUT B Hee
B Buie Jubo creneHHoll, Nnbo NoKasaTeJbHOH (QYHKIIMH.
Tlo Takoii OueHKe CYAAT O CKOPOCTH YObiBaHHS LOTrpeiu-
HOCTH OpH H3MeHeHHH mnapametpa Merona. CkopocTh
yObIBaHHsI NOTPELUHOCTH fBJAETCS BAaXKHOj XapaKTepHs
CTHKOH MeToja.

Bonpocom, nau6osiee CJIOXKHBIM TeXHHYECKH, sIBJISIET-
csl yyeT NOTrpeIIHOCTell OKPYyrJeHHs B apHPpMEeTHYeCKHX
peficTeusix. Ecoau geHAcTBHI BHINOJHAETCS HEMHOro, TO
NnoepelHoCTU OKpYyeaexus TpPH PYYHBIX BBIYHCJIEHHSX
MOXKHO Y4€CTb METOJIOM, H3JIOXKeHHbIM B § 1, mocBsiuieH-
HOM 3J1€eMeHTapHO} TeOPHH MOrpeuHocTeil, pacCUUTaHHOM
Ha HeGoJbluoe yucio geicteuil. [lpu pewenun s3ajgay Ha
OBM xapakTepHH ABe CHUTyalMH.

Eciu KOJHYECTBO BBHINOJHSEMBIX apH()METHYECKHX
JIeKCTBHfI HEBEJHKO, TO OOBLIYHO MOrPEIIHOCTH OKpyrJe-
HHUSI He TMPOSIBJIAIOTCS, Tak Kak B DBM uncsia mpeacras-
asiorcss ¢ 10 n Gojiee HECATHYHBIMH 3HAYaAIUMH UHQ-
paMu, a2 OKOHUaTeJbHHEI{l pe3yJbTaT PeAKO GbBaeT HYxKeH
GoJsiee yeM ¢ 5 AeCATHYHBIMH 3HAYamuMu nuppamu. Ecan
3alaya CJoxkHasi (HampuMep, CBOASIIASICS K pEIICHHIO
ypaBHEHHH C YaCTHBIMH NPOM3BOAHBIMH) H JJisi €e MpH-
GJHAeHHOrO pelienusi norpebyercs, ckaxewm, 107 apud-
MeTHYECKHX JeHCTBHIi, TO B 3TOH CHTyallHd HepeasbHO
YUYUTHBATh BJIHSIHHE MOTPEIIHOCTEell OKPYIJIEHHs B Kax-
aom gefictBuu. IIpu TakoMm yueTe MOJIYYATCST CJIHIIKOM
3aBHIIEHHAs] OLEeHKA NOTPeIUHOCTH, OTBeyarouas camomy
peGiaronpusiTHoMy cJay4dao. IlorpewiHoctu OKpyrJeHHs
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BeayT cefst JOCTATOYHO CJAy4ailHO KaK MO BeJHYHHE, Tax
H 1o 3naky. [103TOMYy HMEIOTCA TPEANOCHUIKH AJISl HX
p3anMuoii kommeHcaunu. OQHAKO € MOTPEHIHOCTAMH
OKpYIJIEHHs] NPH DEIICHHH CJOXKHBIX 3ajay BCE PaBHO
IPHUXOLHTCS CEPbE3HO CUHTATHCH.

Jias pelueHHs ORHOIN M TOH ke 3afayH MOTYT MpuMe-
HATLCS pasfuuHble NpHOIHIKEHHBle MetoAbl. UyBCTBH-
TeJLHOCTb K MOTPELIHOCTSIM OKPYrJEHHSI CYLIECTBEHHO
3aBHUCHT OT BBHIOPAHHOrO yHCJIEHHOro meroaa. B riu. 5, 6
HCCJIeYIOTCSl PA3HOCTHBIE METOMbl perieHHs] KPaeBhIX 3a-
nay gas gudgepeHiuadbHEX YpaBHEeHHl M BbIACJSAIOTCH
TaK Ha3BIBaeMble YCTOHUHBBHIE MeTOAH (pasHOCTHHE CXe-
MB), KOTOpble, B YACTHOCTH, MaJO YYBCTBHTE/JbHBI K
NOrpelHoCTSIM OKPYr/IeHns. Majio 4yBCTBHTEJNBHBIMH K
TaKHM NOTPEeLIHOCTSM SBJAIOTCS HTepalHOHHBIE CXOMsfl-
uiuecss MeTOAbl, MOCKOJIbKY BO3HHKAIOIL[HE IMOTPELIHOCTH
Ha CJeNyIOLHX HTepallisix HCIPaBJISIOTC.

YpycseHHbIl METO MOXKeT CYHTAThCS yAauHO BHIOpaH-
HBIM, €CJH €ro IOTPELIHOCTh B HECKOJIbKO pa3 MEHbIIE
HeyCcTpaHHMOMH TOrpemHoCcTH, a NOrPEeIIHOCTb, BO3HUKAI0-
masi 3a cyeT OKpYIJIeHHii, HA3bIBAeMasl GOLUUCAUTENLHOL
nozpewHocTbio, MO KpaliHeil Mepe B HECKOJBKO pas
MeHblLIe NorpemHocT Mertoga. Eciau HeycTpanuMas mo-
IPEeIIHOCTh OTCYTCTBYET, TO NOTPELIHOCTb METOAa MOJIHK-
Ha OBiTh HECKOJBKO MEHbIIe 3aJaHHOHl TOYHOCTH pe-
wmerns.

K unciennoMy MeTony, KpoMe TpeGOBaHHS NOCTHXKE-
HHA 3aJaHHOIl TOYHOCTH, NPEABABJIAETCH pPAA APYTHX
tpeGosannil. I[Ipeanoutenne oTaaeTcsi MeTOLY, KOTOPHI
pea/n3yercs C TOMOIIBIO MEHLIIEro wuhcsia MAeficTBHH,
tpebyer Menuiuell nmamsaTn IBM u, HaKoHel, ABJAETCS
JIOTHUeCKH Oosiee TPOCTHIM, 4YTO crocobeTsyeT Gosee
Goictpoit ero peannsauun Ha IOBM. IlepeuncieHHbie
ycaoBust OGBIYHO MNPOTHBOpEYAT APYr APYry, MOITOMY
4acTo MpH BHIGOpE UHCJIEHHOIO METOJAa MPHXOAMTCS CO-
6.1104aTh KOMIPOMHCC MEXKAY HUMH.

BBemeM HEKOTOpHIE TOHSATHS MAaTEMaTHYECKOro H
() YHKIMOHAJIBHOTO AaHaJ/i3a, KOTOpHIE IIMPOKO pacmnpo-
CTpaHeHsl B COBPEMEHHON JIHTEpaType MO YHCJEHHBIM
metogaM. C STHMH NOHSITHAMH MOXKHO 3HaKOMHTBCH MO
Mepe TOro, Kak OHM OyayT BCTpeyaTbCsi B OCHOBHOM
TEKCTe.

1. Mycts (k) — HeKoTOpasi GYHKIHS TEPEMEHHOH h
C KOHeuyHOj o0JacTbio omnpeaejenuss Dy Ha TNOJYOCH
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i >0, npuuem i & D, MOXKET LPIHIIMATL CKOMb YTOXHO
MaJbie sgauenns, Torma, ¢Cin CyWeCTBYOT Takue I10J40-
JKHTEeJbHLE uHucaa fo, ¢, k, 410 npu Bcex A & Dy, yia0B-
seTpopsiiomiux yegaosuo O << A <C fip, BRINOJHSAETC He-

PaBeHCTBO )
lp(h) < ch”,

@ (h)= O (K*)

u rosopar, uro ¢ (k) ecro O Goavwoe or h* {(npu h—0).
CorJiaCHO JaHHOMY OIIpPeJeJICHHIO BHIIONHSAIOTCH Clie-

ayioimue cueBupuwie cmoiictea. Ecniu ¢ (k)= O{(h*),

P (h) = O (h*), npuuem Dy = Dy TO

@(h)+ P (h)=0 (K"),
0 (K*) -+ O (K*)= O (K*).

Ecan B> m > 0, 10 O{h*) B TO XKe Bpems ecTh G (7).
Hagonen, ecau ¢(h)==0(h*), 10 acp(h)‘— O(h*), rne
0 — nOCTOsIHHAS, He 3aBHCANLAs OT A. .

TO TMHIIYT

T. €.

ITpumep. sin? 2 = O(h?), TaK Kak sin?2h < 4h2%

Tlycts tenepb AaHa QyHKuusS (A, T) MOJOKHTENBHLIX &PTYMCH-
TOB F, T, KOTOPbl€ MOIYT NMPHHHMATh CKOJb YIrOJHO MaJjibie 3HaueHud.
TOl"D.d, €CJH CYUIECTBYIOT TaKKe NOJOMKHTeNbHEE umcaa ho, To, C, R,
n, YTO NpPH BCEX nonycmem 3HAYEHHAX N, T, YNOBJICTBOPSICIUHX
yeacsusaM 0 << i1 <C ho, 0 << T << To, BBHINOJHAETCH HEPABEHCTEO

loh, 1)] < c(b” -+ ),
@(h, 1) = O(h* + ™)

u rosopsit, yro ¢(k, 1) ecro O 6oaswoce or h* -1 (npu h—>0,
T—>0

TO NHIYT

BpeneMm ellle OAHC aHAJOrHuEOe NOHsiTHE. @Viiknpsg
@ (N), 3anasBas jjs BCCX HATypaabhblx N > N >0,
ecto O 6Gorouioe or N* (npu N — o), 1. e (D(N)—
= O (N*), ecqau HafifeTcs Takas NOCTOfHHas ¢ => 0, 4TO
IpH Bcex HaTypaJbHLIX N > Ny
|@(N) | < cNE.

2. ByneM roBoputh, uyto QyHKUuA f(x) npuradirexcur
xaaccy Cela, b}, u macate fe Crla, b], ecnu Qyux-
uust [ ompenesieHa Ha oTpe3ke [a,b] m nMeeT Ha HeM
HeNpEepLIBHBIE TPOH3BOJAHBIE [0 HODPAAKA k BKJIOYHTEJN b+
HO. DTO 03HAYaeT, uTO Ha HEKoTOpoM nHTepBare (A, B),
cojzepxaleM oTpe3ok [a,b], cymwecrsyer k£ pa3 menpe-
peiBHO Juddepenuupyemas ¢yukuus ¥, cosnapalouiad
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Ha [a, b] c f. [Ton sHaueHHsIMH YKa3aHHHIX NMPOH3BOAHBIX
¢yuxung [ Ha KOHIAX OTpeska [a, b] noapasymeBaroTCsi
3HAUCHHS COOTBETCTBYIOMHX NPOH3BOAHBIX (YHKUHH [*.

Mpumep. [lycro na orpeske [0, 1] sanana QyHKOuA fix) =
—x5/2, PaccmorprM Ha uuTeppase (—I, 2) ¢ynruuio f*(x) = x|5/2,
Ouepnano, orpesok [0, 1] conepxutcst 8 wntepsane (—1, 2), dynx-
nus f* ABamabl HenpepuiBHO AubdepeHumupyema Ha HHTEpBaJe
(—1, 2), a umenHo,

d—z_x(_xl= —g— | x [*? sign x,

d*f*(x) _ 15

i = 1
Kpowe Toro, f*(x) = f(x)V x &[0, 1]. CaenoparenbHo, fe G0, 1],
npuuem [’ (X) = —:2— 32 7 (x) = - 12 x =10, 1].

Bynem npu k=0 Bmecto Cola,b] wucnonb3osath
o6osnauenue Cla, b]. 3anucs [ & Cla,b] osHauaer, 4TO
(ynryusa | nenpepolsua Ha orpeske [a, bl.

3. B kypce nuddepeHunanpHOro HCUUCIEHHsT NAI0TCA
MOHSITHSI YACTHLIX NMPOHU3BOAHBIX (YHKUHH MHOTHX nepe-
MeHHBIX BO BHYTPEHHHX TOukax o0jacTé ee ompenese-
Hus. Jlas GopMysaMpoBOK 3aiau TpeOyercs paCIIMPHTH
9TH MOHSTHS Ha 3aMKHYTyI0 o0sacTb, BKJOYasg rpaHdy-
HBle TOUKH.

[Tycrs ¢yuxuns f 3anara Ha 3aMkHYyTOil ob.iacTd G
n-vepsoro mnpoctpanctBa R", n>2. CkaxeM, 4TO f
umeer Ha 3amknyToil obractu G HEKOTOPYIO Henpepbvls-
HYI0 4YACTHYIO npousso0Hylo, eclH Ha Kakoi-aubo OT-
KpuiTOl obnactn G*, coiepxalieil 3aMKHYTYIO 00J1aCcThb
G, cywectsyeT (yHKuus [*, coBmajaioouas c [ Ha Gu
umeromas Ha G* COOTBETCTBYIOILYIO HENPEPHIBHYIO 4acT-
HYIO NpOM3BOAHYIO. [Ipy 3TOM B KauecTBe 3HaYeHui pac-
CMATpHBAEMOl UaCTHOH TMpoM3BOAHOH QyHKUMH | B rpa-
HUYHBIX TOuKax o6jactu G NpHUMeM 3HAUYEHHs COOTBET-
CTBYIOLIE}I YACTHOM MPOH3BOAHON (PYHKLHH .

Onpenenenue bBynem roBoputb, 4To QYyHKIHSA f
HenpepoleHo Ougdepenyupyema k pas Ha 3aMKHYTOL 06-
asactu G, 1. e. npunamaexut kaaccy Cr(G), u nucath
fe C(G), ecin Gynxuus f umeeT Ha G BCe HeNpephB-
HHe uacTHbE IMpOH3BOJHbIE JO NOPAAKA K BKJIIOUH-
TeJIbHO.

Mpumep. Ilyctb Ha 3amkHyToM KBanpate G = {(x1, %2):
0 m<<l,i=1, 2} nana QyHxuMs f(¥1, ¥2)== %208 (X1 — 2)1/2,
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3ajaguM Ha OTKpPHITOM Kpyre G* ={(xl, Xo): x? + xg < 4} DyHKIHIO
J¥(x1, x2) mo Toit xe dQopmyae: [F(xy, x2) = x2cos (x1 — 2)1/2,
Ouepupano, G comepxkurcsi B G*¥, f¥(x1, x2) cosnapmaer ¢ f(xi, X2)
Ha G n ¢yHkuus [*(x1, x¥2) HempeprBHO auddepedunrpyema £ pas
Ha G* npu Jo6om k. CornacHo JaHHOMY BEILIE OMpEJeseHHIo
f € C.(G) npu mobom k.

4. Tlyctb M — MHOXKECTBO 3JIEMEHTOB f, g, 7, «..
NPOU3BOJIbHOH NPHUPOAHL.

MuozkectBo M Ha3BIBaeTCS METpUUECKUMm NPOCTPAH-
créom, ecnn J00OI mape ero 3JeMeHTOB MOCTABJEHO B
COOTBETCTBHE HeOoTpulLaTeJbHoe yuciao p(f, g), Ha3kBae-
MOe paccTosnuem MeXIy dJeMeHTaMu [ u g, KoTopoe
VOBJIETBOPSIET AKCUOMAM PACCTOAHUSL:

1) o(f,g)=0 ro20a u ToabKO TO20Q, KO20a [=g;

2) o(f, )=0(g ) VI, eEM;

3) e(fin<<e(f,g)+re(gr)Vi,g,reM.
AxcuoMa 3) Ha3BIBAeTCS HEepPABEHCTBOM TpPeyeoAbHlL-

kKo. Qyuknmio p(f, g) Oynem HasbBaTh ellle MeTPUKOL
npoctpauncrea M.

IIpuMepoM MeTPHYECKOrO IPOCTPAHCTBA CJAYIKHT JIIO-
6oe MHOxkecTBO M TOYEK X, Y, 2, ... N-MEPHOTO IpO-
crpaHcTBa R ¢ paccrosiHueM

p(x, y)= ’\/Z‘ (k=g

rne x=(x1, Xo, ..., Xn), Y=(Y1, Y2, .., Yn).

BroinosnHenne akcnom 1), 2) nast 3agaHHOro paccrosi-
HUsI OUEBHIHO, 4 HEPAaBEHCTBO TPEYrOJIbHHKA CJelyeT H3
nepasercrea Munkoscko2o (HOKa3HBaeMOro B Kypce
JIMHeHHOH anre6pHr):

[x+yI<I|xl+lyl
raie X, Yy — OPOU3BOJIbHBIE TOYKH MpocTpaHcTBa R7,
x+y=(x+y, .., x,+ty,)lxl=0xF+ ...+ 2
JleHcTBHTEIBHO,
pix, 2)=|x—z|=[(x—9)+ (g —2)I<
Sle—yltly—zl=p(x, y)+0(y, 2).
B yacTHOCTH, METPHYECKHM HPOCTPAHCTBOM C BBEjAEH-

HBIM BBILIE paccTosiHuem OyaeT MHOXKECTBO Touek, oGpa-
3YIOLHX 3aMKHYTHI €IMHHYHBIH LIap

S={x: |x|<1}.
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5. MroxectBo M HA3HIBAGTCS AUHELHLIM NPOCTPan-
CTGOM, €CJIH B HEM OfpeiesieHbl ONepalHuH CJOMEHHS W
yMHOJKEHHsT Ha JIefICTRHTEIbHBIE UNC/ia, He BLIBOAAMILE
3a npejensl M U yI0BJIETBOPSIONIHE YCIOBUAM:

1) caodicerie  QCCOUUATUBHO: G+a+r=1[-+
+(g+1);

9) caodcerue KOMMYTATUBHO: [+ g =g+ f;

3) cywecrsyer wyaesod daemenr 6 eM, 1. e
fHo=fVvieM,

4y 0-f=6 VfieM,

5) (o B)f =of + Bf;

6) o(f + g)=oaf +ag;

7) a(p)=(ep);

8) 1I-f=T. .
31ech o, p — AeiicTBHTENbHBE YHCIA,
6. CucTeMa 5J€MEHTOB [1, [2, .., [ JUHERAHOrO Npo-

cTpancTBa M HaspBaeTCs AUHCIHO 3a8UCUMCL, €CJIH CY-
LECTBYIOT TaKue He paBHLie OJAHOBPEMEHHO HYJIO yycaa
oy, Og, .., On, YTO

oufy - aofo + oo A ofa=0.

Ecsu aHice PAaBEHCTBO BO3MOXKIO TOJbKO MPH o ==
= qy= ... = 0, =0, TO cuCTEMa 3JIEMEHTOB f1, fo, -.-
..., [» HA3LIBAETCS AUHCLHO Ke3a8UCUMOLL

7. Muosxectso F HasbiBaeTcsl AUHEUHOLM HOPAMUDPO-
BQHHULLA NPOCTPGHCTE0H, CCAI OHO JIHHEHHO ¥ KakKIO-
My sieMeHTy [& F nocTaBneHo B COOTBETCTBHE nefi-
crentensroe anciao ||fil, massisaemoe Hopmoil f u yHOB-
JIETBOPSIIOIIEE QKCUOMAM HOPMOL:

1) Ifll=0, npuues \fll=0 T0200 1 TOALKO T0204,
koe0a =0, 1. e. [ a6a8eTCA HYALBLLM SNEMCHTOM G F;
2) llafll=|o|lifll 0as arbozo OdelicTeéureabHozo a;

3) IF+gll <l +ligl Vi,g = F.

AxkcroMa 3) Ha3BBACTCH HEPABEHCTEOM TpPeyeONbHU-
KO JUIs HOPMBL.

PaccMOTPHM NpHMEP HOPMHPOBAHHOTO NMPOCTPAHCTBA.
Knaace Cla,b] Bcex HempephIBHBIX (QyHKLWI, 3aJ{aHHBIX
Ha oTpeske [a,b], OUEBHIHO SIBJAAETCS JIHHEHHBIM MPO-
CTPAHCTBOM, TaK KaK CyMMa JIOOBIX JBYX HENpPepLIBHBIX
GYHKUHI HempepbiBHAa M HENpephBHAd (yHKLHS, YMHO-
sKeHHAsi Ha JI060e uHCa0, Toxke HenpephiBHa, HyseBEIM
3JleMeHTOM B 5TOM [DOCTpaHCTBE sIBJSETCA €AHHCTBEH-
Hasi (DYHKIHs, TOXKAECTBEHHO paBHas HYJIO HA [a,b].
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Ecau BBectu B Kiaacce Cla, b] HOpMy
I ll=max|[(x) 1, (M
la, bl

TO OH CTAHOBHTCSI HODMHPOBAHHBIM NMPOCTPAHCTBOM. Bbl«
noJiHeHne axkcuoMm 1), 2) nas BBeASHHOH HOpPMELI Oue-
BHIHO.

[NpoBepuM HepaBeHCTBO TpeyrosbHHKA. Mmeem

Ilf+gll=r[12ag]<lf(x)+g(x)l.

Tak kak |f(x)4 g(x)| sBAsieTcs HempepHIBHOH (YHK-
uueit Ha orpe3ke [a,b], To no Teopeme Beliepmrpacca
HafifleTcsi Takasi Touka x* & |[a, b], uToO

rg_aglclf(xH— gx)=Ifx)+gx)l

Orcioza Jerko CJeNYET HEPaBEHCTBO TPEYIrOJbHHKAL

I+ el=1f&)+ g I<IFE)+1g(x)I<
<r[;1ab>]<lf(x)l+r{geg!g(x)l=llfll+llgll.

8. JIro6oe auHelinoe HOPpMUPOBAHHOE NPOCTPAHCTEO
A8A8€ETCS OOHOBPEMEHHO METPUHECKUM NPOCTPAHCTEOM
¢ paccroanuem (meTpuroil)

o(f, g&)=I—gll. (2)

IeficTBUTENBLHO, aKCHOMBE 1), 2) I4Jas1 BBeAeHnHOro
pAaccTosiHHsl BEINOJIHSIIOTCSI B CHJY akKCHOMHL 1) u ak-
cuoMHl 2) npu a=—1 pjaa HOpMH ¥), a HEPaBEHCTBO
TpeyroJibHUKA IJIsi paccTosiHust (2) clenyer U3 HepaBeH-
CTBa TPEYTOJIbHHKA AJIs1 HOPMBI:

olf, N=If—rl=I1Ff—g)+(g—nlI<
<If—gl+lg—ri=o(, g +olg 1k

9. B onHOM ¥ TOM K€ JHHEHHOM IPOCTPAHCTBE HOP-
My MOXKHO BBOAHTh pa3JiuyHbIMH cnocc6amu. Hanpumep,
B KJacce HenpepuBHHX QyHkumii C[0, 1] HOpMY MOKHO
3agath, KpoMe cnocoba (1), ewme B cieayoolieM BHLE:

1 1/2
ii=({rewar) )

*) AkcrHoMH paccTosinus chOpPMYJHPOBaHH B I. 4, a aKCHOME
HOPMH — B 1. 7,
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MB He CTaHeM OCTAHABJHBATHCS Ha MpPOBEpKe aKCHOM
LIS IaHHOH HOPMBHI, OTJIOXKHB STOT Bompoc xo § 13.

Ilist Toro 4ToGH pasiuyaTb HOPMBI, MHl OyleM B
clyyae HEOOXOAHMMOCTH HCIOJIb30BATh HHIEKCHl Y HOP-
mpl, Hanpumep, ajst nopumbl (1) pacmpocTpaHeHsl 060-
snauenns [|fllcia, 51 1 lfllc, @ mas Hopmel (3) wacTo mc-
noabayercst 3HaK | ..

B 3aBMCHMOCTH OT BBEJEHHOH B OJHOM H TOM XK€
JIMHe{IHOM TpOCTPAHCTBE HOPMbI MOTYT H3MEHATbCH pas-
JIMYHBIe CBOICTBA II0OJy4aeMOro HOPMHPOBAHHOTO IIpO-
CTpAaHCTBA M, B YACTHOCTH, H3MEHSETCS «(DU3HUECKHI»
CMBICJ METpPHKH, MOpOKAaeMoii Hopmoi. Hampumep, pac-
crosHue (2), 3aJaHHOe C MOMOILILIO HOPMBI (1), T. e

o(f, g)=llf~gllc=r[§ab>l<lf(x)-g(x)l, (4)

03HAaYaeT MAKCHMAaJbHOE N0 MOAYJIO= YKJIOHEHHe (YHK=
uuit f u g ua orpeske [a,b], a mMpH HCNOJb30BAHHH
HOpMHI (3) paccTOsiHHEe HMEeeT BHI

1 1/2
o(f, ) =If — gl = (S (F(5)— g (0 dx) ®)

I HOCHT CMBICJ CpeJHeKBaAPaTHUHOTO YKJIOHEHHS (YHK<
uui fu g.

BriGop HOPMBI 4aCTO AUKTYETCS YCJIOBHSMH KOHKDET-
HOH 3ajaun. Hanpumep, mpn pacCMOTPEHUHM paBHOMED-
upix npubamkenuii ¢ynkuni (§ 12) Hy:xHa HOpMA (1),
a npu npubsmxeHud (QYHKUHI METOJOM HaHMEHBIUHX
kBazpatoB (§ 13) ecTecTBeHHO HAaNpPalINBAETCs HCHOJb-
30BaHHe HOPMHBI THHA (3).

10. B MmeTpnyecKoM M HODMHPOBAHHOM TpPOCTpPaH-
CTBAax BBOAHTCSl TOHSITHE CXONMMOCTH IOCJEA0BaTeNbHO-
CTH €ro 5JeMEeHTOB aHaJIOTHYHO TOMY, Kak B n-MepHOM
npoctpaHnctee R”

OnpeneaneHue. I'oBOpAT, YTO MOC/IEAOBATENHLHOCTD
{f.} >7neMeHTOB METPHYECKOrO (HOpMHEPOBaHHOTO) MpO-
CTPAHCTBA CXOOUTCs K €TO 3JEMEHTY [, eClH o(f, fn)—0
(If — fall—>-0) mpu n—oo.

CxXomMMOCTh B METpHYECKOM MpPOCTPAaHCTBE HasH-
BAETCsl CXOOUMOCTbIO MO MeTpuke, a B HOPMHDOBAHHOM
npocTpaHcTBe — Cx00UMocToro no  Hopye. CXOMUMOCTb
no metpuxe (4), WaH, 4TO OAHO H TO XK€, IO HOpME (1),
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SIBJISIETCS PABHOMEPHOL, a CXOAHMOCTL Nno MmeTpuke (5),
wiu no Hopme (3) HOCHT Ha3BaHHe CXOOUMOCTIL 6 cped-
HexeadpaTuuHom CMolCre HWJIH TPOCTO CXO0UMOCTU 8
cpeonem.

[TpubiurKeHHBlE pelIeHHs MHOTHX 3a1ady, 8 TaKXKe HX
TOyHHE pelleHHs ObiBaeT YAOOHO TPAKTOBaTh Kak 3Je-
MEHTH HEKOTOPOro METPHYeCKOro MJ HOPMHPOBAHHOTO
npoctpancTsa, [Ipn 5TOM NMOrpemHoCTb H3MepseTca pac-
CTOsIHHEM MJIH HOPMOji Pa3HOCTH TOYHOTO H NPHOJHIKEH-
HOro pelleHHHl B COOTBETCTBYIOLIEM MPOCTPAHCTBE,



ri1ABA 1

NPUBJIMXEHUE ¢YHKLIUHA
MHOTO4YJIEHAMH

BonbIIMHCTBO YMCIEHHBIX METOJOB OCHOBAHO Ha 3a-
meHne 0oJiee CJOXKHBIX OOBEKTOB, YpaBHeHHI H T. H. 6o-
Jee mpocThiMH. OAHO M3 HEHTPaJbHHIX TNOHATHH B Ma-
reMaTHke — ¢yHkuusa, Hanbonee ynobHoit B obpalleHHH
Ha NpakTHKe (YHKLHEH sBJsgeTcsl ajarebpanyeckuili MHO-
rousied. Yro6nl 3agaThb MHOIOWIEH, HY3KHO 3a1aTh TOJBKO
KOHEYHOe YHCJIO0 ero Ko3(p¢uuueHTOB. 3HAYEHHS MHO-
rouseHa NPOCTO BHIYHCJISIIOTCS, €r0 JIerko Npoiud¢pepeH-
HHpOBaTh, NMPOHHTErpHpoBaTh U T. A. IloaTomy anre6-
panyecKkde MHOTOYJeHb HallJH LIIIPOKOe INpHMEHeHHe
st npubaMKeHusl (annpoKCHMAanHnu) (yHKIIHM.

B wnacrosmeit riaBe H3naraloTcsi NpakTHYECKHe Me-
TOAB mpubauKeHuss GyHKUHI oAHOI mepeMeHHONl Ha OT-
peske. B uacTHOCTH, paccMaTpuBaIOTCs MPUOJHKEHHUS C
NOMOIWIbIO aJre6panyeckux MHOrOYJIEHOB 4YeThIpeX BH-
zoB: 1) mHorouneHs Teisopa; 2) uHTepHnOJSALHOHHLIE
MEOrouJienbl; 3) MHOro4JieHbl HalJIY4llero paBHOMEpPHOTO
npirbarKenuss 1 GJU3KHE K HHM MHOTOYJEeHH; 4) MHO-
rOuJeHb HAHMJAYULIEro CpeiHeKBalnpaTHYHOro TpubIHKe-
Hig (HailzeHHble METOJOM HAaUMEHLIIHX KBaApPaToOB).

B naunyio raaBy Bkaoued Takike § 10, mocBsimieH-
HbIll YncaeHHOMY AuddepeHuypoBannio. B HeM paHbl
npocreiinine GoOpMyJaH YHUCAEHHOTO NPUOIHIKEHHOrO AH(-
(hepeHLHPOBAHNS C HCIOJb30BaHHEM 3HaueHHH (QYHKLHH
B KOHEUHOM YHCJie TOYeK H OCBELaeTCs BONPOC O HpH-
OJMKEHHH TPOM3BOAHBIMU HHTEPHOJSLHOHHOIO MHOTO-
yJeHa COOTBETCTBYIOIUMX IPOHM3BOAHBIX (YHKUHH Ha
OTpe3skKe.

B § 11 paccmarpuBalotcst npubauxeHnss KyOuuecku-
M1 crvlafiHaMK (TJaAKuMu (GYHKIHSIMH, COCTaBJEHHBIMH
¥3 KOHEUHOro 4yucaa aJgre6pauueckyx MHOrOYJIEHOB
TpeThbell CTeneny).

B Mertone HaumeHnbinx kBaapatoB (§ 13) mapsaay c
anredpanuyeCKMMH MHOrOYJIEHaMH TNPHMEHSIIOTCH TaKke
TPUTOHOMETPHYECKHE MHOTOUJIEHLI, KOTOpble SABJAIOTCS
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6oJsiee eCTECTBEHHBIMN AJIa NPHOJHIKEHHST NepHoIuecinx
yuxuui.

B § 14 paccmarpuBaeTcss NOrPemIHOCTb 3TOFO METOAA
M U3yuyaeTcsl BJAHSHHE CAyYalHbIX OIIHMOOK B JNHCKDETHLIX
3HaueHuaX QyHKUHH (omuGOK HabJiofcHHil) Ha annpox-
CHUMHDYIOLIHH MHOIO4JIeH, HalAeHHLIH MeToJoM Hall-
MeHbUIHX KBaApaToB. B yactHocTh, oOCy:KAaeTcs BOHpOC
cryiaxuBaHus HaOJI0AeHHUIl

§ 1. NpuSanxennpie Yucaa M AEHCTBUA € RuMH

[Tyctb a— ToyHOe, BOOOIIE TOBOPA, HEH3BECTHOE
YHCJ0BOE 3HAUEHHe HeKOTCPOH BeJIMYMHBI, & — H3BECT-
Hoe MpuOJIHIKEHHOEe YHCJIOBOE 3HAYeHHe 3TOIl BejHYHIIBL
(npubauscenroe uucro). Beqnunna

A@)y=|a—a"| (1)

HAa3LIBAeTCH AOCONOTHOE noepetnocTsvio NpRrOIIIKCHHOT0
yucJa a*, a BeJUUuHa

8 (a") = O )

[a*]

HA3LIBACTCS €r0 OTHOCUTEALHOU NOPLULHOCTHIO.
JIo6oe uucao A(a*) (6(a*)), o KoTOpOM H3BECTIO,
4TO _
A@)<A@)  (3@)<o(a), (3)

Ha3BIBACTCS 1pedeavtoi abcoatoTHoll (npedeabrol oTHO-
CUTeNbHOL) NoepewHocToro NPHOJMKEHHOro uucaa a*.
Bynem amJjsi onpelesleHHOCTH CYHTaTh, 4TO ecan a* =0

H usBecTHHl yucaa A(e*) u 8(a*), TO OHU CBA3aHHl CO-

otHowenueM &(a*) = A(a*)/|a*|.
Yyer morpemHOCTed B apUPMETHUYECKHX

pefictBusix. OueBHIHO, YTO e€Cau ¢=a —+ b, ¢* =
= q* 4 b* wau ¢ = a — b, ¢* = a* — b*, 10

A(c)<A(@)+ A(D) (4)
H, CJeJoBaTeJbHO, B KauecTBe A(c*) ecTeCTBeHHO B3STb
A(c")=A(a*)+ A(D"). (5)

Takum 06pasom, npu CAOMEHUU U BbIMUTAHUL O8YX
NPUBAUNCEHHOLX HuCen ux npedenvrole abCONOTHbIC NO-
2PeUiHOCTU CKAG0BI8AIOT. DTO NPABHJIO PacnpoCTpaHieTCA
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na anre()pamecxoe caoxKeHie Ji060ro KOHEYHOIro 4Hcia

11 UGAIIKEHHBIX THCRJ. .
* *
Mvers 1 =ab, u*'=a’b’, v=a/b, v*=a'/b". Uueem
Yy ,

AMly=lu—u'|=|ab—a'b"|=
=lab—a'b+ab—a'bt'|<<
<|blla—d |+1a 16 —bI<

< (16" [+ A@)A@) +1a" A,

T. €. aGCOJIOTHAS TOTPELIHOCTh NPOU3BEACHHA JABYX NpHU-

G.KEeHHBIX uuces a* u b* yroBJIETBOPsieT HEPABEHCTBY

Au)<| b [A (@) +1a 1A + A@)A@).  (6)

Auagioruuno, npu ycaosu, uyto |b*| > A(b*) u, cue-
AopatedanHo, b =0, noayvaem

* a af ab® — a’b

MO)=|7—7|= Tl"‘
__ab*—a'b" f-a’b" —a’b !< 16* A (a*) 4+ 1a* | A (D)
- bo* (STt =aeietl

Orciofa, NocKoabky |b*|— A(b*)=(1—238(b%)) |6*| >0,

HPHXOANM K CJeLyIOLeMy HepaBeHCTBY Juisi aOCOMIOTHOH

NOTPEMIHOCTH  YacTHOro  ABYX — TPHOJIMIKEHHBIX — 4H-

cot

0¥ |A (@) +1a" | A () (7)
(t=o8@Nle" I )

[lycts a* 50, |b*| > A(b*). Pasnenns HepaBeHCTBO
(6} na npoussesenme |a*||b*|, a mepasenctso (7) —
iie oTHowenne |a*|/|b*|, moayunm HepaBeHCTBa, KOTO-
pLIM YJIOBAETBOPSIIOT OTHOCHTEJLHbIE MOrPEuIHOCTH MpPO-
13BEIeHHsT H YACTHOTO:

A<

S(u')<Ld(a")+ 8(b")+ 8(a")6(b), (8)
8 (o7 < (1"*_)_}?3,5;’*) : )

ast Kaxporo ns nepasencts (4), (6)—(9) moxuo
npuBeCTH MpuUMepH, B KoTopuix A(a*)7=0, A(b*)5=0 u
CuUOTBETCTBYIOIEE HEPaBeHCTBO oOpallaercs B paBeH-
crso, C  Apyroff CTOPOHBI, MOXKET CJAYYHTbCA, UYTO
Ata*)5=0, A(b*)=0, a Jaesast yacTb Kakoro-jin6o u3
nepapencts (4), (6)—(9) daxTuuecku paBHa HYJIO.

B cuny nepaseHcTB (6)—(9) B KauecTBe MpenesbHBIX
a0COMIOTHEIX H TPeJesbHLX OTHOCHTEJIbHBIX [OrPELHO-
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cTedt npousseleHnss W 4YaCTHOIO MOZKHO B3ATbh CJeAylO-
1iHe BeJHYHHDBI:

A)=|b"|A(@)+1a" |AD)+ A@@)A®B"), (10)
16" | A(a") +|a"|A (%)

A= s 0P (1)
8(u")=38(a")+8(b")+8(a)d ("), (12)
5(0*)=w. (13)

1—0(b)

B ¢opmynax (11) u (13) npemmonaraercs, uto 6(b*) <<
<L

[TockosbKy OOBIYHO TIpeAe]bHBIE OTHOCHTEJbHbE MO-
rpemdocta 6(a*), 6(b*) u, crenoBaTesbHO, OTHOCHTEJIb-
Hple morpemHocTH &(a*), 8(b*) 3HAUHTENHHO MeHbILE
eAMHUIB, TO BMecTo (opmyn (10)—(13) wucnoansyior
npubJuKeHHble (POPMYJibl

A"y~ 6" |A (@) +a" |A (D), (14)
Kot o 10718 @) +1a” | A"

A(v") ~ e , (15)
d(u) ~ 8(a")+ 8 (b"), (16)
8(v") =~ 8(a’)+ 6(b). (17)

Wrtak, npu caoicenuu u 8uol4UTAHUL NPUOAUICCHHOLX
uucea coryacHo (5) cxaadeisaror npedesvrole abcorOT-
Hble NOZPEWHOCTU, O NPU YMHONCEHUU U OeneHuu npu-
Gausicennolx uucea B cootBetctBun ¢ (16), (17) ckaa-
OblBaioT ux npedeivHvle OTHOCUTEAbHbLE NOZPEeULHOCTU,

[TorpewnocTs ¢GyHKLHU. Paccmorpum A
omnpelesieHHOCTH (YHKIHIO ABYX HepeMeHHBX f(x,y),
KOTOpasi HenpepuiBHO JAud¢epeHnupyemMa B HEKOTOPOH
o6iactu G. [lonycTuM, 4TO YHC/IA X, Yy, SBJISIOTCSA TpH-

6/1MKeHHEIMH 3HAYEHHSIMH KOODAMHAT HEKOTOPOii TOUYKH
{Xo, Yo), IpHYEM 3aMKHYTHI NPsSMOYrOJbHUK

N * *
SA (xo)' I y—Y,

R={(x, y): |x—x, <A (75)b

copepxamuil ofe TOUYKH (x;, yo) H (xo, yc,), LLEeJHKOM
HaxoauTcst B obaacru G,
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* L * ¥
O6oznaunM z,={ (¥ Yq)> zy=[ (%¢ ¥,)- o ¢dop-
MyJe KOHEUHBIX nprpaiennit Jlarpamxa nmeeM

zﬂ—zazf;(g! n)(xo_x3)+f;(§, 7])(11’0_—!'/8)’ (18)

rie §, v — KOOPAHHATL HEKOTOPOil TOUKH OTpPE3Ka, co-
eMHAIOLIET0 TOUKH (xo, yo) u (x(*), yb). OT1crona

B (2= 22| | P& WA (50)H T, 6 A (%) (19)

ITycThb €1, €2 — HEKOTOPHIE OLEHKH A lf;l, lf’y| Ha
npAMOYrObHUKE R, T. €.
mkgx || <<cp mEax [Ty <o (20)

JKenaTeibHO MMETb OUCHKI €1, €2 BO3SMOKHO MEHLIIIMI.
[Tockoabky (& m)E R, TO € yueTOM (3), (19), (20)

v

MOKHO NPHHATbL B KauecTBe npedenbHol abcontoTHOL
NoepewtHocTy 3HAUCHUR (PYHKYUL 2,= f(x;‘, Y,) BesH-
YHHY B B

A(zg)=cA (xg) + A (1)- (21)

Muoraa nocTynaioT HeCTporo, nojaras
B (z) = |15 (<6 03) | B () + 1T, (3% w0) | A (). (22)

UacTo BCTpeuaercst oOpaTHas 3ajaua, a MMeHHO, 3a-
4 *)
nano ycaopie, 4ToObl aGCoMOTHASA norpeumHocTsb A (2)

anauenusl (GYHKUUH He NpeBpiaja HeKoToporo 4HcjIa
e >0, T e.
Az <e. (23)

Tpebyercsi HaiiTH OTrpaHHYeHHs Ha TOTPELlHOCTH apry-
MEHTOB.

[TpeanonoXuM Teneps JOMOJIHHTEJbHO, HTO 06J1acTb
G, B Kotopoii 3ajana auddepenunpyemasd GyHKLHSA
f(x, y), Bouiykaas, T. €. J06bie aBe Touku objactu G
MOYKHO COCIHHHTbL MPSIMOJIHHEHHBIM OTPE3KOM, LEIHKOM
pacnonoxennsiM B G. Hanpumep, o6aactb G SBJSETCS
OTKPLITEIM KPYrOM HJIH IPAMOYTOJbHHKOM. Ilycth Taxxe

sup|Fy|<Cp  sup| | <Gy (24)

W, KaK TPEXKIe, Xp, Yy ABJMIOTCA NPUOIIKEHHHIMH 3Ha-
YeHHsIMI KOODAMHAT HEKOTOPOIl TOUKH (X0, yo), mpuUEM
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npeanosaraercsi, uto obe TOUKH (xo, o), (¥, ¥,) Haxo-
garcs B obaactu G.

[ockonbky obaacth G BBIMYRJAsi, TO PasHoCTh 3Ha-
yeHuil (bym\mm [ B ykaszaHHbX TOYKAX MOXKHO IpeicTa-
BUTb N[O (fopmyJe JlarpaHx{a (18), u3 KoTopoH BmITe-
kaetr HepapeHctBo (19). CuenoBaTenbHO, TaK Kak
(¢, n)= G, 10 AN BEIIOJNHEHMS YCJIOBHS (23) JIOCTATOYU-
HO, uTOGB aGconoTHble norpemnocTd A (xg), A(y;) ap-
IyMEHTOB YAOBJIETBOPSIJIH HEPaBEHCTBY

CA(x)+CA(y) <e. (25)

[Mpsimass u oGpaTHasl 3aj4ayu MOJYYEeHHs OLEHOK MO-
rpewHocTeii  aupQepenuupyeMblx (QyHKUMA ORHOH H
HECKOJIbKHX TIepPeMEHHBIX PellaroTcsl aHAaJOTHYHO, KaK U
B pAacCMOTDPEHHOM cJjyuyae (YHKLHH [ABYX MNepeMeHHBIX.

[IpaBuaa 3anncu nNPHONHWIMKEHHBX UYU-
ceu. [lycrs mpuOnnkenHoe uuC/IO a* 3aJaHO B BHIE
KOHEYHOH MO3ULHOHHCH 3aMHCH!:

*
a = ianan_l cee Ogy, U_10_g eue O_py,

rie o; — JeCATHUHBIE HH(PLI (a = 4 Z a; 10’)

j=—m

[lepBast cneBa, OTIHYHAS OT HyJas LH(pa LAHHOTO
. YHCJia, H BCE PACHOJIOKEHHbIE ClipaBa LH(PH HA3BBAIOT-
¢ snavawumu., Hanpumep, unciaa 25,047 u —0,00250
HMEIOT COOTBETCTBEHHO O M 3 3HAYaLIHX LUEP.

udpa «; naswiBaeTcst eepuou, ecan A(a*)<< 10/,
T. e, aGCoJIOTHAsT TOTPEUIHOCTb YHcaa q* He MPeBOCXO-
JIUT OJHOH eJMHHIB COOTBETCTBYIOUIErO paspsila Lecs<
THYHOTO YHCJa.

Ecnu mpr6im:KeHHOe YHCJIO 3aNnchiBaercst 6e3 yka-
3aHUsT ero AaOCOJIIOTHOH, TOYHee T[OBOPS, NpeAesbHOMH
abCcoMIOTHOH TOTPEIIHOCTH, TO BBIIHCHIBAIOTCS TOJBKO
ero BepHuie UHGpPH (3Hakn), Ilpn sToM BepHbie HYJH HA
NpaBoOM KOHIle YHCJa He 0TOPacHBAIOTCSI.

Hanpumep, uncaa 0,0344 u 0,034400, kax npub/u-
JKeHHble, pa3audHbl. OTHOCHTEJNBHO NEPBOr0 4YHCJIa MOXK-
HO TOJIBKO YTBEePKAaTh, YTO ero abcoNIOTHAsl NOrpem-
HocTh He mpeBocxoauT 0,0001, a m3 samucH BTOPOTO
yucaa SIBCTBYET, YTO ero a6GCoJIoTHAasi MOrPelIHOCTb He
6oabure yem 10-5.

B ToM cnyuae, Korna y npubJHKeHHOTO YHc/ia 3Haya-
wux LGP B LeJOH yacTH OoJplie 4yeM HMEeTCs BepHBIX
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sHAKOB, TO TNpHOEraloT K 3anici B HOPMAIH30BAHHOM
BHJIC.

Hanpuvep, o* =0,390-10%. M3 sroli 3amucu MOHAT-
0o, UTO y uHcaa @ TpH Bepusle 3sHauauiue HUQPHL.
B nanioil CHTYalHH 3a0iCh BHAA aF = 39000 nepomycTn-
va. B HOpMaJn30BAHHOM BH/E MOXKHO 3amucaTb H pace
cMOTpennble BblIE NpPHOIHEHHbe YHC/a: 0,344-10-1,
(,34400- 10—

Yacto ynoTpelbasioT 3anuch BEAA

a = a* &= A(a*),

03HAUAOUIYIO, UTO HEH3BECTHAsl BEJIHUHHA @ YAOBJETBO-
psieT HePaBEeHCTBAM

af — Aa*) < a < o* 4 A(a¥).
ITpu atom seauuuna A(a*) ebinicoléaerci ¢ 00HOl ULl
deyma sHaHAUUMU yuppanu, a miadwull paspsd 6 a*

cooreercTeyer maaduieny paspady e A(a*).
Hamnpumep,

a=2,730 + 0,017. (26)
3anncu
a=2,73018 & 0,017,
a=2,73018 & 0,01592 27)
HeecTeCTBeHHBI.

Ecau 1o YCJOBHIO H3BECTHO, YTO HEKOTOPOE UHCJIO
TOUHOE, HANpUMep, Al BhUHCIeHHUil A =0,1, TO BepHHIE
HYJH COPaBa lie BHIMUHCHIBAIOTCS.

MOKHO TOBOPHTbH O uYHCJIe BEPHBIX 3HAYALIHX uudp
y TpHOJIIKEHHOTO YHC/Id H O 4HCJE BEPHBIX nudp nocae
3ansToil. Kaxk mnpaBumio, NIpH peabHbIX BBYHCJACHUAX
y npuCJHKEeHHBIX YHCes COLepIKaTCs wudpu mocje 3a-
nATOl, T. €. MeeTcsl ApOOHAas 4acTb.

Hanpumep, npHOIHKeHHOe unCI0 a* = 25,030 umeet
5 BepHbLIX 3HAyamMX UHpp H 3 pepHble HHPpPLI TOCTE
zamaToil, a y umcaa b*=0,00404, Hao6opoT, 3 BepHbIE
apavane nudpel ¥ 5 BepHHX unpp nocie 3afsiToH.

OueBHUAHO, AGCOAOTHAS NO2PEULHOCTD npUb AUINCEHHO-
20 4UCAQ BNOAHE XAPAKTEPU3YETCS HUCAOM BEPHOLY yugpp
nocae 3anATOL, @ OTHOCUTEAbHAS NO2PEUHOCTD — HUCAOM
BEPHOLLX BHAHAUYUX YUPP.

Okpyraenne ynces. llpu BBUHCICHHAX HACTO
BO3NMKAET HEOGXOAMMOCTb OKPYIJIEHHS UKCel, T. €. Npea-
CTABJICHHS HX C MEHBIUIHUM YHCJA0M PaspsioB.
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[paguno oxpyraenus uucen Ecau 6 crap-
wem u3 orépacsisaenvly paspados CTOUT yugpa mersuie
nATU, TO COOePSICUMOE COXPAHACHULIX PA3Palos YUCAE He
usmensercs. B nporuswom cayuae 8 maaduwiuti coxpa-
Haemolli paspad dobeeanercs eCunuya ¢ Tem dike 3HA-
KOM, 4TO U Y CAMO20 HUCAQ.

DTo MPOCTOE MPABHJIO OKPYIVICHHS YHCEJ NpPHMeHser-
csiu B OBM.

ITpumep. OKPYyraAHTL COOTBCTCTEGHHO C ABYMS, TpeMdA W ue-
THpbMSL 3HAKAMH TOCAE B3ansTOi  caeayioie unmcna:  3,14159,
—0,0025, 84,009974. OrBeT. 3,14, —0,003, 84,0100.

OueBHIHO, NOZPEUIHOCTL, BO3HUKQIOWAS NPl OKpYe-
Aexuu, He npesouiiaer no abCOMOTHOU GeAtiuuHe 10A0-
BuUHbL eOUHULbL MAAOULL20 OCTABAAEMO20 pa3paia.

IlosToproe oxpyererue He peKomeHOyercs, Tak Kak
OHO MOZKET IIPHBECTH K YBEJHYEHHIO morpeuiHoctH. Ha-
npumep, ecan unciao 18,34461 cuauasna OKpYriuTh C TpPE-
Ms 3HAKaMH TIOCJie 3amATOH, a 3aTeM C JBYMsI 3HaKaMl,
TO MBl TOCJaefoBaTenbHo mnonyunm 18,345; 18,35, Tlpu
OKpYIVIEHHH Cpasy A0 ABYX JECATHYHBIX 3HAKOB IMOC/E
3anaroll uMmeeMm 18,34. AGcoJioTHast NOTPEUIHOCTb TPH
MOBTOPHOM OKPYIVIEHHH moJyuuaach pasnoii 0,00539, a
IIPH OHOPA30BOM OKPYIJIEHHH aGCOMIOTHASI MOrPELIHOCTh
pasHa 0,00461.

[Tpu okpyrieHun NpHOJHAKEHHOrO YuUCIa €ro [mpe-
nespHasi abCOJIIOTHASI TMOTPEIIHOCTh yBEJIHYHMBAeTCs C
yueTOM TOrpeuIHOCTH OKpyrJienns. Hanpumep, npn me-
pexoje ot 3anucu (27) k 3amucu (26), KOraa 4YHCIO
2,73018 orpyrJasiercss IO Tpex 3HAKOB MOC/e 3ansToil,
ero mpejeprasi abcosornas norpeunocth 0,01592 yse-
suunBaetcss po Beauunnnl 0,017 > 0,01592 + 0,00018 >
> 0,016, nmpencraBafgeMOl TOXKe C TpeMs 3HaKaMH HOCje
3ansAToi.

Ha npakTuke OKpPYIVISIOT NOCTOSIHHBIE, H3BECTHBHIE C
GOJIBIIAM YHCJOM 3HAaKOB, MPOH3BEHEHHMS] MHOrO3HAYHBIX
yuces, YacTHBle OT JAeJeHuss W T. A. Hanpumep, npu
YMHOKEHUH JBYX NPHOJHIKEHHBIX YHCes, MMEIOUHX IO
IIECTb BEPHBIX 3HAYamHX UHGp, Pe3yJbTaT MOJydaeTcs
¢ 11 wan 12 sgavamumu nudpamu. OTHOCHTEJbHAS TO-
rPeIHOCTh [POM3BENEHHS] MOXKET OKasaTbesl MPUOIH3H-
TeJbHO BABOE OOJblle, YeM Yy COMHOXHTENEH, TaK Kak
HepaBeHCTBO (8) MoxKeT o0OpaTuThCs B PaBEHCTBO.
ITosToMy B NPOM3BEJEHHH BePHBIX 3HAuallHX LHEP
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NPUOJU3UTENLIO LICCTh, & OCTALHbBIE 3HaKW, Kak Ipa-
BILJIO, HEe HECyT IOJIe3HOI nupopmauny. [onyuensoe npo-
H3BEJCHHC €CTCCTBEHHO OKPYIJIHTD C HISCTHIO 3HATAIMH
nuGpaMu.

WmeroTcst  CJjaeayiollpe INpaBuia apudMeTHYECKHX
feitcTBHil ¢ NPHOJHKEHHBIMH YUCIaMHU:

[Ipu ymuoocenuu U OeaeHul npubAUNCCHHBLX ducen,
goobuLe 2080ps, € PASAUMHOLML HUCAOM 6EPHLLY 3Ha4O~
wux yYupp npouseodurcs OKpyeaedue pesyavTara ¢
QUCAOM BHAUAWUX YUDP, COBRACQIOUUM € MUHUMANL:
HoLn CUCAOM BEPHOLX BHAMOULUX YUPP Y UCXOOMbLX HUCeA,

ITpu caoxceruu U B6LUUTARUU npub AUdCeHHbLY HUCen,
uneroujLx 00UHAKOBOE HUCAO 6EPHBLY yugp nocae 3a-
naroil, oKpyeaeHue He npoussoourcs. Ilpu caojterul U
BOLULTARILL NPUOAUNCCHHOLX 4Uce € PASAULHOLM HUCAOM
GePHOLLX Yupp nocae 3anatrol pesyrorar ORpYenieTCs no
MURUMAALHOMY HUCAY BEPHOLX Yupp nocie sanaroll Y
LCXOOHbBLX HUCeA.

3ameuanns. 1. Ha mpaxTnke npu pydiblX BbIYHC
NeHUSIX € ILEJDbI0 yMEHBINEHIs BJIHSHHSA O pelIHoCTe
OKpYyTJieHHsi Yy TNPHOMIDKEHHBIX HHCET, KpoMe BepHBIX
anadamix Lrbp, cOBUHO OCTABJSIOT el Oy M JBe
3anacuple LH(PB U JEHCTBYIOT COTJIACHO chOopMyJIHPO-
BaHiipIM BbilIC MpapiiaM ¢ YUeTOM 3amacCHbIX undp. ATH
ganackple Hu(ppn orOpachiBaioTes  HpH OKpYTJeHHH
OKOUATEIbHOIO pe3yabTara.

2. Ipu BLruHTaHAK OJM3KHX TIO BeJIHYHHE YHCENT MO-
3eT TPOH3OITI 3HaunTeabHast noTeps 3Hayaux uupp
H, Cie10BaTeNbil0, TOYHOCTI pe3y/abTaTa.

_Hanmpumep, nycte TpefyerTcst BLIYHCJAUTE BEJTHUHHY
«\/543—\/540, rae uncia 543 u 540 ToumbIe. NwmeeMm

«\/5745——— 23,30, ..., '\/52(_)== 23,23 ... Oxpyraus 3TH
yicna ¢ TPeMs 3HAUAINMH LHPaMH, NpUXOANM K pe-
3yJLTATY TOJIBKO C ONHOI sHauaeit nudpoi: 4/543 —
— 4/540 ~ 23,3 —23,2=0,1.
V36aBumMcsl Temepb OT BBIUHTAHHS OJM3KIX pubIH-

JKEHMHBIX YHCeJI
V5 —A5T0=

_ 3 . 3 ______3__

= /3510 2331232 465
OKpyr/uB MOJTYUYEHHOe YHCJIO C TPeMs 3HAYaLIEMH -
pamu, NOJIyYHM 4/543 — 4/540 ~ 0,0645.

=0,06451 ...
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C nomompio Gosiee TOUHBIX BLIYHC/CHHI MOXKHO yCe-
IMTBCS, 9TO B MOCJIEAHEM pe3yJsbTaTe BCe TPH 3HAYalHE
nudpbl BepHHE, XOTd, KaK U B NpeAblAylieM ciyuae,
npubJHKeHHBIe 3HAYeHHs] KOpHEH 4/543 u A/540  uc-
NOJIb30BAJIMCh C TPeMsl 3HaYalUMH Hu(ppaMu.

DToT NMpHUMep NOKA3HBaeT, 4TO €CJH BO3MOXKHO, TO
credyer usbezarb BLIMUTAHUA OAUBKUX NPUGAUIILCHHOLL
yucea. A eciin u36exKaTb 3TOr0 HEBO3MOKHO, TO CJIEAYyeT
YBEJHYHTb TOYHOCTb NPOMEKYTOUHBIX BBIUHCJIEHHH C y4de-
TOM NOTEPH 3HAYAILMX UHGP MPH BHIYUTAHHH.

§ 2. BriuncjeHue 3HAYEHUil MHOrOYJCHA.
Cxema lopnepa

PaccmoTpuM anre6panyeckuii MHOTOYJIEH
P,(x)=ay+ ax+ ax*+ ... +a,x", (1)

Tae dg, Q1, +.., Qn— YHCJOBHE KO3(PQUIHUEHTH, 7 -—
cTeneHb MHOrouJsieHa. UToOH BBIYHC/ANTb 3HAaueHHe MHO-
rouwteHa (1) mpu (HUKCHPDOBAaHHOM X == @, MOXKHO [0-
CTYNHTb TNO-PA3HOMY.

Hanpumep, MOXKHO CHauaja C nomoluslo 7 — 1 yMmHo-
JKeHuil HaliTH CTeneHu a, T. €. a4, a2, ..., a™ 3aTeM B
coorBeTcTBUH ¢ (Qopmynoii (1), rae x = a, BbIICJIHUB
eme n YMHOXKEHHA u n cjoxeHuil, momyuntb Pn(a).
D1oT Hanbosee ecTeCTBEHHBIA Ha TMEPBBIH B3IMAA CHOCOD
Tpebyer B obuiem caydae npu n == 1 Bumnosanenus 3n—I1
apuMeTHUeCKHX AeHCTBUIL.

OpHako 6ojiee KOHOMHO 3HaYeHHsI MHOroYjieHa Ha-
XOJSITCS, €C/IH €ro 3amucaTh CJIeLyIOUHM 00pasoMm:

-Pn (x) =
=a,+x(a+x(at ... +x(apotx (ap—1txa,))...). (2)
CorsacHo ¢opmyse (2) Bbiuncaenue 3navenus Pn(a)

CBOAMTCSI K MOCJELOBATEJIbHOMY HAXOXKICHHIO CJIEAYIO-
LIMX BEJIHYMH:

bn =a,

bpoy=0a,_, -+ ab,,

bn—2 =0qu-2 + abn—h (3)
by=a, -} ab,,

by=ay - ab, = P,(a).
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Crioco6 HaxouKIeHHs 3HAUEHHs MHOrodsneHa Io dop-
mynam (3) (no gopmyie (2)) nasbiBaeTcs cXeMmoil Top-
Hepa, KOTOpash peasudyercs ¢ TMOMOLIbIO 7t YMHOKEHHH
W n CJorkenuil, T. e. Bcero 3a 2n apupMeTHyecKnx Nei-
ctBHii. MosHO JoKazaTh, 4To B ofulem ciayuae HE Cy-
jiecTByer crnocoba BLIUHCAEHHS aare6panyeckoro MHOro-
yjena n-ii cTemeHH wemee YeM 32 27 apupMETHUCCKHX
neiictpuii, Cxema [opuepa yaio0Ha Takxe M/ peasnusa-
nue Ha OBM Onaroaaps UHKJIHYHOCTH BLIUHCJIEHUH H
HEOGXOAIMOCTH COXPaHSTh KPOME KOI((QHUHEHTOB MHO-
rouysieda ¥ 3HAUeHUs aprymeHTta TOJBKO OlHOH mpoMme-
JKyTOUHOl BEJMYHHBL, & HMEHHO b; win ab; npH TEKY-
memi=n,n—1,..., 0.

Pyunple BLIUHCICHNS 3HAUCHHs MHOrounena rIo cxeme
[opuepa OOBIYHO COMPOBOXKAAKOTCS caenywoweii TabJau-
nei:

Qp Qp1 Qn-g < Qo !__a_
ab, ab,_y ... ab

bn=an bn—i bn_2 e b0=Pn(a)

-+

T pumep. BpuucauTs npu X == —1,5 3HaueHne MHOrouieHa
Ps(x)=1—4x+3x2—-x3+2x4-—x5.
Pemenue.
+ —1 2 -1 3 —4 1 | —1,6
15 —525 9,375 —18,5625 33,84375 -

—1 35 —625 12375 —225625 34,84375 =

= P5 (—'115)

Ecu 3a7auHBIi MHOrOUJEH ecTb ueThas QyHKums, T.e. 1= 2k n
Por(x) = a0+ axx?+ ... +-a,x%, TO ero ymoOHO BHUHCHATL 0O
dopmyae
Py, (x)=

= agtx*(ayt ¥ (agt -+ x% (g g+ %2 (Ggp o ¥ay,))---)) (4

a ecqu MHOTOYJIEH SIBJSIETCH HeueTHol (yHKuUHedi, T.e. N = 2k 4+14u
Pori1(x) = aix +asx®+... + Qo x2%+], TO a1 BHIUUCIEHHE €ro
cJjiejlyeT TPHBECTH K BHAY

Popp1 =

=x(a,+ 2 (az+ ... +* (g5 F 5% (agp_y %705 11)) -+ ) 6)
B 3ak/ioueHue OTMETHM, UTO MNpPH BHIYHCJICHHH Ha

DBM MHOrOUIEHOB C OYEHb OOJIbIIHMH KO3(duIHeHTa-

Mu 1o cxeme Toprepa (o ¢popmyram (2), (4) namu (5))
MOKeT NpPOH3OATH 3HAUUTENbHAs MOTepsl TOUHOCTH 33

[P ——
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CYeT BLIYHTAHUA OOJAbLIMX OKPYrJeHHwX uuces. Habe-
JKaTh MNOTEPH TOYHOCTH HHOTA Yiaercs NpHMEHEeHHeM
pekyppeHTHHX (opmyJs. COOTBETCTBYIOLIHH NpuMep pacs
cmatpuBaetcsa B Kouue § 6.

§ 3. Muorousenast Tedsiopa

IMycts 3anara f(x)& Cpila, b] (cM. . 2 BBeneHHs).
Hanomuum, mnocourenom Teliropa n-ii crenenu GyHK-
uun [ B TOUKE X5 € |a, b] Ha3BIBAETCA MHOTOYJIEH

Q=Y 120 (e (1)

k=0

Muorousien Teisiopa (1) o6aanaer TeM CBOHACTBOM,
YTO B TOUKE X == Xo BCE €r0 MPOU3BONHBIE 0 MOPSIAKA R
BKJIOYHMTEbHO COBMNAAAOT C COOTBETCTBYIOILHMH MPOH3-
BOAHBIMH (yuKuHH f, T. €.

QP (x)=1"(x), k=0,1,...,n,

B ueM Jierko ybeautbes, Ancddepenunpys Q. (x).
bBnaronapsi aTomy cBoicTBY MHorouseH TeiJiopa no-
CTaTOYHO XOpolo npuOanKaeT ¢pyHKuHuio f(x) B OKpecT-
HOCTH TOYKH Xo. [lorpemsoctb, BO3HHKAIOMIAsi NPH 3a-
Mene (GyHKunn f ee MHOorousieHom Teilsopa, BhpaxaeTcs
OCTaTOYHLIM ujieHOM (GopmyJan Teitnopa *), 1. e.

(n
[0 — Q=P8 —r, @

rae x € [a, b], £ — HeKOTOpasi TOUKa, Jiexkallas CTPOra
MeXAY X M Xo NPH X == xo. JlaHHBIH OCTAaTOUHHIH 4YJeH
3anucal B (opme Jlarpanxka, siBaAsolIeiics yao6HOH AJst
NOJIyYeHHs] OLEHOK norpeitHocTH, IToCKoabLKY mpousBox-
Has f("™) N0 OpeAnoOJIOXKEeHRIO HeNpephiBHA Ha OTpe3Ke
la, b], To oHa orpaHMueHa Ha 3TOM OTpe3Ke, T. €.

My = max| [ (x) | < eo. (3)
ia, bl
Ha ocuoBanuy (2) nmeem
Mn 1 7 .
I f(x) - Qn (x) l (n ++1)' l — Xy | i (4)

*) Cm. § 4.14 B kuure: Byrpos f1.C, Hukoabcruit C. M.
Jnddepenunanpioe B HHTerpanbHoe  kcumcienue, — M.:  Hayxa,
1
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H

C ) — , _Mags_ pntt R
rgl;l,ab}l\‘ f()") Qn ()")l< (n __I__ 1)| l 4 (O)
rae [ == max{xo— a, b — xo}.

Hepaperncteo (4) CBHJIETEJLCTBYET O TOM, HUTO MO~
rpeiriocTb NpuOAKeHus (QyHKIHH f(x) MHOrO4JI€HOM
Teitiopa (1) ectb O(]x—xo|™')¥), a HepaBencTBo
(5) CcayKHT OLEHKCH MaKCHUMaJbHOI MOTPEIIHOCTH Ha
Bcen oTpeske [a, b].

Jlast MOrpeiHOCTH ANNPOKCHMALHN (YHKIIH MHOTO-
ynenom Tefljopa XapakTepHO TO, YTO OHa JAOCTATOUHO
GuicTpo yOBbIBaeT TPH NPHOJIHKEHHH X K Xo I PE3KO BO3-
pacraeT y KoHuHA OTpe3ka |[a, b], woropuiii Hanbosee
yaareH OT TOUKH Xo. DO BCSKOM Cjyyae 5TO TaK, KOLAa
forh {x) = const =0, 1. . J{x) ecTb MHOTCUJEH CTeNeHI
n--1. Tlpu srom |fe+0(x) f= M, xela,b], n ne-
papenctBa (4), (5) ofpamaioTcsa B paBeHCTBA.

CyInecTBEHHO HepaBHOMepHas Ha OTpe3Ke Ta, b]
TOUHOCTH ANnpoKcHMaiun (YHKUHH [ sIB/IsSeTCS He1o-
cratioM Muorotsnena Teitnopa. JIpyroii Hez0CTaTOK CO-
CTONT B TOM, UTO JI51 TOCTpoeHHst MHorouzena Teitnopa
Tpefyercsl HAXOANTD Y (QYHKUHHA f mpousBoaHbIE BEICO-
KHX TOPSAAKOB, Tem me heHee MHOTOUJICHB! Tefinopa, B
yacTHOCTH OTpeskH psios Teitiopa, TOKE SIBJISIOUIHECH
muorognenamu  Tefiiopa, IIHPOKO HCHOJB3YIOTC HA
npaxTilke A ANNMPOXKCHMAITH (GYHKIHI, Y KOTOPHIX 10~
CTATOYHO NPOCTO BLIUNCASIOTCST CTapline NpOU3BOAHLIE,
a oCTaToullblil usned {mpasas YacTb HepaBEHCTBA (9))
CTPpeMUTCST K HYJIO MpH 71 —> 00, Crojia mpexJje BCero oT-
HOCSITCST  BJeMeHTapHbe (QyHKumm sinx, cosx, e
In(1 + x) u np.

ITpuwmep. AnnpoKCHMHPOBATDH ¢ynxuuo f(x) = e* MBorouse-
nom Teitopa na orpeske [0, 1] ¢ abCoJIIOTHOH NOTrpeuIHoCThIo, He
npepsiatonteil £ = 10~

Pewenne Bobupaem xo=1/2, T.e. B CepeiunHe OTpe3Ka
[0, 1], ¢ Tem uTOGH MHHHMHSHPOBATDL BEJUIHHY {, pxoasmyo B npa-
BYiO 4aCTh OIEHKH (5). Torna [ (x) = e*,

i (k) =e?,  Mpa=e, l=—;—,

n

Qnu (%) =" Z '%‘ (x — —;-)k .

k=0

*) Onpenencuue O(|x — xo|"*') cm. B 0. | BBeAeHHs, MOJIOKUB
|x — x| = he
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Coraacko (5) umeem

e
max | e¥ — N<r,=——m————.
041 l Qll( )l\ n (f‘l + 1)!2,1+1

JLns r, cocrapasieM TaGJHILy

e ]

,5,7 - 102 ,7,1 . 10—3' 7,1-10—4

51
(=]

T 59-103| 43.10-¢

Taxum o6pasoM, ClelyeT B3siTb 11 == G,

§ 4. HHTeprnoJsuHOREBIH MHOTOUNEH Jiarpamxka

[lyctb n3BecTHB 3HAYeHHSI HEKOTOpoii (GYHKUHH f
B n -+ 1 pasiMYHBEIX TOUKAaX Xg, X1, ..., Xn, KOTOphle 060~
3HAYUM CJEAYIOIHNM 06pa3oM:

fi=Ff(x), i=0,1, ..., n

Hanp;mep 3TH 3Ha4eHHsl NOJYYCHHl H3 IKCIEPHMEHTA
Wi HafLeHB C IOMOILBIO JOCTATOYHO CJOMKHBIX BBIYHC-
JIeHHI.

Bosuukaer 3anaua NPUO/IIZKEHHOTO BOCCTAHORICHHS
Qynxumy [ B mpousBosbHoil Touke x. Yacto ans peuenus
3TOH 3anauu CTpOUTCs anredpamyeckuii Muorousen L, (x)
CTENEHH 1, KOTOPHIH B TOYKaX X; NPUHHMAeET 3ajaHHBIE
3HaueHusd, T. €.

Lo(xiy=1[;, i=0, 1, ..., n, (1),

U HAa3BIBACTCSl uxTepnoasayuonrsts. Touku x;, i=0, 1, ..,

.» N, HA3BIBAIOTCS Y3AAMU UHTEPROAALILLL.

Hast ynobeTBa H3a0xKeHus nox MHOTOUYJIEHOM CTelleHH
n MH OylieM MOApasyMeBaTh MHOTOYJCH CTENEHH He
BHILLIE A. HanpnMep, ecqan f,-O i=20,1 ..., n, 10
MHTEPNOJISILUOHHBIH  MHOrouJieH L,,(x)_._() (pammeﬂm
VMEET HYJIEBYIO CTENeHb, HO ero Toxe GyleM Ha3LiBaTh
HHTEePIIONSLHONHLIM MHOrOUJIEHOM #1-H CTeHeHH.

[pubnnkennoe BoccTaHoB/eHHe QYHKUHH [ nO (op-

MyJsie
[(x) & Ln(x) (2)

HasblBaeTcsd uxnrepnossyuer GyHKUHH [ (C NOMOILbLIO a-
reGpanyeckoro MuorousneHa). Eciam x pacnonoxen BHe
MHHHM@JIbHOTO ~ OTpe3Ka, COAEpKallero Bce  y3Jibl
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HHTEPIOJSAUMH Xo, X1, «».s Xn, TO 3aMEHY dysxnun [ 1o
dopmy.ie (2) naspBalOT TaKXKe aKcTpanoasyuet.

CHaua/jia BHISICHUM BOIPOC CYLIeCTBOBAHHUSI M €AUH-
CTBEHHOCTH HHTEPIOJSLHOHHOrO MHOrowIera, a 3aTeM
pccjielyeM NOTPEIHOCTb HHTEPNONALHH, T. €. KaKOBa
pasHOCTb MeXNy JeBOH H npaBoil yacTAMH NpuOIHIKeH-
HOro paBeHCTBa (2).

Teopema 1. Cywyecrsyer eOUHCTBEeHHbLIL UHTEepPno-
ASYUOHHbLL MHO204AeH n-t CTenenu, ydoB8.aeTB0PAIOULULL
ycaosusm (1).

NoxkazateabctBo. CyuecTBoBaHHEe HHTEPNOJA-
[HOHHOrO MHOroujJeHa YCTaHOBMM HENOCPEACTBEHHO, BbI-
nucas ero. [Iyets n =1, Torpa

Li(x)= a— fo+ — fie (3)

Xg— X, Xy — Xg

Mpun=2
L2()C)= ((x""xl)(x""x‘2) f0+

xo — %) (¥o — ¥2)

+ ((x—-xo) (x — x9) f -+ ((x—-xo) (¥ — x1) f, (4)

X, = Xo) (X1 — %2) Xz — Xo) (%2 — %1)

11, HaKOHell, B 00uieM Ciydae NpH Ji000M HaTypanbHOM n

Ln(x)=i;0pni(x) fiy (5)

rine
(x—-xn) (x——xi_l)(x— xiH) (x—xn) ’ (6)

Pni(x)= (xi__xﬁ),.,(xi _xi_l)(xi—-xi“)...(xi—-xn)

i=0,1, ..., n

JleficTBUTENLHO, Bhipaxenue (3) mpeacrasJseT coboit
JEHElHYI0 GYHKUHIO, T. €. MHOTOWIEH NIepBOH CTENeHH,
npuuem Lj(xo) = fo, Li(x1)=fi. Takum oGpasom, Tpe-
Gopanusi (1) npu n == 1 BHIOMHEHb. AHAJIOTHYHO, ¢op-
myna (4) 3apaeT HeKOTOPbIH MHOFOWIEH L2 (x) BTOpO#
cTereHn, YAOBJETBOPSIOWHA NpH 7 == 2 YCJIOBUAM (1.
ITpu mpoM3BOJLHOM HATypaJbHOM 7 ¢yukunn (6), BH-
paxaloluecsi B Bujie ApoGH, B YHCIUTENE KOTOpPOIl CTOHT
[IPOK3BE/ICHNE 7 JIMHCHHBIX MHOXHTeNed, a B 3HaMeHa-
Tejie — HEeKOTOpOe OTJIHYHOe OT HyJs YHCJIO, fABJIAIOTCH
ajre6paniyecKiMu MHOrOUJieHaMH CTENeHH 7. CaenoBa-
Teabio, Qynkuua (5) Toxe sBJsAeTcs anre6paHuecKuM
MHOTOUJICHOM CTEIEHH 11, IPHUEeM, NOCKOIBKY pui(¥i) = 1,
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a pni(xj)==0 mpu j7* i, 0 << j<C n, BEINOIHEHBH TPebO-
panusa (1).

OcraeTcs J0KasaTb €RHHCTBEHHOCTb MHTEPHOJSALHOH-
Horo MHorowieHa. JlomycTuMm, YTO KpOMe HHTepHosis-
LHOHHOrO MHOrouseHa (5) uMeeTcs ellie HEKOTOPHIHA ad-
rebpanyeckuil MHorouneH L,(x) n-ii crenend, y[oBjie-
TBOPSIOLLHE YCJIOBHSIM

En(xi)=fi) i=07 17 S ] n. (7)
Torpa cormacuo (1), (7)
Lo(x)— Lo(x)=0, i=0,1,...,n.  (8)

Ectn L,(x)— Ln(x)=£0, To 3Ta pasHoCTb, OyydH aJ-
re6panyecKHM MHOrOYJeHOM He BbIllle A-H CTeleHH, B
CUJIy OCHOBHO# TeopeMbl BHICIUell ajrefphl uMeeT He 6o-
Jlee 1 KopHeli, 4TO IPOTHBOPEUHT papenctBam (8), uucio
xotopbix paBHo n - 1. CienoBatenbho, L(x)= L.(x).
Teopema MOJHOCTBIO NOKa3aHa.

I1HTepno/sNHOHHbIl MHOrOWIeH, NPeICTABJIEHHE B
puzie (5), HA3LIBAGTCS UHTEPNOAAYUOHHLLM MHOLOYNCHOM
Jaeparnaca, a GyHkuun (MHorounens) (6)— szaepanorce-
BuLMUL KO3 PUyUeHTaMU.

Hmerorcs u apyrue (GOpMbl 3alHCH HHTEPHOJISIIHOH-
noro MHorouwlena. OnHako 1no Teopeme 1 HHTEPIONAIHOH-
HBI MHOrOuJeH n-d CTCHeHH (Toullee TOBOPs, CTEICHH
ye BBHILIE £), YAOBJIeTBODsomi ycaosuam (1), eaus-
ctBeH. B § 9 Oymer nax apyroil cnocol 3ajaHusi UHTEp-
MOJISIILHOHIOr0 MHOrouJeHa.

3amevanus 1. QaKTHUECKYIO CTeNeHb KHTEPIOJSsI-
[HOHHOTO MHoroujeHa (5) MOXKEO BBISAICHHTbL NOCJe pac-
KPHITHS CKOOOX H NpHUBe/enusi Nofo6uux uneros. OHaxo
eCJH B y3Jax Xx; B KauecTBe f; GepyTCsi 3HaUEHHs HEeKO-
toporo anreGpanueckoro MuorowieHa Ppr(x) crenenn
L < n, 1o no treopeme 1 zaBemomo L,(x)= Pr(x), TaK
kKakK P.(x) ecTb Toe MHOrouwieH CTeleHH He BHIIE 71,
yroeaersopsiomuil yeaosuam (1). B wactmocrtH, ecn
fi=1i=0,1,..., n, 10 La(x)= Po(x)= 1. Otcrona

n

u u3 (5) BBHITEKAeT TOXKIECTBO > pin(x)=1, KoTOpOe
i=0

MOYKET CJYXKUTh KOHTPOJeM NPH BHIUHCJIEHHH JiarpaHiKe-
BHIX KO3(uuyento (6).

2. Tlockonbky uHTepnosisiuuonHel  Muorowien (5)
JANHe{iHO 3aBHCHT OT 3HayeHuit QyHKUIH fi, TO

2 E. A. Boakos
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HHTCpHOJIHHHOHHbeI MHOTOYICH W1 CYMMEL ABYX (bYHKIlHﬁ
paBeH CyMMe HHTEPHOJAALHCHHBIX MHOICUJCHOB MJd CJa-
raeMbx.

ITpuwmep. IlocTponTh MHTEPROASUHOHHLI MHOrouseHn Jlarpan-
Ka NO CHELYIOINM J2HHBIM:

&
o
.
.
-

-~

N
N
N
-

Peuwenmne. Cornacro (5) npu n = 3 umeeMm

‘_(x——2)(x——-3)(x—-5). : x(x —=3)(x—05)
L =-g=950=n0=3 ' TTe=52=9

x(x —2)(x—25) x(x—2)(x—3) _
T3 6=3 2T 36=206-3 5=

<34

62 13 3
=ttty H e

IMorpemnocTs wuHTepnoasiuuu.  Bceerma
MOXKHO HamucaTb PpaBeHCTBO

f(X)=Ln(JC)+ R, (x), (9)

rae R,(x)— ocTaTouHblil 4jeH, T. €. NOIPELIHOCTb HHTEp-
noasuuu. Ecad OTHOCHTENbHO (QYHKLUM [ HHYEro He H3-
BECTHO, KpOMe ee 3HaueHHH [; B y3jax HHTEpHOJSLMH,
TO HHKAKHX NOJE3HBIX CYKAEHI OTHOCHTENILHO 0CTAaTOY-
HOro ujeHa R,(x) caenatb Henb3si. Mbl MOJYyYHM HEKO-
TOpPOC BbIpaxKeHue OCTAaTOYHOrO 4J€Ha B IPEAIOJONKe-
HuH, uto [ € Cpyila, b], roe [a, 6]— oTpesok, comepxa-
WA Bce ya3abl HHTepnoasiuud x;, i=20, 1, ..., n, u
TOUKY X.
HNuem R, (x) B caenywolieM BUAE:

Rn(x)__‘(’)n(x)rn(x)’ (10)

rae
0, (x)=(x — xo)(x — x1) ... (x — xy,), (11)

rn(x)— HexkoTOpas (QYHKUHS, 3HayeHHsi KOTOPOH B y3aax
MHTEpNOJISIUE X; MOXHO 3a4aTh KakHe YrojHo, H6o
Ri(xi)=0n w.(x:)=0,i=0, 1, ..., n

3adukcupyem npousBosibHOC X £ [a, b], x F* x;, i=0,
1, ..., n, u paccMOTpuM cieaylouiyio QyHKUUIO OT I:

e()=Lo()+ @, () r,(x)— [ (). (12)
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dra @yuxuus Ha ocuosanuu (1), (9)—(11) obpautaercq
B HyJb npu {=x; i=20, 1, ..., n, t=x, T. € BO BCii-
KOM caydae B n - 2-X Toukax oTpeska [a,b], Ha KoTO-
poM nsmensercs t.

[To Teopeme Posna ¢’ (wtpux no f) obGpauiaercs B
HyZb 1O Kpailneil Mepe B n - l-ii TOuKe HHTepBana
(a, b), ®” paBHa HYJI0O MUHAMYM B 7 TOYKax 3TOro Hi-
TepBaja M T. A. Takum o00pa3om, Hailperca XxoTs Col
onua Touka Ee&(a,b), B kotopoit @t (§)= 0 Orcio-
nauu3 (12), yunrwBas, yto LD (E)=0, oth(E) =
=(n - 1)}, noayuaem

(n+ Dlry(x)— fe+D (€) =0.

CJoieioBaTenibHO, )
(n+
ra (%)= f(n+(1§!)
u, B cootseTctBuE ¢ (9), (10),
f(n+l) (€)
Rn(x)=mn(x)m. (13)
_ F D ) 1
[ (x)= L, (%) + 0, (%) <1y (14)

t = E(x)=(a, b)— Hexkoropasi HeM3BecTHas TOUKa.

M3 paBeHcrBa (14) BbITekaeT OLEHKa MOIPEIIHOCTH
HHTepHoOJIsAuUH (B YaCTHOCTH, SKCTPANOJIAUHH) B TEKy-
weit Touke x & [a, b]:

Mn4.

()= Lo | < melon (0] (15)

H OlEeHKAa MAaKCHMAaJbHOH NOrPelIHOCTH HHTEPNOJIsLLiill
Ha BceM OTpe3ske [a, b]:
My A
maXIf(x)—L,l(x)l<—(——_—’;_%‘—|-maxlco,,(x)], (1!‘))
(a. 5] n+ D e

rie Mpy — BenunuuHa (3.3).
[Mpumep. OuewdTb [OrPEUIHOCTH —MNPHOMHMKEHHS QYUKIUIH

f(x)='\/x B Touke x = 116 u Ha Bcem otpeske [a, b], rne a ==
— 100, b = 144, ¢ NOMOILIBIO HHTEPHOMSIUHOHHOrO MHOrouneHa Jla-
rpamka Ly(x) BTODOit CTeneHH, MOCTPOGHHOrO C Y3JMaMH Xo = 100,
x1 = 121, x2 = 144,

Pecmenue.

RPN UETY S SNV, S VN SR Tt
') =57 [FH=—7x" [ (x) =5 ¥,

3 an=52 3 (g-5
Mz = max [["" (x)| =5 100 2 = 107°,
= max [} ()] =5 5

2*
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Ha ocuoBanun uepasenctsa (15) noaydaem

| V116 — L (116) [ <

<= 107° —;;!-—l(llﬁ-— 100) (116 — 121) (116 — 144) | =

L
16

1075.16.5.28 = 1,4-1072,

B cnny ouenxn (16)

max | /% — Ly (x) | <
la, 0] N
10—0 ‘ -3
max | (x — 100) (x — 121) {x — 144) | ~ 25- 107",

<
=16 1, bl

§ 5. JluHeiiHaa UHTEPNOASALHSA

Untepnonsiuuss no ¢dopmyse (4.2) mpu n=1, T e
¢ TIOMOLIbIO JHHefiHO# ¢(yHKuuH (4.3), Ha3bIBaeTCs AU~
neiinoti. Ecnn BBecTH 00603HaueHust h = X;j—Xo, § =
= (x — xo0) /h, TO opMmysNa JUHEHHOH HHTEPNOJALAN MO-
JKeT GBITh 3allHCaHa B CJACAYIOLICM BHIE:

[(x) & Li(x)= Li(x0o+ gh) = (1—q) fo+gfr. (1)

Beanunna ¢ uaspiBaeTcsl (pasol HHTEPIOJALHH, KO-
TOpasi H3MeHsieTcd B Tpe-

4 nejqax ot 0 mo 1, xorga x
npoGeraer 3HaueHHST OT Xoy
0 Xi.
TeoMeTpHYecKH JIHHEI-
Has HHTEPnoJsSIHA O3Ha-
0 yaer (puc. 1) sameny rpa-

¢uKa (YHKIHH Ha OTPe3Ke
Puc. 1 [xo0, x1] XOpAO¥, COEMUHSIO
wiedt TOuKH (%o, fo), (X1, f1).
Tlockoabky cornacuo (4.11) @z (x) == (x — xo) (x — x1)
1, CJIE ZOBATENBHO,
h?
max | @, (x)] = max | (x — o) (x — x) | =7
1%0, X1] [%0, X1]
70 OLEHKa MaKCHMAaJbHOIl MOrpeluIHOCTH JHHeHHO HHTep-
HoNSMHM Ha oTpe3ke [xo, x1] B cooTeTcTBHH C (4.16)

1MeeT BHJL
9 M
max | f(x) — Ly (x) | << A2 2, @

X0, X1]

rie My=max | [ (x)[.

[%0, %1l
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Yacro 3apaiT Tabauiy OOJNLIIOro ughcjaa 3HaYeHHid
HEKOTOPOI (PYHKUHM [ ¢ NOCTOSIHHBIM [arom A H3MeHe-
HHsl apryMmeHTa. Torga npu 3aJaHHOM X BBIOGHPAIOTCS
JBa OMMXKaHIKX K HeMy yana. JIeBHH y3esa npHHHMAaeTcst
3a X9, @ NpaBHl—3a Xj, H OCYLIECTBJSIETCS JHHEHHAsT
uutepnoJsinus no ¢opmynae (1). IMTorpemnocTs uHTepno-
JISIMHH OLlEHHUBaeTcs 1o gopmyJe (2).

MNpumep. 3anana Ttabunna Qynxkuux sinx ¢ warom B 1°
Tpebyercss OIEHHTH NOTPEMIHOCTb JHHEHHON HHTEPIOJSITHH.

Pemenune. Ilar A rtabanupl B pajHaHHOi Mepe COCTABJISCT
7/180. ITockoabky™ My = max|(sin x)”| << 1, To norpewHoCTs JiH-
He[iHOH MHTepNOJIALHUU COrJIacHO (2) He mpeBhbilraer

2 1 —4
pl——“—1802'*§<0,4'10 .

BenuunHa p; CJIyXKHMT Oil€HKOH NOIPEUIHOCTH, BO3HHKAIOMiel 32
cyeT 3aMeHH Ha OTpe3Ke MJHMHE A (QYHKUMH Sin X HHTEPHONALHOH-
HBIM MHOTOUJEHOM Li(X), B MpEeANOJIOMEHHH, uTo TabJHyHBIe 3Hate-
HHsl 3aJlaHbl TOUHO M BBIYHCJEHHS 10 (opmydse (1) ocyluecTBasioTcA
6e3 norpeurHocreil.

HonycruM Teuepb, uTO Talb/uuHbie 3HAY€HHA (QYHKIHH Sin X
OKPYIJIEHBl C HETHIPbMSI JECATHYHBIMH 3HaKam¥ nocse 3angroii. Toraa
npenesbnas abCcoJIOTHAsL [OTPEIIHOCTh OKPYFJIEHHLIX TaOMHUHBIX 3Hd-
venuii ectb A(f) = 0,5-10~% Tlpu Beraucaennsix no gopmyne (1),
B KOTOPYIO BMECTO TOUHBLIX 3HaueHuil fo, f1 dynumm f(x) = sin x
NOJICTABJIEHBl OKPYTJIEHHble 3HaueHWs, B 3HaueHHH Lj(X) Bo3HEKaeT
NOTPELIHOCTD, OLEHHBAaeMasl BEeJIHIHHOM

AL)y=0—@EPH+qh()=58()=05-10""%

TaKk KaKk 0 << g << 1.

Ecnu naiiieHHOe TakuM o0pa3oM 3HAUEHHE HHTEPNONALHOHHOTO
MHorouseHa Lj(Xx) OKOHYATeNbHO OKPYIJIMTh C YETHPBbMST HECSTHUHLL-
MH 3HAKaMH [0OCJe 3amngToil, TO BO3HHKAET elle NOHOJHHTeNbHAS [0-

IPEUIHOCTh, OFPaHUYEHHAd MO MOAYMO Beauunuoil Air(Ly) = 0,5-10-%

Urak, 1moJiHas OOrpemInocTh JuHeiinefi HETepHoAsund (HyHKUHH
sin x NpU OKPYIVIEHHHBIX TAOJHUHBIX 3HAYEHHSIX H OKPYIVIEHHH OKOH-
YaTeJbHOrO pe3yJbTaTa € YeTHipbMsl HECsATHYHBIMH 3HaKaMu locse
3amsTol OLEHHBACTCS BEJIHYHHOMN

o1 +A(L) B, (L) <14-107%

§ 6. MunuMu3zanua GUEHKU BOTPEUIHOCTH
pHTepnoasivud. Muorounenn Yebmmesa

[Mycts 3amama Hexortopasi ¢yHruus [e& Cnla,b].
BosHnukaer Bonpoc, Kak BHGpaTth Ha oTpe3ke [a, b] y3awl
X0, X1, ..., Xn HHTEPNOJSILHOHHOrO MHOrowiena (4.5),
4yTOOH MaKCHMaJbHast NOrPellHOCTh HHTEPIONSIIHE QyHK-
nuu f Ha aTOM OTpe3Ke Oblia MUHMMAaJAbHOIL. DTa 3anava
SIBJISIETCS C/IOKHOH H ee YAaeTcsl PeluHTb TOJbKO JUIS
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vacTHLX Gynkuuil f. Mbl orpaHnunMcs peiuenuem Gosee
npocroii 3ajaud, a HMEHHO HaXOXKJEHHEM TaKoro pac-
fOJI0:Ken sl Y3408 HHTepnoasuuu x;, i =20, 1, ..., n, Ha
orpeske [a, b}, npy KOTOpOM MHHHMAaJIbHa BeJHYHHA

maxlmn(x)l H TeM CaMblM MHHHMaJbHa IpaBas 4acTb
[a, bi

ouenku norpewnoctu (4.16).

JJis mpocTOTHL CHAyaja paccMOTpPHM cJyuail craH-
naptHoro otpe3ka [—1, 1]. Ilpu satom nam norpedyrorcst
MHorouwiensl YeGH1eBa.

Muorounenn YebGnieBa. Mrozourener Yebol-
wesa Tn(x), n=0, va orpesre [—1,1] sanarorca
(popmyaoi

T, (x) = cos(n arcces x). (1)

B uactHocth, nipu n = 0, 1 nmeem
To(x) = cos(0-arccos x) = 1, (2)
Ty (x) = cos(arccos x) = x. (3)

Jlanee, u3 TOXKJeCTBA
cos(n+ 1)@ = 2 cos ¢ cos np — cos (n— 1) @,

nojaras ¢ = arccos X, B coorsercTBuH ¢ (1) monyuaem
Tn-H (X) = 2)CTn (x)—" Tn-l (x)s (4)

rae n=1, 2, ... Takum o6pa3oM, T,(x) HAeliCTBHTEJIBHO
aBJsiercsl anre6pauyeckuM MHorouleHoM crenenu n = 0.
TNonaras To(x)= 1, T1(x)= x Ha Bcell OCH X U pac-
npocTpaHsisi peKyppenTHyio ¢opMynay (4) Ha BCIO OCb X,
Noc/eloBaTeNIbHO 1o popmyne (4) HaXoAHM

To(x)=2x2—1, Ty(x)=4x% — 3x,
T, (x)=8x*—8x*4 1, Ts(x)=16x5—20x3+5x, ...

CpoiictBa MHorouseHoB YeOnuwesa.

1. Mpu uetnom (neuernom) n mruoeourern Tn(x) co-
OepacuT TOAbKO 4eTHole (HedeTHole) CTenexu X, T. e. A6~
asercs ueTHoil (HeueTHoll) GyuKyuet.

DT0 CBOHCTBO JIerko BHTeKaeT u3 opmyn (2)—(4).

2. Crapuuii koapguyuent muoeourena Tn(x) npu
n > | pasen 271,

JlauHoe CBOCTBO Toxe caenyeT u3 popmya (2)—(4).



§ 6. MUHMMU3ALIG OHNEHKH TIOTPEIIHCCTH 39

3. Tn(x) umeer n OelicTgurendbnoix KoOpHer G UHTCH-
sanre (—1, 1), soipasicaenstx hopmyrot

Q2+ 1)=n

on ) i:O, l, oo ey n-“l.

X = COS

B camowm perne,
(24 D=w
T, (x;)==cos(n arccos x;) = cos (—lQ—L =0,

i=0,1,..., n—1,
4. max |T,(x)|=1, npuuen
[—1:1]

Tn (xm)::("'l)mr (5)

20e x,, =cos(mmn/n), m=0, 1, ..., n.
JefictBuTtesnbHo, corsacuo (1)
To(xm)=cosmn=(—1)" |T.(x)|< 1, x=[—], I].
5. Muozounren
Tn(x)=2""T,(x), n=1, (6)

cpedu 8cex MHO20YAEHOB N-Ii CTENeHU CO CTapuium Kodp-
(uyuentom, pasroim edunuye, umeer Ha otpeske [—1, 1]
HauMeHbllee 3HAYCHUE MAKCUMYMA MOOYAs, T. e. He CY-
wecTeyer TAKC2O MHO204AeHG Pn(x) n-ii crenenu co
crapuum KoIppuyuenTom, pastovii eouxuye, 41o

max | P, (x)| < max | T,(x)|=2""" (7)
-1 1] [-1, 1]

JlonycTHM NpPOTHBHOE: HMEEeTCsi MHOrouleH P,(x)==
=aqo+ax4 ... + anx"! 4 x", yHOBIETBOPSIOULHIT
nepaseHcTBy (7). Torza, Tak Kak mo CBOHCTBY 2 y MiiO«
rouneda T,(x) crapwmit koaduUHENT TOKE paBeH eai-
HHLe, PasHoCTh Tn(x)— Pn(x) sipnsierca anreGpanyecKum
MHOTOUJIEHOM CTeneHy He Bhille 1 — I, mpuyeM B cuiy (7)
Tn(x)—Pn(x)== 0. Kpome TOro, B n-41 Tt0UKax
*m = cos(mm/n), m=0, 1, ..., n, Ha ocHoBaHHU (5)—
(7) sra pasHoCcTh NPUHHMART OTJHYHBIE OT HYyJs 3Haue-
HHS C YePeJyIOLIHMHUCS] 3HaKaMu. DTO O3Hadaer, 4To al-
re6panyeckiii MHOrowieH Tn(x)— Pn(x) cTemeHu MeHb-
e yeM n obpaliaeTcs B HyJb IO KpafiHeid mMepe B 1 TOU-
Kax, YTO HEBO3MOKHO.

3ameuanune. MOXHO I0Ka3aTh, UTO €CaH P, (x)==
=aqt+ax+ ... +a,_ "t x", npuuem n =1,

max | P, ()| =2'", 10 P, (1) =2"""T , () =T, (x).
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Baaronaps cBoiictBy 5 MuorouseHsl HeGrliiena Tn(x)
HAa3BLIBAIOTCS] MHOSOUACHAMU, HAUMEeHee YKAOHAIOUUMUCA
OT HYASL.

Vsnp, MHHEMU3HpYONHEe ONEHKY 1nO-
rPemHOCTH HHTEPNOJAILHH BospMeM Ha OT-
peske [—1,1] B KauecTBe y3/OB HHTEPIOJALHMH KOpHH
muorousena Uebuimena T,4q(x), T. €. TOUKH
%ﬁ. i—0,1,..., n (8)
Torna muorousien (4.11), y Kortoporo crapuiiii K03 -
WHeHT paBeH exuHule, GyAeT MPONOPUHOHAJIEH MHOTO-
usieny Try1(X) M B CHJIY CBOMCTBA 2 MHOrOUJIEHOB Ye-
GLiueBa BEpasnTes yepes Ty (x) CIeRyromuM o6pasom:

0y (1) =2""Tp41(%).

[Ipu 3T0M B COOTBETCTBHH CO csoiictBoM 4 oOlE€HKa IOo-
TPeLIHOCTH HHTEPIONSIHH (4.16) npuMer BUI

— _Mptr
Eﬁf}lf(x) L, ()< GFoie 9

X; = COS

rae M, =max | fr+(x)].
-1 1

B cuay cpoiictea 5 Muorounesos UeGrieBa OLCHKY
(4.16) ynyuwmuTh Ha OTpe3Ke [—1,1] no cpapHeHHio
¢ oumenkoii (9) 3a cuer apyroro Brl6opa y3/IOB MHTEpIO-
AsLnH Hesib3si. Bojee TOro, COrJacHO CBOHCTBY 5 u 3a-
MeuaHuio Tmpu Jio6oMm BhGope Y3JOB, HE COBIaLalolIcM
¢ (8), coorBeTcTBYIOLIAs OLEHKA MaKCHMaJbHOH Tnorpeni-
HOCTH MHTepmoJsiuuu Ha orpeske [—1, 1] Oynmer xyxe,
T. e. yaaol untepnossyuu (8) s84R10TCA ONTUMANbHGLULL
dan oyenku nozpewnocru (4.16) Ha orpeske [—1, 1].

B cayyae HHTEPIIONHPOBaHHsI HA IPOH3BOJILHOM OT-
peske [a,b] auHEiHOI 3aMeHOH He3aBHCUMOH mepe-
MeHHOH
x=g(0—a)t+b+a), (= L_(2x—b—a), (10)

b—a

on nepesoautcs B otpesok [—1, 1]. TIpn aTOM KOpHAM
muorowicia YebuimeBa Tnyi(f) OTBEYAOT TOUKH

1 (2i + 1) s
.vi=§-(((g—a)cos—;éﬁ%1+b+a).

i=0,1...,n,

(11)
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oTpeska |a, b], sBJsIOIKECS ONTHMAJIbHEIMH Yy3JIaMH JJI5
OlIEHKH IIOTPELIHOCTH HHTEpNOJsIHH Ha 3TOM OTpe3Ke.
Coraacuo (8), (10), (11) umeem

@, (x)=(x — x)(x — X;) o .. (¥ —x,)=
=, n 3
== (t COS m)([ — COS ) ‘e

gntl on +
@a4 D= (b —a)"t! =
(t—cos P )= s Tryr (0).

Orcrona ¢ yuerom (6) u cBoiictBa 4 MHorouseHos Ye-

OpllLeBa NOJIyyaeM

b — a)n-H = b— a)n-H

max|o,(x)| =-———7—max |1 )=

1, 5] ! n( )l on+l =1, ”' n+1( )l 92n-+1
Cnenosaresbho, npu ysiax (11) ouenka morpemHo-

cti uHTepnossinuu (4.16) npuocOperaer BHA

_ Mut: (b —a)"*! ‘
rlrg,ab)l([f(x) L,,(X)l<(n_|_m poTEE S (12)

rae Mpyy=max| Fo+D (x) ).
la. b]

CpaBHHM Tellepb CIOCOGH anIpOKCHMaluH QyHKLI
fe& Cryila, b] muorounenom Teiopa Q.(x) u untep-
HONSIIMOHHKM MHoroujeHoMm L,(x) ¢ yamamu (11). [pu
noctpoeHun Muorousnena Teifinopa (3.1) wesnecooGpasio
B3SITb TOYKY Xo B cepeluHe oTpe3ka [a,b], T. e. xo==
= (a4 b)/2. Torma B cootBeTcTBUH ¢ (3.5) OLEHKa
MaKCHMaJbHOIl norpemHoctTy MHorousnena Tefinopa Oyner
cJenylones:

maxl f(X)—— Qn(x)l<
la, ]

Muyy (b —a)"*!
(n+4 1t ontt ° (13)

Takum 06pa3oM, OIeHKa NOTpelIHOCTH MHOrousena
Teiimopa B 2" pas Gosplie oUeHKH norpewHoctH (12}
HHTEPIOJISIHOHHOTO MHorounena Jlarpauxa L,(x) ¢ on-
ruMaapHeIMi yaaamu (11). Ecau npousonnasi f¢+D(x)
OTHOCHTEJIBHO MaJio H3MeHsieTcsi Ha oTpeske [a, b], T0
o6e oueHkn (12) u (13) mayso 3aBHINAIOT MAKCHMaJib-
HYIO TOTpelHocTb, a ecan f¢+D (x) == const, To Kaxuoe
n3 HepaseHcts (12) m (13) obpamiaercs B PaBEHCTBO.

ITorpemHoCTh HHTEPIOJSIHORHOTO Miorowiena Gonce
paBHOMEpHO pacnpejieneHa Ha oTpeske |[¢, b], wem ¥y
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muorousiena Teisiopa, ofaajaiouiero CyuieCcTBeHHO He-
papuoMepHoil norpemHocTeio  (eM. § 3). Tlostomy ue
TONBKO OLCHKA MOTPeUIHOCTH, HO H OOBIYHO (PaKTHUeCKas
MAKCHMAaJibliasi HOrpPeluHocTb HHTEPIOJSIIIHONHOr0 MHO-
rousiesa Ha sceM oTpeske |a, b] Menblule, YeM y MHOroO-
yncua Tefintopa. Kpome TOro, jiis HOCTPOSHHsT HHTEPIO-
JISIMOHHOrO MHOrouJiena He TpebyeTcss BHIUHCJATDL NPO-
u3BofHble (QYHKUHY f, a HYXHBI TOJIbKO ee 3HaUeHHUs.
VitakK, ciefyer OTAaTh NPEANOYTEHHE HHTEPIOIAILNHOH-
HOMY MHOTOYJIEHY C ONTHMAaJIbHBIMH y3J1aMH (11).

IMpumep. Ilyctp Ha orpeske [—1, 1] 3agana QyHguHa

f(x) =e*. Ee muorounen Teiinopa Qs (x) B TOuKe Xp =0 HMecT
5

k

x

Bua Qs () =Z T

00
xk
X
[Tockosbky e* = E ——, TO
4 k!
k=0 k=0

oo

E ,

x 1 1 -9
max |e* — x)| = max ——1>—=4+=>015-10 °.
max 16— Qs (1)] = max ,;6 | > > 015

Yro KacaeTcs HHTEPNOJSLHOHHOrO MHorounena Jiarpanma Ls(x)
dﬁ
dxs

¢ yaaami (8) mpu n =15, TO, TaKk Kak M5=[ma)1(]
_l.

Il Hero corgacHo (9) BBINOJIHSIETCS HEPaBeHCTBO

=e,

X __ _e L1073
[r—nﬁ)ille Ls (%)< 6155 <0,12.10 “.

TaxkuMm 05pasoM, B pacCMOTPEHHOM MpHMepe OLeHKa
CBepXy LOrpeuIHOCTH HHTEePHOJISILHOHHOTO MHOrowiena
Ls(x) 3HaunTeNpHO MeHblle, YeM OLEHKAa CHH3Yy MaKCH-
MaJbHO# rorpemHocTn Muorodwnena Teftnopa Qs (x). Has-
HBll TpHMep MOATBEPIKAaeT CAeJaHHEIH BhIIIE BbIBO.

B 3akjrueHne OCTAHOBUMCS Ha BONPOCE BBIYHUCJICHHS
aHavenuii muorouseHos Yebwiresa. CornaciHo cBoicTBaM
9, 4, ¢ OXHOH CTODOHDBI, 3HAUEHHS MHOTOWICHOB Tn(X)
npu Jio00M n OrpailHieHbl Ha OTpe3Ke [—1,1] mo mo-
aymo enuHuneil. C apyroit cTopoHw, Halmopaercs 10-
CTATOYHO OBICTPHIl POCT KO3(PHUIHEHTOB 3THX MHOrO-
wieHoB ¢ poctoMm n. Hampumep, crapumii KosppuuHenTt
y wmuorounesa Tn,(x) paseH 2°~!, B YacTHOCTH, NpPH
n =21 umeem 27! > 105 3TO0 mMpPUBOAMUT K TOMY, UTO
peunc/enne 3uavenuit T,(x) wia x=[—1, 1] no cxeme
Topuepa (2.2) Ha peambHoit DBM, obnanaiomeii orpa-
HUYEeHHHIM YHCJIOM LH(PPOBHX Pa3psALoB, IPOUCXOAUT NMPH
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GoMLIUIX 7 CO 3HayuTeJabHOH motepeidl Tounoctu. [lotepd

TOYHOCTH BH3bIB2€TCS HeOOXORHMOCTbIO BblunTalHs OJin3-
KHX GOJIBIIHX 110 MOAYJIO OKPYIVIEHHBIX Yicedl, HH0 CKOH-
yaTeJbHBIHA pe3y/bTaT MO MOAYJIO HE IPEBOCXOAHT efli-
HHILY.

Hanuuue pekyppentHoill dopmynnl (4) noasogser
ofoiiTH YyKasaHHylo TpyaHocTh. Ilpu 3apaunoMm x&
e[—1,1] Haxomstca cHauana To(x), Ti(x) mHenocpex-
cTeeHHO 1o (Qopmynam (2), (3), a 3arem no gopmyae
(4) BHIYHCJISIOTCS TOCJENOBAaTeNbHO 3HaueHust T,(x)
LJisl BO3pAaCT2OUIUX A, BKJIIOUYas 3alaHHoe 7.

MoXKHO J0Ka3zaTh, YTO NMPH 3TCM CyMMapHas Iorpeul-
HOCTb OKDYIVIEHHsI B 3HaueHMH T,(X) yBeJqHUHBaeTCs IO
CPaBHEHHIO ¢ MAKCHMAaJbHOH IOIPRINHOCTHIO OKPYIVISHHUST
OJHOPa30BOro BHIUHCJEHHS N0 ¢(opmyne (4) ne Cosee
yeM B O(n?) pas. Bo BcsikoM cayuyae B BHUYUCACHHAX 110
¢opmyne (4) mpu xe|—I1, 1] OGonpluve pennvuHbl He
yuactByoT, Tak Kak |Tp(x)|<<1, |To-1(x)|<<1 pas
J11060ro HaTypaJbHOIO f.

B BuuncieHusx xe no cxeme 'opHepa MHOrQ4YJeHOB
T.(x) BAMsHHE TOrPEILNHOCTEH OKDYIJIEHHsI C POCTOM
3HAYHTEJDbHO CHJbHEE, ueM 10 dopmyae (4).

§ 7. HHTepnoasinusi ¢ paBHOOTCTOALIMMY y2JiaMu

B § 6 Guino HaliieHoO ONTHMAaJNbHOE pacnpenescHHe
y3JI0B MHTEpHOJsALMH, ofecneunBaiouiee MiAHHMaJbHYIO
OLIEHKY IOrPELIHOCTH Ha BCeM oTpe3ke. QaTumanbHoe
pacrnpe/ie/ieHHe Y3JI0B SIBJISIeTCS HepaBHOMEDHBIM. Y3Jibl
(cm. (6.8), (6.11)) crymaiorcs K KOHIAM OTpe3xa ¥ pas-
pexaloTCsi B €ro cepeauHe. 910 BbiblBaeT Heynebcrsa
Ha NpaKTHKE.

HepaBHOMepHOe pacnpelelledHe Y3J0B MOXKHO 3a-
IaTh, CKaxeM, eCJIM HHTSPIOJSIHOHHLEI MHOrou/IeH
CTPOHTCsI OJMH pa3, IpHUeM Ui BCEro 3ajlaHHOro OT-
peaka. Ecan ke orpesok [a,b] Goabwoii u tpebyercs
BLICOKAsl TOYHOCTL aNipoKCHMalH# (QYHKUHH, TO OLHHM
HHTEPNOJISIHOHHLIM MHOTOUJIEHOM NPHEMJIeMOi CTeneH:
JlaXe ¢ ONTHMaJbLHBIM pacnpefeseHHeM Y3JGB OOCbIYHO
He yaaerca o0eclneudTb 3alaHHYI0 TOYHOCTb WHTEPIOJs-
LM Ha BCeM OoTpe3ke. B TaKoMm cayuae 4acTo HOJb3yIOTCHA
TaGauuell 3HaueHHH (GYHKUMH B y3JaX, PacnofOKCHHLIX
C IOCTOSIHHBIM WIAroM, YHCJIO KOTOPBIX MOMeT ObiTb 0=
CTaTOYHO GOJIBIIHM.
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Korjga sajaercsi 3SHaueHHe aprymeHra X, To BuSH-
paeTcsl [ieCKOJILKO O/HzKaflliuX K X y3/10B, HCNOMb3YeMBIX
JUlsl TIOCTPOEHHsT HHTEPIOJALHONHOTO MHOrou/ieHa 00blY-
HO HEBLICOKOfi cTereH:, ¥ IPOU3BOAUTCS HHTEPIOJSLHUIL.
HuzKe BbIsiCHSIeTCsl 3aBUCHMOCTb TOYHOCTH HHTEPHOJSLHHI
OT 111ara, ¢ KOTOPBIM PAaCHOJIOXEHBI Y3JIHBL.

Hrtak, nyctb X; = Xo- ih, i=0, I, ..., n,—y3Janl
pnTepnonsiuy, A > 0—mar, f;= f(x;) —3ananHLe
snauenust QyuKwan [ & Cupila, b], npuuem  [xo, xa] <

e, b].
Bsejem 6e3pasmMepHyIio He3aBHCUMYIO N€PEeMEHHYIO
X —X
g=—— (x=x0+qh). ()
Torma yaay x; Oyner COOTBETCTBOBATDL
X, — X X, ih—x .
== = 2)

1, KpoMe TOro, GyAyT BLIIOJHITLHCS COOTHOLIEHHS
x—xj=h(g—j), xi—xj=h(i—]). (3)

ITpu 3TOM HHTEPIOJALHOHHBIE MHOTOUJIEH (4.3), or-
peyawoluil cayyalo n==1, 3amuuercs, KakK yKasaHo B
dopmyse (5.1), a HUTEPIOJSALHOHHLI MHOTOUIEH (4.4)
BTOPOIl creneHH NpHoGpeTeT BUI

Ly (x) == Ly (%o + gh) =

—1)(g—2 —1
—a=D@=3 5 g —9)f -+ L=,

B o6uem cayuae ¢ yuerom (1)—(3), (4.6) uarepno-
JASIHOHHBIE MHOrowleH (4.5) mpuMeT CleAYIOLHi BHI:

L) =Lyt gt =X e @)

e

I -y — ... (g—i+1 —i—=1)...(g —

i (@) = (—1)" iglg—1...(q tﬂ%—(n)_(_c;)l i=1)...(9=n)
i ()

IMockosinky cornacuo (3)

o, (x)={— xo){x —xp) .- (x — Xn)= hn+l6)n @),

rjie
én(q):(J(q—l)"‘(q—n)’ (6)



§ 7. UHTEPNOJISIINST C PABHOOTCTOSIIIIIMII V3JIAMH 45
TO OCTaTOYHHH ujeH (4.13) HHTEPNOJALHOHHOIO MHOrO-
uieHa (4) moxeT GBITb NPEACTaBJIEH B CJEAYIONEM BHAC:

ntl - (n+1) o
R, (X) =R, (xo + ‘7’2) =h +lmn (q) f(n -+ f)gl) ’ v

oo’

3pecy f*+D —nponsBosHasi HO X, a NPOMEKYTOUHAs!
touka § = E(x) Ta xe caMas, uTo u B (4.13), (4.14).
3ameTuM, uTo corsacHo (1) uameHeHHIO mepeMeHHOIl
X Ha otpeske [xo, Xn], The X, = Xo + nh, oTBeuaeT uame-
HeHHe IepeMeHHOH ¢ Ha ortpeske |0, n]. [ToaToMy ouenky
MaKCHMaJIbHOH IIOrPeILHOCTH HHTEPIOJSIIHE Ha OTpe3he
{[x0, xn] ¢ yueTom (4.9), (7) MOXHO 3amucaTth B CIEAYIO-

IeM Bujae:
h

M
n+1 n+1
max | f(x) = L, ()ISE 555 Qo (8)
["‘0’ xn]
rae
Q‘u ==1max l @®, ((/) L
16, nj
h (n+1)
M= max | ["*" (x)].
[*or %]
Bennunna Q, He 3aBhcut oT h. Ee Mmoxiuo 3apauce
BLIUHCJHTD HJIH OLeHUTh. B uactHocTH,

Q,=1/4, Q,=2/(34/3), @, =1, Q, < 3,7, Q; < 17. (10)

Besuunna Mpy, npn Manom A MaJo oTAHYaeTcsi Of
| [t (x0) |. Bo Besikom cayuae, ecau [x, x.] <o, 8],
TO

(%)

Mip1 < My (11)
rae M,y = max| [tV (x)].
1a, b}

Taxkum obpazom, coranacro (8), (11) marcumajbhas
NOTPEIIHOCTL HMHTEPMOJSIUIH Ha OTpe3Ke [xo, Xa], T. €.
max | f(x)— L,(x)|, ects O (h"+'). OrMeTnM, HAnpHMEp,
[*o *n]
uto Tak Kak Mp7 << Mhyi, To npm ymeHblueHnn wara
h BaBoe npaBas uacTb ouenku (8) YMEHBUIHTCS N0
Kpalinell mepe B 27! pas,

Vicxons M3 ycujeHHoil oueHKH, mojyyaemofi H3 wepa-
BeHctBa (8), B KoTopoe BMecTo Mpy, B COOTBCTCTBHI
¢ (11) moacraBneno My, BEIOHpaiOT war A TabJaHLBL
3gaveHuit ¢yHkuHu f Ha orpeske [a,b], ¢ Tem utolu
obecnmeynTh 3afaHHYI0O TOYHOCTHL HHTepronauuu. Iipu
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STOM EMEETCH CLIE BO3MOXKHOCTH BapbUpOBATL B HEKO-
TOPLIX Npeiesiax CTeneip i HHTEPNOJIALHOHNOTO MHOTrO-
wrena.,  Eeaw  OyHKUig [ ROCTATOYHO  IAajkad, 10
HOBLIelHe 7 BHauase OOBYHO BeJeT K YBeJHUeHuto J0-
IYCTLMOrO A, HO,C APYTCH CTOPOHBL, yCJAOKHIIET HHTEPIO-
JAIINO M YCHAUBAET BJHsHIE HEYCTPAHUMBIX IOTPEILHo-
creil TabauuHplX 3Hauennii. Ha npaxThHke peAKo HCIOJbL:
3yIOT HHTEPIONSLHIO C 11 == 5.

3ameuyaunne 1. [Ipu 3aganHoM x y3Jibl HHTEPIIOJA-
LWUA Xo, X1, ---, Xn, PACIOJOXKEHHBIE C LIAroM h, ueae-
c006pa3Ho BHOHPATh U3 COBOKYNHOCTH BCEX ySJIOB 3a-
NaHHoil TabauiB QYHKUHH Tak, yToOBH TOUKA X OKasa-
J1ach BO3MOKHO GJIHXKe K CCpeinHe OTpe3Ka [x0, Xr]. DTO
CBSI3AHO C TeM, UTO KoJiebaHns (QYHKLHH (4.11), coort-
percrpenno ¢yuxuun (6), BOMHSH CepeaHHDI yKasaHHoro
oTpeska MeHpilie, YeM y ¢ro KOHHOB. Ha puc. 2 usobpa-
xeH rpaduk Qyuxuun {(4.11) npu n = 4.

1

Y w, (z) /
0 /\
Lo I,\,,_/I‘Z .’L‘_\ﬁ xI
Puc. 2

Ecnn TOUKa %, B KOTOPOH MPOU3BOAUTCS HHTEPIOJIS-
1Usl, VACBJIETEOPSIET HEPABLHCTBY

X0+ x h
X — “'—g“i << o (12)
T0 sl IOrPCUIHOCTH HHTEPIOJISIHE CIPABeINBa OlCHKA
1) — L ()| <A ezt (13)
nA\v =~ (n + l)! ny
e Qb= max [®&,(¢)]. B uacrnocty,
lg—n/21< 172
0 3 ) 0 45 225

0 1 _ 9 0__ 4D (N
"i:‘}i—’ Q2=-——g, Q;;—— 16’ 94""‘ ‘3.21 Qo"_‘ 64 . (14)

Conocrapnsisi Beauunnst (14) u (10), BumuM, HuTO
OlleHKa TOrpelrHoCTH HETEePHOSIIHHT (13) sBasiercsi 60-
see TOuHOW, ueM (8), AN X, YAOBJICTBOPSAIOWUX YyCIO-
suo (12).
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§ 8. KoHeuHble M pa3jienNeHnble PasHOCTH
Koneunne pasnocTtH. Ilycts xp = Xy 4 kA, rae
'k — nedqoe, h > 0, fr = [(x:). Bennuuna
Afp="F e+ 1) — [ (xp) = [ (xp41) — F (%) = o1 — [ (1)

Ha3HIBAETCSI KOHEYHOU PasHOCTObI0 Nepsozo  KOpsdxa
¢yHKUuH [ B TOuKe X (C warom h), a

A?‘fk:-'A(Afk):Afku '—l—\fk=
=(fk+2_ fk+1)—(fk+l - fk)’—_fk - 2fk+1 -+ fk+2 (2)

eCTb KOHeuHass Pa3HOCT6 BTOPO20 NOPAOKA B TOUKE Xp.
BooGiue, KoHeuHass pa3HOCT6 n-20 nopsdxa QYHKUUH f
B TOUKE X, ONpEHeNsieTcst N0 peKyppeHTHOH dopmyJe

A=A ) =A""frp — A", (3)

rae n =1, A%, = [s.
I1pu BHIYHC/IEHHSIX KOHEUHBIE PA3HOCTH YAOOHO 3anH-

cLiBaTh B BuIe TadJa. 1.
Ta6aunma 1

Xo fo
Xy 1 A’fo A%fo
Afy A2 A3fy
X2 f2 ¢ 1 A%
x3 fa i A%y l
Afs
X4 fa

Jlemma 1. Ecau [e Culxk, Xxe4n], 7O cyujecrsyer
TAKAS TOUKA 1) & (X, Xktn), 4TO

A"fp = B[ (n). (4)

B cuny (1) ¢opmyna (4) npn n= 1 coBnanaer ¢ u3-
BeCTHOH (opMyJioil KOHEUHBIX nNpHpamenuii Jlarpauxa,
Jokaxem ee npu n = 2. Ilyctb @(x) = f(x 4 1}—[(x).
Torpa corsiacHo (3)

A% = @ (x + 1) — @ (xz)
M, CJie/l0BaTeNbHO, NO (JOpMysie KOHEYHHX NpHpaLieHHH

Jlarpanixa
A*fp = he’ (1), (5)
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rie N1 € (Xx, Xi - 1) — HeKOTOpasi TOUKA. Ho
¢ ()= (m+h)—Fm).

[Ipumensisi eme pa3 (QopMmyJy KOHEUHBIX npHpaeHuit
Jlarpamka K QyHKuun [, nosyaem

¢’ (m) = hi"(n), (6)

rae 1 & (M, -+ h) S (X, Xgyo)— HEKOTOpasi TOYKA. Hs
(5), (6) BeITeKaeT yTBEpPKACHHE JIEMMbI IIpH /2 == 2. s
11> 2 jeMMa J0Ka3bBaeTcsl aHaJornIHO.

Cnencteue demMu 1. Koneunas pastocre n-co
nopadka arzebpauieckozo MHOZOUAEHA n-i creneHu ho-
CTOAHHG, T. e. He 3Q8UCUT OT k, a KOHeuHovie paSHOCTU
60a2C BHLCOKUX NOPAOKCS PABHbLL HYAIO.

OcCTaHOBHMCs Ha OJHOM H3 IPAKTHYECKUX NpHMeHe-
anil Koneuneix pasuocreii. CornacHo jneMme 1, ecan fE
& Cny1 X0, Xnq1], TO BEJIHYHHA Ar+fo/hntl,  KOTOPYIO
MOJKIIO BBIUHCJNTD uepe3 TabyiyHble 3HaYCHHA GYHKIMH |
¢ nomomisio dopmyas (3), paBHa 3HAUCHHIO NpOou3BOJI-
HOil [(*+D) B HEKOTOpOIl TOUKE N € (xo, Xny1), TAE Xyl =
= xo + (n+ 1)A. Ilosromy, ecan h wMajo, TO 4YHCIO
| Antifo/hm | MOKHO npUOJIHIKEHHO TNPHHATb 32 BEIH-
yuny (7.9) M WCHOJIb30BATL B OLCHKE (7.8) morpelHo-
ctu untepnodsinun. Taxoil HeCcTPOroi OIEHKOH morpert-
[IOCTI TOJib3YOTCS, €CJIH LOCTATOYHO CI02KHO BHIUHCJISIETCS
NpON3BOJHAS oD (x) wnu, BOOOLLE, HMEIOTCA B pac-
nOpSIKEHIH TOMBbKO Tabanulble sHatIeHHIs 1t + 1 pas nud-
beperunpyeMoil QyHKIHH.

Pasnedennne pasuocTu Ilyers Temepb Xo,

Xty --.» Xn, ...— IPOU3BOJIbHBIE TOUKI (ysner) ocu X,
nprueM X; 7= Xj IPH i 7+ .
3navenus [{xo), f(x1), ... GyHKUUH f B y3nax Hasbl-

BAIOTCS ,OGSC?CﬂE?HHbLMM pPASHOCTAMU HYAnEBCCO nopﬂaxa.
18]
110

TR R o

naspBaercs pasdcienrol pasHoOCTbio Nepeoco nopsadka
Gynxkunn [.
QOueBHAHO,

s 1) =Tl 1) = L0 @)

. e. pasjieleHHas pasHOCTb NEPBOro nopsiika sIBJISieTCH
CHMMETPHYECKOH ¢yHKIHell apryMeHToB Xo M Xi.
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Pasdenennas pasHoCTb n-20 nOPAOKA OLPCAENATCH
yepes paslieieHHble PasHOCTH 11— l-ro mopsiika 1o pe-
KyppeHTHOH (opmyie

F (g8 K15 - » +5 %) = [xs %o .05 xn))cn—-_lc g:)o; X1 oo05 Xno1) 9)

Hpu BLIUMCJEHUAX pasielieHHbe pasHOCTH 3arHuch-

paioT B BuIe TabJ. 2.
TaGauna 2

oo | T g )

y 1 . .
X1 f(x1) f(xes %2) f(xo': xl: X3) f(xa %55 %3 X3)
Xa f(xZ) f(x' x) f(xl' Xa, JC3) f(x < kol Kol X
%5 g | o T s w0 5 x5 55 )
X4 F(xa) o

Jemma 2. Paslenexras pasnocTd 1-20 nopsadka
eoLPAIILAeTCS Uepes3 Y3106ble BHAUCHILA (pyrkyuu no ¢op-
myae

Fxeg X133 X¥n)=

N (%) ,
—;0 (%;— %g) -+ (= X)) (% — %ign) - (*i = *n) (19

T. e. A8A5€TCA cummerpusecKod Gynkyueil cooux apey-

MEHTOS.
[Ipu n =1 crejaHHoe yTBEPHICHIE BHITEKAET U3 pa-

percrpa (8). Ilpu n =2 B COOTBETCTBUIL C (9) nmeem

e 1 fxe) — T (x1) f(x) —[{x)
f(xo’ X15 x2)"—x2_x0( X5 — X - x‘___xoo )::‘
_ f (x0) f(x1) I J (x2)
~(x0—x1) (x0 — X2) (%1 — Xo) (X1 — x2) (x5 — Xo) (xZ'—xl)'

(iD)

Pasenctso (10) mpu n =2 NOKa3aHo. JloxkasaTesb-
CTBO JUIS TIPOH3BOJILHOTO 7, NPOBOJSIICECs 1O HHAYKIHA,
OINYCTHM.

Vitak, cOrnacHo jeMMe 2 3HaUeHHe pasjieseHHoH pas-
HOCTH A-TO TOPSAKA He B3aBHCHT OT HyMepaulid n+1
y3JI0B, 110 KOTOPBIM OHA CTPOHTCS. Beero nmeetcst (1)1
pas/HUHbIX BAPHAHTOB HX HyMepaLun Le/ILMI 1HCaaMH

ot 0 o n.
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Jdemma 3. Ecau xp=x0+kh, k=0, 1, ..., 7. &.
Y346l PUCNOAOJCEHbL € NOCTOSHHbLAL waeom h >0, 10
Mexcly paserentoll PABHOCTHI0 N-20 NOPAOKA U KOHey-
HOTi pa3HOCTLIO 1-20 NOPAOKQ UMEETCs CALOYIoULan C8:3b:

n
[t X5 oees Xa) =8, (12)

nlh
JokaszaTeabctBo. dua n=1 pasenctso (12}
epitekaer u3 (1), (7). Ilpu HaxXoXAeHHH KaXIoH cie-
Jlyioniell no nopsi/IKy KOHeUHOH PasHOCTH NMPOUCXOJUT CO-
raacko (3) mpocTo BHIYHTAHHME NPeAbAYIINX Pa3HOCTEN,
a npu BBIUMCJEHHH CJefylollefi pa3leleHHOd pasHOCTH
B COOTBETCTBUH ¢ ¢Qopmynoil (9) mpoussoaurtcst 1OMOJ-
HHTEALHO K BLIYHTAHHIO JeJeHHe Ha BeJIHUHHY Xp— Xo =
= nh. OTcicia ¥ BO3HHKaeT BesiudnHa nlA"” B 3HaMeHa-

TeJsie npaBoil yactu paBeHcTBa (12).

Jlemma 4. IHycro [o, Pl — munumansrnolli orpesox,

codepycawiuti ysavl xo, X1, «--, ¥, [ € Cula, B]. Tozda
cywecreyer Texas Touka v <(a, f), uro
£ ()

[(xs x5 0003 xn)=——’ﬁ(n—. (133

Jlnisi y3710B, pacnoJOXeHHHX C TOCTOSIHHBIM UIarow,
pasetictBo (13) crienyer u3 jgemm 1, 3. JioKasaTesbCTBO
JeMMH B 00LleM cjydae ONnyCTHM. ’

CaenctBue neMmMmb 4. Pasdesenras pasHocTs
n-20 nopadka oT areebpautecKko20 MHO20UACHQ N-i CTe-
HeHl NpUHUMOET NOCTOSHHOe 3HaYeHUe, He 308UCAujeC
oT solbopa Y308 X, X, ..., Xn, @ pasfenerHvie pas-
HocTu 604ee BblCOKUX NOPIJKOS PABHOL HYAO.

KoneuHsie u pasjejieHHble Pa3HOCTH lMEIT pPasHO-
obpasubie npuMeHeHusi. B § 9 onm ucnosbsyloTcs mis
NOCTPOEHHs HHTEPIOJSILUOHHOrO0 MHOro4IeHa.

§ 9. Untepnoasiyennblii MEorouier HbloToOHA

Ilycts Xo. X1, ..., Xu— TNPOHU3BOJAbHBIC IIOHAPHO HE-
COBMAajaioulie yaJel, B KOTOPBIX H3BeCTHBHI 3HAUCHUSR

(yHEUHH [.
Jlemma 1. Asreebpanueckuri muoeousen n-ii CTenenut

ln(x)=f(xo)+(x—xo)f(x0§ X))+
+ (x — %) (x — x) [ (%03 %15 %)+ ot
v (B —x) (= x0) e (= X)) T (03 X5 4005 %) (1)
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aBAACTCH UHTEPNOAALIORKBIM, T. e.

ln(f":i):f(xi)a I.=0, 1, ooy 1L (2)
[Ipe:xae BCero 3aMeTHM, YTO TaK KaK pasfie/eHHLIE
pazsocT [ (xo; x1), [(xo:x1s Xx2), «..s F(xo0; X15 «ovs Xa)

SBJISIIOTCA BIIOJIHE ONpejeseHHbIMH uncaamu (cM. § 8),
70 Qyuxuust (1) geHcTBUTENBHO €CTb anreGpanyecKuit
MHOI'OWIEH 1-ii CTEIeHH.

Iokaxen pasencra (2) npu n = 2. Fmeen

L (x) = [ (x0) + (x — x0) [ (%05 1) +
A (x — x0) (x — x) [ (g3 15 %) (3)
Ouennno, ly(x)) = f(xo). Hanee, coraacho (3), (8.7)
Ly(x) = [ (xo) + (%1 — xo) [ (%03 %1) =
— 7o)+ b — ) LI — 1 (),

Xy —

Haxoueu, yuntmBas (3), (8.7), (8.11), noayuaem
Ly (x2) =T (xo) + (%2 — xo) [ (x05 %)+
+ (%2 — Xg) (x2 — %1) f (05 %15 x0) =T (x0) +

FEIE () — Fl) + ey [0

(xo — x1) (X0 — %3)

1 (X2 — xq) (X2 — %1) f(x) + T (x) =T (x2).

T — xo) (X1 — x2)

[pu n =1 paBenctsa (2) ycTaHaBIHMBAIOTCA aHAIO-
FHuuo, 4 JUIs NPOH3BOJILHOIO HATYPAJbHOIO 1 > 2 OHU
JIOK23LIBAIOTCH 110 MHAYKIHA. ’

JamMeuvanue MuorowieH (3) Ha3LIBAETCH UHTEP-
HOASULOHHbLA  MHOZ0uAeHOM Ho0TORG 0Ad HepasHuLY
nponesicytkoe. CoracHo Teopeme 4.1 oH TOXZCCTECHHO
COBINAAAeT C MHTEPHOJAIMOHHLIM MuOrodieHo Jiarpai-
xKa (4.5), T. €. lo(x)= La(x).

ViTak, MHl HMEeM JIBe pas3JIMYHbe 3aNHCH MHTeDIOJ-
LHOHHOro MHorowieHa. OCTATOYHBIH UJeH HHTeproJd-
LHOHHOro MHOrouwieHa HploTOHA TOT 3Ke, UTO H Yy HHTEP-
HOJIALMOHHOrO MHOroujaeHa JlarpaH:xa, T. €. BCIOAYy B pa-
perctBax (4.9), (4.14) u B HepaBeHCTBAX (4.15), (4.16)
MOXKHO 3aMeHHTb L, (x) Ha [a(x).

V UHTepHOJISIHOHHOrO MHorousnena Jlarpaiixa (4.5)
BUIHA sIBHASL €ro 3aBHCHMOCTb OT KaxJ0ro 3Hawueils
dyuxuun fi, i=0, 1, ..., n. D10 BO MHOIUX cayuyanx
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Opisaer nosesno. OjaHaKo NMpH H3MEHEHHH f HHTEPIOJs-
IHOHHBIT mHorousen Jlarpamxa tpeGyercss CTPOHTL 3a-
HOBO. B 9TOM CO€TONT €ro HeIoCTaTOK.

HMurepnonauuonnsit Muorowred Hoiotona (1) Bmipa-
JKaeTcs He Yepe3 3HaueHHs (QYHKUUH f, a yepe3 ee pas-
/lesieHHble pasHocTH. IIpn uaMeHeHHH cTemeHu 1 y HHTEp-
HOJISIUHOHHOTO MHoroujeHa HbioToHa TpeGyercss TONbKO
/106aBHTb HJIM OTGPOCHTH COOTBETCTBYIOLIEE YHCJIO CTaH-
JAPTHHIX cJiaraeMblX. DTo yAOGHO Ha NpaKTHKe.

Cayuaili parHOOTCTOSWmHX y3J0B. Ilyctb
xpk=Xo+kh, h>0,k=0,1, ..., n, fr=7_(xz). Toraa,
yuuThiBas cBa3b (8.12) pasgeneHHOli pa3HOCTH C KOHeu-
2Ofl pasHOCTbIO H BBOAS (e3pasMepHYI0 MepeMeHHYIo ¢
(7.1), nnrepnonaunonnsii MHorowiexn (1) mMoxHO nepe-
nyucath B CJAeAYIOIIEM BHIE:

Lh(x)=1,(x¢+gh)=TFy+q +
+q(g—1) A;f + o Fqlg—1). (g —n+ )AL

n!
(4)

ITOT MHOTOWJIEeH Ha3blBaeTCsi UNTePHONSLUOHHbIM
snoeounenom  Hototona Oas unrepnoasyuu  eneped.
3 HeM HauyaJio oTcueTa ¢ pacnosoKeHo B KpailHeM JIeBOM
ysJe Xo, @ HUCIOJb3yeMble KOHEYHble PAa3HOCTH HAYT B
tafJyune pasnocreit or fo BnpaBo BHH3 (cM. Tabu. 8.1).

MHTepnoiisuuOHHbI MEOrouwieH (4) yao6HO HCNOJb-
30BaThb B Hayasie TaOJHIBI M JJIs1 9KCTPANOJsALHUY JieBee
TOUKH Xo, T. €. Iys ¢ << 0.

Paccmorpum npumep uHrepnoasinun no gopmyae (4).
Hyere nana Tabuuuna 3HaueHuil QYHKUuH f(x)==sinx
It €¢ KOHCUHBIX pa3HOCTell:

Afo
It

X f(x) AF l A?f ' AF
5° 0,087156

7° 0.121869 34 713 —148

N . 34 565 —42
9 0,156434 —190 ;
. 34 375 —43

t° | 0,190809 o 3 —233 -

13° 0224951 %5 868 —274

15 0,258819

Koneunble pasHocTH (yHKIHu B Tabjuile IJs NpPO-
CTOTLI MPHHATO BBEIIHCHIBATL B YHC/IE €XMHHL MOCIELHEro
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NECSITUMHONO 3HaKa, T. €. 0e3 ABHOrO yKasaHHs [OJOXK.-
HHd 3a0ATOIL.

JHonycrumM, uto TpeGyercsi Haiiti sin6°. His tadmuuet
BH/IHO, UTO TPeTbH PasHOCTH OJH3KH K MOCTOSIHHOH. 310
COTJIAaCHO CJeACTBHIO K JieMMe 8.1 CBUAETEJNBCTBYCT
0 ToM, uTo GYHKuHs [(x)==sinx Ha paccMaTpHBaeMOM
npoMexyTKe OJH3Ka K HEKOTOpOMY anreGpaHiyecKomy
MHOrO4JjieHy TpeTbefl cTereHH.

[Tosaraem B (4) n=238, xo=25, h=7—58=2°,
g=(6°—15°)/2° = 1/2. Bpiuuc/ieH:s UMEIOT BUJ

fo =0,087156,

gAf,=0,5-0,034713 = 0,0173565,

g(q — 1) 2fe = £ - 0,000148 = 0,0100185,

g(g— 1)(g—2)2 — — L. 0,000042 = — 0,0000026
1, (6°) — 0,104528

31ech HPOMEKYTOUHblE 3HAUeHHs HaHAeHBl C CeMbIO
agakaMu rocdie 3ansatoil. CeibMOl 3HaK fABJsIeTCS 3aliac-
HBIM, B OKOHYATeJIbHOM pe3yJ/bTaTe OH OKpYIVieH.

Tounoe 3Hayenue sin 6°, OKpyrJjeHHOe ¢ LIECTbIO 3Ha-
Kamu nocae 3ansitoil, pasHo 0,104528, T. e. BCe BLINH-
caHHBble 3HaKu Y [3(6°) mosyynjiuch BEPHEIE.

VIHTepNOISILHOHHBIH MHOTOUJIEH C Y3/IaMH Xg, X—1, « o+
w.., X—n, TI€ X— = Xo — kh, umeer BUJL

Af A%f
N S =1 -2
ln (x/_' ln (xo'l“]h)—“fo‘l’q 1 +q(q '+' I) o + coe
A"}
—n
v tqlg+ D oo (gt n—1)—; (5)
W Ha3LIBAETCS UHTeproAAyUOnHsImM MHo2o4reHoM Horto-
TOHG 05 uxTepnoasyuu nasad. B Hem Hauano OoTCUETA §
PacroJIOKeHO B KpafiieM IpaBoM y3Je Xo, 4 HCNOJb3ye-
MBle KOHEUHbIe PAsHOCTH HAYT B TabJuue OT fo BUpaBC
BBEPX:

X_4 f—s Af

X3 f-s —* A?

Xy fos if—a AZ;:: Asff‘"
P for lf—z NF, A3 _g
%o fo Af 4
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HuTteprnonsunonHelii MuorouwieH (5) yaoCHO HCMOMb-
30BATh NIPU HHTEPIOJSLHH B KOHUE Tabauium M JJsd 5K-
CTpano.IsiHY NpaBee TOYKH Xg, T. . Aas g > 0.

Ecin npu 3azaHHoM x B TabJjulle 3HaueHH# (QYHKLIII
f ¢ waroM A nMeercsi JOCTAaTOUHOE UMCJIO Y3JIOB C KAXK-
Jofi CTOPOHHI OT X, TO COIJIacHO 3aMeuaHuio 7.1 neseco-
o0pasHO y3/1bl HHTEpPNOJSLHH Xo, X1, ..., X, BHOpaThb
Tak, 4TO6Ll TOUKa X OKalzajach BO3MOXKHO OJIHIKe K ce-
penAMHe MHHHMMAJBHOTO OTpe3Ka, CcOoJepiKallero Y3Jbl.
Ilpu 3TOM MHTEpPNOJISIUOHHEIH MEOTOUJIEH MOXKHO CTPOHTD
10-Pa3HoMy.

HauGosee ectecTBeHHO 3a4aThb HHTEPHOJSLHOHHLI
MHorousieH B BHie (1), roe B kauectBe xo Oepercst GJiu-
JKaimni K x y3ed, saTeM 3a x; NpHHuUMaetcs Gauxaiui
K X y3€/, PacloJIOKeHHblfl ¢ NPOTHBONOJOXKHOH OT X CTO-
poHul, ueM xo. Cienymouife ysjabl HasHayawoTcs Iooue-
pPenHO ¢ pPa3HbBIX CTOPOH OT X, PACIOJIOKEeHHLIe BO3MOKHO
6mxe K x. Ilpn Takom BHIGOpE Y370B CjeAyIOllHe ADYT
3a apyroM csaaraemeie B Bbipaxenuu (1) oOwviuHO yOBI-
BaIOT, €CJIH B MaJo, a 1 HeBeJHKO.

Bo3MOKHO Takxke B paccMaTpUBaeMOM cJjiyuae HC-
10JIb30BaTh HHTEPNOJSLHOHHEIE MHorouneHw (4), (5),
a TakXke HHTEPNOJSIHOHHBIA MHorouaeH Jlarpanika
(7.4).

B 3akaicueHne ykakeM, YTO OCTATOUYHBII UjieH HHTEp-
HOJAsnHOHHOro Muorounena (4) umeer sug (7.7), a ocra-
TOYHEIl YJeH HHTepNOJsILHOHHOrO MHoroujeHa (5) Mo-
JKeT OLITh 3aNlHCaH B Biille

(n-+1)
W) =Ry (5 + g =1"q(q+1) ... g+ D,

rze f¢*+1) — npousBoaHas no x, £ — HeKOTOpasi TOYKa MH-
HHMaJIbHOTO OTpe3Ka, COAEPKALUEro Y3J/bl HHTEPNOJALHH
X0, X—1, - - ., X—p H TOUKY X.

Cornacuo (8.4), (7.7) npm ycnosum, ecnu h Mmajo,
a (QyHKuus [ JOCTAaTOYHO TVIafKasl, TeKyllee cjaraeMmoe
B BhipaxkKeHud (4) HHTePIONSLUOHHOrO0 MHorouseHa Hbio-
TOHa NpHOJU3UTELHO PABHO MOIPEUTHOCTH HHTEPHOJ S LHH
MHOIOY/JI€EHOM, COCTABJIEHHBIM H3 BCEX MNpeIlecTBYIOUIHX
cjaraeMblx. 2TO 3aMeyaHHE OTHOCHTCS H K HHTEpIO-
JANMOHHOMY  MHorouwieny (5) 4 HHTepPHOJALHH
nasaj.
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§ 10. Yncacnnoe LuppepeHUHpOBaHYE

B panphelimeM HaM nOTpeGyeTcsl CJEdYIOLLast
Jdemma 1. ITycre *) f=Cla, b], &<|a, b]— npo-
ussosvHute Touku, i =1, 2, ..., n. Toeda cyuecrsyct
raxaesn touka &< la, b], uto
[E)HTEF+ o +1E) g (e

n

Ira JeMMa BHETeKaeT U3 OYEBUIHBIX HEPaABEHCTB

win (1)< [0+ T E)F oo ] (E) < max (o
Ja, la,

H TEOpeMbl O NMPOMEXYTOUYHBIX 3HAYEHHSAX HENPepLBHOH
(pYHKIHH.

IlpocTefimne bopMyaH YUCJTEHHOTO
AupdepeHLHpOBaHusd. JlonycTuM, YT0O B HEKOTO-
poii Touke x y QyHKUHH [ CYLIECTBYeT NMPOH3BOAHAs

’ . f(x+Ax)—f(x)
= ] .-
f/(x) m{mo Ax

KOTOPYIO TOUHO BBIYHCIHTD aubo He yaaertcs, Ju60 CIUIL-
KOM CJio3KHO. Torjga ecTeCTB€HHO IOJIOXKHTh

, Ax) —

CrpaiuBaercs, KakoBa ke IOrpeuHocTb, T. €. pas-
HOCTb MexJy JIeBOH H NpaBOii YacTsMH 3TOrO NpHobsu-
JKeHHOro paBeHcTBA? Jlyisi mMOJyuyeHHsi KOJTHUECTBEHHLIX
OLEHOK TOTPeIlHOCTH oaHoro (Qakra CyulecTBOBaHI
f/(x) wuemocratouno. IlosTOMY UpH HCCICNOBAHHH IO-
TPeIHOCTH NPUOIHIKeHHBIX POPMYJ YHCIEHHOro nuphe-
peHIHpOoBaHHsl OCHYHO TPeOyIoT Hanuune y QYHKIH Ke-
KOTOpOI{l TpOH3BOAHON GoJiee BHICOKOrO MOpAAKa, UCM
HCKOMast MPOU3BOJAHAs.

OcTaHOBHMCS Ha TpeX HOpOCTeHINHX HanboJjee YIo-
TpeGisieMblx (GOpMyJTax UHCAEHHOro AnG@epeHIHpoBa-
uust. Ilyers x; = xo+ih, i=0, =1, ..., h > 0—war.
OGosnaunm fi=1f (x,), f;=F(x;) v 7. I

*) Yepes C[a, b] o0o3HaueH KJacC HENPEPHIBHBHIX HAa OTPE3KE
[a, b] byuxkuuit (cM. M. 2 BReneHHS).
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Honycrum, uto fe Calxo, x1]. Torma cyuiectsyer Ta-
Kasi Touka g, uTo

’ |- / 4
fozi_.,l_.f.o___;_, E), x<E<x. (1)

Ecan [ & C3x-y, x1], 1O, KpOMe TOTO,

’ fl ""f__] hz 177
f():T"‘”ﬁ_f ), »,<E<uix. (2)
ITpu yeaosun, uto f & Cq[x-y, x1], HMeeM
, F_y—2,+T h?
0,=—‘1_“7[20__1‘—‘ﬁf(4)(§), X <E<x. 3)

Touka & B xaxjoi u3 ¢opmya (1)—(3) HeusBecTHa.
Joxkaxem coornomenust (1) u (3). Coraacuo ¢op-
mysie Teifinopa nmeeM

fo=Fo b} 2 77 @),

rlie £— HeKoTOpas TOYKa MHTepBania (Xo, X1), T. €. Bep-
no (1). Ananorunuso, ecu f & Cylx—y, x1], 1O

—F 7 h? " h3 744 I (4)
fil_‘foihfo"l'-é'fu 51 +§f (§i), (4)

rfie 3HAK -= MOKHO 3aMeHHTb Jubo BcioAy Ha -, auGo

BCIOAY Ha :, X << B <<TEp << X
f 1 fO + f]
2

IoacTaBup B BHIpa)eHHe —— 3nauenus f_i,

i B Bujte (4) u yurs, uto mo jemme 1
fO (=) + [ (84) = 2[(8),

rie & — HekoTopas Touka orpeska [E-, &4], moayunm

fo—of +E ., K
T T 5 O, 2 <E<x,

T. €. IPUXOJUM K COOTHOILIeHHIO (3).

@opmyanl  (1)—(3) HasbBaOTCH POpMYyAAMU HUC-
AEHHO20 OQubeperyuposants ¢ OCTATOUHbLAL YACHAMY,
a QopMyJnl

o~ D )
- I —r_
/’3%-2—5——, (6)

0~ h? @)
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HAa3bIBAIOTCA NPOCTO (OPMYAaMU HUCIeHHO20 Juddeper-
L UPOBAHUSL.
BeanunHo

fl_fO fl—f—l f__]““2,0+f1
h 2 h?

HA3BLIBAIOTCSI COOTBETCTBEHHO PASHOCTHOL NpoussooHoil,
YeHTPAAbHOL PA3HOCTHOU npouseodHoil u 8TOPoll pas-
HOCTHOL Npou3soonoL.

IMorpemnocty, Hanpumep, ¢opmyn (5), (6) oneni-
BalOTCA C TMOMOIIBIO CJIELYIOIIUX HepaBeHCTB, BBHITEKalu-
mux us cootHowenni (1), (2):

):(I)___L_;l:ﬁlg—g— maxlf”(x)l:

Xos X1
’ fl_f_‘l h? 4
—_ << (%)

ToBopAT, YTO MOTpeIiHOCTb GopMyasl (5) uMeer nep-
sulli nopsadok ornocuteasvno h (uiam nopadka h), a no-
rpeutocts Qopmys (6) u (7) umeer eropoil nopadox
ornocuresvno h (unu nopadka h?). Takike ropBopsr, UTO
“thopmyaa yucaeHHoro augdepennuposanus (5) nepsoeo
nopsdka rounoctu (OTHOCHTeNbHO k), a dopmyan (6) u
(7) umeror 8ropoii nopadoK TOHHOCTU.

[lpuMeneHHe HHTEPNOJAUHOHHOIO MHO-
rouaena Jlarpanxa. [Jas HaX0xA€HUs NMPOHU3BOJ-
HEIX JII060TO MOPSIIKa CYLIeCTBYIOT (OPMYJILI YHCJAEHHOrO
audepenuupoBanns Jio6oro nopaaka TouHocTH. OnuH
U3 YHHBEpCaJbHEIX CNOCOGOB TNOCTPOEHHs (HOPMYJ HHC-
aegHoro auddepeHHPOBAHHST COCTOHT B TOM, UTO IO
3HavyeHHaAM (QYHKUUU [ B HEKOTOPHIX y3Jax Xo, X1, «.., Xn
CTPOSIT HMHTePNOsUMOHHEI MHorounen L.(x) (4.5) n
OpHOJHIKEHHO 110J1araloT

™)~ L (x), 0<m< (8)

B psige cayuaeB Hapsiny ¢ npuOJIKEGHHBIM paBeH-
ctBoM (8) ynmaercsi MONyYUTb TOUHOE PaBLHCTBO, COLEP-
JKallee OCTaTOYHBIN uYJieH, BHIpa)kaiowuiica yepes npo-
napomayio f(+D. Tlpusesem B gononsenne k (1)—(3)
HECKOJIbKO —PacnpocTpaHeHHuX (oDMYJa Afst  NCPBOI
(m=1) n BrOpofl (m = 2) HPOU3BOALLIX B Y3JaxX, pac-
NOJIOKEHHEIX C DOCTOSTHHBIM Inarom it > {.
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m=1,n=2 (Tpu y31aa):

fo=gr (<3, 4 — L)+ 5@ )
Fi= (F— 1) — 5 1)
f§=ﬁ (fo — 4f, + 3[,) +’%:f"'(§). (10)
m=2,n=2 (Tpu y3na):
. N ) (an

fr = (Fo—2f, 4 1) — 2 0 ),

Y= (F— 28 4 £) B (B).
m=1, n=23 (ueTnlpe y3na):
f= g (— 11f, -+ 18f, — 9, +- 2f) — 2L fo ), (12)
i = g (— 2f — 3, - 6f, — ;) + 15 9 (3),
ﬂ=§m—m+%+%yi%wa
f= o (= 2f, 4 O, — 185, + 11}) + 2o o). (13)

m=2, n=23 (uereipe ysua):

17 =z (2F, — 5, + 4F, — ;) -+ 12 B0 E),

Jr = (F— 28, + ) — 22 [0 ),

¢ = e (F— 2, ) — 25 [0 8),

£ = (— Fo b 4F, — 5, + 2F)) 15RO @) (14)

B npusemennsix ¢opmynax f ectb HeKOTopasi HeHs-
BeCTHAsi TOYKA H3 HHTepBaJja (Xo, X.). OcraTtouHbe yJje-
HBl 3THX (OPMYJ HaXoAsiTCs ¢ nomoulpio ¢opmynsl Teii-
JIOpa C OCTaTOYHBIM YJIeHOM B HHTerpasbHoi (opme. ITpu
5TOM IIPEANOJAaraeTcs, YTo Ha OTpe3ke [xo, Xn] y PyHK-
LUHY [ HempepHBHA NPOH3BOJAHAs, Yepe3 KOTOPYH BbIpa-
JKaeTcsl OCTATOUHHI YJIeH,



§ 10. YUCJEHHOE NHOOEPEHIMPORAHIE 59

MoxXHO GBI0 Gbl NPOJOJIKHTb NPHBEACHHBI CHIINCOX
GopMyJsl uYHCIEHHOro Au(QeperunpoBanus A Bo3pac-
TAICIMUX 3HaueHud n, m. Ilpu 3TOoM OOHapyKHBAOTCA
Jejyloiiie 3akoHoMepHOCTH. C pocTOM f& H COOTBETI-
cTByIOUIeH TVIafkocTH QYHKUuH [ NOPALOK TOHEOCTH (Op-
MyJ YBEJIHUHBAETCs,, a C POCTOM /1, T. €. HOMepa Ipeus-
EOJIHOH, IIOPSIIOK TOYHOCTH OTHOCHTeJIbHO A yGblsaer.
BhipaxkeHusi TPOU3BOAHBIX B y3/aX, DPaCHCJIOMKEHHBIX
GaHKe K CepefliHe OTpe3Ka [Xo, xn], 6O/ee MpoCcThie, YeM
y ero KoHuoB. [Ipy 4eTHOM 7 B cpeliHeM yaje JJisi 1eTHOH
IIPOE3BOAHON NOPSJOK TOYHOCTH (QOPMYJiHl Ha €RHHHLY
GoJiplile, 4yeM B OCTaJbHHX Yy3aaX. Ilostomy pexomex-
LyeTcsi 10 BO3MOMKHOCTH HCIIOJb30BaTb (QOPMyJibl 4HC-
JgedHoro jupdepeHNUPOBAHUS C Y3JaMH, DPacnoJiOXKer-
HBIMH CHMMETPHYHO OTHOCHTEJIBHO TOH TOYKH, B KOTOPOil
RILETCs MPOM3BOJHAS.

BumGop onTHMaJbHOro mwara. B dopmynax
yHCJAeHHOrO nH(pGhepeHUHPOBAHUSL C MOCTOAHHLIM LIAroM
h 3nauenus ¢yHKuuu f neasrcs Ha h™, rae m-—nops-
JIOK BHIUHCIsIeMOH npoussonHoil. Tlostomy npu manom f2
HeyCTpaHUMblEe NOTPEIIHOCTH B sHauyeHusX QyHxuuu f
OKa3BIBAIOT CHJILHOE BJIMSIHHE Ha Pe3yJbTaT YHCJIEHHOTO
nuddeperurpoBanus. Takum o006pasoM, BO3HHKaeT 3a-
jaua BHIGOpa onTHMaJjpHOro mara h, 6o NOTpeuIHoCThb
COGCTBEHHOIO MeTOAa CTpPeMHTCsl K Hyao npu h—-0,
a HeycTpaHHMasl NOTrPellHOCTb pacrer.

JIonyctum, uto abcosiioTHasi morpelinocts A(fi) B
KaXIoM 3HaueHHH (PYHKUHH f; YLOBJETBOPSET HepaBEH-
CTBY

AT <A, (15)

T. e. A— npenenbHast aGcoyIOTHas MOrPEIIHOCTh 3Haye-
nuit @yskuuu. IlomelTaeMcst HaliTH ONTHMajbHOe h B
dopmyaax (6) u (7).

[IycTb B HEKOTOpPOH OKPECTHOCTH TOYKH Xo NPOH3BOJI-
Hble, uYepe3 KOTOpHE BHIPAXKAaIOTCS OCTaTOYHBIE YJIEHDI
stux ¢opmyn (cM. (2), (3)), HenpepHBHH H YIOBJETBO-
PsIIOT HEpaBEHCTBAM

< Ms,  |TO(x) IS My, (16)

rne Ms, Ms— Hekotophe uncaa. Torza moiHasi morpeul-
Hoctb (Gopmya (6) u (7) (Ges ydyera morpeurHocreit
OKpyrJieHus) B coorBercTBHH € (2), (3) u (15), (16) He
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IIPECBOCXOAUT COOTBETCTBEHHO BEJAHIHH

A+A , B T

81=——-;,; +5 M, (17)
A+2A+AN | KB =

e =—2"T20F2 4 M, (18)

Munumuzauus 1no A 3THX BeJHYHUH NPUBOLHT K clie-
IVIOIIUM 3HAYeHHAM /i

e A \1/4
h=hl=(j’£) . h=hy=2 —3’MA—4) . (19)
IpH 9TOM
3 ¢ MaAzN\ 13 o MEN
a=5 (%) e=2(%") - @0

Ecnin npu BoiOpaHHOM s Kako#-nu6o us Gopmya
(6) wnu (7) smaueHun h OTpe30K [x—j, X1], TAe X+ =
== Xp == h, He BHIXOJHUT 3a MNpeJesbl OKPECTHOCTH TOUKH
X0, B KOTOPOH BHIIOJIHSIETCSI COOTBETCTBYIOLee HepaBeH-
ctBo (16), To HalimeHHOe h SBJISETCS ORTUMAAbHOLM H
[OJTHASi TMOTPElIHOCTh YHCIEHHOro Iup@epeHIHnpOoBaHUs
oleHHBaeTcst coorBercTByOIeil Beanunnoil (20). B mpo-
THBHOM cJjiyyae i OKOHUaTeJbHO BHIOMpaeTcsl Tak, 4TOOBI
OTPE30K [X_p, x1] He BHIXOHMJ H3 yKa3aHHOH# OKpeCTHO-
CTH TOUKH Xo, 4 II0JIHAsl IOIPEIIHOCTD YHCJIEHHOro fudde-
peHUHpOBaHHA oueHHBaeTcs BenunuuHod (17) uam (18).

[IpumMenHeHNe HHTEPHONAUHUOHHHX MHO-
rouseHoB HeioToHa. Bee npusBenenHsle BeIle (Hop-
MyJabl 4HCJeHHOro AuQQepeHLHPOBAHUS BHIPaXKAIOTCHA
yepe3 tabJynuHbie 3HaueHus ¢ynkuuu. Eciau npoangde-
PEHLIPOBATh HHTEPHONSILHOHHBI MHorouleH HproToHa
(9.4), To noyuurcst GopMysna uuciaeHHoro nuddepeHnn-
poBaHHs, BbIpakaioulascs uepe3 KOHEYHBIE PasHOCTH

(PyHKDHU.
IIpunumasi Bo BHUManHe, 4TO ‘coriacHo (7.1)
d 1 d ¢
dx — h dq’ 2n

u3 (9.4) naxonum
r 1 d
P () ~ - bn (50 + gh) =

— (8o @ — DR+ @6+ 5R+ L),
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Droit ¢opmysaoidl ynroOHO MOJL30OBATbCS B Hauajge Tasn-
JHIH 3HadeHnidl ¢yHKuun [ ¢ wmwarom A. AHajOrnyHyo
(opmyJsly umciaeHHoro AupQepeHUHPOBAHHS MOXKHO KO-
JYUYHTb H3 HHTEPNOJSLHOHHOrO MHorouleHa HoioTona
(9.5) myist HHTEpPHOJSLHMH Ha3al.

O6masn onuenka norpemnocTH. TouHne pa-
sedcrea Buga (1)—(3), (9)—(14) c ocraToyHBIM Uc-
HOM, BBIpa)kaeMbiM uepe3 n -+ 1-10 npousBoaHyio QyHk-
nuH f, ynaercsi HafiTiH AJst GopMyJa UYHCIEHHOro AHpde-
PEHLHPOBAHHsI TOJBKO B YacTHBIX CJyuyasX, HEKOTOpLie
13 KOTOPBIX M IpHBEAeHH Bblie. ONHaKO BO3SMOKHO Io-
JIYUHTH OUEHKY INOrpelHOCTH oO6eil (opMysnl uHcae!-
noro nuddeperunposanusi (8), BepaxkaemMyio B BUAE He-
paBeHCTBa, Yepe3 MaKCHMyM MOAYJIsI NPOM3BOAHOM [+
npu J6bX m, k, n Takux, uto 0K m<<k<<n. Mu
OrpaHHYHMCS] PACCMOTPEHHEM CJIyYasl PacHoJIOKEeHHs Y-
JIOB C IOCTOSIHHEIM IaroM A u copMynnpyeM pesyiabrar
B BHIE TEOpeMHI.

Teopema 1. Iycre xi=xo-+ih, h >0, i==
=0, 1, ..., n 0<<k<<n, [ Cryilxo, xn]. Tozda cy-
wWecTsyroT TaKue NOCTOSHHbLE Qnim, 3Q6UCAULUE TOALKO
or n, k, m u e 3asucawue or waea h u ¢ynkyuu f, 4ro

max | (x)— LM (x)]| <
[*or *¥nl
K AFH-may,, max | fE&0(x)],  (22)

xo, }‘Il

20e L,(Xx) — UHTepnoAsyuOnHbIL mHO20UACH Jlazpatdica
(4.5) O0as pynxyuu f, 0 << m <<k < n.
JokasarteancTBo. MEorouien

h + o (x— xo)"i

J— 1}
Qr(x)=Tlo+(x xo)
apasercs MHorounenoMm Teftnopa cremenn 2 aJst Qyii-
nun f B TOuke xo. Ecau ero m pas mpornddepeHuupo-
BaTb, 0 << m << k, TO NOJYUYHUTCH MHOTOYJIEH
-

(m+1) ]\57)

QY () =1+ (=) =+ - (=) T

sBJsioniica MuorouwaeHoM Tefiiopa crenciit & — i jLis
npou3BoJHoil f(™ B TOuKe Xp.
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Hockonbky j™ & Cryrom|Xo, %xn], TO coraacio ¢op-
myne Teiiopa useey npi x & [xo, X
(m) { (r12) ! - k+i—m f(k+” ® ¢
f\ n \}w) == Qk (X) +{x — ,’CO) —(/’_—[TI—ZW' (23)

rae D<<m <<k, £ = [vo, x] 3aBHCHT OT X, 112, H.

Eenu x € lxo, xx], 70 |x — x| << nh. Otcrona u u3
(23) npu 0 << m << k ciefyeT OUEHKa
max_| [ (x) — QP (x)| <

[xo. xn]
k+1—m

< hpti-m m‘ax] [ Fe+D (x) ] (24)

n

i 1 —m)!
( + ) [xo
TTomnoxuM

(%)= Qr(x)+ p(x). (25)

Toraa na ocHoBauuu (23) npu m =0 nojyuuM

k1
lp; | <<+ Gy max [ JE0 (1), (26)
GO 35
0" n
rae p;=p(x), i=0, 1, ..., n
Ofo3nauum auasi yno6erBa uepes L,(x; f) uHTepno-
JISLHOHHEE MHOrouseH (4.5) umeHHO Mas GYHKUHH f.
Cornacuo (25) u 3ameuanuam 4.2, 4.1

Lo (%3 1) = Lo (x; Q)+ La (x5 0) = Q(x) + L (x5 0). (27)
Boesst GezpasMepHyio mepeMeHuylo ¢ =(x — xo)/h,
aHagoruugo (7.4) noayuaem

L, (x; p)= ; i (0) 03, (28)

rne fai{g) — narpaskess kosddunuents (7.5). ITpu-
HuMan Bo BHHMaHre (21), u3 (28) Haxonum

n
L(m) . —_ 1 dm b 29
n (x» P)—‘ him pt?ﬂ{tﬁ' pni(q)7 ( )
i=0
rie m-s TPOM3BOAHAs cJeBa B3ATa Mo X. ITOCKOMBKY
¢yuxuuu (7.5) e 3aBucAT oT fi, TO BEJIHYHHLI

max
xE[¥g %y)

1 @) = max | @) = o (30
EZ]W Pni (fl){ - qrei_l[%.xn] I dg™ Pni (‘7) = Cumi ( )

3aBUCAT TOJILKO OT 1, M, L.
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BosBpamasicb K nepBOHAUaJbHOMY OGO3HAUEHHIO
L.{x) HHTepNoOJSIIHOHHOTO MHOrO4JIeHa I QyHKuuu f
u yunteiBas (27), nosyuaem

| FOm () — L (x) | = | Fom () — QM () — L™ (x5 p) | <<
< T (x) — @ (x) | + | L (x5 0)-

Orcrona Ha ocHoBaHum (24), (29), (26), (30) BHTexkaer
HepaBeHCTBO (22) C MOCTOSIHHOI

pkti-m 1 = "
Aupm = &+ 1 —m)! + &+ 1! Z_l i +]Cn.mi’ (31)
i=1

He 3aBHCsLIeH OT wara A u QyHKUuH f.

3ameuyanus 1. JaHHas TeopeMa paerT HONOJHH-
TeJbHble CBeleHHs U AJst m =0, T. €. NpocTo AAA HH-
Teprnonsauny. VMeHHO, eC/qH CTPOHTCS HHTEPHOASLHOH-
HbIHf MHOTOYJIEH n-fi CTeNleHH, a Y (YHKUMH [ HA OTpe3Ke
Ao, xr] cymecTByer HenpepbiBHasi NPOHU3BOJAHASI TOJIbKO
nopanka k41, B <<nm, To mosyueHHas paHee OUEHKA
norpewnoctd  (7.8) menpuronna. Coraacno ke Teope-
Me | MOrpeuIHOCTb MHTEPNOJSALHN Ha OTpe3ke [xo, x,] B
JaHHOM cJayyae HMeeT k- 1-i NOpPSAOK OTHOCHTEJIb-
HO h.

2. OueHky (22) c nocrosiuyoii (31) Ha npaxkTHKe npu
yucjeHHOM Aud¢epeHUHPOBAHHH HCIOJL30BATH Helene-
c0oo0pa3Ho, TaK KakK 3Ta NOCTOSHHAs CIJILHO 3aBHILICHA.
OueHnka (22) nosesHa TeM, YTO OHA YCTaHABJHMBAET CKO-
poCTh YOLIBAHHS MOTPEIIHOCTH OTHOCHTENbIIO /i Ha BCEM
oTpeske [xo, X,] mpH GHKCHPOBaHHHIX napaMerpax n, k,
m, 0 m<<k<<n; war h ssasercss oaHuUM u3 Haunbo-
Jee THOKHX MapaMeTpOB, KOTOPHIM pPacCHoOpsiKaeTcsl Bhl-
YHCJIHTEb.

§ 11. Cnnaiinst

Ilycts otpe3ok [a, b] pas3bur Ha N paBHHX YacTHY-
HBIX OTPE3KOB [xi, Xiy1], roe xi=a 4 ih, i=0, 1, ...
oot N— 1, xy=0, h=(b— a)/N.

Cnaaiinom Ha3bIBaeTCsl (PYHKUMSA, KOTOpas BMeCTe C
HECKOJIbKUMH TpPOU3BOJHEIMH HeNpephlBHA Ha BCeM 3a-
JlaHHOM oTpe3ke [a, b], a Ha KaKIOM YacCTHYHOM OTpes3-
K€ [Xi, Xit1] B OTAEJIBHOCTH SIBJISIETCS HEKOTOPbIM ajared-
panueCcKuM MHOTOYJICHOM.
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MaxcumanbHas [0 BCEM YAaCTHYHLM OTPE3KaM CTe-
NeHb MHOTOYJIeHOB HA3LIBAETCS CTeilewblo CRAQUHA, A
PA3HOCTh MEKAY CTEeNeHblo CHJaiiHa i NOPALKOM HAH-
pLicuiedi HempepuBHOi Ha [a, b] mpoussonHoill — deex-
TOM CRAQLIHA.

Hanpimep, HenpepbiBHAsl KyCOUHO JIHHE[HAs (yHK-
pust (oManasi) sBJSETCs CIJIaliHOM MepBOil CTeNmeHH C
nedeKToM, PaBHBIM €IHHULE, TAK KaK HeNpephiBHA TOJb-
Ko cama Gyuxuus (HyJeBas NPOM3BOAHAs), a MNepBas
NpOU3BOJHAST YK€ pa3phIBHA.

Ha npaxtuxke Hauosnee LIHPOKOE pacHpoCTpaHEHHE
NoJiyumMsii  CIJlaliHBl  TpeTheil — cTemend, HMelomne Ha
[@, b] wenpepeIBHYyIO, O Kpaiieil Mepe, NepBYIO MPOH3-
BOANY. DTH CrIaiiHpl HA3BIBAIOTCA KyOuueckumu u 060-
snaualotcsi ueped Ss(x). Bemuuisna m, =S} (x;) Hasbl
BaeTCs MAKAOHOM chaalina B Touke (ysJyie) Xi

Herpyano yGenutbcesi, 470 KyOuUeCKuii criaiin Si(x),
IPUHMMAIOMAH B y3JaxX Xi, Xit; COOTBETCTBEHHO 3Ha-
wenust fi, fi41, UMEET Ha YaCTHUHOM OTPE3Ke [xi, Xig1]

BUA

83 (X)= (xi+l_x)2(ia(x~xi)+h) f1+

x—x 22, —X +h y
+4 OO0 0y, +
x. _X;Q/x___xi x—x-2 X —Xx 1
N et/ A G P bl i =S VNN ()

TeficTBUTENILHO, JeTKO BuieTs, uto  Sa(xi) ==
Ss(xip1) = [iy1. Kpome TOro, mpocThie BBIUHCICHHS MOKA-
suBatoT, 4T S (%) =1m,, Sy (*pp) =4y

MoKHO A0Ka3aTb, 4TO Ji060H anre6panyeckuii MHOTO-
yren TpeTheil CTENCHH, NPUHUMAIOMMH B TOUKAX Xi, Xit1
3pavesus, paBHBE COOTBETCTBEHHO fi, fit1, B MMEIOLIN
B 3THX TOUKAxX MPOH3BOAHYIO, COOTBETCTBEHHO DPaBHY!O
i, Miy1, TOXKIECTBEHHO COBNAfaeT C MHOTOYJIEHOM (1).

Vitak, 4To6bl 3a24aTh KyOuueckmil ciiaild S3(x) Ha
BCEM OTpe3xe [a, b], nyxHO 3azartb B N -+ 1 y3nax x;
ero smauenus f; U HakJoOHB my, =0, 1, ..., N.

Crutajinsl HCIOJB3YIOTCS sl PA3JHUHBIX LEJeH. Ky-
GuuecKuil crilafiH, MPHHHMAIOIAI B y3Jax x; Te Xe 3Ha-
yeHnus fi, 4TO M HexoTopas (GYHKIHS f, Ha3LIBAETCSH UH-
repnoaayuonsoin. O CHYKHT JUJi  ANNPOKCHMalUH
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¢yukuuu [ Ha orpeske [a,b] BMecTe ¢ HECKOJbKHMH
IPOH3BO/HBIMH.

Cnoco6w 3amaHus HAaKJIOHOB HHTEpMNO-
JALHOHHOTO KyOHUYEeCKOro cnJgaiiHa.

1 (ynpowjennoiii cnocob). Ionaraem

f '_f__ . /¢
mt:_ur_lwi_l, i=1,2 ..., N—1, (2)

4f, —f, —3f 8y + 1y —4f,_
m0=_1_2%__0' mN= N N2h? N I. (3)

3ametum, uto dopmyas (2), (3) cornacho (10.2),
(10.9), (10.10) sBasoTcst GOpPMyNaMH YHCJEHHOTO AH(D-
(GepeHUHpOBaHHA BTOPOrO MOPSIAKA TOYHOCTH OTHOCH-
TesbHO 1ara A =(b — a) /N.

2. Ecan u3BecTHB! 3HaueHus [, mpoussonuoit [/ n ya-
Jax x;, To momaraeM m,=f;, i=0, 1, ..., N.

Cnoco6bl 1, 2 Ha3HBAIOTCS AOKAAbHBIMU, TOCKOILKY
C HX IOMOIIbIO HA KaXKAOM YaCTHYHOM OTPe3Ke [xi, Xiyi]
CrJIailH CTPOHMTCSA OTAEJNLHO (HENOCPeACTBEHHO MO (op-
myse (1)). Ilpu aTom Tem He MeHee cobaomaeTcs He-
MPEPLIBHOCTD B y3Jax x; npousBoanoil S;(x). Henpepeis-

HOCTb JKe BTOpOll Mpou3BoxHOil S5 (¥) B y3J1aX cnuaitua,
NOCTPOEHHOrO JIOKAJbLHLIM cnocoboM 1 mam 2, He rapas-
tupyercs. [lostoMy gedexkT Takoro cmjaiiHa OOBIYHO
paBeH IByM.

3 (enobansrell cnocob). OGo3HauuM  uepes
S5 (x, -+ 0) sunauenne Sy (x) B y3ne x, cnpasa, Haiigen-
HO€ HeINOoCPeACTBeHHO W3 BoipaxeHus (1), a uepe3
S5 (x; — 0) snavenne Sy (x) B ysne x; cieBa, T. e. Haii-
JIeHHOe H3 COOTBETCTBYIOLIEro BhIpakenus S;(x) Ha ua-
CTHYHOM OTpe3ke [Xi-j, xi], KoTopoe monyuaerca uz (1)
3aMeHoH [ Ha [ — 1.

Hmeem
4m, 2m f — /.
” — i i+l i+l i
Sy (x,+0)= 5 5 6 .

"o 2m; _ 4m f,—1,_
33(*‘;—0)= - 1+ hi___6 lhzl 1‘

TpeGyeM HempephlBHOCTL S”(x) B y3Jaax:
S;’(xi—O)=S;’(x‘.+O), i=1,2, ..., N—1,

3 E. A. Boskos
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H TPUXOAHM K Cjeayiouleil CHCTEME JIHHeHHBIX ajre0-
pailueckux ypapHeHH{l OTHOCHTE/IbHO HaKJIOHOB:

3(f. ,—
my_+A4mitmy = (f’“h fi'l), i=1,2,...,N—1. (4)
[TockonbKy neuspecTHbix N 41, TO HYXKHO 3a1aTh
eule Ba yCJOBHS, KOTOpble Ha3bIBAIOTCA Kpaesvimu (onn
OGLIYHO CBSI3aHH C «KpPaHHUMH» 3HAYEHHAMH Mo, my).
JlajiM TpU BapHaHTa KPaeBLHX yCJOBHI.
a) Ecau ussectunt ;== ["(a), f}, = ['(b), 10 3anaem

my=F[;, my= e (5)

7

6) Mpoussoaunie [/, [}, annpoxcummpyeMm ¢popvyna-
M uHCJeHHoro AndgepeHnnposanus TPEThero nopsaxa
Tounoct, noayuennmMu us (10.12), (10.13) orGpace-
BaHHEM OCTATOYHBIX YJIEHOB, W NOJ1araeM

/ﬂo:‘@l;{(" 11fo+ 18f, — 9F> =+ 2fs),

1
my = g (1 1fy — 18fy_y+ -z — 2fy-s)-

B) B HekoTopwiX ciyuasx OLIBAIOT H3BECTHEI 3Have-
musa [” Ha koHuax orpeska [a,b], T. e. BeJHUHIH
V= "(a), fy=1["(b). Torna tpeGopannsa  Sj (@) =1[{,
S7(b)==[7 NPHBOAAT K KPaeBLIM yCJOBHIM

(6)

mu:—’_2—+—2— n 4alo

— Iy ho,
N +T N*

(7)

m 3 fy
N-—1 o N
my=——5—-=+7

Kpaepnie ycaoBusi (5)—(7) MOXKHO KOMOHHHPOBATD,
T. €. B JEBOM H NpaBOM Kpaiuux ysjax BHOHpATbh HX
HE3aBHCHMO.

Cuctema (4) mpum BCex pacCMOTPEHHBIX KpaeBblX
yCIOBHAX HMEET eIMHCTBEHHOE DelleHHe, I HaXOxm/e-
HIISl KOTOPOTO MOTYT CHITh MpUMEHEHB MeTOAbl NPOTOHKH
u nrepaunii (310 Oyner aoxasano B § 21, 22).

Peiras cuctemy (4) nmpu BHOpaHHBIX KPaeBHIX yCJO-
BHSIX, HAXOAMM HakJoHBl my;, i=0, 1, ..., N, BO BCex
yanax. 3arem no dopmysae (1) sanaem criaiiH Ha KaXK-
JOM uacTHUHOM oTpeske [Xi,Xiy1], i=0, 1, ..., N—L
TlocTpoeHHHil AaHHBIM [/i00AIBLIBIM  CIOCOO0M cnyain
S3(x) umeer nedext He Gosblue €AMHHLB, TAK KaK 3TOT
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cniafin ob6sanaer Ha oTpe3ke [a,b] HempepLIBHOH BTO-
poit mpousBonHoil Sy (x).

HorpemHOCTb npubGJHIKEeHHUST cnJgafi-
HOM. KyOuuecknii HHTEpPHNOJSILHOHHBIA CHJAHH LOCTa-
TOYHO XOPOLIO NPHOMHKAET TIJajkHe (QYHKIHH BMeCTe
C HECKOJIbKHMH NPOM3BOLHBIMH, O UeM CBMAETEJbCTBYET
caeayiolas Teopema, AOKasblBaeMas aHaJOTHYHO Teope-
me 10.1.

Teopema 1. Ecau f=Crpla,b], 0K k<3, 10
UHTEPRONAYUOHHKDBLE CnAalin S3(X) € HGKAOHAMU, 3a0aH-
Holmu cnocobom 2 uau 3, YOOBACTBOPACT HEPABGEHCTRY

max | ™ (x) — S (x) [ < ch* " max | [4 10 (),
g Xpg [a, ]

20ei=0,1,..., N—1, m=0, 1, , k, c—He 3080-
cawas ot h, i, f nocroannas.
Taxum ofpazom, ecan fe Cefa,b], 1. e. k=3, u

HaksoEbl cnsafina Ss(x) Haiflzeunl I00anbHBIM CHGCO-
6om, 10 Ha [a, b] MaKCHMAaJIbHBIE N0 MOAYJIO YKJIOHCHHS
Ss()v) ot f(x), S3(x) or [’ (x) u S7(x) or _f”(x) paBHb
COOTBETCTBEHHO O(h“), O(h¥) u O(h?). Tlpu zazanuu
HakKJOHOB Cnoco0oM 2 uMewLiHecs B y3jax CKauku
y S7 (x) He mpeBHINAIOT YABOCHHOII NPaBOHl YaCTi HEpa-
BeHctea (8), 1. e. mpu k=23 O6yayt O(h?). DTy CKauxku
y BTOpOfl MPOM3BOAHOH Ha Trpa@uKe 3aMeTHTb TPYAHO.
3ameuanus 1. Hdns kyOuueckoro cnnaiina Sz{x),
HaKJOHL! KOTOPOIO 3aJaioTcsl YNpOLeHHBIM crocofoM 1,
cnpapeinuBa TeopeMa 1 mpu ycnoBrE, yTo 0 R <C 2.
2. Ecnn ¢ynkunst f nenpepeiBHO anddeperutpyema
Ha Bcell neilictBuTespHOl ocum k-1 pa3, 0Kk <C3, u
HMeeT NepHOA, paBHH b —a, TO CJIeayeT NOJOXKUTh
mo=my U K cucteme (4) NpPHCOEAHHHTb ypaBHeHHE

- 3(F,—"Fx
My _1+ 4mg - m, =——()fl—hf“;’),

oTBevawllee 3HaveHuo [==0. M3 pacmunpensoil cucre-
Mbl, HMEIOIleH eJHHCTBEHHOE pelIeHHe, HaXOJsITCs Ha-
kaoub cnnaiina Sz(x) e Cqla, b]; a10T cnaaiin npoxo-
JKaeTcs ¢ orpeska [a, b] ¢ mepmonoM b — a Ha BCIO OCb
X C COXpaHeHHeM HeNpepLIBHOCTH BTOPOH NpPOH3BOJHOIL.
I1pu 3TOM CnpaBenJIHBO HEpaBeHCTBO (8).

Cnyiaiiger gBJASIIOTC GoJiee YAOOHHIM CPEACTBOM afl-
NPOKCHMAaUKH (QYHKIHH Ha OOJbIIMX NPOMEKYTKaxX (MpH

3*
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Gospuinx N), ueM, CKaxkKeM, HHTepPOJSUHOHHbIE MHOro-
yneHpl. ANnpokcuManusi QYHKUMH Ha OOJbIIOM NpoMe-
JKYTKe OHHM MHOTOUJEHOM MOXKET NOTpe6oBaTh Asist N0-
CTHIKEHHSI 3a/laHHOH TOYHOCTH 3HAYHTEJbHOTO YBe/HuE-
1Msl ero CTelleHH, YTO Ha NPAaKTHKE HenpHeMJeMo.
Pas6uenue 3ajaHHOro oTpeska [a,b] Ha HECKOJbLKO
yacTeil ¢ MOCTPOEHHEM Ha KaxKIOH 4acTH CaMOCTOSATENb-
HOTO HMHTEPNOJIALUOHHOrO MHOrOY/eHa HeyLoOHO TeM,
yTO HA CTHIKax OYAeT TepneTb paspbiB nepBas MPOU3BOA-
Hasi JIBYX COCEJHHX HHTEPIOJISLHOHHHX MHOrOYJIEHOB.
B03MOXKHO, fla)ke He COBMAAyT Ha CThike CaMH 3HayeHHs
MHTEPNOJSLHOHHBIX MHOIOYJIEHOB, €CJIM TOUKa CTHIKa He
aBasieTcs: X o6muM yanoM. KyGuueckmit ke cniail
S;(x), HAKJIOHB KOTOPOro Haiijenn ryo6asbHBIM CHOCC-
GoM, ABaX<IH HENpephBHO AH((pepeHnHpyeM Ha BCeM
orpeske [a,b], T. € MMEET HENPEPLIBHYIO KpPHBH3HY.
TousoCTh aNnnpoKCHMauuu GYHKUMH f CHJIAHHOM Ss(x)
ynpasssiercs BoiGopom N, T. €. LI1arom h=(b—a)/N.

§ 12. PaBHoMepHbie NpUOJIHKEHNS ¢hyHKuUHI

B suHeHHOM NPOCTPAHCTBe HENPEPHBHHIX (YHKIMIL
Cla, b] BBenem HOpMYy )

”f"(; la. b] I['l;,ab)](l f(X) l- (1)

Hopma pasHoctd AByx ¢ynkuuil f, g€ Cla,b], 1. e
BEJIMYMHA

"f _g"c[a, b ﬂzlab)](l f(X)— g(x) l’

paBHAa MaKCHMAaJbHOMY YKJOHEHHIO STHX ¢GyHKUME ApYT
OT Apyra Ha oTpeske [a, b].

[Tyctb Hexkoropast GyHKuusi [ NPHHALJIEKHT Cla,b].
Jloka3aHo, YTO CpelH BCex aare6panyeckuX MHOrou€se-
HOB n-il CTENeHH CYyUIeCTBYeT M IPHTOM €AHHCTBEHHBIH

MHOrouJieH PL (x), obaapaomuit TeM CBOHCTBOM, 4TO
f
“f_ Pn"c[a, b] <"f— Pﬂ"c[a, b

rie Pn(x) — npou3BOJIbHEIH MHOTOUJIEH N-i CTENEHH.

*) TlousTusi HOPMbH H HOPMHPOBAHHOIO DPOCTPAHCTBA Aahbl B
0. 7 BBeJEHHUH,
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MHorousex Pf,(x) Ha3blBaeTcsi MHoeouseHom (n-ii
CTEeNeHU) HAUAYYUE20 PABHOMEPHO20 NPpuUbALICCHUS
¢yukuuy f. Hucno

En(f)=|F — Pile 10, oy =1nf 1 F — Pulle 10, oy

rie TOYHasl HHXKHAS rpaHbp GepeTcsl MO BCeM MHOrouJje-
HaM n-# CTENeHH, HA3BIBACTCSH HAUAYUUWIUM PABHOMEDHLIM
npubaucenuem GYHKUHH [ MHOrOUJIEHAMH r-H CTENEHH.
Ouesnnno, En(f) < Eni{f) npu m060M HaTypaiLHOM A.

MoxxHO n0Ka3aTh, YTO, KAKOBA Gbl HH Gbljia (HyHKIUS
f e Cla, b], nocrenopatensuocts {Pf(x)} ee muoroune-
HOB HAHWJIYYIIEr0o PaBHOMEPHOrO NPHOJHIKEHHSI CXOLHTCH
paBHoMepHO K f Ha [a, b], T. e. E,(f)—0 npu n—oo.

ITpumep. Ilycrts f(x) = x7+1, TpeGyercs HalTH Ha oOTpe3xe
[—1, 1] mHOrOYsen n-it cTeneHH HAHJYYIIErO PAaBHOMEPHOTO NPHOIH-

KeHHs1 3alaHHOfl (PYyHKUHH.
Pewenne PaccMoTpum MHOrousien

Thng1 (%) =2""Tpy, (), (2)

rae Tri1(X) — HauMeHee YKJOHSIOIMICS OT Hyasa MHorouseH UeGul-
wesa s 1-ft crenenn (cm. § 6). Muorousnen (2) corsiacHo CBOit-
crBam 1, 2 MHOrounenoB UYeGbiiueBa MOXKHO 3aNlHCaTbh B CJAEAYIOLIEM
BHIE:

T n+1 n—1 n—3

Tipi(x) =x —ax —Bx — ., 3)
rie o, B, ...— BIOJHE OTNpeleJeHHble UHCJI0BEE KO3((HIHEHTEH.

Ilo cBoiictBy 5 MHOrousneHoB YeGhiesa nmeem

I Tn+1"c[_1, 1]<"ﬁn+luc[_l, 1 )]

rae Pniq(X) — NpoU3BOMIbHEIE MHOTOUNMEH # - 1-ii cTemenu co cTap-
UMM KO3((PHIHEHTOM, PaBHHIM €IHHHUILE.
K3 (3), (4) crenmyer, 4TO MHOrOWIEH HAHJIYYLIEr0 paBHOMEp-

HOTO MPHUOJIHKEHHsT P}; (x) st pymxume f(x) = x"t!  na orpeske
[—1, 1] umeer BuR

Ph(x)=ax" ' B34 ... (5)
JlelicTBUTEJIBHO,
Tpyy (8) = x"H — Pl (x) = [ (x) — Pl (x),
Ppgy () = 2" — Py (£) =F (x) — Py (x),

rne Pn(x) — npousBosbHEIN MHOTOUJIEH n-ii cTenenu, n coraacHo (4)
BBLINOJIHsIETCST TpefyeMoe HepaBeHCTBO

|F— P “c -t SIE=Pally oy
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Tlpu 5TOM Ha OCHOBaIH (2) u cBofictea 4 MHOrOYJIEHOB YeSpimena
noJjy4aeM

a1y — f =T —
En(x ) - Eﬂ (i) - Hf - Pﬂ =lc [-1,1] - n Tﬂ‘l"l "C 1—1,1] -
=27 T ppillg 1=y, =271 Tnt1lg (=1, = 27",

Kpurtepuii MHOrouJgeHa HauJaydwero
paBHOMEDPHOTO npub.anxennsa OfpaTuM Tenepb
BHIMAllKE HA OLHO BaxKHOE CBOMCTBO MHOTOU/IEHA HaH<
JIYYILErO PABHOMEPHOro npub/IHKeHHs Pl (x) B pacemot+
peunom npumepe. B cuay cpoicrna 4 muorounexon Ye-
OnliieBa PasHOCTb f(x)———P,’,,(x}, copuajaiomas ¢ pripa-
weiem {2) asg Tap (), npuunmaeer 81 4- 2 TcyKax

1l
X, == €08 =+

pE m=0, 1, ..., n-F1,
orpessa [—1,1] 3ualxemm(——1)’""|f——Pf I . HOpy-

’ 1 nig (=1, 1] —~
ruMH cJopami, Ha orpeske [—1,1] umeiworces n -+ 2
TCUKH, B KOTOPHIX pPasHoCTb [ (x)— Ph(y) mocruraet
MaKCHMaabHOrO N0 MOAYJ/IO 3HAUSHHS C YEPEAYIOLLHMUCH
3HAKAMU,

Oraetentoe CBOICTEO sBjgeTcss O0MIMM H CIYXKHT
KpuTepiesl MHOTOYJEHA HAMJYULICro PABHOMEPHOro npit-
GamKeiis 060l HenpepblpHol  QyHKIML, O YeM CBILAC-
TeALCTBYeT C/eAYyIONLas TeopeMa, KOTOPYIO HpHBCAEM 6e3
LOKa3aTesbCTBa.

Teopema | (Yednimena). 1006l MHOZCUACH P.(x)
Goin HHOZOUACHOM HOUAYHUICS0 PABHOAUEDHOZO0 NGUGAL-
wenus gyukyuu f e Cla, b}, neodxoduio u JocTaToUHO
cyujecreosanus Ha [a,b] no kpatineil nepe n -2 1ovex
Xo < x1 << oo << Xng1 TQKUX, 4TO

Fx) — Po(x) =0 (=1 — Prlcia, on

i=0,1,...,n+1 o=1uw —1 0QHOGPeMEHHO 0AR
ecex i.

TouxH xq, X1, -+-» Xng1, YAOBJICTBOPSIOULEE YCAOBISIM
TecpeMbl, Ha3LIBAIOTCS TOYKAMII yefsliue8CKo20 a.bTep=
HaHCQ.

Npumep. Pynxuna feClo, b] npubmmKaercsa MHOTOUJIENOM
pynepoii crenenu. llyctb

max| (=] ()= M, min ()= J g) =
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Muorounen Po(x) = (M -+ m) /2 siBasiercss MHOTOUJICHOM HAMJYHUIICTO
paBHOMepHOro npHOAHKeHHst (pHC. 3), X1, X2 — TOUKAMH 4Yebbiues-
cxoro ajpTepHauca, npuueM Eo(f) = (M —m)/2.

ITpuwuep. Bunykaas anddepenunpyemast va [a, b] dyukuus f
npuGamKaercs: MHorowsenom Pi(x) = ao4- a;x. Besencrsne BHnyk-
Joctd | pasHocTs f(x) — (@o + @1x) MOMKET HMeTb TOJBKO OXHY TOU-
Ky 3KcTpeMyma Ha uutepsaje (a, b). IToatomy TOukH a. b sABJAAIOTCS
TOUKAMH 4eGHIIIIEeBCKOrO aJbTepHaHCa.

¥
Mo e o e e (7)
l
M+m /;\<\\ 7 ()
2 [77 I
|
]
M b e Fm
| |
| 1
! Lty
0 a 7, T, bz

Puc. 3

Tlycts ¢ & (a, D) — TpeTbs Touka agabTepuanca. Corsmacuo Teo-
peme YeObieBa JOMKHLL BBIIOMHATHCH YCIOBHS

f(a) — (a0 +a10) = R, [(c) — (a0 +aic) = —R,
[(b) — (a0 + aib) = R,
— il . o DaB-
re R= Gllf — P hcm' . nenspecTHO. V3 nmepBoro m Tperhero ypas
HEeHHUI noJyyaem

a1 = ([(b) —T(a))/ (b —a).

Touka ¢ siBAsieTcss TOYKOH SKCTpeMyMa pasHocTH f(x) — (ao + aix)
¥ uwercs u3 ypapuenus [’(c) —a; = 0. Jasee, u3 nepBoro u BTO=
POro ypaBHEHH{l ONpPCLEJSIOTCS Qo H

Ei(f) = |R]. Y
I'eomeTpuueckn pelleHHE

JaHHOHl 3amaum CBOOHTCS K

caenyiouemy (puc. 4). CHa-

yajia TMPOBOJUTCS XOpjAa ue-

pes toukn (a,f(a)) u (b,

f(b)) c HakmoHOM a;. 3aTeMm

C 9THM JKe HakjJoHOM mposo- U

JIHTCS KacaTeJibHasi K KPHBOI Puc. 4

y = f(x). Hakonen, crpourcs

Cexkyllasi IocepefHHe MexXIy XOPAOH H KacaTesbHOil,

Jaiolas cpein BCeX MNPSIMBIX HaHJydllee paBHOMEPHOE

npubauxeHne KpuBod y == f(x) Ha orpeske [a, b].
JIaHHBI reoMeTpHYCCKHI METOA OUEBHAHLIM 08pasoM

pacmpocTpaHsieTcsl Ha cJaydail NPOH3BOJBLHOI HempepbiB-
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HOH ¢GyHKuUuHu f, rpauk KOTOPOH pacmnoJioxkeH IO OJHY
CTOPOHY OT OTpe3Ka, coeluHswomero Touku (a,f(a)) u
(b,[(b))-

[TocTpoeHue MHOroujleHa HaWJydlIero paBHOMEPHOrO
npubJuKeHusl n-fi cTenenn B OOLIEM CJyyae BHI3BIBAET
6osbiune 3aTpyAHeHus. IlosToMy yacTO OrpaHHYUBalIOTCS
HaxOx/JIeHHEM MHOrousieHa, OJHM3KOro K HauJaydyumemy
MHOrouJIeHy, HJM, Booflle, HEKOTOPOro MHOrouJena
P,(x), nawouero paBHOMepPHOe NpUOJHKEHHE 3aJaHHOM
¢yukuun f ¢ Tpebyemoil TouHocThio € > 0, T. €. yHOBJe-
tBopsioniero ycioBHuio [|f — Pallcie, 5 << .

JdBa cnoco6a HaxoXJeHHMSs MHOrouYJe-
HOB, GJUH3KHX K HAUJAYUW HM.

1. Ecin f& Cuyy[a, b], npuuem npoussonnas [(+D
MaJio H3MeHsieTcsl Ha [a, b], TO HHTEPHOJALHOHHBI MHO-
rousied Ln(x) (4.5) c uebbliieBckumu ysnamu (6.11) sB-
JsfeTcs 6JHM3KHM K HawiyyuieMy. BejuuuMHa yKJOHEHHs
If — Lallcla, »y ouenuBaercsi mno HepaseHctBy (6.12).
B uactHocTH, ecim f*+D(x)=rconst, T0o L, (x)EP,fz(x),
a ecau f(x)=x"'u [a,b] = [—1,1], To Ln(x) cosna-
IaeT ¢ MHorousieHoM (5).

2. Ilna ¢yHkuuu, pasjarawoueiics B psax Teisopa,
MoxkeT OBITb MpPUMeHEH MeTOl, KOTOPHH paccCMOTpHUM Ha
npumMepe.

[Mycts Tpebyercst npuOIU3HTL PABHOMEPHO (QYHKIMIO
f(x)=arctgx Ha orpeske [—a, ], rae o =tg(n/8),
¢ TouHoctelo 0,5-10-5. Depem cHauaJja OTpE30K psia
Teiisiopa, annpOKCHMHUPYIOLMH AaHHYyl (GYHKIHIO C He-
CKOJIbKO GoJsiee BLICOKOH TOYHOCTBbIO, ueM 3alaHHas. Ha-

npumep, noJjaraem
x3 X5 x7 x° x!!
f~Qu)=x—F5+F—7+5 T

I1pu sTom
I — Quullp g o < 0,82 107" (6)
IloncraHoBko#t x = of nNEpPEXoAMM K  OTpe3KYy
T—1,1]:
Su(t)=Qulan)=
=0,4142136¢ — 0,0236893£° + 0,002438715 —
— 0,0002989¢ + 0,0000399#° — 0,0000056¢'1,
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Ecian K NaHHOMY MHOrO4ieHy npuOaBUTb MHOIOUYJEH
0,0000056-2-19T,(t), rme T1(f)— mHorousen UYeOni-
meBa:

T, (1) = 1024111 — 2816/ + 2816¢7 — 123265 + 22044 — 111,

TO NOJIY4HM MHOIOYJIEH 6oJiee HH3KOH CTENEHH:
So(1) = Sy, (£) + 0,0000056 - 27°T, (£) =
— 0,4142135¢ — 0,0236881£ 4 0,0024319/5 —
— 0,0002835¢ + 0,0000245/°.

Hmeem
1Su = Ssllc -y, ,, =10,0000086 - 277, |, =
0,0000056 0,0000056 _
=021 1 Tulle -,y =15 — < 0,01-10 "

Takum ob6pasom, MHOrousneH Sg(f) YKJOHseTcs Ha
otpeske [—1, 1] or MHorounena S;;(f) Ha BeJHUHHY,
KOTOpasi 3HAYHTeJbHO MEHblIe, 4eM MaKCHMaJbHOE N0
MOJYJII0 3HAYEHHE CTapLIEro yjeHa y MHorousena Sy (f)
npu t = =4=1. [losromy naHHHH cnoco6 MOHHMKEHHS CTe-
NeHH MHOro4JieHa HpeaNoyTHTeJbHee, yeM NMpocTo OTOpa-
CHIBaHHME CTapuIero 4JeHa.

[TocTynasi aHajIOrHYHO elle gBa pasa, HaXOAHMM

S, (1) = Sq (1) — 0,0000245 - 27Ty (t) =
=0,4142127¢ — 0,0236766¢ -+
-+ 0,0023906/5 — 0,0002284¢",

S5 (1) =S, (£) + 0,0002284 - 27°T; (1) =
= 0,4141877¢ — 0,0234768¢ + 0,0015910¢5,

rae T7(t), To(t) — MHOrousennl Yebnimena:
T (1) =2561° — 5761 + 4325 — 120 + 9¢,
T,(t)=064( — 1125 4 56/ — 7¢.

Ilpu atom
1Se — S7llg (—y, 3= 0,0000245 - 27° < 0,1 - 107°,
1S, — Ssllg —y, ;= 0,0002284 - 27° < 0,36 - 1077,
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Bosspauasich K nepBoHavya/bLHOH MEepPeMEHHOi X, Mo-
Jyuaem

P5(x)=S;(x/a)=
=0,9999374x — 0,3303433x° 4- 0,1632823x5, (7)

npuueM
IF— Pslig—q, o <IF— Quillg =g, q T
H11S1—Ssll g,y F 1 Se—Stllg oy, 1y F 1 S1=Ssllg =1, 1y <
<0,82-107°+0,01-107°40,1-107°+
+0,36+107° < 0,46 - 1075,

Hrak, nafizen muorousen (7) msTofi cTeneHw, am-
NPOXCHMHPYIOLLIT paBHOMEPHO (yHKHuIO arctg x Ha OT-
pesxe [|—tg(n/8), tg(m/8)] ¢ 3amaHHON TOYHOCTHIO
0,5-10-°. Muorousren ke Tefiopa ceibMOil cTeneny naH-
HYI0 TOUHOCTb He oDecreyuBaert.

IMosiezna caexymoolass IpocTas TeopeMma, KOTOpPYIo
nprBesieM 0e3 LOKa3aTeJbCTBa.

Teopewma 2. ITycry f= C[—1,1],

Pupi(x)=ao+ aix+ ... + anpx"tl, (8)
Tozda _
En (f) 2 I Antl ! 2-n —”i - Pn+l"C[—l. 1] (9)

M3 3TOH TeopeMbl MPHXOAHM K CieyILIeMy BHIBOLY.
JlonycTiM, uTo HaiiieH HeKOTOpHii MHorounmeH (8), Ko«
TOpBIHl HAC YAOBJAETBOPSET, T. €. NPHOMNKaeT (QYHKUHIO
[ paBuomepHo Ha orpe3ke [—I1,1] ¢ TOuHOCTHIO €, a
umenno, ||f — Puyiller—1, 1 << e. Torzaa, ecin BBHIIOJNHSET-
Csl HEPAaBEHCTBO

Ian—l—l I2—I’L _” f - Pl‘l-H”C[—l, 1] > €, (10)

TO 3aBEJOMO HE€ CJeNyeT NbITaTbCsi HCKATh MHOrOuYJieH
GoJlee HH3KOI CTemeHH, KOTOPHIH ofecrneyus Obl paBHO-
Meptoe npubaukeHne QYyHKUHH [ C TOYHOCTBIO &; OH He
cyulecTsyeT, Tak kak coraacio (9), (10) En(f)> e.
[Ipumenim TeopeMy 2 B PacCMOTPEHHOM BBIIIE IPH-
mepe. HMmeem €=0,5-10"% n=4, [If — Psllci-a, a <
<< 0,46-10-5. Crapumnii ko3(¢uunest Muorounexa (7)
npu repexoje K otpeaky [—1, 1] cosnanaer co cTapuium
K03} PULHEHTOM MHOrouJeHa Ss, PABHBIM 0,0019910. Tak
Kak 0,0019910-2-* —0,46-10-5 > 0,5-10~%, TO HepaBeH-
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ct80 (10) BhimosHeHo. CJ€I0BATEJbLHO, /aXKe MHOrOUJeH
HaMJIYUYLIEro pAaBHOMEPHOrO MPHOIHIKEHHS YETBEPTOil
cTereHd He cMoxkeT oGecrneudTb 3afaHHYIO TOUHOCTH al-
npokcumanun Qynknuu arctgx Ha oTpeske [—a, al,
o =tg(n/8). Takum oGpa3oM, MHorouned (7), yaoBJje-
TBOPSIOLLHE 3aJaHHOMY TpeGOBaHHIO, HMEET MHHHMAalb-
HYIO CTeneHb.

§ 13. Meropn HaHMEHbLIMX KBAXPATOB

IIpeaBapuTedbHbHe cBeaenus Paceworpi
JnEeflHOe TPOCTPAHCTBO F  AEHCTBHTEJBHLIX (yHKILHIL
f, g ..., 3381aHHBIX Ha HEKOTOpOM MuoxecTee D TO-
yex x JeiictBuTeNLbHOH ocd (cMm. m. 5 BBeneHus). Hy.e-
BO#H anemeHT B F o60o3nHaunm yepes 0.

[oBopaAT, 4TO B JIHHEHHOM TpocTpaucTee [ BLeiaeHo
cxaaspuoe npoussederue, et Kaxacii nape 33encHTonB
f, g & F nocrasieno B COOGTBETCTBHE JE{ICTBHTEIbHOE
yncno, obosnauaemoe (f, g} M HaspiBaeMCe CKaJsipHBIM.
Npoii3Be/eHNEM 3JIEMEHTOB [ M g, KOTOpoe YIO0B/eTBO-
pAET CACNYIOUIHM OKCUOMAM CKAASPHOZO NPOUSBEOCHUR:

a) ([,g)=(g1);

6) (f,[)=0, npuven (f,[)=0 roeda u r0ALx0 TO-
2da, koeda =10, 1. e. [ aAganeTca HyreBolm INEHEHTOM
6 F;

B) (af, g)=a(f,g), ede - awboe deicraurens=
HOe HUCAO;

r) (f1+f2) g)=(f1,g)+(f2,g)'

JlzueiiHoe mpocTpaHCTBO F ¢ BBEJAEGHHBIM B HEM CKa-
ASpHLIM npoussenenneM (f, g) Ha3LIBaeTCS e6KAUCOBLLM
u c6osuauvaetcs yepes E.

Il onpeaeneHHOCTH yKakeM, uTo Hac OyayT uHTe-
pecoBaTh TOJBKO JiBA KOHKPETHBIX EBKJIJIOBBIX [PO-
cTpaHCTBA, @ HMeHHO mpocTpaHcTBO E = Ec HEPEepbIB-
mpx Ha otpeske [a,b] dymxuuii (D =la,b]) co cka-
JSIPHBIM NPOU3BEAeHHEM

b
(i =37 | g ax (1)

a

¥ JuHeiiHoe npocTpaHcTBO E == Enyy QyuKuHii, 32 1aHHBIX
Ha KOHEYHOM (AMCKPETHOM) MHOXKECTBE TOUEK Xo, X1, « .«

«+., Xn HEKOTOPOro oTpesxa [a, 0] (D: {x),_ < la, b))
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CO CKaJIsIpHBIM NMPOU3BEAECHHEM
l n

(F, )=—p1 2. Fx) g (x): 2
i=0

Oyukuuio f & Eppr MOXKHO cuuTaTth # -4 1-MEpHBIM
sektopom f==(fo, f1, ..., fu), rRe fi = f(x:). Cransipuoe
npousBejleHne (2) oTanyaercss OT CKaJsPHOrO MNPOHU3-
BeleHus1 B n -+ 1-MEepHOM eBKJIHIOBOM BEKTODHOM Mpo-
CTPAaHCTBe, H3YyYeHHOM B Kypce JIHHEHHOH aJre6pHI,
TOJNBKO ~ HaJU4HeM  JOTIOJIHUTEJBHOIO  MHOXKHTENs
1/(n 4+ 1). Ilostomy, oueBHAHO, AJSA HEro BHIIOJHEHH
BCE AKCHOMBI CKaJiIPHOTO NpPOH3BENEeHHs, MpOBEpseMbie
B JIHEHOH ajare6pe *).

Yoenumcs, uto (1) siBasieTcs CKaJsipHHIM [POH3BEIe-
nueM B Cla, b]. Ocranosnmcs Ha akcuome 6): s Jio-
6oit pynkuun f < Cla, b]

b

(I D=5 Pads>0.

a

Ecoiu f=0, 1. e. f(x)= 0, 1o, oueBunno, (f,f)=0.
[Ipeanonoxum teneps, Haobopot, uto (f,f)=0, 1. e.
b
S P2(x)dx = 0. (3)

a

Ilonyctum, urto npu atoM [(x)s=0 Ha [a,b]. Torna B
cuny HempepbiBHOCTH YHKUHH [2 HaiiieTcst OTpe3oK
[¢/,b']=]a,b], wa koropom f[?(x)>0, u, caeioBa-
TeJbHO,
m= min f*(x) >0,

ta’, ']
TaK Kak HenpepeiBHAsi (GYHKIHS [NOCTHTaeT CBOEro MH-
HuMyMa Ha orpeske. Orcrona

b b v
SF’(x)a’x} S fP(x)dx > S mdx =m((b" —a’)> 0.

[Monyuunu nporusopeune ¢ (3). [Tosromy f = 6.

*) Cm. Byrpos §l. C, Hukoabckuit C. M. Diementsl
JuEeiinofl anre0pnl M aHaJuTHYECKOH reomeTpuu, — M.: Hayka,
1984. — § 6,
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Hrak, akcuomMa 6) BHImogHeHa. IlpoBepka axcuoM
B), ') IJs CKaJspHOro mnpou3senenus (1) Jerko nposo-
JIUTCA C INOMOILBIO H3BECTHHIX JIHHEHHBIX CBOHCTB oIlpe-
JIeJIEHHOTO HHTerpaJja, a BHIOJHEHHE aKCHOMBI a) oye-
BHJIHO.

OTMeTHM, YTO 8CAKOe e8KAUO0BO NPOCTPAKCTEO 00-
HOBPEMEHHO SBAAETCA AUHELHbIM HOPMUPOBAHHbIM NPO-
crparcTéom (CM. N. 7 BBEJIEHHs) € HOPMOLL

HE (4)

u, crefosatesnbHo (cM. 1. 8 BBeleHHs), ABAAETCA MmeT-
puseckum nPocTPaHCT8OM € PACCTOAHUEM

olf, o)=If—gll=(—g, F— &)™ (5)

JlJisi HOpMBI, BBE€JIEHHOH yepe3 CKaJisipHOe NMPOH3Bejle-
HHe criocob6oM (4), BHINOJIHAIOTCS BCE TPH aKCHOMBLI HOP-
MBI, chopMynHpoBaHHble B 1. 7 BBejaeHus. Akcuoma 1)
cpasy cJjenyeT W3 aKCHOMH 6) CKaJisipHOrO IpOH3Beje-
Hus. [Iposepum axcuomy 2).

[Tycts o — m06oe neiicTBHUTeJbHOE uHcJaO0. VmeeMm

lef I? =(af, af)=0a(f, af)=a(of, f)=0?(f, H=a?II]IP.

Orcona llafll=|a|llfll, Tak xak fafll=0. Axcuoma 2)
BHITIOJIHEHA.
AkcucMa 3), T. €. HepaBEeHCTBO TPeyroJibHHKA

17+ gl<ifi+ngl

yCTaHABJHBaeTCcd A1 HOPMH (4) B NPOH3BOJILHOM €B-
KJAHJOBOM NPOCTPAHCTBE B TOYHOCTH TaK e, Kak H He-
paBeHCTBO MHHKOBCKOTO B 1-MEDPHOM €BKJHAOBOM EEK-
TOPHOM IPOCTPAHCTBE.

[lycTe B eBKJIHJAOBOM IpocTpaHcTBe E maHa cuctema
GyHKIHE @o, P1, .., Pm.

Onpenenenne. Qnpeaennurens

(90, @) (91, o) --. (Prmy Do)
(@0 ¢1) (@1, ®1) - (P> ©1) , (6)

(9o @) (91 Pm) -+« (Prms Pr)

COCTaBJ]eHHbIﬁ H3 CKaJ]HprIX HpOHSBG}lEHPIﬁ, Ha3bIBAETCS
onpedeauresem I'pama cuCTEMH QYHKIHH @g, @1, ...

er 2y (qu
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Jemma 1. Onpedeautens I'pama (6) pasen wynrio
T0200 U TOALKO TO20Q, K020Q CUCTEMQ  (PYHKYUL

@0y Pl - +» Pm AUHEHHO BABUCUNA *).
IlokasaTteabcTBO. JlomycTnMm, 4YTO  CHCTEMA
GYHKURHE Qo, Pty -+ 5 Pin nupefino 3apucuma. Toraa cy-

LIECTBYIOT TaKH€ HE BCE paBHDIE HYJIIO YHUCJa Qg, Olly o -
es+y Cm, UTO BBLINOJIHAETCA paBeHCTBO

Ao+ 0@+ - + 0@ =0. )

VMHOXKAST 9TO PaBEHCTBO CKajsApHO MOOYEPEeLHO Ha
Qo, @1 B T. I ¥ YUUTBIBAS, 4TO #%) (0, ¢;)=0, j=0,1, ...
..., M, NOJyuyaeM COOTHOLIEHHS

o (P, @) + oy (@, o) + «o0 Fon (P> o) =0,
ao(q)(), (pl) +al(¢i’ (pl) _IL e —l" C ({r’m, q/’l) -—_:O, (8)

ao(%y (Pm) + o (Pys Qm)t .o -+ qm( ms @m) =0,

KOTOpBIC MOJKHO TPAKTCBaTh KaK OLHOPOAHYIO CHCTEMY
JIMHEHHBIX anareOpandyecKHx ypaBHEHHH, HMEIOWIYIO He-
HyJeBoe eLieHHe O, ¢, ---, Om. CEA0BATEJLHO, Onpe-
JleJIITe b cHCTeMbl (8), cOBHAZAIOWIUH € ONMpefesnTeneM
I'pama (6), paBen HY.IIO.

[IpeanonoxuM Ternepb, HaoGOPOT, YTO ONpeleNHTENb
Ipama (6) pasen nymio. [lokaxkeinuto cHCTEMa dyHK-
unii o, @1, ..., @m JIHHEHHO 3aBHCHMA. ITockoabKY
onpenesiuTesb cHcTeMbl (8) paBeHn HyJso, TO OHa HMeCT
HEKOTOPOE IIeHyJIeBOe pelienHe ay=20 0 =0 ...
vev, Oy =0y llogcTaBUB B Kax/0€ ypaBHEHHE CHCTE-
Mb (8) 3Hauennst a;=a;, j=0, 1, ..., m, 0 MOJL3YICH
cBoficTBaMH (akcwoMaMp) a), B), [) CKaJspHOTO 1pOu3-
BefleHus1, TIoJlyyaeM cleAyloulie paBeHcTsa:

(o, Gop+ Ty + +ov Om®m) = 0,
(@1, @@+ g1+ -0+ UnPm) =0, (9)

e o o ® s e s« + e .

(q)m, GPo + o, + ... -+ am(pm) =0.

VMHoxasi 5TH PAaBeucTBA COOTBETCTBEHHO Ha O,
@i, ..., Om U CKJALbIBAs I1OJYYEHHBIE PE3yabTaThl, Ha-

*) OnpejiesieHue JIHHCIHO 3aBHCHMOl M JHHeliHO He3aBHCUMOH

cucreM Qynkuuil cM. B u. 6 BBeIeHHS.
*#) Tag kak 0 = 0-f y[ & E, 10 cornacno akcnome B) CKanasp-

noro npomssencuns umeem (0, f)=(0-f, )=0-(/, /)=0 viek
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XOLHM ) )
Gy + @19y + «oo + @9, [F=0.

CurieioBaTenbHO, IO akcHoMe 1) HOpPMBI uMeeM
ao%"l‘alq)x‘f' o +amme=9 (IO)

Tak Kak He Bce uuCla @; PaBHE HYJIO, TO paBeH-
ctoo (10) osmauaer, 4TO cucTeMa QYHKIHI @o, P1y .+« ., P
JIMHeIHO 3aBucuMa. JleMMa goxasana.

Onpeneaenune. Cucrema QyHKUu Qo, P1, --., Tm
Ha3LIRAETCSI OPTOZOHQALHOLL, €CIHU

((pj, q)k)zo’ ]‘7’4" k: ((Pj: (p]) > 0) (11)
roe 0<Cj, kKm.

OueBujpHo, ecau cucrema GpynHkyuil @o, Pty .- Om
OPTOZOHA.IbHA, TO OHA AUHEUHO Hezasucume. HeficTnu-
T€JbLHO, AONYCTHM, UTO cucTeM2 GYHRUMH o, @1, ..., Cm
OpTOrOHAJIbHA H JAJIst Hee BHINCJHSETCsT paBeHCTBO (7)),
rae oo, ¢, ..., Cim— HEKOTOPHIE YHCJIA. ¥YMHOXKHB 3TO

PaBEHCTBO CKaJspHO Ha ¢;, ¢ ydetom (l1) moayunm
%] ((Pj, (Pj):O-

Otciona, Tak kak (@;, @;)=>0. TO C HEOOXCAHUMOCTLIC
a; =0 npu gio60M j, T. €. CHCTEMA Qg, Q1 «+., @Pm JH~
HEHHO He3aBHCHMA.

Muoroynen HauJayuYlWero cpegHeKBaj-
PaTHYHOTO NMPUOJIHUKEHHU .

Onpenenenue. ®yuxnus

D () = c@o (X) + 1@ (%) =+ oo P (x),  (12)

rae Co, Ciy «+., Cm— UHCJOBEE KOI((UIUEHTH, HA3H-
BaeTcss 0600ujeHHbIM MHO204AEHOM TIO CHCTeME (YHK-
LHI Qo, P15 «vy Prne

Ilycts mpousBosnbHass ¢GyHKnus [ opunapnexut E.
CraBuTcs 3ajaya HaXOXKAeHHS Takoro Muorounena (12),
uto paccrosinue p(f, ®m), Ha3BIBaEMOE TaKiKe CpedHe-
Keadpartuunolm Yraoneuuem muozousena @, oT (QyHK-
uun f, MuHEMaJasHO. MHoOrounen @, o6aajamlui yka-
3aHHLIM CBOMCTBOM, HA3BIBAETCH MHOZOYACHOM HQUAYY-
wezo cpedHexsadparuunoeo npubausicenus GyHrnua f.

[Tokaxkem, uTO ecau cucrema Gynkyuil Qo, Q1, .-, Pm
AUHEHO  Hesasucuma, TO 0aa 10600  QYHKYUL
e E munocounren Hauayuwe2o cpeCreKsadparuiunozo
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NPUBAUNCEHUS CYU4eCTBYET 1L MNPUTOM  eOUHCTEEeHHbUL.
Hmeem B cooTsercTBuH ¢ (5) 1 (12)

Pg(f, q’m):”f - (Dm ”2:(f - (Dm: f - (Dm)=
=([—cepo—C1P1— -+ —CnPrn> f—copo—C1®1— « + - —CnPm)=

=D+ 2 celan e =220 o). (13)

TakuM oGpasom, Beamunna p2(f, ®m) npencTaBiIALT
co6oit KBaApaTHYHYIO (POPMY OTHOCHTEJbHO HCKOMBIX KO-
spdunuentos ¢; Muorounena (12). INockonpky npu Jio-
6wix ¢j, j=0, 1, ..., m, p*(f,®m)=0, To U3 TEOpuH
KBaJApaTHYHLIX (POPM H3BECTHO, YTO KBaJpaTHUHAS dop-
ma (13) mocturaer CBOEro HEOTpHUATENLHOrO MHHHMYyMa.
Onnospemenno ¢ p2(f, ®m) MHHHMyMa [LOCTHTAeT H
paccrosme p(f, ®m) =0’ ([, D).

[IpupaBHsiB YacCTHEE TPOU3BOAHEIE (OPMHI (13) mo
¢, i=0, 1, ..., m, X HyJO, COKPaTHB KO3(HIHEHT,
paBHBLT JBYM, H IepeHecs BNPaBo CBOGOIHBIE HJIEHH,
NPHXOAHM K CJIELyloLled cHCcTeMe JIHHelHBX aarebpau-
YECKHX YpaBHEAHI:

co(@0 @0) + €1 (@1, @) + +++ F Em (@ o) =(F, @),
co(o, @1) + 1 (@1, @) + oo+ Cm(@ms @) =(f, @1), (14)

¢y ((PO» (pm) + Cy ((Pl» (pm) + ... +cm (q)mr (pm) = (f’ (Pm)r

Ha3BIBAEMOH HOPMAAbHOLL.
[lo nemme 1 onpenenurenb cuctembl (4), sBJsiIO-
wuiicst  onpenenuteqeM I'paMa JIHHEHHO HEe3aBHCHMOM

cucteMbl GYHKUHH Qo, @1, - .., Pm, HE PABEH HYJIO. ITo-
sToMy mpHu Jioboit pynkunn f &€ E cucrema (14) unmeer
eIMHCTBEHHOE pelueHue o, Ci, ..., Cm, OTBEUANOLIEE

eIMHCTBEHHOH CTAlHOHAPHON TOUKe KBajApaTHYHOH (op-
Mb (13). DTa craunCcHapHasi TOYKa MOKET OBTh TOJIBKO
TOUKOil MHHHMYMa, MOCKOJbpKY dopma (13) munuMyma
HOCTHTAeT.

Urak, ecan cucteMa Qo, @1, -++y Pm JUHEHHO He3a-
BHCHMA, TO KO03Gh(HUHEHTH NOCTPOEHHOro IO Hell elHH-
CTBEHHOrO0 MHOrouJIeHa HaWJyduero CpeaHeKBaapaTud-
HOTrO MpHOJHKeHUs (QYHKIHH [ = E naxonpatcs B BuIe
peleHysi HOPMAaJIbHOM CHCTEMB JHHeliHHX aJrebpanye-
CKHX ypaBHeHui (14). ’
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T mpocrporcioe £ ncupepHBREX pyARLRE oo cHa-
anpduy mponacencnuen (1} pacctosrks p(f, 7)), radn-
RACYMAOD CPCOHEKSAOPOTHEHOLY POCCTORNUCH, B COUTBET-
Tt © (B Hueer ok

I

olh )=\ 5= V) —gtxide, (15}

# R TMROCTPAUCTLG Fonp GYORMON, onpeignsnisx Ha
JEICKPCTHOM MioxecThe 3 {37, ¢ CrasspHETY opo-
paseseuuen  (2) CpenRCKBaSpATUMUCE pacCTORNe  34-
JASTCR POPMIOR

oif. d=A/ 5 Y (Fley—glxa?.  {16)

il

CoaenyeT UMCTh B BRALY, UTO (RIIIDCTHh RBYY OCLpE-
prisnax  yuxaad no pac-
eTogame (13), v e B f
CMBICAE CPeAfeREAgpaTHL. &= ll
NOUG YRIOHEHTIA, 0C rapii- f
THDYET MaaocThL X MaKcH-
MANLUOMD YEAQLENL APYT |I
or apyra. Ienpevcp, nua ]
pric. & wacbpasicem 1'1:1.5- i
e hVIRTIN gia) = [}, | £
ke a, ), urpathny r‘]}H[{- A A T
nam f, oTIEapdiaica or !
padgmkd $YNEIEE g ¥IRI Mo, 3
ayfUoM  BRCIFIE A K TONA-

NITHE ¥ ocuonaild, pannoit [fad Quneapnio, oofusa i
CAFIEE

1

plf, 21= T (flx}-—g(x)fdx —

U ey

= —§ ,x}rfr.,,.,%fb_u L

nt Al — al '

'-'J‘-

T. £ 83 cycT Dadopa s KOWHO CaG1aTL cpeiierRd-
ApaTHaUoe pacerodune pif, ) CHOAL YTOIHG Maa,
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a peanunny max|f(x) — g(x)|=n ckoap yroxHo 6oJb-
a

1oi.

CpennekBaJpaTHUHHE npubaUKCHHSA
anre6panueckuMun MHorouyaenamun Ha mpax-
THKE 4acTO MPUMEHSIIOTCS CPeJHEeKBaApaTHUHbE MPHOJIH-
»Kenus (QYHKUIf aare6panyeCKHMH MHOrOYJEeHaMHu, T. €.
B KauecTBe CHCTEMBI (GYHKUHI @o, @1, ©2, - .-, Pm CEPYTCSH
cremenu x: 1, x, x2, ..., x™. CucreMa 31ux (QYHKUHI JH-
HeiiHO He3aBucuMa B FE¢, T. €. Ha 3aJaHHOM OTpe3kKe
[a, b], npu mo6om m. B Enqq OHa JuHeHHO HE3aBHCHMA,
ecan m < n.

m
3TO caenyeT H3 TOro, 4To NpPH YCJIOBHH Zla,-]#o
A=O

anreGpamyeckuii  MHOTOWIEH O  ctiX - .].. -+ amx™
MO3KeT oGpaTHThCst B HYJb He CoJjee yeM B /1 TOYKaX:
Beeil peficTBuTebHOM ocu. Ilpu m >=n -+ 1 cucrema 1,
x, x¥2, ..., x™ qguHelino saBucuma B E,y1, TaK Kak MHO-
rouned (4.11) n - 1-ii cremenu co crapunMm K03 u-
LIEeHTOM, PAaBHBIM €IMHHIE, oOpallaercs B HYJb Ha BCEM

muoxectse D= {x;}]_.

ITpumep. Hocrpours na orpeske [0, 1] MHOTOUJIGH HAHYYIIErO

CPEUICKRA,PATHUHOrO NI CHHS @y (x) = cc + c1x Aasa QyHKUHH
f)=+/x". 1
Pemwmenne, Go(x)=1 @ (x)=x%, (¢0,¢0)=§12dx=1,
0
1 1
1 1
(90, ¢1)=gx2dx=§, (g0, @1) = (@, rpo)=8xdx=—2—.
0 0
1 1
— 2 — 2
() =\ V¥ dv==7, (o) =\ V¥ xdx=5.
0 0

CrenoBaTesbio, HOpMadbHas cucteMa ypaBnenmit (14) TakoBas

1 2 1 | 2
Cot+5 =73, ot g =5 "

Otciofia co == 4/15, ¢y = 4/5, ®4(x) = 4/15+ (4/5)x. Tlpn asTOM
cpeHeKBafpaTHUliOC yK/IOHeHHe @y OT [ paBHO
1

p(f, @)= S(w/x_—lis—%x)zdx =—"é§_-.

0
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IMpu HaxOXKAeHHH anreGpauyeckOro MHOrOY/JIeHA HaH-
JIy4LIero CpeiHeKBaJpaTHYHOro npubamxenns s Ec ans
¢dyukuun { HempephHBHOTO apryMenTta Ha oTpeske [a, b]
MOCYT BCTPETHTbCS 3aTPyLAHEHHS B CBsSH C BHIYUCIe-
HHEM NpaBHX yacTeji ypaBHenuil (14), T. €. HHTerpaJos

b

(F, )= \ () xdx, i=0,1,...,m,

S}

XOTs1 KO3 PHUIMEHTH CHCTEMBI, T. €. CKaJspHbIe IPOH3Be-

NEeHHS
b

l .
(¢f1 q)k)= b—a Sx]+kdx’

a

BBIUHC/ISIIOTCA NPOCTO.

[ToaTOoMy uamie METOZ HalMEHLIUHX KBajipaTteB Lpil-
MeHsieTcs B AMCKPETHOM Bapuante, T. €. B Enyp. Bubi-
paercs MHOXKeCTBO Touek {x;};_, Ha 3aJaHHOM OTpesie
[[a, b], xoTOpoe MOET OBITL NpeRONpe]eseHO YCJIOBLA-
MH OnbITa NPH HAXOXkIAEeHuH 3HayeHuit Qynkuuu f. YKe-
JlaTeJibEo, 9YTOOH YHCJO TOueK Obljio 0oJblle CTENCHH M
MHOrouseHa xots Obl B NOJTOpa-IBa pasa. ToukH Ha
orpeske [a,b] pacmosaraloTCs N0 BO3MOMKHOCTH PaBHO-
MepHO JH60 HECKOJbKO CryI{aloTCs B TOH YacTH OTpPe3-
Ka, Ha KOTOpPOH BajKHO HOJIYUHTb Oosiee TOUHYIO almpo-
kcumaio ¢yHkuud. B IHCKpPeTHOM BapHaHTe BBIUHCIE-
Hue Ko3()QHIHeHTOB H MpaBLHX vacTefi HOPMaJbHOI
cucteMsl ypaBHeHuil (14) ¢ MOMOLULIO CKaJsSpPHOrO mpo-
usBezeHns (2) NPUHLIHUNHAJBHBIX 3aTPyAHEHHH He Bbl-
3BIBAET.

Hailigenueii anre6pandeckiii MHOTOUJI€H HaWJIy4llero
cpeaHeKBaApaTHYHOro npubamkenns OyHKuuE [ Ha
muckperHom muoxectse {x;};_j < la, b] B cmbicie pac-
crosuusi (16) oOBYHO NpHHUMAETCs] B KayeCTBEe HEHO-
TOPOro ANIPOKCHMHPYIOUEro MHOTOUNeHa AJs QYHKLHH
f Ha Bcem oTpesxe [a, b].

3ameuvanue 1. Ecnu m = n, To HallAeHHBI B Alic-
KpETHOM BapHaHTe METOJOM HAHMEHbLIHX KBaApaToB
ajare6panueckuii MHOrOWIeH n-ii CTeNeHH COBNAjaeT ¢
HHTEpPHOJSIIHOHHEIM MHOTOYJEHOM, Tak Kak YKJoHenue
HHTEPNOJSUHONHOIO MHOTOUJIEHa OT 3aAaHHOil (ynxuuH

f ma mHoxecTBe TOuek {Xx;};_, B CMbICJ€ DACCTORIiA
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(16) B cuny (4.1) paBHO HyJIO, a MeHble OLITH He
MOJKET.

CpennekpajpaTHynbie npuOHKeHuss GYHKUM aJ-
re6paMyecKMMH MHOTOYJIEHAMH HCIOJb3YIOTC OOBIYHO B
Tex cJydasix, Koraa npubamxkaemas QyHkuus He obJa-
AaeT JOCTAaTOYHOH TJIaJKOCTbIO H [IJis Hee He yJaercs
NIOCTPOUTH TOAXOASIIEr0 HHTEPIOJSLUHOHHOIO MHOrouJe-
Ha (cm. § 4—7,9), cnnafina (cm. § 11) uiun MHOroy/IeHa
paBHOMepHOro npubimxenus (cM. § 12), a Takxe ecan
3HaueHHs (QYHKUMH HM3BECTHH B JOCTATOYHO OOJIbLIOM
ypcje TOYeK, HO CO cayyadHbIMH omunbGkamu. Bonpoc
BJMSIHHSL CJYYaiHBIX OIIHOOK Ha anIpOKCHMHPYIOLIMHA
MHOrOUJICH paccMaTpuBaeTcss B cjaelylolieM naparpade.

[IpuMeHeHHe OPTOTOHAJbLHLIX MHOTO-
ygeHOB. Peledne HOPMaJbHON CHCTEMBI YpaBHEHHH
(14) naxoputcsi HauboJee MpoOCTO, €Cau cucreMa (QyHK-
nuit Qo, @1, ..., Qm OPTOrOHAJNDLHA, T. €. YAOBJIETBODSAET
ycaosusm (11). B stom cayuae maTtpuna cucremb (14)
CTAHOBHTCSl AMArOHaJLHON U ToJyyaeMble H3 Hee Ko3(g-
¢GuuueHT MHOrousena (12) Hauayyllero cpejlHeKBal-
paTuyHOro NpubauKeHusi QYHKUMH [ HMEIOT BHJ

_ (Foep .
C]—-W, ]——0, l, I (B (17)

Ouu HaswBawTCa Kodpguyuentanu Pypse GyHkuun f
NO OPTO2OHAAbHOU cucTeme Qo, P1, ..., Pm.
Us (13) c yuetom (4), (11), (17) naxonum

m

p°(F, ©)=IfI —j'z; AT (18)

rie @, — MHOrO4JIeH HaUJy4llero cpejHeKBaApaTHYHOTO
npubiuzkenuss QyHKUMH f, IOCTPOEHHBIH MO OPTOrOHaJb-

HOH cucteMe @o, P1, --., Pm, Cj— €ro KO3(PQHULHEHTEHL.
Orclofa SIBHO BHJHO, 4TO C POCTOM m, T. €. IpH AoOaB-
JICHHM K OPTOTOHAJIbHOH cHCTeMe o, @1, ..., @m HOBBIX

¢yukuuii (6e3 n3MeHeHus crapuix), Beauuuna p?(f, Om),
Boo61ie roBops, y6riBaeT (He Bo3pacraer).

B npocrpanctBe Epy;  OpTOroHajnbHas — cucTeMa
Qo, @15 ---» Pm MOKET COCTOATL He Oojiee ueMm H3
n+ 1-ii pynkuun, T. e. m << n. Ecau m =n u ara cu-
cTeMa OPTOTOHAaJibHA, TO OHA, OyAyuM JIMHEHHO He3aBH-
cuMoii, o6pasyer 6asuc B Enyy. Torna aas ao6oi QyHK-
win fe En Hafigercss Takoilt MHorouwneH @n(x)=
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= co@o(x)+ 191 (x)+ ... + cnpn(x) (Taxkas auveiinas
koMOuHauuss QyHKuui ¢;, j=0, 1, ..., n, ¢ ko3hdu-
uWeHTaMu, 3aBucsmuMu ot f), uto @,(x)=f(x),
x € {x;}i{=0, 1, cnenosatesnvno, p(f, Om)=0. Yrasausmi
MHOrouJjieH, OYeBHIHO, COBIafaeT C MHOrOYJEHOM HaHu-
JIy4ilero CpelHeKBaJAPaTHYHOrO MPUONHKEHHS (DYHKUUH
fe Eny1 npu m=n.

Ha nio6om orpeske [a, b] cywectByer GeckoHeuHas
OpTOroHaJ/IbHasi B CMbICJIe cKaJsipHoro npousBenenusi (1)
cucteMa asrebpavyecKux MHOrouseHOB. MHOrOUeHHl,
3anaBaeMple Bblpa}KEHI/IEM

Ha3bIBAIOTCS MHO204senamnt Jlexcandpa.
OHun o6nanaiT CcBOHCTBOM OpPTOrOHaJbHOCTH Ha
cTaHgapTHom orpeske [—1, 1]:

1 0, j¥k,
1
Xy Xo=5 | K0 Xedx= 1+ = (20
21 2j+1’ Ty

KOTOpO@ TMpOBepsieTCsl HWHTErpPHPOBAHHEM [0 4YacTAM.
OueBnaHo, X.(x) sBJasieTcsi ajare6panyecKuM MHOroYJe-
HOM n-§{ CTeNeHW CO CTApIUUM KO3(pPULHEHTOM, HE paB-
HBIM HYJIIO, TaK Kak I[PH n-KpaTHOM AudPepeHnHposa-
Huu  MuorouseHa (x2 — )" == x2" — nux2-2 L. | | cre-
nesb MOHMIKAGTCS B TOUYHOCTH HA .

Juas muorousneHoB Jlexkanapa crnpaBefjnBa pekyp-
pedTHasa Qopmyna

(n+1DXpyy (0) —@r+ DxX, (x)+ nX, (0)=0, (21)
No KOTOpPO# ¢ ywetoM Toro, uto Xo(x)=1, X;(x)= x,
MoxceT ObITL HaliZeH MHorousieH JlexaHnpa Jio6of cTe-
nesn. B yactHocTy,

Xo(®) =5 @ —1),  X;(x)= (55— 3x),
Xo(x) = 5 (35x* — 30x2 4 3).

Crenymomas JeMMa yCTaHABJIHBAET BaKHOe CBOHCTBO
MHoroujieHoB Jlexannapa, KkoTopoe ucnonsndyerca B § 15.
JlemMma 2. Bece kopru mruozounrena Jlescandpa (19)
OelicTBUTEAbHbIE, NPOCTHIE U PACNOAOJNEHbL 8 UHTEPBANe

(—11).



a5 rJi. 1. IPUBJAMXEHHWE ©®YHKIHM MHOICUJIEHAMH

NloxasarteabcTBo. Ilpekae Bcero OTMETHM, UTO
muorousen Jle:xkanmpa (19) oproromasen joGomy an-:
re6pamyeckomy Muorouneny P (x) cremenu k <n, T. e.

1
1
- S P (x) X, (x)dx =0, k<n. (22)
=1
3t10 yrBepxaenne cieayer u3 (20) u mpencTaBieHHs
muorousiena P, (x) B Bule
Pk ()C): C{,oXO ()C) —l— 061X1 (X) + eee + O!.kX;g (.’C), (23)

rae oo, i, ..., Op— BHOJHE OIpeLeJeHHble YHCJA.
B Buipaxenunn (23) cHauana BuIOupaercss ok, C TeM
ytoOLl ClIpaBa M CJesa COBMAJI cTapuine Kos(guiHe-
7o, 3aTeM HAXOANTCS Gy D T. I
JlonycTim, uto MEcrousien X,(x) nimeer B nHieppale
(—1,1) Toabxo k < n pa3jHuHBIX JEHCTBHTEJbHBIX KO-
neil neuetHo# kpartHoctH. OO603HAUYHM 3TH KOPHH uUepes
X1, X2, ..., X; W 3alajiHM MHOTOUJEH k-il CremeHH
bl { (x —x)(x —x5) ... (x—xz), k>0, o1
k ("’) l, k — O. ( )
OscBUANO, MHOTOUJIEH 1 -+ k-ii cTemeHH, sIBJASIOLINH-
cs npoussenennem Pp(x)X.(x), He uaMmeHseT 3HaKa B
unteppage (—1.1), rie y nero MoryTt ObITb KOPHH TOJIb=
KO UeTHOH KPaTHCCTH, H HE PaBeH TOXKAECTECHHO HYJIIO,
[Tostomy

1
{ Pev XL (0 dx 0,
-1

yTo TPOTHBOpeunT paBeHcTBY (22). CuepoBatesbuo, y
muorousiena Jlexaunpa (19) n-ii cTemenu B HHTepBase
(—1, 1) mMeercst B TOYHOCTH £ MPOCTHIX (OMHOKPATHBIX),
KopHeil.

[1pumep. AnnpokenMupopaTs GyHKImO f(x) = |x| na orpes-
ke [—1, 1] aareGpauueckiM MHOrOYJEHOM UYE€TBEPTOH CTENeHH C
NOMOWBIO MeTOjia HaHMEHbIIHX KBajpaToB.

Pemenne MckoMmuii Muorounen @;(x) npeactasisieM uepes
muorousens Jlexxauapa:

Oy (x) = coXo (¥} + Xy (x) + ...+ ci Xy (x).

B coorsercteuu ¢ (1), (17), (20) umeem

1
2j 41
ci=—];2|_——— S | 1 X (%) dx.

-1
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B yactnoctH, € = 1/2, ¢; =0, ¢2 = 5/8, c¢s = 0, ¢» = —3/16. Ta-
KHM 06pasom,

L 5 21y _3 4 00,2 —

=B e
128 ’ ’

ITockoabLKY

1
=G0 =~ { 1xPax=—,
|

To cornacHo (20) u (18), rne ¢;=X;, noayyaem creayouice 3uaeine
CpelHeKBaLpaTHIHOrO yKJOHeHHss MHorouwsena @;(x) ot f(x) = |x|
Ha [—1, 1]:

e O e N

Moxuo nokasaTb, YTO MHOTOWJEHH Jlemanina
Xo(x), X1(x), ..., Xm(x), ... 00pasyioT NOJHYIO CHCTE-
My OQYHKIHH, T. e, KakoBa Obl HH OblJa QYHKUUS [
e C[—1, 1], ee MmHOrounens M, (x) Hawugyduero cpen-
HEeKBaJPaTHYHOrO MPUOGIUIKEHHSI, MOCTPOCHHBIE MO 1iHO-
rounenam Jlexauapa, CXOATCA K (PYHKIMH [ B cpelHeM,
T. e. cpelHeKBa[paTHUHOE PacCTOsSIHHE

o(f, ®m)=*\/ 5 | G — @,y ar

CTpeMHTCS K HYyJI0 NpH m—>oo. OQHAKO CXOZUMOCTh
B CpejHeM He rapaHTHPYET, UTO B KaiKIOH TOYKE X OT-
peska [—1,1] cymectByer paBHbd f(x) npenen
lim @, (x).
m->» oo

HmMetoTcss anreGpandeckne MHOTOUJIEHH, OPTOrGHAJL-
Hbie Ha JHMCKDEeTHOM MHOXKECTBE TOUEK, T. €. B CMLICJE
CK&JsipHOro mpousBenenus (2).

Muorouner ¥ =x(x—1) ... (x —(p —1)) Hasw-
BACTCsl (PAKTOPUANLHOIM MHO204ACHOM CTeneHu p, xO ==

=1
& .
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,H,JIH KaxJI0ro HaTypaJbHOIrO n ONpeleJieHa CUCTemMa
muoeounernos Yeboluiesa

m

Pra (%)= Z(—l)’ '”(,";“ o, (25)

m=20, 1, ..., n, OPTO2OHAAbHbIX HA OUCKPETHOM MHO-
HeCcT8e YeAOUUCACHHDIX TOYEK {xi}izo, x;=1, T. €.

0, jF+=m,
(Pmm Pjn)= (m—+n+ 1)(m+1) j=m (26)
A @mA4 ) (n4 1)’ ’
1 e
rae (f, &)= 17 L [(De ().
B yacTHOCTH, IMEEM
POn(x):l’
Pi(x)=1—2=>, (27)
1
Pon(x)=1—6- +62§Z_l;
CpenHekBajagpaTHUHE € NpuUOJNHKEHHSA
Tpl/H‘OHOMETpH‘IeCKI/IMH MHOIroudJieHaMH.

Qyuxuus
O, (x)=ay+ 2. (a, cos px + b, sin px), (28)
p=1

rie ap, bp— NpOH3BOJIbHLEIE YHCJIOBHIE KO3(P(HUIHEHTH,
HA3LIBAETCA TPULOHOMETPUHECKUM MHO2OYAEHOM TOPSA-
Ka m. '

TpuronomMeTpHyeCKHMH MHOIOYJIEHAMH €CTECTBEHHO
npubauKaTh INepHofHYeckHe (GYHKUMH nepuoja 2.
B Teopun pspoB Pypre ycTaHaBJIHBAeTCd, 4TO KO3(du-
LUHMEHTH TPUIOHOMETPHYECKOrO0 MHOTOUJieHa HaHJyylliero
CpPelHEeKBaAPAaTHYHOTO  NPUONHIKEHHST  HempepbiBHOH
2n-nepuosuueckoil Gynkuuu f, A KOTOPOro BeJuYHHA

p(f, Q)= /\/—2%‘— 5 (f (x) — T (x))dx
0
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NpPHHIMaeT MHHMMaJbHOe 3HayeHHe, 3afalorcs (Qopmy-
aamu *)
27

S [(x)dx, ap=—:; S f(x)cos px dx,

U

1
2mn

a():

(29)

an

b,,=% Sf(x)sinpxdx, p>0,

0

1. e. siBAsilotea koapguuuenramu Pypve. He ocranas-
JuBasicb Ha 3TOM Bompoce NoApo6GHee, OTMETHM JIHIlb,
yTO Ha NpakTHKe BbluucieHue Koadduunentos dypre
(29), 3ajaBaeMblX B BH/E HHTErpajioB, MOXKET BbI3BATDH
3HauuTe bHblE 3aTPyAHEHHs.

PaccMoTprM 3ajauy HaXOXKIEHHsI TPHrOHOMETpHue-
CKOro MHOrOYJeHa HauJyyllero CpeJlHeKBaJpaTHUROro
npuG/IKEHUs Ha AUCKPETHOM MHOxkecTBe Todek. Ilycth
n, m — HaTypaJjbHble, m << n/2,

D = {x;}i-o0, . (30)
rae x,-=—’;2—fl—, i=0, 1, ..., n. Ilonoxum
(p()(JC): 1: q)p()C)=COS px, 'tpp(x)=3in px, (31)
p=1,2, ..., m

MosKHO 10Ka3aTbh, YTO TPUIOHOMeTpHYeckasl cucrema
¢yukuuit (31) opToroHajpHa Ha JMCKPETHOM MHOXKe-
ctBe (30) B cMblcsie CKaJsIpHOrO npouspeleHus (2), a
HMEHHO,

(@, Pe)=0, j=0,1, ..., m, k=1, 2 ..., m,
((Pr» (ps)=0’ rs, (l‘pta 'lpq)zox t%% (32)
(‘Po, Q) =1, ((pp, (pp)=('lpp’ ’ll)p)= 1/2,

p—=1, 2, ..., m<nf2.

[TosToMy KO3(pULHEEHTH TPUTOHOMETPHYECKOTO MHO-
rouJieHa HaWJIyylllero CcpeIHeKBaApaTHYHOrO mpubJnKe-

*) Cm. Byrpos §. C, Hukoabckuit C. M. Ilupopepen-
uuaibHbie ypaBuenus. Kparuele muterpaisl. Psanbl. (PYHKUHH KOM-
IUIeKCHOTO nepemennoro. — M.: Hayka, 1985. —§ 4.3, 4.9,
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musg QyHRupH f Ha puckpetHoM MHoxkectse (30), mmero-
11Eero BUJ

O, (x)=0y+ p; (a, cos px -+ B, sin px), (33)

Haxoasarcs corsacio (17), (2), (32) mo dopmynam

n

B

2m 2 f 27 oS 25
O == nr1) T o nF1 Pay1
i=0 i=0
2 v 2mi omi
UL . JUL
Bp="1 —lyf(nv_H sinp =, p=1,2 ..., m
=0

(34)

[Tpu s1oM, ananoruyso (18), momyuaem

o(/, %):1/ T Z(f(m D, () =

= /\/l!fHQ——a?——;—-le(ai—l—fsi),

rae |fIP=(f, = ,H'lLl ZfQ(nQ—fl
i=0

[Ipu yeTHoM n ¥ NpH m = n/2 opTOroHaJbHAs Ha D
TpHUroHOMeTpHueckas cuctema (31) coctout us 2m—+1=
=n -+ 1 ¢yukunii u obpasyer 6asuc B L,y TlosTOoMy
TPHTOHOMETpHYECKHHT  MHorouseH (33)  Hawayyuiero
CpenHeKBanPATHYHOTO NpUONHKeHuss GYHKuHU [ B Eayq,
KO3()(HUHEHTE KOTOPOr0 BHIYMCJAIOTCS TO (hopMyJsam
(34), siBaisieTcsl NpPH YKa3aHHBIX #7, 7 HHTePIOJALHNOH-
HEIM, T. e @ue(x)=f(x), t——O, 1, ..., n wu
o (f, @) =0.

SamMeyanue 2. Kak yxe oTMeuasnoch BLINIE, He
BCerja MOJIe3HO, HalpHMep, Korja 3HayeHHs (YHKIHH
H3BECTHL C IOTPEUIHOCTSAMM, aNIpPOKCHMHDOBATL (DYHK-
[0 KHTEPIOJSLHOHHEM MHOTOYJEHOM. DTH INOrPeLIHO-
CTH BHOCST HCKa)XCHHS H B MHOrOYJIeH, HailleHHBI
MeTOJIOM HAHUMEHBLINX KBaJpaToB, M TEM CHJIbHee, 4eM
Goaplie m, T. €. MOPSILOK (MJIM CTeneHb) MHOrouJieHa,
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a HHTEPNOJIALHOHHOMY MHOTOUJIEHY OTBEYaeT MaKcH-
MaJibHO BO3MOXKHOE m MPH 3adaHHOM 7. JTOT BOMNPOC
noapo6HO paccMaTpHBaeTCA B CleAylolueM naparpage.

§ 14. Uccnenosanue norpeunoctei
cpenHEeKBaAPATHYHBIX NPUOAKKEHNI.
Craaxupanue HaGa04eHAI

B opanHoM maparpade U3yyaioTCsl TOOTPELIHOCTi
cpelHeKBaAPATHUHLIX NPHOJMHIKEHHH, MOyd2eMbIX METO-
JI0M HaMMEHbIIMX KBaJpaToB B MHCKPETHOM Bap@aHTe.
PaccmaTpnBaetcst BiusiHHE caydaiiHBIX OWIKMOOK B 3Ha-
yenusix GyHKuuit (OWHOOK Pe3y/ibTaToB HAGMIOAEH i) |
HCC/eAyeTCsl NMOTPEMIHOCTh MEeTOAa, BO3HHKaiomad 24
cueT TOro, yTo npubamxaemass QyHKLIHSI He MphHalie-
JKHT KJacCy MHOTOYJIEHOB, KOTOPLIMH CCYIIECTBJRETCH
npudamxkenne. Jlonyckaercs pasienbHOe PaceMCTpenne
ciyyaiiHoil OIIUOKH M TOrPCIUIOCTH METOAA, MOCKOILKY
OLepaTep MOCTPOGHAS MHOTrOUJieHA HAWJIYYINErc Cpeie-
KBaZAPATHUHOrO OPUOJIHIKEHHs]  sBJAETCSl  JTHHEHBIM.
B 3akaioueHne pa3bACHsETCA Npoueaypa CriaazKupaHus
HaOI0ACHUH.

[lyctb, kak u B § 13, Enp1— €BKJIWAOBO NPCCTPaH-
cTBO (DYHKIHH, 3af2HHBIX Ha KCHEYHOM MHOXKECTBE T0-
ek {x;}i=o =[a, b], cO cKanApHBIM NPOH3BEAEHHEH
(13.2). Tlpeanonoxkum, uto B Ly A211a OPTOrOHABHESA
ciicreMa QYHKUHE o, @1, -+.5 Qm, T. € YAOBJIETBOPIO-
mas yeaosuam (13.11), npuuem *) m << n. Io sroii cit-
creMe (GYHKUMIl CTPOMTCS aNNPOKCHMHPYIOULHH MIOrC-
qJIeH.

JlonyeruM, uto BMecto smauemnil [(vi) ¢ynxumn f
H3BECTHBE UX MPUOJIKEHHDIE 3HAUCHHSA

f:zf(xi)—{_ni’ i=0, 1, ooy 11,
31ech 1; — OWNOKH HaOJIOJeHN, sIBJISIOLIIECs HezaBl-
CUMBIMH CJIYYAHHBIMH BeJHUYMHAMH C HY/EBLIM CPeAHEM
apayeHHeM M AUCHEpCHEH, He 3aBHCsUled OT i, T. €, B

YaCTHOCTH,
M[n]=0, i=0,1, ..., n, (1)
0, is],
. = . i 2
M["h'ﬂj] { 0,2, i=j, ( )
*) TlockoabKy OPTOrCHANbHEIE (GYHKUMH JIHHEHO He3aBHCHMEI,

TO HX HHCJ0 M + 1 He MOxKeT NPEeBLICHTD paamepﬂocrb npocTbaHCTEa
E.+1, paBayo n 41,




92 1. 1. IPUBJIM)KEHUE ®YHKIOUM MHOTOYJEHAMHU

rae M[E] — MaTemMaTHUeCcKOe OXHIaHHE CAydYyaiHOH BeJsH-
YHHBL .

Torpa BMecto koa¢p¢uuuenros (13.17) MHOrouseHa
HaUJAyullero CpefAHeKBaApaTHYHOrO NPUOHHKEHHS QYHK-
unu f, umeromero Bun (13.12), 6ynyt HalineHBl KO3(hQH-
LHEHTHI

s ey (GAme)  Fep) | moe)

=n e~ (@ned @ o) + @nep G ¢t Vi
(3)
rge
9
Y= o @

vyj — cayyaiiHas omnOKa j-ro Koa(guireHra.
Orciona ¢ yuerom (13.2), (1) nonyuaem

™. @) 1
Mlvii=M [ @1 ) ]= @ e MU e)l=

l n
M [n_ll_ i l_;) mw,(xi)] =

= (95 1)

n

= ey & MmI=0. ©)

Takum o6pa3oM, MaTeMaTHYECKOe OKHIAHHE MOrpPeLIHO-
CTH Ka)XJAOoro Ko3gp¢uuueHTa annpoOKCHMHPYIOLLEro MHO-
royjsieHa paBHO HYJIO.

INpunumas Bo BHuMaHue (4), (13.2), Haxonum

Myjvel =

1 [ i :9P1 (xi)qzi:o NP (xq)] =

= F D% 97) @ 9%)

1

= G T e 0 22, % (0 9 (k) Mgl

B cuny (2) B InBOitHOH cymMme MOryT OBHITh OTJIHU-
HBEIMH OT HYJsl TOJBbKO cjlaraeMble, OTBeYawlIHe ¢ == i,
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Orciona ¢ yuerom (13.11) mosmyuaem

Mly;vel =
1 1\
T a4+ 1) (@) 9)) (P 9r)\ n+1 Z: @1 (%) @ {x1) 0 )
_ (q’]' k) o? { 02 & > j’ (6)
= i - - = g — i
(n+1) (9, ;) (Pr, Pr) [CESCTRTL k=j,

T. €. IOTPEIIHOCTH Pa3HbIX KO3((UUHEHTOB HEKOPpeJH-
poBaHbl MexAy co0OH, a JAHCIepCHS NOrPelHOCTH [-TO
Koa(duuueHTa BeIpazkaercs (GopMyJoH

o2
Pl =D ")

rie o? — pucnepcusi own6oK Hab0AeH i,
Ha ocrnoBanuu (3) umeem

Dp (x) = Z=3 ¢ig; (x) =j§ (c; + v)@;(x) =Dy (x) + ' (1),

rupe
L (%) =ve@0 (£) + v1@1 (¥) + - .« + VP (x),  (8)

m (x)— cayuadinas owmm6Ka annpoOKCHMHPYIOLLEro MHO-

roujieHa (D:n(x), HaH/leHHOro MeTOJ0M HaHMEHbIUHX KBal-
paToB, M (x)— MHOrouJIeH HaHJYYIIEro CpelHeKBaapa-
THYHOrO NMpPHOJHKeHHs: QYHKUUH [ OpU OTCYTCTBHH CJy-
YafHHX OIIHOOK.

(8) aprymeHT x MOXeT NpHHHMAaTh 3HAYEHHS H3
KOHEUHOr0 MHOXKeCTBa {X;}i—o U JIoOble ApyrHe 3HauUCHHS,
NpPH KOTOPHIX oNpefesneHbl (QYHKUHH o, @1, ..., Qm.
B uacTtHOCTH, ec/ii B KauecTBe YKasaHHBIX (PyHKUuil Oe-
PyTCsl OPTOTOHaJIbHBIE Ha JAHCKPETHOM MHOXKECTBE MHO-
rouseHsl Yebuimesa (13.25), To x MomeT npoberath BCIO
JeHCTBUTEJIbHYIO OCh.

[IpuHuMas Bo BHHMaHHe (5)— (8), Ha OCHOBaHHH H3-
BECTHBIX TEOpeM TEOPHH BEPOSITHOCTEH O TOM, YTO MaTe-
MaTHYeCKOe OXHAaHHEe CYMMBl CJy4afHBIX BeJHUHH
PaBHO CyMMe HX MaTeMaTHUYeCKHX OXHAaHHH, a aHcuep-
CHsl CyMMbl HEKOPPEeJHPOBAaHHBIX CJYYaHHBIX BeJAHYHH
C HEKOTOPHIMH KO3(p(HLHEHTAMH paBHa cyMMe HX LHC-
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nepcuii, yMHOXKEHHLIX Ha KBaApaThl KO2(P(HIHEHTOB, IMO-
Jnyuaem

ML, (x)] = @o (x) M [vo] + [pl()‘)M [y + -

o? (P,Q- (x)

n+1 14;-5 (@5 @) (10)

D [Fm (x)] =

Hrak, maTemaTtHyeckoe OxHJaHHe cayuafiHOH omns-
Ku I'm(r) MHOrouseHa HauJyuylllero CpefHeKBaApaTHU-
HOrO0 MpHOJIHMKEHHsT PaBHO HYyJI0, a ee JHCIePCHA NpH
JiloGoM (PHKCHPOBAIIIOM X, BOoOLile TOBOPS, pacrer ¢ yse-
Juuennes m, Taxk kKaxk npa stom B (10) nobasasioren
HOBLIE IICOTPHIATRADBHBIC Cldlacmbie.

Samevanue 1. Ecan omn6su HalmoAennii n; pac-
npeaesieHel MO HOPMaJbHOMY 3aKOHY, TO IIOCKOJBLKY CO-
rnacio (4), (8) ommobka I'n(x) B anmpoKCHMHpyOUlEM
MHOIOWIGHE 3aBHCHT JHHeHHO OT OWHOOK HaOJJeHH,
oHa ToXe npH J1oOGoM (GHKCHPOBAHHOM X pacnpejeseHa
HOpMaJIbHO.

Mepunonuuecknin cayuait. Ilyets [a,b]=
= [0, 2n], 3Haveuns 2m-neproAnueckoi GyHKUUM [ usBe-
cTHH B TOYKax x;=2ni/(n+1), i=0, 1, ..., n. Muo-
rowied HAaWJyUIIero CpeiHeKBaAPaTHYHOrO NPHOIHIKE-
Hiust (GYHKUHH [ Ha JAHCKPeTHOM MHOXKecTBe {X;}i—¢ IO-
CTPOEHHLIH 10 OPTOTrOHAJBHOH TPHIOHOMETPHYECKOH cCl-
creme Qyurunit (13.31), umeer sup (13.33), npuyem ero
ko3 uLeHTH Haxonatces no Qopmynam (13.34).

Ecin 1jst moCTpOeHHs anmpOKCHMHPYIOILEro MHOIo-
yjleHa HCHOJBL3YIOTC 3HaueHus QyHKuuH [ ¢ omnOKaMu
1);, SIBJSIOIIHMHUCS CJayyaiiHEIMH BeJUYHHAMH C HyJje-
BLIM CpeIHHM H oOjajaioliumu cBolicTBoM (2), TO B
cootserctBud ¢ (10), (13.31), (13.32) wumeem 1npH
m<n/2

v o [ ew ( @2 (x) ua,, (x) )
DIy ()] = n+ 1 (((po, Qo) + Z (Ppr ¢p) (ﬂp Pp)

(1+2Z(cos px + sin? px) —--2—'”—_:“—1102. (11)

n+1

Takum o6pasom, jaucnepcust omn6Kku I'm(X) anmpo-
KCHMHUDYIOILEr0 TPHIOHOMETPHUYECKOTO MHOrO4JIeHa IO~
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psilKa m pacTeT JHHEHHO OT M W He 3aBHCHT OT X, Hpll-
uyem corgacHo (9) M[I'm(x)] = 0. CpenuexBaapaTuutoe
3Hayenue oWHOKH T'n (x) o6o3HAUHM uepe3 Om(x):

on()= VDl =0 A/ 255D, n< 2, (12)

rie ¢ — CpeJHeKBaApaTHYHOe 3HaueHHe clHOCK HabJ10-
JeHui.

OcTaHoBUMCSI Temepb Ha HCKa)MeHHsX KozbiiuiieH-
ToB $ypbe, BO3HHKAWIUINX 3a cyeT AHCKpeTHOCTH. [oO-
NYCTHM, YTO HempepelBHas 2q-nepuopnueckas Gyiuxunsd f
pasiaraercst B paBHOMEpHO cxojsiuguiicst psan Pypre:

f(x)=a,-} Z (ap cos px -+ bp sin px), (13)
p=1

TIe g, Op, bp— Koadhduuuenter Pypre (13.29).

Torza MOXHO [0KasaTh, YTO eC/H, Hamnpumep, 1 —
yeTHOe, TO Koa(pduuuentsr (13.34) muHorounena {13.33)
HaN/Iy4qllero CpeiHeKBaAPATHUYHOrO IPpHOJIHKEHHsST (QYHK-
nuu f BeIpaxaroTtcs yepes Koahduuuentol @ypoe (13.29)
¢yuxuny f (mpu OTCYTCTBHH olnOOK HalJIofeHuil) cie-
AYIOLLIHM 00pasoM:

Q=0+t ay,+ ...,

=0yt An_p+ QuyptQupt nyp+ ..., (14)

Bo="bp—bn—p+bnip—bopnp+bonip— .-,
I<p<<m<{n/2.

Ecan xosdduunentol Pypbe ap, b, ybOpiBaior GLICTPO,
TO dp, Pp OpH HeGOMBWIUX p CGJIUBKH K Qp, bp, OAHAKO
C DPOCTCM p OTHOCHUTeNbHBIE HCKAXKeHHsI OOLIYHO YBEJII-
YHBAIOTCS.

Kosdpouunentnr (13.34) Tarke MOXKHO paccMaTtpi-
BaTh KaK INpHOJHKEHHs] KsaLpaTypHHIMH (OpMyJaaMH
npsiMmoyrojibHHKOB (cM. § 15) uurterpasnor (13.29) (tou-
Hee TOBOPS, PaBHEIX UM HHTErpaJioB B Ipefenax oT it/
10 2t -+ s/n). B npenmnosokeHny, 4To paccMaTpHBaeMasi
nepuoanyeckass QyHKuHs f ABaKAL HempepuBHO Al pe-
peHuupyeMa Ha Bcefl neHCTBHTeNBHON OCH, H3 H3BECTHOMH

Qopmynrer  (fg)” =["g+2['¢’+ [g” nerko caenyior
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HepaBeHCTBA

[max )I (f (x) cos pxY" | << My + 2pM, + p*M,,
e o, . 15
ma [((x)sin ps)” 1< My 20My + P (15)
roe p=0, 1, ..., m,
M,= max |[9(x)]. (16)

(—c0, o)

Ha ocuoBanun (15), (16) u ouenkn (15.31) norpeui-
HOCTH KBaapaTypHOH (GOpMYyJH NPSAMOYroJbHUKOB cCie-
LyIOT OLEHKH

|y — o | <y M,
lay — 0y | < o (My+ 2pM, + p°Mo), (17)
16, — By | < o (M, 4 2pM; + p?M),

rne p=1,2,. < n/2.

Ocraercs oueHmb octaTok psina Pypee, T. €. MO-
IPELIHOCTb, BO3HHKAIOWYIO 32 CUET 3aMEHbl psila dypbe
(13) ero uacruuHoii cymmoii nopsaaka m. [lpu ycaosny,
yro 2m-nmepuojanyeckass QyHKUHS f HempepeIBHO o de-
peHuupyemMa ¢ pa3 Ha AeHCTBHTEJbHOH ocH, MpHMeHsd
g pa3 MHTerpupoBaHHe Mo yacTsiM B mHTerpanax (13.29)
H yYHTBIBasl, UTO NIPH HATYPaJbHOM p

21 23T

S |cospx|dx=8 | sin px |dx =14,

0 0
nonyyaem OLUEHKH

4 Mg 1
]aplylbplg.?—pq_'r p> )
rae M, — Bequnuuna (16). _
Otciofia, MOCKOJBKY| cos px |4 | sin px | << «\/2, npu
g = 2 cneflyeT HepaBeHCTBO

Y. (a,cos px + b, sin px)| <

p=m+l

44/2 oodp___4/\/2— M, 1
<Y ng;—_ e (18)
m
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Hrag, paccCMOTpeHH TpPH COCTaBJSIIOLIHE [OrpelHo-
CTH, BO3HHMKAKOUIeH NPH anmpoKCHMAaLHH NepPHOJHUYECKCH
()YHKIZHH TPHTOHOMETPHYECKHM MHOTOUJIEHOM [0 METOMY
HaHMeHbIIMX KBAaJpaToOB, a MMeHHO cjydafiHass omudka,
3aTeM MOrPeIIHOCTh HavyaJbHHX Kod(duuuentos Pypoe
3a cueT AMCKDETHOCTH M, HAaKOHel, OCTaToK psina Pypbe.

CienaeM HEKOTOpBIE BBIBOABL. YBeJHUeHHE 1, T. €.
yncsa Touek x; Ha orpeske [0, 2], BJeueT ymeHblIeHHe
pucnepcuu  (11) cayyafinoit ommOKH M CHOCOGCTBYET
yMeHbUICHHIO BO3HHKAIOLIUX 3a CYeT JAHCKPETHOCTH HCKa-
sKeHHH Ko3(¢uuneHtoB Pypbe (BO BCAKOM Cjlyyae Ipa-
Bble YacTH OneHOK (17) cTpeMsiTcst K HYJIO NPH 1 —>-00).
Hanpumep, eciu n = 27, m = 3, To cornacho (12) cpex-
HeKBaJpaTHYHAsI NOrPEIIHOCTb aNNPOKCHMHPYIOLIEro MHO+
rouneHa Oyler B ABa pa3a MeHble CpelHEKBaApaTHY+
HOH omm6OKU HabawoAeHuil. B 3TOM, B 4aCTHOCTH, COCTOUT
criaKuBamoUHi 3¢ (GeKT MeTona HAHMEeHbUIHX KBaJPaToB.

Jlnst (pUKCHPOBAHHOrO n mpH BHOOpe m << n/2 cne-
AyeT cobmionaTh KOMIPOMHCC My caydaiiHoi owus-
Koi, pactyueil cornacho (12) npu ysenunuenun m, a Tax-
3Ke MOrpeIIHOCTbIO, BBI3BAHHOH HCKaXKeHHsIMH KO3 ¢u-
upenTo @Pypbe, YHCJIO KOTOPHIX INPOIOPIHOHANLHO 171,
¥ TOrpellHOCTbI0 OTOpacelBaHHsi ocTaTkKa psfa Pypoe,
oueHka (18) kotoporo ynyumiaercsi C yBeJHUEHHEM M.

Henepuonuueckuit cayuyai. Paccmorpum
cpefiHeKBaApaTHUHble NPHOJIMIKEHHsw (YHKUHIL, onpeje-
JIeHHBIX Ha MHOXecTBe {i}i=o LeJOYHCJIECHHbIX TOYEK, Op-
TOroHaJbHBIMH MHorowienaMmu YeOwmesa (13.25). An-
IPOKCHMHPYIOIHH MHOrOWIeH CTeNneHH m << n st pyHK-
uun f, HalJeHHBIi MeTOAOM HaHMEeHbIIHX KBaapaTos,
HMeeT BUIL

@, (x) = ;Oc,P,,, (x), (19)

rae cornacro (13.26), (13.17)

_ (. Pln) (20)
Cl— (] jn» Pln) ’
npuuenm (f, g)=71—l_F—Tt§)f(i)g(i).

Eciu 3HaueHHst PYHKUHM [ B TOYKAX MHOMKECTBA
{i}i~o u3BeCTHH CO CJAyYaHHBHIMH OLIMOKAMH 1), odJa-

4 E. A. Bosxos
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nalowumn csoiicteamu (1), (2), To cornacuo (9), (10)

3l 2 - Pzﬂ (x)
M[Fm(x)]zo: D[I m(’c)] n+l (ijn Pjn)’ (21)

rae TI'y(x)— cayuaiinas ownbKa anmnpoKCHMHPYIOIIEro
MHOroujiena. B 4acTHOCTH, IPH annpOKCHMaLHH MHOTo-
YJIEHOM NEepBOIl CTeNmeHH, T. €. IIpH m = 1, Ha OCHOBaHHH
(21), (13.26), (13.27) nmeem

12 (x — n/2)?
DII'(x)]= ,1_|_1(1+ n(n+2) )' (22)

Hrak, ¢ ypennuenuem m (m << n), T. e. CTENEHH all-
IpoKCHMHUpYIoliero MHorouseHa (19), npu ¢QuKcHpoBaH-
HbIX n, X JUCIepcHs caydaiinoil ownbkH, Boobule roBops,
pacter. B oTiinune 0T NepHOAMUYECKOrO CJyuasl, AHCHEp-
cust cayyafiHo# owmGKH HENOCTOSIHHA, & HMEHHO, B Cepe-
JIMHEe TNpPOMeXyTKa HaG/iofeHuil OHa 3HAYUTEALHO MEHb-
uie, yeM Oimxke K ero KoHmam. [Ipu m =1 3T0 sBHO
sunHo us opmynn (22). Kpome Ttoro, maa uajioctpa-
IH1 CKa3a#Hore npuBegeM Tabsauuy sHayeHHH AHCNEpCHH
ownbku 'm(x) mpr n=10, o> = 1.

TaGaunna 3
3nauenna D [Ty, (x)]

m ’ 0 , 1 ' 2 ! 3 l 4 I I 10
x=0; 10 ,o,ogl 0,32 ] 0,58 | 079 | 091 | | 1,00
x=5 ]o,og ’ 0,09 | 0,21 ! 021 | 033 | | 1,00

3ameuanne 2. Ecain Haba0leHUsT NPOH3BOAATCS
C MOJOXKHTEJBHEIM LiaroM A =1, T. e. B TOYKax x =
=0, h, 2h, ..., nh, T0 BClogy MHoOrouwleHno YebwlleBa
Pun(x) 3amensioress Ha Pmn(x/h) u, cleloBaTenbHO,
B ¢opmysae (22) cnpasa x 3aMmeHsiercs Ha x/h. Cxansp-
HO€ Npou3BejieHHe NPH 3TCM 3aJaeTcs Tak:

(I, @)= 7 & [ (0 g (ih).

Paccmorpum norpeiinocts Metofa. Ilycts omnGok Ha-
Gmonennii Het, HO QyHKuua f He sBJAseTcs ajrebpanve-
CKHM MHOToujleHOoM m-ii crenenu. [Ipeanosnoxkum, 4TO
npoMexytok HaOmomenui [0, ni] nesesuk, Toraa, ecin
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fe& Cnt110, nh], B mepBoM npuOIMKEHHH MOXKHO CUH-
TaTh, YTO0 (GyHKUHA [ ecTb aJjrefpanyecKuil MHOroOuJeH
crenmeHn m -1 co crapminMm KO3¢HHIHEHTOM, PaBUBIM
JOm D (xep) / (m 4 1)1, roe xep = nh/2.

Ionyctum fJist ONpeieeHHOCTH, 4TO (QYHKUHsS [ siB-
JisieTcsl MHOrOUJEHOM cTeneHd m -+ 1 ¢ yKasaHHBIM cTap-
wum  xosddunuentoM, npuuem m << n. Torma MeTod
HauMeHbLIHX KBAaJAPAaTOB NpPHUBENET K TOXKAECTBaM

f(x)E P (x) =Cp1Putin (x/h) 4+ @, (x), (23)

rae @, (x) uMeer supaxkenue (19), B Kotopom cnpasa
BMecTO Pj,(x) crour Pj.(x/h).

[Tepsoe TOXAECTBO CIpaBelJHBO B CHJY TOrO, UTO
J1060ii MHOro4wIeH cTelneHH m -1 TOUHO BOCCTaHAaBJIH-
BaeTcsl METOAOM HaHMEeHbIIHX KBanpaToB, €CJIH CTefNeHb
annpOKCHMHPYIOLIEro MHOrowiena pasia m -+ 1, npuiaem
m -4 1 << n. Bropoe TOx/1ecTBO Bhpa)aeT TOT QaKT, uTo
@y (x) monyuaercss corsacHo (19) u3 @m(x) nobGas-
JleHHeM ofHoro cjaraemoro. Taxum o06pasoM, norpeiu-
HOCTb aNmpOKCHMAalUHH MHorouneHa f(x) cremenu m -1
MEeTO/JOM HAMMEHbIIHX KBaJPATOB MHOTOUJIEHOM CTENeHH
m HMeeT BEIpaxKeHue

f(x) — @p(x)=cms1Pms1. n(x/h)f (24)

npuueM KO3GQHIHEHT €y MOXKET OHITbH HaiilleH Kak mo
dopmyse (20) ¢ yueTom 3aMeuaHus 2, TaK H M3 YCJIOBHSA
COBNAjileHus cTapluux Ko3(pQHIHEeHTOB B JIeBOH H NPaBOH
yacTsx Toxzaects (23). [Tpunumasi Bo BHEManue (13.25),
BTOpHIM CHOCOOOM HAXOAHM

Yn+lhm+l (m 4 1! n(m+l)f(m+1)<xcp). (25)

Cm+1=(_l) @m + 2)!

B yacTHOCTH, €c/IH
f(x)=ax¥24+bx+c ("=a>0),
m=1, to B cuxny (24), (25), (13.27)

F0) — @y (x) = ah? 2O (1 — -+

+ =y 1))

4%
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npuyeM npu n > 1
12 x x
F— o ~ag (1-6F (1 =)

rie | = nh— nauHa npomexytka HaGmonenui. I'paduk
MHOrOUJIeHa, CTOslero cnpasa, u3o6pax<eH Ha puc. 6.
B paccMOTpeHHOM MpHMepe NIpH m == 1 MOrpelmHocTb
MeTo/Ad, TaK e KaK M cjyuyailHas omubxa, B cepeinHe
npoMexxyTka HalmlofeHHH MeHbIle, YeM Ha €ro Kpasx.
AnaJjiornuHoe siBjleHHe HMeeT MeCTO W NPH APYTHX ni.

.‘4
I
7 '
]
]
z 1
0 2 L.
\_i/ YA
—12 1
a7 R

Puc. 6

_ B mesom u3 paccMOTpeHHusi caydalHOH OLIKOKH H 1O~
rPelIHOCTH METO/a B HeNepHOAHYECKOM Cylydae NPHXOAHM
K CJelyIOHMM BbBOAaM. MoMeHTH HabJIOfeHHH (TOuKH
n3MepeHHii) 1esecoo6pa3Ho BHIOHPATL TakK, YTOOB HaH-
6osiee MHTEPECHHIH YU4aCcTOK OKasajcs OJiuKe K cepefuHe
npomexKyTka HaOJIONeHHH, Ille MeHbIlle KaK CpeJlHeKBal-
paTHyHasi cayyaiHas omnbKa annpOKCHMHPYIOLIEro MHO-
royjieHa, TakK H OGLIYHO TOrpelHocTs Metoaa. Ilpu
NOCTAaHOBKE HabaioJeHHH U BEIOOpe CTeNeHH 11 alllPOKCH-
MHDPYIOLLEr0 MHOroujieHa cjeflyeT coO/0AaTh KOMIpo-
MHCC cJyuyaiiHOH own6Ku 1 morpemHoctH Merona. Cpen-
HeKBaJIpaTHUYHOe 3HAueHHe CJy4YaHHOH OIWMOKM pacTer
c yBesinyeHneM m (m << n), HO yObHIBaeT C yBeJHYEHHEM
n. TlorpemwiHocTh MeTOa OOBIYHO pacTeT C yBeJIHYEHHEM
nh, Ho YOBIBAET C yBeJHUEHHEM M W yMeHbLIEHHeM A npH
(PUKCHPOBAHHOM 1.

CrnaxuBaHue HaOanoxneHu#. H3 dopmyn
(19), (20) BuaHO, YTO 3HAYeHHe AaNNPOKCHMHPYIOLLErO
MHOrouJieHa B KaxJoii (PUKCHPOBAHHOH TOUKe X JIMHEHHO
sHpaxkaercsi 4Yepe3 Habmofaemble 3HaueHus. Ilycrb
n = 6, m = 3. O6osHayuM uepe3 f; 3HaUeHHe MHOrOUJieHa
@;(x) B cpeaHeil TouKe NpoMexyTka HalJIOAEHHUH, a de-
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pes fizs, fime, fi—vr fi, fix1, fit2, [i+s — ucCnonbsyemuoie Ha-
GJiojiaeMble 3HaYEHHSI, YHCJIO KOTOPHIX paBHO n+ 1 = 7.
Torna 1

Fi = (—2F i+ 3F1_s -+ 61y + 7f; + 610 +
+ 8f1es— 2f142). (26)

CriiakuBaHue COCTOHT B TOM, 4TO TabJsuua HabJioze-
HHE [; C NOCTOSIHHBLIM IIAroM 3aMeHsieTcsl Ha TabJHILy
BeJIUYHH f;, BHUHCICHHHIX, HanpuMep, no ¢opmyne (26).
dTa Tabauua NpeanosaraeTcsi AJIHHHOH, T. €. COLepIKa-
well 3HayuTeNbHO OGoJsblune, YeM £ -1 3HaveHui. Ha
Kpasx TaGJHlUbl AVl CIJIaXKUBAHHSI HCIOJb3YIOTCS APYTHE
¢opmysbl, noayyaeMble H3 BHIpa)KeHHsi MHOrouyjeHa
@3(x), KOTOpHIH MOCTPOEH MO COOTBETCTBYIOLIUM Kpaii-
HHM y3JaM.

Ins crnaxuBaHusi, Kpome ¢opmyan (26), moryt
ObITb HCMOJIL30BaHB (DOPMYJIH, NONyUYaeMble U3 BHIPAXKe-
Huil MHOrouJeHoB (19) npu Apyrux 3HayeHusx n, m.
IMpuenem emre HecKObKO (OPMYJ CraKHUBaHHUS.

n=2k, m=1:
3
fi=;%(fz + ,_z:l(fl—]"l"fii-]));
4, m=3:

a5 (=3F1g + 12,y + 17, 12, — 3f, o)

n
fi
n==8, m==>5:
Fi = g5~ (161 — 55f,_5 - 30F,_o + 135f,_, +
+ 179Fs + 1351,y + 80 110 — 5540+ 15F,4).

KpuBas, NOCTPOEGHHAsi MO CrJIa)KeHHbHIM 3HAYEHHsM,
CTaHOBHTCA GOJiee NJIABHOH B CHJY CIEAYIOLIMX NPHYHHS

1. Ecnin nabaionaemble 3HaUeHHsi COIEepPIKAT clyuyaii-
HEle OIUHOKH cO cBoficTBaMH, aHajaoruuneimu (1), (2), 10
JIINCNIEPCHsT  TOTPEeIIHOCTH B CIJIAXEHHHIX 3HAYeHHsIX
yMeHbIlaercss. B uyacTHOCTH, mpu Hcnosb3oBaHUH (op-
MyJbl (26) umeem

_ 1 -
6% =— @2 (c-:-——o).

3
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rZe & — CpelHeKBaJApaTUYHOE 3HaueHue MNOrpelHocTH
CrilasKkeHHBIX 3HauyeHHH, 0 — cpejHeKBaJpaTHYHas ouuob-

Ka HaGa1o4eHul.
2. TorpeiHOCTH B CriaXKeHHLIX 3HaYeHHsX [; CTAHO-

BATCS CHJABbHO KoppejupoBaHHbiMU. [Ipu npuMenenuu
dopmyanl (26) 1 NpH TexX e AONMYUIEHHsIX OTHOCHTENLHO
oUGOK HaGJIIoAeHU T, YTO H Bblile, KO3(p@uIIenTH KOop-
pessli CryIaXKeHHBIX 3HaueHHH CJefyIolLe:

ri w1 =078,  rii22=0,37, i i1x3=0,05,
ri, iw1=—0,10, ry jus=—0,08, ri ix6=0,03.
3. Ecan ¢yakuus [ He siBiAercs aarebpaiieckKum

MHOrOUJieHoM CTeneHd #m, TO NPOHCXOAHUT «pasmasblBa-~

Bie» ee rpaduxa.
[lopTophoe craaxuBaHue HE PEKOMEIYETCs.



TJ1ABA 2
HUCJEHHOE UHTETPUPOBAHHUE

Ha npakTuke B peKHX CJIyuYasiXx YAAaeTcsi BHIYHCIHTD
TOYHO ONpPEACTEHHBIH HHTerpasj HJIH TPOHHTErpPHPOBATH
OCBbIKHOBeHHOe nu(pdepeHnuanbioe ypasHerne. Hanpu-
Mep, B 3/eMeHTapHbIX QYHKUMAX He BEIPAYKACTCS HHTErpa
2

dx ’

Ty 1 He HHTETPHPYETCS YpaBHEHHE U =e
1

— (¥ +u)

B § 15 nerasbHO H3yYaloTCs LIHPOKO HCIOJb3YyeMble
IUIsT IPHOJIMIKEHHOTO BBIMHC/IEHHST ONpeNeeHHBX HHTe-
TpasnoB KBaapaTypHbie GOPMYJBl NPSIMOYTOJBHIKOB, Tpa-
neunii 1 CUMICOHA, a TaKKe PacCMATPHBAIOTCS KBaapa-
TypHble Qopmyas I'aycca, siBasiomuecss TOYHBIMH LS
ajqre6panyecKHX MHOTOWIEHOB HAHBBLICUIEH CTereHH.

B § 16 o6ocnoBanno BBOAHTCS NpaBu/iIo Pymre mpak-
THYECKOIl OLEHKH NOrPELIHOCTH, B YaCTHOCTH, KBajpa-
TYPHBIX (QOPMYJ H NPHBOAHTCS METOA YTOYHEHHS IO
Puuapacony npHOIHKEHHBIX PEIIEHHIH.

Merony Monte-Kapno npuGIHKEHHOrO BHIYHCJEHHS
onpelnesIeHHbIX HHTErpaJioB nocssimen § 17.

B § 18 u3nararorcss npuHOJHKEHHBIE YHCJIEHHHBIE Me-
TOAb pelleHHst 3afaun Komn nss 06BIKHOBEHHOTO AM(p-
¢epenunasbHoro ypaBHeHuss u’=[(x, u). IToapo6Ho
HCCJIelyeTCsl NPOCTeHHIMi MeTox JDfJjepa, NPHUBOJAATCS
meroasl Pynre — KyTTa, a Takie KpaTKo naetcss MeTOA
Anamca. Ilposoautcst cpaBHeHne MeTonoB Pynre — Kyt-
Ta 1 Anamca.

§ 15. Keapparyptbie hopmynsi

Cuauana copMyJsiIpyeM TeOpeMy HHTerpaJbHOro HC-
YyHCJIeHHs, KOTOPYI0 6Y/eM HCIOJb30BaTh B JajbHelileM.
Teopema 1 (oGoGuiennass Teopema o cpeaHeMm).
ITycre f, g = Cla, b], npuuen g(x)= 0 na [a, b)]. Toeda
cywecrsyer rakas rouka £ <|la, b], 4ro
b b

Vimetdr=1® [gax.

a a
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JdokasateabcTBo. Ilosoxum
M= maXf(x) m={ni3f(x)- (1)
a,

[a, b
Torna, Tak Kak g(x) = 0, 10
mg(x)<F(x)g(x)<SMg(x), x&la, b],

H, CJeJI0BaTeJbHO,
b b b
m{gax< (g dr<m|g(xax

a
b

Orciona, NOCKOJBKY S g(x)dx=>=0, M=>=m, BHTe-
a
KaeT CyLieCTBOBAHHE TAKOro 4ucJja ¢, yaOBJETBOPAIOLLEro
HepaBeHCTBaM
m<c<M, (2)
4To
b b
{Femdr=c{g(x)dx. 3)
a

a

ITo TeopeMe 0 NPOMEKYTOUHLIX 3HAUEHHSIX HENpephiB-
Ho#t ¢ynkuuu B cuay (1), (2) raiigercs Touka & & |[a, b],
B Kotopo# f(E)= ¢, uto BMecTe C paBeHcTBOM (3) JH0-
KasblBaeT TeOpeMy.

Beenem nonusitne KBajapatypHoil opmyas. ITycts nan
onpejeJeHHBIH HHTerpaJ

b
=) dx (4)

OT HenpepbiBHOH Ha orpeske [a, b] ¢yukuuu f. [1pubiu-
2KE€HHO€ PaBEHCTBO
b

{Fyax~ Y g x), (5)
a j=1

rile ¢j— HEKOTOpble YMCJIa, Xj— HEKOTOpble TOYKH OT-
peska |[a,b], HaswiBaerca xsadparyproii Gopmyaol,
onpelesisieMoil secamu g; v YsAamu xj.

lFoBopsiT, uTO KBajgpatypHas ¢opMyna Touna ANs
MHOTIOYJIEHOB CTENI€HH m, €CIM NpH 3aMeHe [ Ha npous-
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BOJIbHBIH  ajre6panyeckuili MHOTOUYJIEH CTENeHH m MNpH-
Os112KeHHO€e paBeHCTBO (5) CTAHOBUTCSI TOUHBIM.
Paccmorpum cHauasna Haubosee npocThble KBaapaTyp-
Hble QOpPMYJIHL.
dopMyna mnpaMOYyroJabHHKOB. Jlonycrum,
uto fe Co|—h/2,h/2], h > 0. [TosoxumM NpUOIHKEHHO
h/2
[ (x)dx = hfo, (6)

—h{2

rae fo=f(0), T. e. naowanb KPHBOJHHENHON Tpanewuun,
OrpaHHYEHHOH cBepXxy rpadukoM (QyHKUUH [, aNIpPOKCH-
MUpPYyeTCs 1011 a/IbI0 3alITPUXOBAH-
HOTO NpPSIMOYroJibHUKa (puc. 7), BH- g
cOTa KOTOpPOro paBHA 3HAYeHHUIo [
B cpelHel TOYKe OCHOBaHHSI Tpare-
nuny. Hajiztem ocrarouyHbiii ujieH,
T. €. IOrPelIHOCTh (popmMydanl (6). ,;7
[TycTtb

f(z)

x

F=\rwa, @
0

F 212 = F(2=h/2). Tak xax F(0)=0, Puc. 7

F (0)=f, F(0)=fo=T (0),

F" (x)=["(x), To cornacHo ¢opmyJe Teiinopa ¢ ocra-
TOUHBIM UJIeHOM B (opMe JlarpaHika uMeeM

Faip= £ o+ 2 0 2 22 7 (52, (8)

rne &, &+ — HEKOoTOpHle TOUKH, —h/2 << E_ << &1 << h/2.
Dynxuus (7) siBasiercsi nepBoobpasnoil mas f(x). Io-
3TOMY Uil UHTerpaJa, CTosiulero B JIeBOH 4acTH npubJu-
»XeHHoro paseHcTBa (6), us ¢gopmynas Hbiorona — Jleii6-
HuLa ¢ yueroM (8) BHITEKaeT cjefylolllee BHpaXKeHHe:
h2

3 " ”
f(x)dx="Fp— Foip=hfo+ 5 LN ¢ )-;—f Er)

~4/2 0 e x

—h/[2
Orciofna ¢ nomoubio Jemmbl 10.1 nonyuaem ¢gopmyay
NPAMOYSONbHUKOB C OCTATOUHOIM YAEHOM:
hj2 e A
| imar=nfo+5ri7@, 1EI<5.  ©

-2
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Popmyaa rpanenunir Ilyets fe Cq[0,h]. Ilo-

Jaracm
h

{foan ~n2fl, (10)
0
3
rae fo=7[(0), fi={(h), 1. e. uurerpan Sf(x)dx npH-
0
GJIHKCHHO 3aMeHsIeTCsl MJIOIaAblo 3aLITPHXOBAHHON Tpa-
Ielny, No0Ka3anHoi Ha puc. 8. Beipasum f; u F; = F(h),
rae F— ¢ynxuus (7), no ¢opmyne Teilsopa ¢ ocraTtou-
HBIM UJIEHOM B m{TerpabeHoi’x dopme:

~

= o -+ hfo + B(h— ni"wa, (11)

(=]

h

Fy=F(0)+ hF’ (0)+ 2= F7 (0) 4+ g (h— (R F" (i) dt =

h? 1 : 9 o
=hfo+5 o+ { (= 0Pf"(at. (12)
0
Cornacno (11) umeem

h

hip=n b — 2 f— (=0 @ar. (13

Orpenus B npasoit wactu (12) cnaraemoe hfy/2 u
3aMeHnB ero BhipaxkeHueMm (13), ¢ yuetrom TOro, uro
h .

F,= S f(x)dx, naxogum
0

h h
{foyde=nlth 1 (=i ya.
0 0

Tax kak (h—1){>0, t<[0, 4], To no Teopeme 1
h h
fo—nirwa=pe(t—nra=2 e,
0 0

rre £ & [0, h] — HeKoTOpas TOuKa,
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TakuM 06pa3oM, Mbl NPHILIH K popmyise Tpaneyud
C OCTATOUHbIM YACHOM:
h
1,3
(tae=nldl — i@, t=(o, 2. (1)
0

®opuyna Cumncona. [lpenonoxum, uto [e&
h

e Cy[—h, h]. Unrterpan Sf(x)dxnpuémmw&uuo 3aMe-
~h

HsleM IUIOIIAbIo 3aIUTPHXOBAHHOIN Kpisomuueiinci Tpa-

nenun  (puc. 9), orpaHuyeHHoii csepxy napabouoi,

Kz flz)

Puc. 8 Puc. 9

npoxonsmeit uepes touku (—n, f), (0, fo), (h, 1), rze
fi = [(ih). ¥Yxazaunas napaCosia 3alaeTcsl ypaBHenHe™
fy—1T- foy—2f+T
y=f0+ ! 2h ! x+ : 2/120 : .\’2,

B UCM HETPYAHO YOeAHTbCsl, NONOKHE NOOUEPELHO X paB-
HbiM —h, 0, h. OTciofa Jierko HaxoAuM
4 /
1
{ yax =it 4h+ 1),
—h
Taxkum ob6pasom, gopmysa Cumncona, HasbiBaeMad
TakKe Gopmysol napabon, IMeeT BHNL
h
h
{ Feoyde ~ 5 (o 4k F). (15)

—h
[MonoxuM F+y = F(=£h), rae F— ¢ynxuus (7). [o-
CKOJ/IbKY
F(0)=0, F® (x)==f¢D(x), L <<k <5,
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TO corsiacho ¢opmyne Tefiopa ¢ OCTATOYHBIM UJIEHOM
B mxTerpaanoﬁ (popme HMeeM
/lI
Fy= +hfo+ fo__ 3 fo 24 fo +
| I3
4
57 | (=0 ¥ (0L,

0
rrr

far=To hfo+ 20 = 2 £+
h
4+ S (h— 1 (=) dt.

0

Orciofa nonydaem

Fi—Foy— 5 (o 4o+ 1) =
=———§(h o (5 +0) O+ (—0)a (16)

(ocTaJipHBle YIeHH B3aUMHO YyHUuTOXkKalorcs). ITockosb-
Ky (h—1t)3(h/3+1t)=0, t=]0, h], 1O, NpUMEHSIS K HH-
terpany (16) Tteopemy 1, a 3aTeM K IOJYYeHHOMY pe-
syabraty nemmy 10.1, Haxonum

h

— 3 (=0 (5 + ) (P O+ (—n)dt =

h
1 (4) (4) (__ h
— 5 f (n)+2f (—m) S(h__t)S(_g__l_t)d[:
0

)
——B e, a7
rne n [0, k], £ =[—h, h] — Hekoropbie TOUKH.
h

Ilpunumas Bo BHuMauue, uto F, — F_; = Sf(x)dx,
-h
u3 (16), (17) npuxoaum K ¢opmyre Cumncona ¢ ocra-
TOUHbIM YNCHOM:
4 h hS
(foyax=4 o+ 4h+ 1) — - 2@, 18)

~h
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PaccMoTpeHHble KBajzpaTypHbele (QOPMYJB  IPSMO-
yrosibuukoB (6), tpameuuit (10) u Cumncona (15) Ha-
30BEM KAHOHUHYECKUMU.

YcaoxHeHHb e KBaApaTypHHe Gopmy-
a b, Ha npakrtuke, ecin tpebyercs BHIYHCAUTDL NpHOIH-
KeHHO uHTerpan (1), oOblYHO HeNsT 3aJaHHBIH OTPE30K
|a,b] Ha N paBHBIX YaCTHYHEIX OTPe3KOB, Ha KaiKiOM
YaCTHYHOM OTpe3Ke NPHMEHSIOT KaKylo-1HOO OfHY KaHO-
HMUECKYIO KBaJpaTypHyio (GOpMyay H CYMMHPYIOT [OJy-
YyeHHblE pe3ysabTaThl. [1ocTpoeHHasi TakUM IyTeM KBal-
patypHast ¢opMyna Ha otpeske [a,b] HasumBaetca
ycaoscrennoil. Tlpn nprumeHeuun (GopMyJ NPSIMOYIOb-
HHKOB H Tpameuuil AJIMHY YacTHYHBIX OTPE3KOB YJIO0OHC
NpHHSTL 32 h, a mpH HCMOJb30BaHHH Gopmynn Cummn-
coHa — 3a 2h.

OcraHoBUMCs MOApPOOHee Ha NPHMEHeHUH (QOPMYJIHI
npamoyroasiukos. [Iycrs fe& Cola, b]. O6o3nauum uac-
THYHBIE OTPe3KH yepe3 [Xi, xiw1], rae x; = a +ih, i=0,
I, ..., N—1, xy=10b, h=(b—a)/N. B cooTBeTCTBHH
¢ (6) mosaraem

*it1

} Twdx ~hfiie, (19)

*i

rae firie=f(a+4 (i + 1/2)h)— 3nauesne | B cepenune
YacTHYHOrO OTpe3Ka [xi, Xit1]. Ilpu 3TOM CHpaBeasnBO
anasiornunoe (9) paBeHCTBO

*it1
h3
S f(x)dx =hfipie + = 7€), (20)
xi
riae & € [xi, Xip1]— HeKoTOpasi TOUKa.
CyMMHUpOBaHHE [0 BCEM YacTHYHBIM OTpe3KaMm IIpH-

6a1keHHOro paseHcTBa (19) NPHUBOAUT K YCAOKMHEHHOU
K8aopatypHot hopmysre nPamMoYy2oLbHUKOS:

b
Sf(x)dxzh(fl/2+f3/2+ coo T+ fr—ape), (21)
a

a cyMMhpoBaHue paseHCTB (20) ¢ ydueToMm TOro, 4TO MO

aemme 10.1

N—

3 =N (1% ) =N e =170,
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rae E— HeKoTOpas TOYKa OIpe3Ka [a, b], naer ycroxc-
HEHHYIO (opMYAY NPAMOYSOALHUKOE C OCTATOUHLLM e
HOM:

b

g Fo)ds=h(fip+ fsp+ oo +fv-ip)+
Frlfir@. (22)

CopeplueHio Tak ke NpH YCJIOBHH, HTO fe Cola, b],
¢ wucnonpsopanuem Gopmya (10), (14) noayuaercs
YCAOJCHEHHAS K8AOPATYPHAS opmysra Tpaneyull:

b
. [ fy
Gt = n (B fib fot oo fac b )2

7]

U oTpeuatowias cii Gopmyna ¢ OCTATOUHLIM HACHOM:
b

Sf(.x)d,v=lz(f-29+f1+fz+

bl ) —ristir e, @

rae fi=[(a+ih), h={—a)/N, ¢t =[a, b]— nexo-
TOpast TOUKa.

[lycts Tenmepp h=(b —a)/(2N) u, Kak OOBIUHO,
xj=a -+ jh, [;=1{f(x;). TlepenuiieMm KaHOHHICCKYIO
kBaapatypHyio ¢popmyay Cumrcona (15) npuMeHHTEJNEHO
K OTPE3KY [Xoi, Xai42] AMHHB 2h:

Xoi+2 "
S f(x)dx ~ = (Far + AFaer + Faina):
*ai

CyMMHpYsl JIEBYIO H NPaBYi0 YaCTH 3TOrO COOTHOLIE-
Hust o i oT 0 mo N — 1, nony4yaem YyCAOMHERRYIO Kead-
parypriyto gopmyay Cumncoua:

b
h
V70 ~ (o a4 2+ 4Ft A ATav-roH o) =

a

N N-1
=—}3E‘(fo+f21v+4z fzi-1+2 Z f?i)- (25)
i=1

i=1
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CooTBeTcTBYIOIAs €ii (OPMYJa € OCTATOUMBIM HALCHOM,

NOJyYeHHass CYMMHDOBAHHEM 10 YaCTHYHBIM OTPe3KaM

1x2,,xm+2] PaBeHCTB BHAA (18) OpH YCJAOBHH, 4TO fe&
Cila, b], Taxora:

’ N—1
gf(x)dx-———(fo—l-fg,v—l—42f2i 4+ 2 y‘l }%\} .

! b—a ¢ e fan

rae f;=f{a+4ih), h=(b—a)(2N), E=]a, b].
Jst KpaTKOCTH BBeLeM 00C3HAUEHNs

N-1
=h ZO firip, IR= h(fo_”'v + Z f,\} (27)

i=1
rae h=(b—a)/N, f,=f(a —%— 1Wh), a Taxike MOJ0IKHM
N-1
Ih—’—“(f0+f2N+4 me- + 2 y f?i) (28)

rne h=(b — a)/(2N), f;=f(a -+ ih).
ITpuGakeHHEe paBeHCTRA

b b
1=Sf(x)dxz12p, Si(x)dx»vlh, (29)
‘ b
— S flx)dy =~ I§ (30)

O6yneM HasbBaThb COOTBETCTBEHHO (hopuysasu Rpaso-
yeorbHuKos, Tpaneyuti u (opmyaoi Cusmncoue, onycxas
CI0Ba «yC/IOXKHEHHAas KBanpaTypHas». B kauecTse na-
pamerpa B oGosHauenusix I3°, Ip’, 15 BhIGpano h, a He
N, nockonbKy h, GyAydYH 11aroM, ¢ KOTOPHIM HCIIOJb-
3y10TCsl 3HayeHMs QyHKUuH [ B paccMarpuBaeMblx ¢Gop-
Mynax, 6onee XxapaKTepHO.

M3 BHpaxKeHH#l OCTaTOYHHX uJeHOB B {22), (24),
(26) BugHO, uto popmyab (29) npsIMOYroJbHHKOB H Tpa-
nenufl TOUYHBI JJisI MHOTOWIEHOB NepBOH CTeneHH, T. e.
Lasi TuHelHBIX ¢GyHKUME, a ¢opmyna (30) Cumncona
TOYHA JUJIsi MHOTOYJIEHOB TpeTheil cTemeHH (Aas HiX
OCTaTOYHHIH uYJieH paBeH HyJio). [TorpemHocTs dopmy.t
(29) nmeer BTOpPOIl MOPSLOK OTHOCHTENBHO fi (3aBEAOMO
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He Jyuiie, eciu f” HenpepwiBHA Ha [a, b] u He obpa-
maercss B Hyab), a ¢opmyna CHMICOHA NpH COOTBET-
cTByIolell [VIAAKOCTH | sIBJSIETCS dhopmMys0ii UETBEPTOrO
nopsiika TOYHOCTH. IlosTomy AJIs ¢yHKUHHA Kjacca
Cila,b] npun wmanom h ¢opmyna CumncoHa OOBIYHO
naeT GoJee BHICOKYIO TOUHOCTDL, 4eM (OpMYJIbl (29).

[TorpeuHocTb GOPMYJIBI MPAMOYTOJLHAKOB H dbopmy-
ap CHMICOHA TPH BhIUMCIEHHH uHTerpana (4) B cualy
(22), (26) ynoBneTBOpsieT HEpaBEHCTBAM

11—12*’|<h”_;7‘112ab§|f”(x)l, (31)
b —
|1 — 15l <h' T max | 9 (x)]- (32)

AnajioruiHoe HepaBeHCTBO HMeeT MeCTO W JJis Morpet-
HOCTH (GOPMYJIbl Tpaneuni.

Hapsily ¢ OleHKaMH MNOrpeIIHOCTH CBepXY MOJE3Hb
OIeHKH CHH3Y. B UaCTHOCTH, JJIsi IOrPeIIHOCTH (OPMYJIBI
NpAMOYrOJLHUKOB OlleHKa CHH3Y, BbITEKanlas H3 (22),
TaKOBa:

b —
24

|1 — P | >nt 2 min [ (). (33)
a,

B kauecTBe MpHMepa HCCJENyeM MOrpelHOCTH KBal-
paTypHBIX GopMyJ s HHTerpasa

1/2
—x2
I= S e “dx,
0
KOTOpHIi He BHAXKaeTcst uepes JMeMeHTapHbie QyHKUHH

M 4acTo BCTPEYaeTcs B MPHIIOKEHHSIX.
HNmeem

f(x)=e*, ["(x)=(4x>—2)e~",
FO (x) =4 (4x* — 12x2 4 3) e,
e~ (0)I<2, 1P (x)I< 12
na [0, 1/2]. Otciona npu h=0,05 cornmacuo (31)—(33)
noJiyyaem
0,4-107'<|1— 1Pl <<o, 111073

|1 —15]<<0,21-1075,
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T. ¢. BEPXHss OLEHKA NOTPELIHOCTH (POPMYyJIbl CumicoHa
SHAUHTEbHO MEHbIle HIKHEH OLEeHKH NOrpemHocTH $pop-
MYJIbl OPSMOYTOJIbHHKOB.

®opMysbl NPSMOYTOJBHHKOB H Tpamelmuid B OTAC/Ib-
HOCTH YCTYNalOT NPH HHTErPUPOBAHUH IVIANKHX dyHKuuil
¢opmyse Cumncona. OpHako B Tape OHH 006J1a1a10T
LleHHBIM KayeCcTBOM, a HMEHHO, ecin [’ He H3MeHseT
snaka Ha [a,b], To dopmysnl (29) nalOT ABYCTOpOHHHE
npubaMxKennss Aast mHTerpasa (4), TaK Kak COIJIACHO
(22), (24) ux ocTaTouHbe YWIEHbl HMEIOT IPOTHBOIONOXK-
nble sHaku. B paccmortpennom mpumepe [7(x) <0, x &
e [0, 1/2]. IlosTomy

IP<I<I’
]gp + ];'LD
B llaHHOﬁ CHTYallHHu e€CTeCTBEHHO IOJOKHUTE [ =~ ———2——-
Torna
. ]29 - IZD IED — ];D
2 2 !

T. €. NOCPElIHOCTh OLEHHBAETCA Yepe3 CaMH MPHOJIHMKCH-
Hble 3HAUEHUsl HHTerpaJja.

®opMysibl NPSIMOYrOJIbHUKOB H TpalelHi 1aioT ABY-
CTOpOHHHE TPHOJIKEHUS] HHTerpana (4), He TOJBKO
koraa [” He W3MeHseT 3Haka. K 3ToMy BOHpocy Mbl Bep-
nemcs B § 16.

Ksanpatypuas dopmyna Iaycca Mexny
MAaKCHMaJbHOH CTeleHbI0 MHOIOYJIEHOB, JJISi KOTOPHIX
TouHa KBajapaTtypHasi (opMyJia, M IOPSIKOM TOYHOCTH
KBaIpaTypHOH (POPMYJIBI, CKaXKeM M0 OTHOUICHHUIO K w1ary
h, ¢ KOTOpHIM HCIOJIB3YIOTCSt 3HAUEHHS! TIOABIHTErPabHOM
(GYHKUHH, HMeeTCs MpsiMast CBA3D. Hanpumep, opmyJinl
IPAMOYTOJIbHHKOB H Tpanenuit (29) TOUHBl ANt MHOrO-
ujeHOB NepBOH CTENeHH H 00JIafai0T BTOPHIM MOPSAIKOM
TOYHOCTH OoTHOCHTENbHO h. @opmyna ke Cumncona (25),
Gyay4s TOYHOH /Ui MHOTOUJIEHOB TpeTbell CTelneHH, COOT-
percteento umeer npu [ Cyila, b] yeTBepTHI MOPSINOK
TOYHOCTH.

B cBsi3M CO CKa3aHHBIM BO3HHKAeT e€CTeCTBeHHas 3a-
7aya 0 HAXOXKIEHHH CPENH BCEX KBaJAPaTYPHHIX popmyJ
(5) ¢ n ysnamu KsajapaTypHO#l (opMysbl ¢ Takum pac-
MIONOKEHHEM Y3JI0B X; Ha oTpe3ke [a,b] u ¢ TaKkMH
BecaMH gj, TIPH KOTOPHIX OHA TOUHA JJisi aJre6panyeckux
MHOFOYJIEHOB MAaKCHMAaJbHOH creneHH. $ICHO, 4YTO 3Ta
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CTENeHb MeHblle, ueM 27, TaK KakK NpH J1060M BhGOpe
Y3JIOB Xx; M BeCOB q;, [ = 1, 2, ..., n, mHOTOWNIEH Py, (X) =
= (x—x1)2(x—x2)2 ... (x— xn)? cTenenu 2n oGnanaer
TeM CBOIHCTBOM, UTO

b

S Py, (x)dx >0, HO Z GiP2y(x;)=0,

a i=1

Paccvorpum ctanpapTuii otpesok [a, b] = [—1, 1].
Mycts noxa x;[—1,1], j=1,2, ..., 11, — IPOU3BOJIb-
Eble MOnapHo HenepecekawliHecs yaan. Torga, eciu
B35iTh Beca

g;i= \pu-1,j(x)dx, j=1,2,..., n, (34)

L

—

rae
(x—x) ... (x—x;_)(x— Xiqq) o (x—xn)
(xi — xl) (x] — ,vj_l)(.'ci — xf+1) ves (x]- — xn)

€CThb JlarpaHxeBbl KO3()(HUHEHTH MJsi MHTEPIOJSIHOH-
HOro MHOrOuJieHa cTeneHu n— 1, To KBaapaTypHas ¢op-
MyJaa OyAeT TOYyHAa BO BCSIKOM CJyuae s MHOrouJe-
EOB cTeneHy n— 1.

HeiictBuTensno, mo6oii anreGpanueckuil MHOrOWJIEH
Pu_i(x) crenenu n—1 (cm. 3ameuanne 4.1) Touno Boc-
CTaHaBJINBACTCST NMOCTPOEHHLIM 1O HEMY HHTEPIOJSILHOH~
HBIM MHOTOUJIEHOM La—i(x) Toit e cremeHu. ITosTomy

Pn-1,j(x)=

SIP,;_; (x)dx =

1 1
= S Loy (x)dx = S Z Pr—1,7(x) Pn—y (%)) dx =
-1 .

i=1

1 n
= Z ( S Pr-1, 7 (x) d-’f) Puy(x)= Z GiPu-1(x;).

i=1 -1 i=1

BosbmeMm Temepb B KauecTBe y3aoB xj, j=1, 2, ..., n,
Kopun MHorouseHa Jlexanapa X.(x) (13.19), xotopmie
cornacHo JiemMme 13.2 pacnonoxeHH B HHTepBalje
(—1, 1), a Beca g; Haiinem no ¢opmyne (34). [Tokaxkem,
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gTO KBaiApatypHas ¢opmyina

1 n
{fodem Y aftx) (35)
-1

=1

c BLIGpaHHBIMH y3JaMH U BecaMH TO%Ha AJA MHOrouJe-
HOB CTeneH:n 21— 1 U TeM CaMbIM JJisi MHOTOYJIEHOB MaK-

CHMaJIbHOH CTEeNeHH.
[lycts  Pan—i (x)— NPOH3BOJIBHBIIL ajrebpanyeckii
MHorousieH crernenn 2n— 1. Ilpencrasus ero B BILiC

P2n—1 (X) = U’l—l (x)Xﬂ (X) + Vn—l (,‘C) ’

rne Un1(x), Va-1(x)— Muorodsens n— l-ii crencui
(uacTHOe M OCTATOK OT JleJICHHUS Py.—1(x) Ha MHorou.ed
Jexkanapa Xa(x)).

B cmay OpPTOrOHANBHOCTH MHOrOY/ieHa Jlexauapa
X (x) mo6oMy MHOrOWIeHy CTeneHu n— 1 (cm. (13.22))
HMeeM
1
S P2n—1 (x) dx -

-1

1

Uper (x) Xu (x) dx + S Vot (x) dx =

-1

1
s Gy

1
= {Visiax. (36)
~1

TTockousky Xa(x))=0,j=1,2,...,n, 10

n n n
Ig qiP2n-1 (x1)= ]; qiUn—1(xj) Xn(x))+ IZ:I q,Va-1(xj) =

=

=), qiVa-r(x)). (37)

1

i

IMocKoabKy KBajapaTypHas (opmyna (35) 3aBemomo
TOYHA [JIsi MHOFOWIEHOB cTenenu n— 1, T0

1 n
S V-1 (JC) dx = Z QjVn—-l ()Cj)-

-] i=1

Orciona u u3 (36), (37) mpuxoauM K JOKa3bBaeMOMY
PaBEHCTBY

n
Pon—1 (x) dx= Z qiPan-1 ()C/).
i=1

12/1,..
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Keagpatypnasi ¢opmyna (35) ¢ n ykazaHHBIMH y3Ja-
MH M BeCaMH, TOUHAsl JJIsi MHOTOWIEHOB CTeNeHH 21— 1,
HasbiBaercst gopmysoli I'aycca. MomKHO [0Ka3aTb, 4TO
€€ y3Jibl X; PacloJOKeHb CHMMETPHYHO OTHOCHTEJBbHO
TOuKH x = 0, a Be€ca ¢; NONOKHTENbHB H B CHMMETPUY-
HBIX y3Jlax coBmajaroT npu Jiobom n. [IpuBenem 4ucieH-
Hble BLIPAXK€HHs] HEOTPHUATEbHLIX Y3JI0B X; H BECOB §j
¢opmynn Taycca mast n =1, 2, 3, 4 ¢ KecsAvbIO [eCATHY-
HBIMH 3HaKaMH NocJje 3ansToi.

X1
/43

q»

X1
q

X2
q:

0,00000 00000 0,00000 00000 | 0,77459 66692
2,00000 00000 0,88888 88888 | 0,55555 55556
0,57735 02692 0,33998 10436 | 0,86113 63116
1,00000 00000 0,65214 51549 | 0,34785 48451

Hexotoprim Heyno6erBoM (opMydan aycca spasiercs
HPpaLHOHAJILHOCTL €€ V3JIOB H B2COB B OOLIEM cJjlyyae.
Ho 310 oxynaercsi TeM, uto dopmysa Faycca Touna aas
MHOTOWIEHOB 60Jiee BHICOKOH CTemneHH, YeM ApPYrde KBaj-
paTyphbie (OPMYJb C 7 y3JaMH, KpOMe YaCTHOrO caydast
n =1, xorna ¢opmyna T'aycca coBmamaer ¢ KaHOHHYe-
CKOH KBajapaTypHOH (pOpMyJIOli NPsSIMOYroJibHUKOB (6),
rae h = 2.

C nomowbio paccMOTPeHHOi KBafpaTypHO# (GopMyJib
Iaycca (35) ¢ n ysnamm Ha CTaHZapTHOM OTpe3ke
I—1, 1], KoTOopylo Ha3oBeM KaHOHUH®ECKOL, MOKHO HO-
CTPOHTDH YCIOXKHEHHYIO KBajpaTypHyio ¢opmyay [aycca
Ha npousBONLHOM oTpe3ke [a, b]. Ilns srtoit menn paso-
6beM 0oTpe3oK [a, b] Ha N paBHBIX YacCTHYHBIX OTPE3KOB
[ %% Xppq] TR X =a+ k(b —a)N, k=0,1,...,N—1,
xy=>0. Ha kaxnom wactuumom orpeske [x}, x},,] sa-
AajUM h Y3JI0B:

b —
Xt xpy +x QNa’ i=12,..., n (38)

rae x;— y3jbl KaHonuueckoii (opmysan Iaycca (35).
Pacnionoxxenne y3mnoB xgzj, j=1, 2, ..., n, Ha uac-
* *
THUHOM OTpE3Ke [xy, X, | reomerpuuecku noaobuo pac-

NOJIOXKEHHIO Y3JIOB X; KaHOHHuYecKod ¢opmynan Iaycca
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na orpeske [—1,1]. B cuny atoro ksaapatypHas ¢op-
MyJia

*

ekt n
| Fede~ 222 Y gt ) (39)
x; =1

rie g;—Beca Kadonuueckoit ¢opmyne TIaycca (35),

TOYHA JJ1fi MHOTOUWIEHOB cTeneHH 2n — l.
Cymmupys cootHouwenne (39) mo k& or 0 o N—1,
noJayuaeM ycAodcHeHHyt0 Keadparypryio gopmyry Ia-

yeea:
n

b N-1
{rnar ~ 25220, 2 1, (40)

a j=1 k=

TOXKe TOUHYIO JJSi MHOrouieHoB cremeHn 2n— 1. Ee
OCTAaTOUHHIi 4ieH R, npu ycuaosud, 4to f& Conla,b],
HMeeT BhIpaxkeHHe

. (b — a)2n+l (fll)4 "
Rn - N2 ((2&)!)3 (Qi’l + l) f(2 )(g) (41)

B uactHOCTH,

— a)s —aY
Ry= (:)32013‘)1 f@ ), R3=7E)bT60—0%)N—6f(6' (). (42)

CpaBHHUM YCJOXKHEHHYIO KBaapaTypHyio (GopmyJsy
Faycca (40) npu n=2 H YCJIOXKHEHHYIO KBajaparyp-
nyo ¢opmyny Cumncona (25). ITockonbky B Qopmysie
Cumncona (25) A u N cBsiI3aHB COOTHOLICHHEM h ==
=(b—a)/(2N), To ocraTounnii uneH ¢opmyan (25),
KOTOpBIl 0603HaYuM 4epe3 Rc, MOXKeT OBITb NMPeACTaBJeH
corjachHo (26) B Buie

f— — )8
Ro=— L o ) = — G 19 @),

Takum o6pasoM, ocTaToOUHBIl uieH (42) ycIOXKHeH-
Holi ¢gopmyaws [aycca, orBevaromeil n = 2, UMeeT YHC-
JoBoit Koapduuuent B 1,5 pasa meHbie Mo abCoONIOTHOM
BeJIMYKHE, YeM OCTATOUHbI wieH ¢opmynsl CHMICOHA.
OGe GopMyJIB TOUHBI JJIsi MHOTOYIEHOB TpeTbell CTeNneH!.
B ¢opmyne Cumncona (25) Tpebyerca BBIUHCIHTD
2N 4 1 snaveHu#i QyHKUHH, a [pU NpuUMeHerud (HopMy-
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apl (40) ¢ A== 2 YHCIO HCNOJb3yeMbIX 3HAuUeHHH (PYHK-
uun pasHo 2N. Bce xe mpeinouteHue ciaeiyeT OT/aTh
¢dopmyse Cumncora (25), y KOTOpOH y3/H pacmnoJo-
JKelbl ¢ MOCTOsIHHBIM 1IaroM A Ha oTpe3ke [a, b].
Keanpatypuyio ¢opmyny [laycca, B TOM uHCJIe H
YCJOKHEHHYI0, 1eecoo6pasHo NPHUMEHSITb NpH 1 > 2
J2s1 PUOJIIZKEHHOTO BBIYHC/JEHHS! HHTErpajoB OT (DYHK-

uiii, o6JaaalomMX BEICOKOH J1aiKOCThIO.

§ 16. Mpasuno Pynre npakTuueckoli CUEHKH
NOrpeiHocTU

YVuyer u30BITOUYHON TNTAaAKOCTH NOABHTE-
rpanbunoil gyHgunu Honyctum, uto f& Cyfa, b]
H s NpUOJHIKEHHOro BhiuuC/erusi nHTerpasa (15.4)
npuMeHsiercs GopmMyJa npsimoyroabuukos (15.21). Ee no-
IpelHoCcTh, BHpaawowascs vepea [”, cornacHo (15.22)
cctb O (h?). Bepxuoio oueHky mnorpemnoctn (15.31)
¢opMyJibl MpsiMOYTOJIBHHKOB, BHITEKAIOUIYI0 H3 COOTHO-
wennst (15.22), yayumuTh 0O MNOPSIAKY OTHOCHTEJBLHO /i
B oflLieM cjay4ae 3a CYeT CYL[eCTBOBAHHS JONOJHHTEJb-
HLIX mpousBOAHBIX [/ u [ Henbsa. Hampumep, eciu
min] /7 (x)| >0, 1o napsuy c (15.31) cnpaBeannBa HHXK-
la, 0]

Haa ouedka norpemnoct (15.33), umeromaa TOUHBL
BTOPOIi MOPSIOK OTHOCHTEJIBHO /1.

Hannune y [ «auwHEx» npoussopHbix [/ u [ mpu
HCroap3oBaHUE cooTHoweHusi (15.22) Huuero He Aaer
(3TH TpOM3BOJAHHE B HeM He YyuHThBaioTcsi). OnaHaKO
ecan fe Cyla, b], TO MOXKHO NOJYYHTb APYroe, B HEKO-
TOpOM CMbicsIe Gosiee €OfepKaTe/]bHOE COOTHOLIEHHES.

[Tpu ycnosuu, uro fe C4{—h/2,h/2], napsany c
(15.8) numeem

h 112 hi) 72 h" Y244 h5
F;t 1/2= i_2 fo+ _g_f(; == '}E‘f(; + 384 f() imf“)('ﬂx)»

—h/2 < - <My < h/2. Ortciona, anagoruuno (15.9)
hi2
h3 ” h5 (4)
fx)dx=F, ,—F_ = hf,+ 5[] + 1555 [ (),
(1

—~h({2
h
n<z-
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Takum 06pasom, CpaBeNJUBO PABEHCTBO

Xit1

F)dx =ty o P+ o5 1O (1), @)
=hfy 55 Fivie T 1o30 1 (02):

X,
1A
rie x;=a+ih, h=(b—a)/N, fg’?gl/2=f(k)(a+(i+1/2)lz)—-
3HaucHHe f(®) B cepeluHe YaCTHYHOrO OTpe3ka [x, Xiti],
i & [xi, Xi41] — HeKoTOpas Touka, i =0, 1, ..., N—1
Cymmupys paseHctBo (2) no i or 0 no N—1, aunaio-
ruuno (15.22) nonyuyaem

N-1
h? ” b—
I= I;zlp + 91 [h Z i+l/2] + ht 1920a f“’(n), (3)

i=0

rne I — uurerpan (15.4), 1" umeer Bpaxenne (15.27),
n < [a, b] — HekoTOpas TOYKA.

CornacHo pasenctBy (15.22), B kotopoe BMecTO f
noicrasjena [’ & Cq|a, b], umeem

b N-1
\FrWds =Y GG, )

a i=

riae £ [a, b] — HekoTOpas TOUKa.
Us (3), (4) raxonum

[=1I®4ch”+ 0 (nY), (5)
b
¢ =g \ [ (x)dx, (6)

a

rae

¢ — MOCTOsIHHASA, He 3aBHCsIAs OT h.

Benuunna ch? B (5) HasblBaeTCsl 24aBHOL 4ACTH10 NO-
epewrocTy GOPMYJIBI IPAMOYTOJNbHIKOB. MOXKeT CIyUHTD-
cs1, uto ¢ = 0. Torza riaBHasi YacTh MOTPEILHOCTH PaBHA
HYJI0 M [OTPeIIHOCTb (DOPMYJIbl NPSIMOYTONBHHKOB B~
nsiercst Benuuunoii nopsinka kAt Ho o6wiuno ¢ 7= 0.

Ecnu fe Cy4fa, b], TO cnpaBeAnuBo TaKkke COOTHO-
LIeHHe

I =IP+ch*+ 0 (1Y) 7)

rae I}? ompeneneno B (15.27) u siBnsieTcst MpHOMHMKEH-
HBIM 3HaueHHeM uuTerpata (15.4), HaiineHHsiM 1o ¢op-
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b
o l
MyJe Tpaneuui ¢ waroM f, ¢, =— — S f”(x)dx He 3a-
a

BHCHT OT h.
3ameuanue 1. Us coorHowennit (5), (7), B yacr-
b

HOCTH, CJIeAYyeT, 4TO €CJH Sf” (x)dx =0, npuuem
a

j = Cyla, b], To npu pocratoyno masom h ¢Gopmyanl
(15.29) npsiMOyroslbHHKOB H Tpanenui AaloT ABYCTOPOH-
HHe npuOauxeHns uurerpasaa (15.4), naxe ecan f”
COXpaHseT 3HaKa ua [a, bj.

[Mpu ycnosun, urto fe Cela,b], anasoruuno (5)
MOKHO HOJIYUUTDL CJieAyloliee COOTHOLIeHHE:

=I5+ ch*+ 0 (1°) (8)

rae | — nuterpan (15.4), 15 — ero npuONMKEHHOe 3Ha-
yeHue, HalijleHHOe 10 GopMmyne CHMIICOHA, T. €. BEJHYHHA
(15.28), c — Hexoropasi He 3aBuCsILAsl OT A MOCTOSIHHAA.
IIpaBuao Pynre. [lycth 2— HensBecTHoe TOUHOE
3HaueHHe HEKOTOpPOH BEJHYHHBI, 2, — H3BECTHOE €e NpH-
6amKeHHoe 3HaueHue (nNpuOJIMKEHHOE pelleHHe), 3aBH-
csiliee OT IOJIOKHTeNLHOrO napamerpa h, KOTOPH MO-
ZKeT NPpHUHHMAThL CKOJb YrOAHO MaJibie 3HAYEHHS. Hpen-
NOJIOXKHM, YTO YCTaHOEJIeHA CBsi3b (COOTHOLIEHHE)

2 = 24 & cht 4 O (ht+m) (9)

rje ¢— HeH3BeCTHas He 3aBHcsiiiagd OT A INOCTOsIHHAd,
k, m > 0 — u3BecTHLle yncha. Torna

= zn;2 + ¢ (h/2)% 4 O (h*+m). (10)
Briuntas pasencrsa (9) u (10), Haxonum
22— 2n = ¢ (h/2)*(2k — 1)+ O (h#+m).
Orcrona
o(5) = 222 4 onkm (1)

0, cJenoBarejpHo, corsacHo (10) ¢ TOYHOCTBIO A0
O (h*t™) umeem

Zpp— <
Z—Zh/zx—‘igjl—h, (12)

rae zn, 2njo — HU3BECTHLIC BEJIMUHHBI,
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Ecau ¢ % 0, o npasas uactb (12) B cuary (11) umeer
B TOYHOCTH K-Hi MOPSILOK OTHOCHTENbHO A W OTIHYAETCH
OT IJIaBHOIl 4aCTH MOrPeIHoCTH, T. €. oT ¢(h/2)*, na Be-
JAuuuHy 6oJiee BBICOKOrO MOPsiKa OTHOCHTEJLHO [

Boluncsenne npu6HKeHHO! OLEeHKH NOTPEIHOCTH 110
dopmyJse (12) npu BhinoJHeHnH ycrioBHs (9) HasbiBaercs
npasurom Pynee.

3ameuanue 2. Ha npakrtuke nOATBepMk/IEHHEM
ycaoBHs ¢ 5= 0 siBAsieTcsl BHIIOJHEHHe HepaBeHCTBa

or Zh T 1| <01, (13)
2on " %p
M ToabKo B 3TOM cJiyuae peKOMeHAyeTcs NPUMEHsITe
npasusnio Pyure. HepaBenctso (13) MoxKeT He BBINOJ-
HATLCSI 1O CJAEAYIOLIHM MpHYHHAM: a) A BeJHKO, mpud
5TOM BJiHsieT HeyuuThiBaeMbiil unen O (h*+™); 6) h couiu-
KOM MaJio, TOrJia MOTYT CKa3aTbCsi MOTPELIHOCTH OKpYr-
JleHnil B BBIUHCJEHHAX Ha peanabHoil DBM; B) ¢ = 0 nan
GJIN3KO K HYJIO.
VTounenune mnpubGJIHKEHHOro pelieHud
no Puwapncouy. Beuntasi u3 yMmMHOMKeHHOro Ha 2%
paeerctBa (10) pasenctso (9), nosyuaem

2 (2k — 1) = 2kZh/2 —z,+ 0 (hk—}—m)_

Orcioga
2=z + O (ht+m), (1)
rae .
* 2720 — 2y
W= (19)

Unciio 2, HasblBaeTcst yrounentvim (WM IKCTpPano-
Auposatinoin) no Puuapdcony npuOJiKeHHBIM 3Haue-
HHEM BEJHYHHH Z.

Coraacuo (14) z—z, =0 (h*+™), B TO Xe BpeMmd,
ecin B (9) ¢5=0, 2— zp/, UMeeT B TOYHOCTH k-ii mopsi-
JIOK OTHOCHTENBHO h.

Takum o6pasoM, Ipu HaJuuuu ycjosus (9), rae
¢ 0, C NOMOLIbIO NPHOJHKEHHBIX PelleHHH 2zp, U Zn/2
MOXHO, BO-TIE€PBHIX, NPHOJH2KEHHO OLEHHTh MOrpeuHoCThb
2nse MO npasuay Pyure, T. e. mo ¢opmyae (12), u, BO-
BTOpHX, BHUMCINTE mo Gopmyae (15) npubiauxeHnoe
pellieHHe 2;, HMelOlllee MOrpelHocT Gojiee BHICOKOTrO

nopsiika OTHOCHTEJIbHO h, ueM Zn/2.
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[TpuMenenne npasusa PyHre K KBaap a-
TypHLM popmysam OGosHauum uepes [, npubiu-
KeHHoe 3HayeHne wuHTerpasa [ (15.4), HafimeHHoe MO
onHoil u3 tpex dopmyn (15.29), (15.30), u o6beruHEM
cootnowenus (5), (7), (8) B oaHo:

I = I+ ch® 4 O (k*+2), (16)
ILie ¢ He 3aBHCHT OT A; k= 2 aast GopMys IPAMOYroJib-
HHKOB W Tpaneunii, k=4 pasa Qopmyan CumIicoHa.
Ilpexnonaraercs, uro f & Cpio[a, b].

CootHourenne (16) sBJseTcs COOTHOLICHIHEM BH/A
(9). INostomy corsacho H3JI0XK€HHOMY, BBIYHCIHB [on, [,
Inje M yOeaHBIINCD, YTO 28(In—1Ins) [ (Ion — 1) OGnuska
K eIHHHLe, MOXKHO NprOJH3HTEJIbHO OLCHHTL MOrpel-
Hoctn [ — Iy e me npasuay Pyure:

I — [h;g == ———Ih’l,f _ [h
' 2" —1

Kpome Toro, Bo3moxuo HaiiTe yTOuHeHHOe TO PH-
yapicoly 3HauyeHie uHrerpasaa I;

o

2k —1
¢ morpemHocToio [ — [ = O (hk+2)-

Sameuanns 3. Popmyas Tpanemnit 1 CuMmncona
yRoOHbl TeM, uTO NpH nepexoie oT h K 1/2 Bce BbIyHC-
JIEHHBbIE 3HAaUeHHs1 QYHKUHH f MOTYT OBITb HCHOJBL30OBAHDL.

4. Ilpn ycnosun, uto f& Conyqla, b], cnpasessnnso
cootHowenne (16), rne [, — npub/anKeHHOe 3HaYeHHe
uuterpana (15.4), Haiinensoe no ycioxHeHHo# (Gopmyite
laycca (15.40), k = 2n, h = 1/N.

HOpyrue npumenenus. Ilpasuio PyHre ouenxu
NOrpelIHOCTH U YTOYHEHHEe NPHOIHKEHHOrO pelleHUs Mo
PuuapicoHy MOXKHO NMpHMEHATb NPH peLleHHH APYTHX
3ajay TpPHOJIHMKEHHBIMH MeTOJLAaMH, eCJH YCTAaHOBJEHO
cooTHowenue (9), rae ¢ He 3aBucHT oT A. B uacTHoCTH,
9TO BO3MOKHO IPH UHCIeHHOM AuddepeHLHPOBAHNA JO-
CTaTOYHO IV1ajKHX (PYHKLHI.

HYCTI) fE Cg [XQ— /’lg, /\’Ol!_ /Zo] . /’lo > 0. TOFIIa, Huc-
NOJIb3Ysl AJIst NMpEJCTaBJeHHs] 3HaYeHHH QYHKUHH f.g ==
= f(xoh), 0 << h < hy, popmyny Teitnopa ¢ ocratou-
HBIM 4/eHOM, BHIpaxammiaMmcs uepes [, anasoruuno
(10.3) monyuaem cooTHoweHNE

n—pr I B g
0= Oh__ﬁ—fo —gga'f (E,), (17)

I =
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rae [ =f® (x), |§——x0!<h, ” ecTb TpPHOJINKEH-
HOe 3HaueHue f;, PaBHOE NpPaBOil YacTH (10.7). CootHO-
wesne (17) umeer Bun (9), rae h=m=2, c=—[{/12
u He 3asHcuT oT h. Takum o6pa3oM, OCHOBHOE YC.JOBHE
NPHMEHIMOCTH TIpasuna PyHre BBINOJHEHO.

§ 17. Meron Monre-Kapx

Meton Moute-Kapao COCTOHT B TOM, UTO 3ajlaercd
cayuaiinaa peqnuuHa §, MaTeMATHTECKOE OXKHAAHHIE KO-
TOpoil paBHO HCKOMOIT BeJMYHHE 2, T. €.

M[E]= = (1
OCYyUIecTBJsACTCA Cepusi 7 He3aBHCHMBIX HCIBITaHHIT CJay-

yaiiHoil BeJHuHHE E: &y, &2, ..., Ea M NPUOIHIKEHHO 110-
Jlaraercs

n n

[{anili

B cuny (1) npn mio60M HaTypasibHOM 1t
= 1 . 1 . -
M[En]=M[;‘Z§i]=,—1‘Z M[gi]zi’j_:z. (3)
i=1 i=1
Ecan pucnepensi D [E] = o? komneuna, 10

D= Y DIt =25 =2 (4)

n

npuueM B CHJIY LeHTPaJbHOIl NMpeaesbHOI TeOPeMEl pac-
npefenienne cayuaiinoif BeJuUHHBL &, ACHMITOTHUCCKH
nopmasbHo. [ToatoMy mpH A0CTATOUHO GonblIoM 1 (npak-
muueckn npu n > 10) cornacro (3), (4) M H3BECTHOMY
npaBuJy «TpPeX CHIM» HMEeM

P02—§J<3j%)zQ%L

T. €. HEPaBCHCTBO

h—&A<3i% (5)

BLINIOJIHSIETCS € BEPOATHOCTbIO, ACCTATOUHO 6113K0il
K eaunune (=0,997),
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Ha npaxkrtuxe, eciu ¢ HeH3BeCTHA, HO BO BCAKOM CJIY-
yae KOHeUHa, TO ee OUeHUBaIOT mpu n > 10 no ¢opmyJe

(ol ’\/';‘_l'r Z (gt - gn)2- (6)

i=]

BuyuciaeBHne onpejejeHHBX HHTerpa-
a0 B. PaccmoTpumM uHHTErpadi

[ = Sf(x)dx, @)

0

KOTOPBIH MOXKeT GHITb H HecOGCTBEHHBIM HHTErpajioM, HO
1
TAaKUM, YTO HHTErpa Sf2(x)dx TOXKe CYLIeCTBYeT.
0
IycTh 1 — paBHOMEpHO pacnpellefeHHas Ha OTpe3Ke
i[0, 1] cnyuaiinas seauynHa, T. €. uMeoulass IJIOTHOCTb
pacnpejesieHus
I, 0x<],

pﬂ(")={o, X &[0, 1].

Torna & = f(n) Toxe OyZeT HeKOTOPOil caydailHOH BeJd-
yHHOH *), npuyeM NO OIpele/]eHHI0 MaTeMaTHYeCKoro

OXXHuAaHHusg
1 1

MEE = { [ (0)pa(dr= | F(r)dx=1.

0 [

Taxum obpasom,

Izgn’-:;l'Zf(nl)’ (8)

i=1

rie v;— He3aBHCHMble peaiH3aluy CaydafiHoi BeJHuH-
Hbl 1. Ilockosibky Hapsiny ¢ (7) MO NpeanosioXeHHIO

*) B Toukax oTpeska-[0, 1], B OKpecTHOCTH KOTOPHIX (yHKuHus [
Heorpanuuena, gopmanbio nojaraem [ == 0. Ilpeanonaraercs, uTO
Takux Teuek Ha [0, 1] xoneuHoe YHCJIO.
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CyLLLECTBYET HHTErpaJ Sf“’(x) dx, 1o
o*=D[f(mI=MI[Pm)]—(MIf()])=
1 2
=SHMM—GHMM) <eo. (9)

0

Beanuuny o ounenrsarT aubo no ¢popmyae (6), 1u6o uc-
1 1

2

xoas u3 (9), oueHuBas SfZ(x)dx CBEpXy, a (S f(x)dx)
0 0

cHu3y, Hanpumep HyJeM. IlorpemHocTsb I —&, ouenu-
paercsa 1o ¢opmyJe (5) ¢ BepositHOCTBIO =2 0,997.
Kpatueie uHTerpadanl merogom Monte-Kapio Bwiumc-
JISI0TCsl aHajiornyHo. Hanpumep,
11 n
1
{ (i pdaray~ -3 Fg, 00), (10)
i=1

00

rae m; 0;— He3aBHCHMBIE peajii3alliH PaBHOMEPHO pac-
npeneneHHblx Ha [0, 1] cayuaiinbix Benuuun v, 0.

CanyuafiHele BeJHYMHBEL (cjydafiHble 4ucia), paBHO-
MepHO pacmpesesneHHble Ha oTpeske [0, 1], B coBpemeH-
Heix DBM 3ajaiorcs ¢ NOMOUIbIO CHEeLHaNbHBIX (PH3H-
YeCKHX MATUMKOB WM mporpaMM. Ilpu npumeHeHHH mpo-
rpaMM 3TH YHCJa HasblBaloTca ncesdocayualnoimy. XoTs
NpaKkTHYeCKH OHHM 00/1afaloT CTAaTHCTHYCCKHMH Xapakre-
PHCTHKaMH, CBONCTBEHHBIMH C/yYaiiHbIM BeJHUYHHAM, HO,
CTpPOro roBOPsl, OHU He SIBJAIOTCS CIyYyailHbIMH.

CpaBHeHHe ¢ KBaapaTypHuMu ¢Gopmy-
Jgawmu PaccMoTpum cienyloullylo KBaapartypHylo ¢(op-
MyJay ,a.na maoﬁHoro PIHTel‘paJla‘

SHW)MM Z}ﬁﬁu ). an

i=0 k=0

rie gir— Beca. JlomycTum, YTO MOrpeliHOCTh 3TOH Qop-
MyJnl BeaeT cebsi NpUOIH3UTENbHO KaK i N~™ (3pech
H HHXKE (1, Cy, ...— HeKOTOpHbe mocrosinuble). Takoe mo-
BeJieHUE MOrpelHOCTH KBaApaTypHOH (POPMYJIBl sBJISETCS
XapaKTepHbIM, B YeM Mbl YOeAMJIHCb B OJHOMEDHOM CJYy-
yae B § 15, 16.



126 I'Jl. 2. YICJAEHHOE HHTEIPHUPOBAHHE

[Tycto € > 0 — 3ajaHHast TOYHOCTb BBIYHC/ICHUS HHTe-
rpana. Ilosaras ¢N-™ = e, Haxoium Tpebyemoe N =~
~ coe—V/™. Cllefl0OBATEJIbHO, YHCI0 N; BHIYHCISIEMBIX 3HA-
yeHnii GyHKUHE [ B KBaApaTypHOil (opmyJjie B V-MEPHOM
c/Iyuae 3aBICHT OT & CJACAYIOLKM 06pa3oM:

Ny~ NY = cy— -

8\’/m

B Mmetoze ke Moure-KapJo 101:KHO OHITE

o
3—= =~ g,
A/

T. €. 2718 AOCTIDKCHIS TOf 2Ke TOYHOLTH C BEPOSATHOCTHIO,
Gauszkoii k eaunuue, metog Mourte-Kapsao Tpefyer Bbi-
URCIIeHIA

1
n = 04‘8_2'

snaueHnii GyHKUUHN f He3aBHCHMO OT pasmepHocTd v. Ha-
npumep, npu v = 15, m == 3 umeeM

1 1
Nf~C3‘;'. YZNC4—EZ‘.

Takum o6pasoM, B MHOTOMEPHOM CJydae Npu npume-
nenuu meroga Monre-KapJjo 4HCIO BBIYHC/AAEMbIX 3HA-
yeHHil MOJABIHTErpasibHOM  (PYHKLHH
7 pacTeT 3HAUUTEJNBHO MeJJseHHee OTHO-
cutesbHo 1/e (&€ — TOYHOCTH BBIYHCIIC-
HHs uHTerpana), yeM B KBajapartyp-
Q HBIX (opMyJsiax. DTO CBOIHCTBO BhIpPa-
»aeT NepBOe IMPenMYLIeCTBO MeTOAa
Moure-KapuJo.

Bropoe mpeuMylLIecTBO MeTOJA
Monte-Kapsio cOCTOHT B TOM, 4TO €ro
TOYHOCThL HE 3aBHCHT OT TIJIAAKOCTH
TOALIHTErp aJIbHOH (DYHKILHH.

TpeTbe npenMyllecTBO — IpoCcTas pUCIOCO6/151€MOCTh
K (opme 06/1aCTH HHTETPHPOBAHHUS. Hanpuwmep, nojaraem

({reyap={§r@yap,
R

Q

Puc 10



§ 18 UHCJIEHHOE PEWEHUE 3AJAYM KOMIM AJs1 O.1O.V. 127

rie R— KBajpaT, coiepxaumiuii sajaHHyl obaactb Q
(puc. 10),
[(p), PeQ,

’“(P)={ 0, PeQ.

Jlanee npumensiercst popmyna suna (10).

Henocratkom wmetona Monrte-Kapno ssnasieTcs Be-
POSITHOCTHBI XapakTep pesyabTaTa, T. €. OTCYTCIBHE
CTPOTHX, CTPEMSILHXCS K HYJIO NPHU 11—> 00 OUEHOK NO-
IPELIHOCTH.

§ 18. YUncnennnie MetoaHW pereHnsa 3apauud Kouin
10Jis1 OObBIKHOBEHHBIX JH(¢epeHutHaNbHbX ypaBHeHHiH

Paccmorpum puQepeHnnansHoe YpaBHeHHE 11epBOro
nopsiaka
u = f(x, u). (1)

B kypce nudepeHunanbHEX ypaBHeHHH ycTaHaBJH-
BaeTcsl cJenylollasi Teopema.

Teopema 1. Ecau ¢yuxyus [(x,u) nenpepeigro
Gucp(fepeuqup yema m_pas no_nepemMentolin X, u Ha osy-
meprotl samkuytoli obaactu G, f < Cwm(G)*), 10 6caroe
pewenue u(x) ypasHenus (1) pacnososcennoe 8 G,
m -+ 1 pas uenpepeisrno Oudepenyupyemo no x.

Ha ocHoBaHuu TeopeMbl 1 CyasiT 0 ryajKoCTH pelle-
Huil ypasHenns (1).

[Mycte nist onpefesnieHHOCTH G sIBJsIeTCST 3aMKHYTHIM
NPSMOYTOJbHHKOM:

G={(x,u): o< x<<xo+[a<<u<b}.

Banaua Kowu, Haiitn pewenne u(x) ypaBHeHHS
(1), ynosnerpopsiolee HayanabHOMY YCJIOBHIO

u:(Xo) = Ug, (2)

Ie tp— 3ajJaHHoe YHCI0, a << tg << b.

[Mpennonoxum, uto f & C,(G) u cylecTBYyeT pelieHHE
u(x) sapaun Komm (1), (2), onmpeneneHHOe Ha OTpe3ke
[ %0, x0 + 1], npuuem

a<<u(x)<<b, xexo,xo+1]. (3)

*) CM. 0. 3 BBeseHHS.
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E IMHCTBEHHOCTDb pelueHHst 3aaauu Ko BHITEKaeT U3
yeaosus fe& Ci(G). Ilo Teopeme 1 ue Colxo, x0+ 1],

l'IpH‘IeM OUYCBHIHO
u (x)="T(x, u(x)), (4)

w” (x) = [, (x, w(x)) + [, (x, u () (x, u(x)).

[IpubnuxenHoe peuenue sapaun Koumn (1), (2) oy-
leM HCKATb Ha KOHEYHOM MHOXKECTBE TOUEK OTPE3Ka
[xo, Xo + (], KOTOpOE Ha3bIBaeTCH cetkoti. BelGepeMm CeTKY
W = {x,}§v=ov rie Xj = xo+ jh, h=1/N, N—mnary-
paJjbHoe.

dynxnus @, 3aJaHHas Ha CETKe ©n, Ha3LIBAETCs ce-
rounoti Qpynxyueti. O6osHauum @; = ¢ (x;). Beesem B Ju-
HeflHOM TMPOCTPAHCTBE CETOUHDIX (hyHKLIHI HOPMY

lol,=_ max |l (5)
0</igN

Pemenne u(x) 3agaun Komm (1), (2) Ha orpeske
[%o0. Xo+ /] ompenesieno, B 4YaCTHOCTH, H Ha CETKE O
(nonaraem uj = u(x;)). Ton |lullx Oysem mnoxpasyme-
BaTb HOPMY CETOUHOH (YHKIHH, coBnajaioueit Ha oa
cu(x).

JloKa)eM BCIOMOTraTeJbHYIO JeMMY.

Jlemma 1. Tycto oo >0, =0, 80 =10,

lepl<(1+a) e 4B j=01..., N—L (6)
Tozda npu k=0, 1, ..., N cnpasediuso HepaBencTeo
ler] < P (eF*—1) /e (7)

NoxkaszatenbcTBO. Ilpy k=0 HepaBeHcTBO (7)
ouesnano. HonyctuM, 4to (7) BepHO MPH HEKOTOPOM
b =m, 0 << m<N. Torna corjacHo (6)

lemet |<<(L+@)B(eme— Do+ B =
=B (1 + a)ems — 1)fa < B (e — 1),

rak Kagk 14+ a<<e*= 14+ o +a?/2+... Orciona no
upykuuH caeayetr (7) ans k= 01,...,N.

Meton Ditnepa. [IpubinxKeHHoe pelleHHe y 3a-
naun Komm (1), (2) BbiuHC/IsieTcst HA CETKe p IO ¢op-
MyJam

Yo == Uo, (8)

yl+l=yl+hf(xlt yi)+n!» i=0- | PN
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Tlle 1j— NOTPelIHOCTh OKPYIJIeHHH, B TOM 4HCJe TIO-
CPELIHOCTh BBIYMCJeHHS] 3HaueHudl Qyuxkuuu f. Dynem
npeanosiaraTb, YTo NpHOJHXKEeHHOe pelleHHe y ToXe Ha-
XOJIUTCSI B NIPSIMOYTOJIbHHKE G, T. €.

a<y<b j=01 ..., N. (9)

Ilepexon OT Y; K Yj+1 TFeOMETPHUECKH O3HAayaeT IpH
7, = 0 nepeMelleHHe MO KacaTeJbHOH B TOouke (Xj, Y;)
K HHTerpajbHOil KpuBoii il;(x) ypasmenmus (1), mpoxo-
Jsimiell yepe3 3Ty TOYKY Ha wiar s B HampaBJIeHHH OCH X

YAu
=
¢
;)
Y NG Y
H—--u
i |
i lee /i =t ]
s l !)—»1:
0 Ty Lp L Tje Loth
Puc. 11

(puc. 11). Ha caenyiomem 1uare nepemerieHue IpH OT-
CYTCTBHH MOrPEIIHOCTH OKPYIJIeHHH NPOHCXOAHT IO Ka-
3arteqbHONl K (BOOOIIE TroBOpSsl) JApyrod HHTerpajbHOH
KpUBOIl fj41(x), nmpoxoaseii 4epe3d TOUKY (Xi+1, Yj+1),
u T. A. Hauanpuoil TOUKOH, ¢ KOTOpOil HaYMHAETCsl IO-
CTpoeHne NPHOJHKEHHOTO pelleHus, SBJAseTcA TOYKa
(20, Y0), THE Yo = Uo— 3aJaHHOE HavyaJLHOe 3HaYEHHE
HenaBecTHOro peurenus u(x) ypasHerus (1).

[1peAnosoKuM, YTO NOrPEIIHOCTb OKPYTJIeHHH YH03-
JIETBOPSIET YCJAOBHIO

max | 1< e (10)
0</i<N-1

rie ¢, He 3aBucHT OT h. Beenem o0603HaucHus g =
= tt;— y; (IOrpelHoCTh MPUOIHIKEHHOrO pellenns),

M, = max| flx, )], M = mgxlf; (x, u)|>
G G (11)

M= max | i (x, u)|
G

5 E. A. Boaxos
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Bynem mnpeanonarate, uto My > 0. Cayuaii My =0,
O3Hauawowwuii, uto [(x, %) He 3aBHCHT OT U, CBOLHTCS
K BHIUMCJEHHIO MHTErpajoB MEeTONAaMH, H3JIOXKEHHBIMH B
§ 15.

Jlns Tousoro pemenus «(x) sapaun Komm (1), (2)
coraacho ¢opmyJae Teisopa umeem

o=ty ttyp1 =ty + hf (xp, ) + - (&), (12)

e x; <& <xjp, j=0, 1, ..., N—1. Bpunrasa pa-
pectBa (12) u (8) n mpuMensi K pasHoCTH f(xj, Uj)—
— f(xj, y;) dopMyJy KOHEUHHIX MpupauleHnii Jlarpanxa,
noJjiyuaem

4 h2 n
80=0, 8]+1=8].+hfu(xj, 9])81+'_2—u (gj)_n],

rae 0; dexur mexay u; B yj, =0, 1, ..., N—1
Orciona, yuntnBas (4), (10), (11), naxomum go =0,

ler1 |<S(1+ hMy) e |+ WM,
rae j=0, 1, ..., N—1,

M= co+ (M; + MM,)/2. (13)
CieoBaTeabHO, N0 JemMe 1
h2M M
el < (€Y — =hp-(e™—1).  (14)

Hrak, nosjyueHa BbIpa)kalomasics 4epe3 H3BECTHHIC
BeJIHUMHBl OLIEHKA MNOTPElIHOCTH NPHOJHKEHHOro petie-
uns y sanayn Kommn (1), (2), HaiiieHHOro MeTOA0OM ii-
nepa. M3 u3j0KeHHOro BhITEKAIOT IBA BHIBOAA.

1. Tlpu OTCyTCTBHM NOrpeuIHOCTeHd OKpYyTJeHui Jo-
KaJibHasi OTPEIIHOCTb MeToja Jiiyepa, T. . NOrpellHoCTb
Ha OJHOM uiare f, BO3HMKAIOIlas 3a CYeT IepeMelleHHs
0 KacaTeJbHON K HHTerpajbHOil KPHBOI, INpoxoasulei
yepe3 TOuKky (Xj,y;), a He MO caMOil HHTErpalbHOH KpH-
Boii, ectb O (h?). DTO caeyer U3 pa3foxeHus BUAA (12)
no ¢opmyane Teilnopa Masi pelieHHs: ypaBHEHHS (1), xo-
TOpOe TPOXOAMT 4Yepe3 TOUKy (xj, y;). IoGanbuas mo-
IPEIIHOCTh HJM, TOYHee, MAaKCHMaslpHasi NOrpelHocThb
pellenns y Ha op cornacHo (14) pasua O(h), T. e. Ha
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e[MHMLY N0 NOPSIAKY Xy:Ke *), ueM JOKaJbHas IOorpeul-
HOCTb.

2. TnoGasnbHas MOrpelHOCTh HE YXYZILIAeTCsi Mo no-
PSLKY OTHOCHTENLHO h, €C/IH IPUCYTCTBYET MNOTPEIIHOCTD
OKpYIJIEHHH TOrO Ke IOp#AjKa, YTO H JIOKajbHas MO-
IPEIIHOCTD.

OcHOBHO#l HEIOCTAaTOK MeToxa ODilyiepa — HEBLICOKAs
OTHOCHTeJbHO A TOouHOCTh. OH sIBASCTCS METOJOM Iep-
BOrO NOpPsiIKa TOYHOCTH.

ViMeeTcss HECKOJIBKO TNyTeil MOCTPOCHHS] UHCJEHHLIX
MeTofoB pelieHnst 3afaun Kowm Gojee BBICOKOH 110
TOPSIAKY OTHOCHTEJBHO A TouHOCTH. OJHH H3 HHX OCHO-
BLIBACTCSl Ha HKCIOJb30BaHHH pasyIOKeHUsl pPELleHHs IO
tdopmyne Teiopa (uaH, Kak elle roBopsiT, PasjoxKeHHs
B pan). OoHako Ha NMpaKTHKe NpEANOuYTHTesibHEe MeTo-
Iel, Tpedylomune (paKTHUECKOTO BHIYHCJICHHS TOJBKO 3Ha-
yeHnii mpasoil wactH ypasHenus (1), a He Kakix-audo
ce npousBOAHBIX. TakuMH MeTOLaMH $BJRIOTCA METOAb
Pyure — Kyrra n Agamca.

Metonnm Pyure—KyrtTa. [lpuBeneMm TpH MeTO-
na Pynre — KyTTa.

1. Meton (Hocsiluuii Takxke HasBaHpe «OpefHK-
TOp—KOpPpPEKTOp») BTOPOro mopsiika TOUY-~
HOCTH:

Y=+ 0 (xp ) (5="1t,), (15)

Fxnu)+ 1 (200 07
!/l+l=yj+ h ( i i) 2( j+1 -/!+1) . (16)

Qopmyna (15) npenckaseiBaer <«rpy0oe» 3HaueHHE
Y;,, mo Mmeroay OJilnepa, a ¢opmya (16) yrouuser
(koppexTHpyeT) 3HaueHHe NPHOJHKEHHOrO peLIeHHs B
TOUYKE Xj41, B YeM MBI ceiyac yoeaumcs.

[NpeanonoxumM, uto fe& Cy(G). IloncraBue B (16)
Xj41 = X; + h, a BMeCTOY;,, — €ro BhpaxeHHe (15), mo-
JIyYUM

P F(xp y)) +1(% +2h’ Yy + Al (% 9;)) )

Cuntas f(x; =4 h, y; 4+ kf(xj, y;)) OysKuueii TONLKO
or h (x5, y; GUKCHPOBaHBI), C MNOMOLILIO (POPMYJIbL

*) MOXHO Jl0Ka3aTh, YTO YKa3aHHLI MOPSAAOK B oluiem Cayyae
SIBJISIETCS TOYHBIM,

5*
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Teisiopa Haxonum *)
f(x1+ h,y;+ hf(«‘v’j, y])):f(xj’ !/j)‘l‘
+ b (T (% 9;) + Fa (% 0) F (3 9))) + O (1)
1, CJ1el0BaTeJbHO,
Y=y + hi (xp, yi) +
5 (P (e )+ T ) F (5 9)) 00 (17)

[pu ycaosun, uto f & Co(G), pewenne v(x) andoe-
penunanbHOro ypasHenusi (1), mpoxoasuiee uepes TOUKY
(x;, y;), cormacHo Teopeme 1 TpHiKAbl HeNpephHBHO AH(-
¢pepenuupyemo no x. Ilostomy, yuuTeiBas aHajorui-
nue (4) BbipaxeHHs ans v’ (x), v”(x), no gopmyane Teii-
Jopa noJyyaem

01410 (%)) 410" (x2)) - 0" ()0 (Y=g +Af (x1, 1)+
+—];i (F Cep wy) + Fu (3 9) (% 97)) + O (72), (18)

rne vjp = v(xj+1), npuuem Beaununnnl G (k%) B (17) u
(18), BooG1e roBopsi, He TOXK/1ECTBEHHBI.

Ha ocnoBannu (17),"(18) MOrPeUIHOCTh YX0AA Yjt1
¢ lHTerpajibHOil  KpHBOI, NpoXoisiued 4vepes TOUKY
(xj, #j), T. € pPasHOCTb Uj41— Yi41, ecTb O(h®). Taxum
o6pasoM, JOKaJbHas HNOTPELIHOCTb JAHHOrO MeTOAa
HMeeT TpeTHil NOPsIOK OTHOCHTeNbHO A H, ClefoBaTe/ib-
10, riobanbhas norpewnocts |lu— yllx paBna O (h?), uto
J0Ka3bIBAeTCsT aHaJOrMYHO, KaK H B MeTole Jiiyepa.

2. Merton (HaspiBaeMHil TakXe YCOBEpLIEH-
CTBOBaHHHM MeToJdOM OJDijgepa) BTOPOro
nopsajaka TOYHOCTH:

'
Y=+ 5 (x5, 41) (Yo =1o),
, (19)
Yivr=yi + hf (x/ + 3 1/1+1/2)-

Ero snokaJjabHas MOrpelHOCTh HCCJAeAYyeTCsa TakK XKe,
KaxK U B npeAblayuieM MeTone.

7
*) f, oO3Hauaer uacTHYl0 NPOH3BOAHYIO IO BTOPOMY apryMeHTy
¢ynxuun f, Ko1opuil nepeonavanbHo B (1) oGosHaueH depes u.
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3. Meton Pyure—KyrTTa ueTtBepTO0ro no-
psiaKka TouHOCTH (Haubosee pacmpocTpaHeHHLIH Ha
NpaKTHKe):

Y=y + 5 (b + 2k 2s -+ k) (go=15), (20)

rjae
— h k,
R, hf(xj, y,~), kg—/’lf (x, —[—-—5, yj+ 5>

k3=hf(Xl+”Z—, y,—l—%), k4=hf(xj+hr Y+ ks).

Ecan fe Cy(G), T0 noKaabHAsT MOTpeUIHOCTL 3TOrO
metoaa ectb O(h%), a rsoGanbHasi MHOTPEUIHOCTb, T. €.
llu — ylln, paBua O (h*).

Metoa Anawmca. I1ycTe u3BeCTHH C warom kA mnpu-

GJIMXKEeHHble 3HAYCHHS Yjm, ..., Yj-1, Yj PEUICHUS 3aLayuH
Koum (1), (2). O6o3nauum
fi=1T(x;, y5). (21)

CTponM HHTepNOJSAUHMOHHBIH MHOrOUJeH Jlarpania
(cM. § 4) crenenu m:

L () = i Pt () Fr—t (22)

YJIOBJIETBOPSIFOILHI YCTOBUSIM
Lm(Xj_i) = f,'_i, [ = 0, 1, ... , M.
ITockonbKy nsist TouHoro pelieHus 3azaud Kouwmn (1),
(2) BbImONTHSIETCST paBEHCTBO
*i+1
Uy =u; + S f(x, u(x))dx,
i
rne Xj41 = x; + h, ur = u(xy), TO €CTECTBEHHO MOJIOXKHTH
*i+1
Y11=y + S Ly (x)dx.
*i
Torna c yuerom (22) OGynem umeThb ciaenymollee BBI-
paxenue LJjs Y1

Yiri=yji+h ;)amif/—iv (23)
i= B
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rne fj—i— 3HaueHus npaBod yactu ypasreHus (1), Hai-
IeuHsle o gopmyne (21), a
*i+1

1 .
amiz‘}‘{ pmi(x)dx, =0, 1, N (R
X
i

SIBJISIIOTCST BIIOJIHE ONpeAeIeHHBIMH NMOCTOSIHHBIMH, He 3a-
BHCSILIUMH HH OT A, HU OT j. B wactHoOCTH,

0ee=1 (meron dinepa, m=0),

0= 3/2, oy =—1/2,
09 = 23/12, @y = —4/3, 0y =5/12,
(130 = 55/24, a3l == - 59/’24, a32 = 37/24, (‘l33 —_— 3/8.
Hokasano, uto ecau [ & Cpuy1(G) u ussecTHH m 4 1
3HaueHuil Yo, Y1, - - ., Ym NPUOIHIKEHHOTO pelleHHs B TOU-
Kax Xo, X1, ..., Xm = Xo + mh, npuuem
|uj—yi| << chmtl, j=0, 1, ..., m,

rie u; = u(x;)— 3HaueHHs TOYHOro peleHus 3apaud (1),
.(2), ¢ He 3aBHCHT OT h, TO ryi00ajbHasi NOTPELIHOCTDb
NpHOJHKEHHOTO pelleHHsl y, HalJIeHHOro B OCTaJIbHHIX
TOUKAaX CeTKH o, MeTodoM Apmamca (23), paBHa O (h™+1).

CpaBHeHue MetoaoB PyHre—KyrTa H
Anawmca. CpaBuum Meronsl Pynre— Kytra (20) u
Anamca (23) (m = 3), obnanawliHe 4YeTBepTHIM MOPsA-
KoM TounoctH. Ha kaxaom mare h no merory (20) tpe-
Gyercsi yeThlpe pas3a BBIUHCAATbL 3HAueHHs QYHKUHH f,
H, cJefoBaTeabHO, ecadH GYHKUHS [(x,u) [JOCTaTOYHO
CJI0¥KHAsI, 5TO MOXKET NOTpe6oBaTh 3HAUUTEJIBHOTO YHCJA
neficteuit D9BM. B wmerone (23) Ha 1ware BHIYHCASIETCHA
TONLKO OJHO HOBoe 3Hanenue f. Oxnako Merton Pynre —
Kyrra (20) HesaBHCHM, T. €. HM MOXKHO HAaUHHATb CYH-
TaTh, HMesl TOJBKO HauaJbHOE 3HaueHHe Yo, U B JHOOOM
MOMEHT BO3MOXKHO H3MeHHTb war A. Meron ke Anamca
TpebyeT 3HAHHs NPHUOIHKEHHOTO pelleHHst B HeCKOJIbKHX
HavalbHBIX TOUKAX CETKH H He MO3BOJIeT M3MEeHsATh Iuar.
Ha npakTtiKe 4acTo KOMOHHHPYIOT 3TH MeToAnl. Hauanb-
HLIH YY4acTOK BHuUHCJAAIT 10 Meroay Pynre— Kyrra,
a 3aTeM TepexoasiT K Metony Anamca. AHaJOrH4HO IIO-
CTYynamT NpH HeOOGXOAHMOCTH H3MEHEHHs B Mpolecce
cuera wara A.
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IIpumenenune npasuaa Pywunre. Ilpeanoso-
kUM, uTO [ & Cry1(G) 1 npuOJHIKEHHOS pellieHHe 331341
Koww (1), (2) naxoautcs meronoMm PyHnre — Kyrra k-ro
nopsinka ToyHocTH (npH k= l—wmeromom iinepa).
Torga MOXKHO IOJYYHTb CJEIyICIiee COOTHOUIeHHE Ha

CEeTKE wy.
w= yn+v(x)ht+r(x, h), (24)

rie u— TouHoe pewenue 3anaun (1), (2), y,— npudnn-
}KeHHoe pemenne (MHAEKC h yKasbBaeT wiar, ¢ KOTO-
PHM OHO BbluHcieHo Merojom Pymre — Kytra), v{x)—
HeKOTOopast He 3aBUCsILAst OT A QYHKLHs OT X, |r(x, k) | <
< ¢’h*H, ¢’ e 3aBucur ot h.

[TosToMy, BHIYHCIAHB nNpHOJHKEHHOE pelleHHe TpH
pasa c waramu 2k, h, h/2, MOXKHO B y3Jjax CeTKH g
B KOTOpHX BHmosHeno yciosue (16.13) ans snauenui
NpUOAUKCHHBIX PEIUEHHI Yon, Yn, Yr/p (OTBEUAIOLLIHX O-
HOMY H TOMY K€ X), OLRHHTb NOTPELIHOCTb IO MpaBHIy
PyHre:

~ Y2 Y
U— Ynpp = ok 1 "

KpoMe TOro, BO3MOXKHO HaiiTH yTouHennoe no Puuapa-
COHY pelleHHE
. 2k~’/h/2_' Yn
Y= ok _ 1 ’
umeroutee norpemnocts O (A*H), a He O (h*).
3amevanusa 1. Coornourenue (24) coxpaHurcd,
ecd npUOJIHKEHHOEe pelIeHHe HaXOMUTCs 1Mo (popmynam
(15), (16), wmu (19), uu (20) mve upeasnbHo, a C IoO-
rpPeLIHOCTSMH OKpyrJeHuii (Tak ke, KaKk B MeTone di-
sepa (8)), KoTophie Ha Kax/JOM Iliare orpaHHYeHbl Be-
auunyoll ch*+2, rge k— mopsifok riao0ajbHOH TOYHOCTH
MeToJa, ¢ He 3aBHCUT OT h. IIpoBepHTL HEMOCPEACTBEHHO
¥ BHIEDIKATH 3TO YCJIOBUE JUIS TOrPELIHOCTH OKPYTJIeHHH
Ha DBM sarpynnurtenbHo. bosee peasbHO OCYLIeCTBIATD
NpPOBEPKY Ha BuINoJHeHue yciosust (16.13) B KoHeuHOH
HJIH HEKOTOPOHl IPOMEKYTOYHOH TOUKE WHTErpHpOBaHH,
Hanpumep B TOUKe Xxo -+ [ wmu xo-4-1/2. Ecau morper-
HOCTH OKpYyIJIeHHil HauHHAIOT HpPEeBaJUpoOBaTh Hal Mo-
IPElIHOCTSIMH COOCTBEHHO MeTOAa, YCJIOBHE (16.13)
rpy6o uapyuwaercs. Torma ciexyer JubO YBEJIHYHTb



136 TJ. 2. YUCJEHHOE HWHTEIPHPOBAHUE

war h, 1u6o mepeilTH Ha pexuM cyera Ha DBM c yznBo-
€HHBIM, YTPOEHHBIM U T. [I. UHCJOM pa3psaos. OjHako 1o
He BCerjia BO3MOXKHO.

2. B cayuae 3anaun KowH AJsi HOPMaJbHON CHCTEMHI
nuddepeHnnalbHbBIX YpaBHeHHI]

= f(x,u), u(x)= 1

paccMOTpeHHble NpPHOJHXKEHHHe MeTOAB HHTEerpHpoBa-
Husi Jinepa, Pynre— Kyrra u Apamca ¢opmannpHo
OCTAIOTCs TEMH XKe, TOJbKO QYHKUHH u, y, f u B dopmyne
(20) BesUYHHBL k; 3aMEHSIIOTCS COOTBETCTBEHHO Ha BEK-
Top-QYHKUKK #, ¥, | 1 BeKTOPH k. 3alaHHHe BhHLIE Tpe-
6oBaHHs K TIJaAKOCTH (YHKHMHM [ OCTalOTCs TeMH XKe
K KOMIIOHEHTaM BeKTOp-QYHKUHH f, a rapaHTHpyeMasi
TOYHOCTb MO MOPSIIKY OTHOCHTEJNbEO A OyleT Ta ke (4TO
I B cJlyuae OJHOro ypaBHeHusi (1)) IJs KOMIIOHEHT mpH-
6snxkeHHoro peweHusi. [IpaBuio PyHre npumensercs mist
KaxJA0H KOMIOHEHTH B OTIEJbHOCTH.

Bonpocw cyuecTBOBaHHS peUleHHs HC-
XopHuoi 3amauu Paccmorpum 3anauy Komn

W=, u(0)= 1 (25)

Ecan s pemierist 9Toll 32724 NMPUMEHHTb, HampHuMmep,
meTox Diiepa man Metoa Pynre — Kytra (20) ¢ n1066M
mwarom kA > 0, To npudaHKeHHOe pelleHHe MOxKeT OHITb
NPHHIHNHAJMBHO BHIUHCJAEHO MJIsl JII0OOro uuc/aa Iuaros,
T. €. JJI1 CKOJIb YroJHO OOJIbIIHX 3HAUeHHH apryMmeHra x.
OnHaKo eIMHCTBEHHBIM TOYHBIM pellieHHeM 3anaun (25)
sBasteTcst ynkuus u(x) = (1—x)~!, onpenenennas nist
HEOTPHILATEJbHEIX X TOJbKO Ha mpoMexyTke [0, 1).

Taxkum oGpasom, Hanuuyue NPHOJIHKEHHOTO peLIeHHsA
sanaun Koluin Ha HEKOTOPOM NpOMexXyTKe eule He rapas-
THPYET CYLIECTBOBAHHUs pelIeHHsl HCXOAHOH naubdepeH-
LIHaJbHOH 3alaul HAa 3TOM NPOMENKYTKE.

[TpuBeseM JBe TeopeMbl (/OKa3aTeJbCTBA ONYCTHM),
KOTOpbIE TI03BOJIAIOT CYAUTb O HAJHYHH pelleHHs 3alayud
Koum (1), (2) B 3apanHom npsMoyroibHuke G 1o npH-
6/iHKEHHOMY PpELIeHHIO, TOJNYyUYeHHOMY MeTOdoM JiJjepa,
Ilycts

':_.ﬂ IMy
c—Mz(eM 1)+ M,,

rae Mo, My, M onpepenenn ¢opmynamu (11), (13).
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Teopema 2. Ecau f& Cy(G) u npubausxennoe pe-
wenue, Hatidennoe no opmyaram (8) npu HexkoTopom
¢urcuposarnnom h = I/N, noduunsercs Hepasercream

a+ch< min y;< max y;<b—zch, (26)
I<iSN IS/<N

70 peutenue u(x) sadauu Koww (1), (2) cywecrsyer

Ha oTpeske [xo, xo 4 ] u ydosaersopser ycaosusm (3).

Teopewma 3. Ecau f= Ci(G) u eywecreyer na or-
peske [xo, xo+ 1] pewenue u(x) sadauu Kowwu (1), (2),
ydosaersopsawwee ycaosusm (3), 1o Haiidercs Takoe
Iy > 0, uro npu arwbom h = 1/N < hy nepaserncrea (26)
04 NPUbAUIICEHHO20 peuleHls, HALIOeKHO20 no (oprysan
(8), aasedomo 6ydyr soLnoAHEHOL.

Corsiacno Teopeme 2 J1Jisi CYLIECTBOBAHHS pelleHHS
sapaqn Kowmn (1), (2) na orpeske [xo, Xo+ I}, ynosie-
TBOPSIIOLLEr0 yCa0BHsiM (3), J0CTaTOUHO, YTOOLI NpHGaN-
JKEHHOE pelueHne, HalijeHHOe MetonoM Jiljiepa, yaoBie-
TBOPsiIO HepaBeuctBaM (26) TONLKO NMPH KaKOM-HHOYAD
oaHoM 3HavyeHun h. Teopema 3 rapauTupyer, 4TO eCiH
yKasaHHoe pewenne 3ajgaun Kowm (1), (2) cywecrsyer,
TO HepaBeHcTBa (26) GyayT BLINOJIHEHE! JJisl BCEX AOCTA-
TOYHO MaJabX i = /N,



r1ABA 3

YUCJIEHHBIE METOZBI
JIMHEMHOW AJITEBPbI

K uncneHHBIM METOLAM JHHEHO! anreSpbl OTHOCSTCS
YyHCJEeHHBIE METOJBl pEeLIeHHs] CHCTEM JIMHEHHBIX aJjres-
panyecKux ypaBHeHHH, oOpauleHHs1 MaTPHIl, BbIYHCIEHUS
onpenenuTenell ¥ HaXOXKIAeHHsT COOCTBEHHBIX 3HAUEHMIl U
COOCTBEHHBIX BEKTOPOB MATPHILL.

Metonbl pelleHHs CHCTEM JIMHEHHBIX ajreOpanuyecKHX
ypaBieHHH pa3buBaroTcs Ha JABe rpynnsl. K nepsoit rpyi-
ne npuHam/ezKaT Tax Ha3biBaCMbIe TO4YHbIe HIU npAMrbLie
MeTo0bl — aJITOPHTMBI, TTO3BOJSIOLINE TTONYYHTh pelleHHe
CHCTEeMBl 32 KOHEYHOE UHCI0 apU(PMETHUECKHX JelCcTBHI.
Cloia OTHOCHTCS H3BecTHoe mpaBmio Kpamepa Haxox-
JIeHHst pelleHts ¢ TOMOLLbIO onpenenutedneil, meron Fayc-
ca (MeToJ MCK/JIIOUEHHIl) H METOX NMPOrOHKH.

Bropyio rpynny coctaBisiioT npubaudiceritsle MmeToOb!,
B YaCTHOCTH HTEPAlMOHHbIE METOHBl pElIeHUs] CHCTEM
JIHHEHHBIX anrefpandeckKux ypaBHeHHH.

ITpapnio Kpamepa B 9BM He npuMensiercsi, Tak Kak
OHO TpelyeT 3HAUNTEILHO OOJbLIEro uilcjia apumeTu-
yecknx neficrsiii, ueM meroa [aycca. Meron Iaycca wuc-
nosnayercsi B OBM npu peulennu cucteM 1o nopsinka 103,
a HTepaloOHHbIE MeTOJBl — 0 nopsinka 106, Meron mpo-
TOHKH NpHMEHsieTcsi [Uisl pellleHHsi BayKHOro Kijacca crie-
LHaJbHBEIX CHCTEM JIMHCHHBEIX YpaBHEHHHl C TpeXQuaro-
HaJIbHOH MaTpHullell, 4aCTO BO3HHKAIOIIHX B NPHIOKEHHSIX.

Meton Taycca pelueHHsi CHCTeM JHHEHHBIX ypaBHe-
Huil, oOpallleHHss MaTpHL U BBIYHCJIEHHs olpesenureseil
uznaraercss B § 19. B § 20 BBOAHTCSI NMOHSITHE HOPMBI
MaTpulBl, Hcnosb3dyemoe B § 21 npu paccMoTpeHnu Me-
TOZLA MPOCTHIX UTepauuil. Ba>kHOll XapaKTepHCTHKOH Mar-
pHIB CHCTEMBI JIHHEHHHBIX anre6pandyecKUX YpaBHeHHH
SIBJISIETCST €€ O0YCJIOBJIEHHOCTb — Mepa YyBCTBHTEJIBHOCTH
pelieHis clcTeMbl K BO3MYLIeHHIo npaBoi yacTu. [Tpumep
mioxo o6ycaosaeHHOll maTpuubpl naH B § 20, a xo-
pouio ofycsioBJeHHasi Matpuua npuseseHa B § 21. Me-
TONY TPOTOHKH NOCBsiieH § 22, a HekoTOphle MpPOOJIeMH
COOGCTBEHHBIX 3HaUeHHH, B OCHOBHOM JJIsi CHMMETPHYHBIX
MaTpHl, paccMaTpuBanTcs B § 23,
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§ 19. Metop TI'aycca
PaccMoTpuM asisi IPOCTOTHI CHUCTEMY JIHHEHHHIX aJl-
reCpaHyecKHX ypaBHEHHH UeTBEPTOr0 INOPSIAKA
© ©) (0) Oy = g
ai)x, + afx, + afdx; -+ affx, = af),
© () © Oy = g
agx, + al)x, + azglx, + af)x, = ay),
© © o) Oy = a0
aglx, + agx, + agdx; + afix, = ag),
(0) ©) ©) Oy = g0
a4l X, agx, + aidx, + allx, = af).
INpennonoxum, uto Kosdduuuent a'®, HaswBaeMbld
1
sedyujum 3/emeHTOM TIepBOH CTPOKH, He paBeH HYJIO.
Pasnenns nepsoe us ypasHennit (1) Ha a9, momyunm
HOBOE ypaBHeHHe
(1) (1) My — gl
X+ ax, -+ ax, +af)x, = ajy, @)
rae o) =a) [d), j=2, 3, 4, 5.
HckamiounM HeH3BECTHYIO X; H3 KaXKJIOr0 ypaBHEeHHs
cucreMsl (1), HaumHasi co BTOpPOro, NyTeM BHYHTAHHSA
ypaBHeHHust (2), YMHOXXEHHOro Ha KOG QHUHEHT IpH Xy

B COOTBETCTBYIOLIeM ypaBHeHHH. [Ipeobpa3oBaHHbEE ypaB-
HEHHS] HMEIOT BHJI

aDx, + al)x, + aflx, = all)

(1)

29%2 2%
(1 (1) Dy — gl

afdx, + af)x, + af)x, =af), (3)
1) (1) Dy — o)

agx, + alhe, + al)x, = aff),

rie a‘}}:a‘i‘})—ag‘}a‘i"l), i=2, 3,4, j=2, 3, 4, 5.
JlomyeTuM, YTO BeAyHIMH 3J€MeHT BTOPOH CTPOKH,

T. €. K0O3ODHUIMEHT @), TOXe OTnHued oT Hyas. Toria,
pas3fesuB Ha Hero nepBoe M3 ypaBHeHHil (3), mosyuum
ypaBHeHHe
(2 2y — o2
X, + a@x, + af)x, = a, (4)
@) — g /g §—
rie a2}—a2])/a22), j=3, 4, b.
HCKJIIOUHB € NOMOIIbIO ypaBHeHHsSI (4) HEH3BECTHYIO
Xo H3 IBYX NOCJEIHHX YypaBHeHHH B (3), mpuxoguMm K
ypaBHEHHSIM
(2) @y =@
a33 x3 + a34x4 a35’ (5)

(2 Q)y — 2
a@x, + afdx,=af),

rae a) =af) —aflal), i=3, 4, j=3, 4, 5.
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Ecnu Beaywmuii sjeMeHT TpeTbeil cTpoku a'f) He pa-
BeH HYJI0, TO, MOJAEJHB Ha Hero Iepsoe M3 YpaBHEHHH
{2)

(5) u BBHIUTA HalileHHOE ypaBHeHlie, yMHOXKEHHOe Ha al},
I3 BTOPOrO YpaBHEHHs, MOJYYHM

By — (3)
X3 + a“'x4 =03, (6)
3y — (3)
a44x4—a45, (7)

3 — oD/, o) — 2 — gD §—
rae a) =a@/af), o} =a) —aflal), =4, 5.

Hakoren, ecin af) # 0, 10, pasjenus Ha Hero ypas-
penue (7), NpUBeXeM 3TO ypaBHEHHE K BHILY
— 4
x,=a', (8)
(4) — (5) /(3
Tie g —a4%/a44.

, Te M a0 a® 4 or-
HMrak, ecan senyuine saements af), af), af), aff) or

JHYHBL OT HYJs, TO cucteMa (1) sKBHBaJeHTHA CJeAyIO-
niefl CHCTEeMe C TPEYroJibHOH MaTpuieil:

(1) )y My — oll)
x, +al)x, + al)x, + af)x, =af),
. ) Oy — )

X, ax,+af)x,=a

24774 25°

X, 4+ a®¥x, =ad (9)
3 34774 35?
— a9
x‘i a45 ’

KoTOpasi moJyueHa oObennHeHueM ypasHeunit (2), (4),
(6), (8). M3 cucremsl (9) HeusBeCTHBIE Xy, Xp, X3, X4 Ha-
XomsiTCsl sIBHO B 0O0paTHOM IOpsiKe 1o (opmyJiam

X, = ag,
Xy =a) —af)x,, (10)
= =, — s,

| = a1y — ajly, — aj)x; —af)x,.

[Tpouece mpusenerust cuctems (1) x TpeyronpHOMY
puny (9) HasbiBaeTcsi npasmelm x000M, a HaXOXKICHHE
HeudBecTHEIX o Gopmynaam (10)— oOparueim xodom me-
tona laycca.

Pewenne cucremut (1) no nanoxennomy meroxay Iayc-
ca NpM PYYHOM cueTe OOBIYHO IPEJCTaBJISIETCS] B BHIE
taba. 1. Ilocnennufi cronben B Tabauune sBegeH s
KOHTPOJIST BBIYHCJIEHHI, OCYIIECTBJISIEMOrO CJELYIOLIHM
oOpasoM. 3ajaem af) paBHBIM CyMMe OCTaJbHBIX 3Je-
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Tacauua |

(n) ©) ()] 0) (0) )
ajy iy a(ls a4 a5 Qs
(0 (0) 0) (0) (0) (0)
021) a;zz a;z.z agy s agg
(0] ) 0) (9) (0) (0)
ay “?02) “(303 a3y az; Q34
(68) ) (0) (0) (0)
“41) Q49 a3 Q4 A5 Q4
(n (1) (n (1) (1

‘ T I T A
1 1) 1 1) (1)

“(22) Qo3 Qo4 035 Ay

1 (1) (1) 1) (1)

0(32 33 a?4 a3 Qyg

1) (1) 1) (1) 1)

Qy Q43 g LT Q45

(2) (2) (2) (2)

1 a(23) 11(24 a(25 asg

2 2) 2) @

Qg3 a3y a3 5

©) o) ) )

Q3 Qg4 a5 (O

(3) (3) I

1 (g4 ass 4

(3) (3) 15)

Qyy Qg3 1

| | RN
| ERE

T el
L | s | oa

MEHTOB i-H CTPOKH, B3ATOH C 0GpaTHHIM 3HAKOM, T. €.
0) — — (0 0) 0 e
a) = (a“)—i—a‘ﬁ—l—...—}—a‘.g’), i=1, 2, 3, 4.

Torna CyMMa BCEX 3JIEMEHTOB KaxXIoH H3 JeTbhIpex pac-
LIHPEHHBIX Ha4vYaJlbHBIX CTPOK 6y}IeT paBHa HYJIO. 3atem
B Inponecce HCKJIIYEHHs1 HEHU3BECTHBIX IPOU3BOAHM HanA
2JleMeHTaMHi TOCJIelHero CcToJbua Te Ke caMmble jeii-
CTBHsl, YTO H HaJ 3JeMEHTaMH COOTBETCTBYIOLIHX CTPOK,
d HMEHHO, noJjaraeMm

(8) — olk—=1) (k=1 (k) — lk—=1) __ A(E—1)(k)
@) = a7~V alfh,  al) =ai~h — ol aff), (1)

rae B+ 1<Kj<<6, b+ 1<i<<4, k=1, 2, 3, 4.
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[lpu sTOM CyMMa 3JEMEHTOB BHOBb MOJy4YaeMblX pac-
WIHPEHHBIX CTPOK MOJIZKHA OCTaBAaTbCsi PABHOM HYJIO, MO-
CKOJIPKY 3TH 3JeMEeHTHl HaXOIATCS C MOMOILbIO JHHEHHBIX
onepauuii Haj mpeabaymumu crpokamu. Hampumep,

1+ a) + af) + af) + af) =0. (12)

Ecay BLIUHCJCHHS BEAYTCS C OKPYIVIEHHAMH, TO I0O-
TycKaeTCsi OTKJOHEHHE JIeBOIl YacTH paBeHCTBa (12) ot
HyJsl B Ipefesax MOrpeuHocTeii oxpyrienuit. Hanuuue
GOJIBIIOTO0 OTKJOHEHHsI CBHAETeNbCTBYET O HaJHYHH TPy-
Goll olHOKHU B BLIYHCJIEHUSX.

HensBecTHbie X4, X3, Xo, Xi HaXosATCs mo (Qopmysam
(10), a BeNMUHHB X4, X3, X2, ¥1 — 1O TeM ke Qopmynam,
HO B KOTOPHIX 4Hc/Ia @fY) 3aMeHeHH Ha a}f}b’, k=4, 3, 2,
1, x; — Ha ;. [1pn OTCYTCTBHH TOTPEIIHOCTEl OKPYI/ICHHIT
CyMMa 3/1eMEHTOB B UeThIpeX TOCJeLHHX CTpoKax Tabu. 1
ToXKe JOMKHA GBITh paBHA Hyawo, T. e. 14 x4 % =0,
i=4,3, 2 1. B tabn. 1 saementsl a'f, a'f onyiueHsl,

NOCKOJIbKY OHH COBNazaroT COOTBETCTEEHHO C X4, X4.

Mpuwmep. TpeSyercs peuwlnTb CHCTEMY JuHeliHKX anrebpanye-
CKHX YypaBHEHHi

¥, + 0,17x, — 0,25x; -+ 0,54x, = 0,3,

0,47x, + X9+ 0,67x5 — 0,32x, = 0,5,
(13)

—0,11x, 4+ 0,35x, + x5 — 0,74x,=0,7,

0,55%; 4 0,43x3 -+ 0,36x5 + x,=0,9.
Peweine npeactasicHo B Tabm 2. Boluncsenust BeiyTcs C ABYy-
Msi 33aMaCHBIMH JECHTHYHLIMH 3HAKAMM IO CPaBHEHHIO C YHMCJOM Jie-
CSTHUHBIX 3HAKOB Y KO3((HLHEHTOB 3a/laHHOil CHCTEMBI. CymMma 3Je-
MEHTOB KaIoil CTPOKH Talis. 2, BKJIOYast 3JEMEHT, pacnosoXKeHHbIH
B KOHTPOJIbHOM cTOJ0Le, OTJHYaeTcss oT Hyjd He Cosiee ueM Ha JBe
eJMHHLLl MJAAIIEro paspsja, 4TO BHOJHE JONyCTHMO. Haiinennoe
pemenre cucremsl (13), oxpyr/eHHoe ¢ ABYMs ACCATHUHBIMA 3HAKAMH
HocJe 2amsiToil, TakoBo: X1 = 0,44, x2 = —0,36, x3=1,17, x.,=0,39.

Anasoruuso, mertogoM ['aycca perraeTcst cucreMa Jii-
HefiHpIX anreGpandecKHX ypaBHeHUi so00ro mopsika f.
Ilycts nana cucreMa

n

()] — A(0) [ — *

JZ:laijxi—“ai,nH’ i=1,2,..., n (1)

Ecm af) =0, a TaKkke Belyllue SJeMEHTH ali=",
i=2 3, ..., 1, OCTaJbHBEIX CTPOK, TOJydaeMble B IpPO-
b ’ . .
Hecce BbLIYMCJEHHIl, OTIHYHBI OT HYJf, TO CHCTEMA 1*
M ? /
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Tab6anuua 2

1 017 | —025 0,54 0,3 —1,76
047 | 1 067 | —032 0.5 —2.32
—o11 | 035 1 —0.74 0.7 —1.2)
055 | 043 0,36 1 0.9 —3.24
1 017 | —o025 0,54 03 —1,76

09201 | 07875 | —0,5738 03590 | —14928

03687 | 09725 | —0,6806 07330 | —13935

03365 | 04975 0,7030 07350 | —22720

[ 0,8559 | —0,6236 03902 | —1,6224

0.6569 | —0.4507 05891 | —0.7954

02095 | 09128 06037 | —1.7261

1 —0,6861 08968 | —1,2108

1,0565 04158 | —1.4724

| | 1 03936 | —1,3937

| | 1 1,1668 | —2,1670

l | \ —0,3630 | —0,6368

) | 04409 | —1,4400

NPUBOAUTCS K TPEYroJbHOMY BHIY
n

2l . . . .

x; +]__2i,+la‘i‘])xl. =a ., i=1,2,...,n (9%

Benyuue aneMeHTH a{i~! H KO3(QQHUUHEHTE CHCTEMEI
(9*) maxomatcs ¢ nomoupio Gopmyn (11), rae &+ 1<
<jg<n+lLE+I<i<nt+Lk=12 ..., n

O6paTthubil X0, B KOTOPOM B OOpaTHOM TOpsIKe
OnpesieNsAloTCsl HeH3BECTHble, OCYIIECTBASeTCs Mo (op-
MyJam

—— n(n)
Xn= an, n+1°

n
—agl) ( P — g — _
¥, =a | Z apx;, i=n I, n—2,..., l.
j=i+1
(107

MongcueT UMcJa BHNOJHSIEMBX apubmes
THueckux geiictBui, CHayana JOKaxkeM BCIOMO<

raTeJbHYIO JIEMMY.
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Jlemma 1. Benocanatorca pasencrsa

Zk:n(n;-])’ Zk2=n(n+lé(2n+l)‘ (14)
k=1 k=1

HNoxkasatenbctBo Ilepsoe paBeHCTBO, BbIpa-
Kawolee cyMMy apu@MeTHuecKoii mporpeccuu, u3BeCTHO.
Bropoe paseHctso npu n = 1 ouesuauo. onycrum, uro
OHO BEPHO NpH HEKOTOPOM HaTypajpHom n = m. Toraa

m-+1 m

z k2:Z k24 (m + 1)2=m(m+lé(2m+l)—|—(m—|—l)2:=
k= k=
l ' A DI D (2 ) 1]
- .

CnenoBaTesbHo, MO HHAYKUHH BTOpoe paBeHcTso (14)
BEPHO U1 JII000ro HATYpasbHOro M.

[TofcunTaeM UYHCJIO BHINOJHSIEMBIX apHPMeTHYeCKHX
JefiCTBHIl IPH PEIIeHHH CHCTeMBbl IOpsi/ika n Oe3 yuera
onepauuii KoutpoJst. IIpH HCKIOUeHHH HEH3BECTHOH X
OCYLUIECTBJISIIOTCS CeyIolne AeiCTBHS:

a) NpPOU3BOAUTCS BCErO N LEJIEHHH BTOPOrc H cre-
Aytomux Ko3(QUUHEHTOB MepBOro ypaBHeHUsl H €ro mnpa-
BOfi yacTH Ha KO3(QPHUIHEHT NpH Xp;

6) pacxXOnyeTcsi Mo n yMHOXKeHHI H n BHIUATAHHI MPH
HCKJAIOUEHHH X U3 BTOPOTO H INOCJeAyIOUIMX ypaBHeHHi,
UCa0 KOTOPHX paBHo n— 1.

Taknm o6pasom, obulee UHCI0 apH(MeTHYECKHX Jeil-
cTBIill, 3aTpauNBaeMbLIX Ha HCK/IIOUEHHE x|, eCTb

Q =n-+2n(n—1)=2n>—n. (15)

[Tpu HCKITIOUEHHH Xz NPOH3BOJAATCS COBEPLICHHO aHa-
JIOTliUHble BLIYHCAGHHS, KAK H IPH HUCKJIIOUeHHH x;. Pas-
HHIIA COCTOHT JIHIIb B TOM, YTO OCYIUECTBJAAIOTCA Heii-
CTRIST HAJ CTPOKAMH MATPHIH, PasMepbl KOTOPOI B KaxK-
JIOM HAnpaBJeHHH Ha elnHuuy MmeHplue. [Toatomy umcno
EBIIONHAEMBIX apupMeTHuecKHX aeficTauil Qo IpH HCKJIO-
YeHHH X MoJydaeTcsi u3 BbipaxkeHnst (15) samenoil n
na in— I

Q=2(n—1)2—(n—1)=2(n—2+4 1)2—(n—241).
BooGuie, TIpH HCKJIIOYEHHH HEH3BECTHOH X; BBINOJ-
nsiioTest Q; apuQMeTHUeCKHX AeHCTBHIL:

Q=2(n—it+1)?—(n—it1).
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Bcero B mpsiMoOM X0je 3aTpPauyMBaTCs HIICJAO apudpme-
THUYECKUX NelcTBUi, paBHOe

ZQV~2,%ﬂ~l+U-—M—L+U]

i=1

Orciona, nosarast k=n—i--1 u onupascp Ha JeM-
My 1, HAXO[UM SIBHOE BBIpaKeHHe JJis Qu:

EJQkL—ky~me,—ky~

k=n

nn-+1)@2n1) n(n—l—l) 2 n
_ ) _nt 4228 (16)

5"

B oGpatHoM xome (npu n =4, 3axasaemom (opmy-
gamu (10)) uucio yMHOMKEHHIT W Bb{UHTAHHI, BMecte
B3SITBIX, PABHO YIBOGHHOMY UHCJY 2/¢MEHTOB KBaJpart-
HO{T MaTpUUBl NOPSIAKA 7, PACNOJIGIKESHHBIX NOJ IViaBHO{
[HaroHaJiblo, M, KakK II0Ka3bIBalOT LPOCThiE NOJACUYETDI,
COCTaBJACT

Q*=nn—1)=n>—n. (17)

Vitak, uncsio apu@MeTHUeCKHX ReliCTBHII, BLIFOJHsie-
MBIX [IPH PELIEHHH CHCTEeMBl JIHielHBIX ajirefpanyecKux
vpasHenufi nopsinka n meropom [aycca, B ofmem ciy-
yae paBHO

Q=C 4+ Q=2n+sn—Tn~2m (8

Haavuie nHaMm notpebyercss 3HaThb COTARVBHO WUHCIO
BLIHTOJIHACMDIX de(p\ACTI/I ICCKUX ll(’HLAbI{H Han U] aBbIMIl
yacTaMi ypapHesuii B npsimom xone. IIpH HCKITioueHHH xy
ripasasl uacCTh NEPBOT0 ypasHEHHs ASJAHTCsT HAa Koapou-
LMEHT NPHU X), & IIPH HAXOXKAEHHH NPaBEIX YacTell ocTaldb-
HbIX ypaBHEHHH NDPOHBOJLUTCS MO OLHOMY YMHOKEHHIO
¥ OJHOMY BHIUMTaHHIO. Takum 06pa3oM, NpH HCKJIIOUEHHH
Xy BCero Hajl NpaBbIMH YacTsIMH BBHIIOJIHSCTCH ¢ apud-
MEeTHUSCKUX HeHCTBHI:

1=14+2(n—1)=2n—1.

COOTBETCTBEHHO C paBbiMU YaCTSIMHU ypﬂBHCHHﬁ npu
HCKIIYEHHH X; OCYLIECTB/AJACTCH i apuc‘pmemuecxux
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LelCTBHIL:
g=2(n—i+1)—1L

CrepoBaTesibHO, B IPSIMOM XOJle YHCJIO BHINOJIHSIEMBIX
apu¢MeTHUeCKUuX JefcTBHil HaJ NPaBEIMH YaCTAMU ypaB-
HeHHi{l paBHO

9. =i2:1[2(”—i+ 1)— 1]=k21(2k—— )=
=n(n+1)—n=n’% (19)

BuuncieHue omnpeaenutenaeil. B npsamom
xozie Metoa I'aycca maTpuua (al9)? ;_, 3anaHHoii cucre-
MBI JHHE[IHBIX aare6panyeckux ypasHenuil (1*) mpu ycio-
BHH, UTO BeAyLIHEe 3JeMEHTH BCeX CTPOK OTJHYHH OT.
HyJIsl, TPUBOJAUTCS K TPEYroJbHOMY BHAY. ITO JOCTH-
raeTcsi onepalusiMH JeJIeHHs CTPOK Ha HX BeldyllHe 3Je-
MeHTH H BHUHTAHHS HOPMHDOBAHHBIX TAaKHM CNnocoGoM
CTPOK, YMHOKEHHBIX HAa HEKOTOpbie UHCJIa, H3 NOCIeAyIo-
IMX CTPOK (moApo6HO 3Ta Mpouelaypa ONHCaHa IMpH
n=4).

OnpefleuTteiib MaTpHIb IIPH JeJ€HHH ee CTPOKH Ha
BeJyLIHil 5IeMEHT TOXKe NeNHTCSl Ha STOT SJEMEHT, a NpH
BLIUHTAHHNH W3 KaKO{-THGO CTPOKH MAaTpHIB APYroi
CTPOKH, YMHOXKEHHOi Ha Jii06oe YHCJIO, KaK H3BECTHO,
onpesieHTeNb ocTaercst Tem ke. Onpejenntenb Hai/eH-
HOil B NPAMOM XOje TPeyroJbHOil MaTpHLE, y KOTOpOH
Ha TJaBHOH AMAaroHaJH CTOSIT €AHHMIBI, T. €. ONpeJeJH-
Tesb crcTeMbl (9%), conaarouieil npu n = 4 ¢ cHCTEMOI
(9), paBen eannuue. OH MONYYEH B pe3yspTarte AejeHHS
CnpelesuTeNss  MaTpHILBI (a‘ioj’ Toiap o60o3nayaeMoro
det(a)), Ha Benymme SJEMEHTH a®, o), ..., aph
BceXx cTpoK. CleloBaTesIbHO, eClH a) %0, a) =0, ...
voy @D 540, TO

det (af)) = a{Paf) ... aln=h, (20)

Takum o6pasoM, npu peliennn meromom Tlaycca cu-
cTeMbl JMHEHHBIX aJre6paHuyecKHX ypaBHEHHIl MOKHO
NONYTHO BHIUHCJHTb ee onpeienutelb. Ecan Tpebyercst
HafiTH  TONBKO ONpeleJHTeNb 3alaHHOH — MaTpHIbI
a‘f}’);{!:“ TO BBIYHCJIEHHS TPOBOAATCA IO CXeMe, OTBe-

yapmell npaMoMy XOAy MeTOla laycca, ¢ ToH JHIIb
pasnuuei, YT0 OTCYTCTBYIOT AEHCTBHS Hal CTOJI0OIOM Npa-
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Buix uacreil. Coraacuo (16), (19), (20) uucmo apudme-
THYECKHX JeHCTBHI, BHIIOJHSIEMbIX TIPH BLIYHCIEHHH
det (a{)) paccMaTpHBaeMbiM METOJIOM, PABHO

n? n

Q=0Q,—q,+(n— l)=~§~n3 —i—~2———6——n2—{~n— =

2
=%n3 — HT+%”_ 1 z%n", (21)
rie Q,— uHcyio AEHCTBHI B NPAMOM XOJA€ NPH peIleHHH
CHCTeMbI MOPSAKA A, ¢, — YHCJO ACHCTBHIL, BEIIOIHSICMBIX
IpH 5TOM Haj NpPaBBIMH YacTsMH ypaBHenuii, n— 1 —
ypcso ymHoxenuit B Gopmyane (20).

Sameuanue 1. Eciu B npsMOM XoJe OKawmeTcd
BeAYILLUH 3/1eMeHT KaKoii-TH60 CTPOKH PaBHBIM HYJIO, TO
M3J0KeHHBIfl mpocrefiinit BapuanT Merona Iaycca He-
NPUrOJeH [Jisi pelileHHs COOTBETCTBYIOLIEH CHCTeMbl HJH
BHIUNCJEHHsT onpefenuTens. Hixe pacematpupaercs Go-
Jiee yHHBepcasbHLI BapuaHT Merona laycea ¢ BEIOOpoOM
IJ1aBHOTO 2JIeMEHTA.

Pemwenne HECKOJbKHX CHCTEM, OTJIHYAIO-
muxcs npaseiMu uacTamu Ecan sanano ne-
CKOJILKO CHCTEM JIHMHEHHBIX aJre0pamuyeckux ypaBruexil
71-TO TMOPSIAKA, OTIMYAIOLIUXCS TOJLKO NMPABLIMY YaCTsMH,
TO 1enecoo6pasHo NPsIMOfl XOJ OCYIIECTBJSATL CO BCeMH
cTos6uaMu TpaBHIX yacTeil mapaJjsenbHo (Tak ke, Kak
cO CTOJOIOM INPaBHIX YacTed M JIOMOJHHTENBHBIM KOH-
TPOJILHEIM CTOJOLOM B PacCMOTPEHHOM Bbillle IpHMEpE).
OGpaTubiii X04 JJsl HaXOXK/JEHHs PELICHHS KaXKIoil CH-
cTeMbl NIPOBOAUTCS TOCJIEI0BATEJBHO.

Upcso apudMeTHUECKHX AeHCTBHH MNpu peiueHuu p
yKaszaHHBIX cucTeM corsacHo (17)—(19) cocrasiser

Q(p)=Q+(p—1)(g,+ Q)=

=%n3—|— %ng—— %n—}—(p—— 1){(n®+n*—n)=
2 n? n ~ 23
.——_——5‘11,3— T-——ﬁ-—l—pn(Qn - ].) =~ 3 n "l 2Pn2, (22)

rae Q —uHcio AefiCTBHH IPU INOJHOM PpellCHHH OLHOH
CHCTEMB, ¢, — YHCJI0 AeficTBUHl B NMPsMOM XOAe HaL OA-
uHM cTonGLOM TpaBbix dYacted, Q¥ — YHCIO nefcTBUH
B 0GpaTHOM XOJie NPH HaXOXKIEHHH OJHOr0 peLICHHT.
Buuncienne o6partnHoit marpuiu. llycTe

laHa HeBHPOXKJEeHHas MaTpHUa A=(a§.‘}’l'_’j:1. s
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Kypca JinHeliHoil aareGpul H3BECTHO, 4TO j-H cTtosabey 06-
parthoil marpuunl A-! cosmasaer co crombuom (xyj,

Xojy ..., Xnj)¥, THe 3Be3710YKa— 3HAK TpPaHCROHHpOBA-
Hust, (X1, Xojy «.., Xnj)— PELICHHE CHCTEMBHI *)

8; = (81j, 82jy ..., Orj), 6ij— cumBon Kponekepa.

ITosToMy msisi HaxoXaeHUsi oGpaTHOH maTpuub A-!
JIOCTATOUHO peluTh 1 cucteM Buaa (23) maa j=1,2,...
..., M, OTJIMYAIOLINXCS TOJBKO NpaBbIMH yacTsiMu. [lpu
5TOM COIJIacHO (22) 3aTpauuBaercs

Q) ~ % i (24)

apuMeTHUeCKHX LefiCTBIIH.

Cxema ¢ BLIOOpPOM TJAaBHOTO 3JEMCHTa.
PaccmorpenHblfi  BBILE NPOCTEHIUNE BAPHAHT MeTOLA
lFaycca, HaspiBaeMHlil cxemol eOunHCTB8eHHO20 Oesexus,
obnagaer cjaenyomnMu Hepocratkamu. Eciun Benywwmil
5Je€MeHT Kakoi#l-1u6o CTpPOKH, Hanpumep, Ko3(pHLHEHT
a) npu X, B NEPBOM K€ yPaBHCHHH OKaXeTCsl PaBHLIM
HyJI0, TO 3Ta cXeMa (upMa/JbHO HENPHUTOLHA, XOTsl 3a-
JdaHHaga CHCTeMa ypasueunﬁ MOZKEeT UME€Tb €IHHCTBEHHOE
pewenie. Kpome T0ro, ecid onpeiesiutesls CHCTEMbl He
paBeH HYJIO, HO B IIpOLECCe BBIYHC/IEHHIT BCTPEYAKOTCsI
BeJyllHe 3JEeMEHTH, KOTOpble JAOCTATOYHO MaJjbl 10
CPaBHEHHIO C JPYTHMH 3JIEMEHTAMH COOTBETCTBYIOLIHX
CTPOK, TO 3TO OOCTOSITEIbCTBO CIIOCOGCTBYET YCHJIEHHIO
OTPHLATEJNbHOrO BJHSIHHS HOTPEINHOCTENd OXPYyrJieHHs Ha
TOYHOCTb pe3yJbTaTa.

H3n0:KHM cXeMy, Ha3bIBaeMylo cxemou ¢ gulbopom
2/QBHO20 INEMEHTA, KOTOpasi B Cilydae, Korja onpejesii-
Telb CHCTEMBl OTJHUEH OT HYyJs, NpH OTCYTCTBHH I10-
rpeliHocTell OKpYryaeHusi Bcerfia INPHBOAHT K eIHHCTBEH-
HOMY pelLieHHIO H MeHee YYBCTBHTEJIbHA K NOrPEIIHOCTSIM
OKpYyTIJIeHHs. DTa cXemMa He3HAUHTeJbHO OTJHYAeTcst OT
cXeMbl, IpHBEJIEHHOIl B HauaJe naparpada.

*) 3pech M B caenywnx mnaparpadax GyaeM npHICPKHBATLCA
oGoanauennuii, npuHsaTHX B KHure: Byrpos §l. C, Hukouab-
cknii C. M. DjemenTo JiuHeHHOH aare6pel W 2HAJHTHYECKOH
reomerpun. — M.: Hayka, 1984. Tam BeKTOpH HEH3BECTHHIX, PeLICHHI
H NpaBEIX YacTell 3aNHCHIBAIOTCA B CTPOKY.
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[Tycte, Kak u mpexne, fana cucrema (1). Cuavasa
J06HBaeMCsl BHIIOJHEHHST YCJIOBHHA

e |=lafl i i=1.2.3, 4,

nyTeM IIepeCTaHOBKH B Clydyae HeOOXOJHMOCTH ABYX
ypaBHeHHH cucteMbl (1), a Takxke ABYX CTONOLOB HEH3-
BEeCTHBIX CO CBOHMH KO3(pQHIHEHTaMH, H COOTBETCTBYIO-
el nepeHyMepaudn Ko3)(OHUHEHTOB H HEH3BECTHHIX.
HaiigeHHBIH MakCHMaJbHBIH 1O MOAYJNIO KOz(h(HLHEHT,
0003HaYeHHBI1 IIPH nepeHyMepauun yepes alf), Ha3LBaeT-
Csl NepaoiM 2AQABHBIM 3NEMEHTOM.

3atem, pasmenus Ha al), mepBoe ypaBHeHHe IPHBO-
IuM K BHAY (2) H, HCKJIIOUHB X; H3 BTOPOrO, TPETLErc
W UeTBEPTOr0 ypaBHEHHH, IOJyYyaeM ypaBHeHHs (3).

Hanee ¢ cucremoit (3) mocTynaem aHaJOrHuHo, Kak
u co Bceli cucremoii (1). A HMeHHO, OCYILIECTBHB, €CJH
HY)KHO, IepecTaHOBKYy MABYX YypaBHEHHI, a TaKkKe, BO3-
MOXHO, IBYX CTOJIOLOB HEH3BECTHHIX ¢ HX KO3(DHUIIHEeH=
TaMH, H NPOH3BEAs COOTBETCTBYIOLLYIO IepeHyMepallHio,
ofecneynBaeM BBLINOJHEHE HEPABEHCTB

(=), 61230

Ilpu 3TOM, ec/i mepecTaBJIs/IHCh CTOJOIB HEH3BECTHHIX,
TO COOTBETCTBYIOIAs MEPeCTaHOBKA IIPOU3BOAHTCS H B
ypaBHeHnH (2). HalineHHbIH MaKCHMAaJBHBI [0 MOIYJIO
Kos(Qduunent, oGo3HaueHHBIH uepe3 all), naswiBaercst
BTOPOLM 2AQBHLIM INEMEHTOM.

Paspenus Ha af}) ypaBHeHHe, cTosiLlee TeNephb Ha mep-
Bom Mecte B (3), nosyuum ypaBHenue (4), a HCKJIIOYHB
X2 H3 BTOPOro H TPETbero ypaBHEHHi, NPUXOAHM K ypaB-
Henusim (5). Ecin B cucreme (5) npu HaxXoXICHUH IJIaB-
HOro 3JieMeHTa OyAYT MepecTaBJsiTbCSl CTOJOGIE, TO CO-
OTBETCTBYIOLLHE TEPEeCTAHOBKH H INepeHyMepaiHs ocy-
LIECTBJISIIOTCSL B Y2Ke BhIIeJIeHHBIX ypaBHeHusix (2), (4),
BXOASILIHX B OKOHUAaTeJbHYyIO cHcTeMmy (9), H T. 1.

Ecnu onpepenurens cucremnl (1) orinuer or HyJs,
TO B NpPSIMOM Xoje OyneT mosjydeHa cucrteMa Bupa (9).
OGpatHbiii xon BeoNHsieTcst 110 ¢popmynam (10). ITepe-
XOls1 K INepBOHAUAJbHOH HyMepauuH Termeph YyKe Hai-
JEHHBIX HEH3BeCTHHIX, MOJIyyaeM pelleHHe 3aJaHHOH CH-
cremul (1).
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Ananornuno, metoioM [aycca ¢ BHOOPOM IVIaBHOIO
3JIeMEeHTa pellaeTcst cucreMa J1o60ro nopsiika .

SameuaHus 2. Ecin maTpuua 3aJaHHOH CHCTEMBI
BHIPOXK/EHHAsl, TO NepeJl HCKIIOUeHHeM HeKOTOpOil HeHs-
BECTHOH TIJIaBHBIA 23JIeMEHT, Ha KOTOPHI [LOJXKHO Je-
JINTbCSI TIEpBOE M3 OCTABIUIHMXCSl YpaBHEHHH, OKaxKeTcs
paBHBIM HYJI0. DTHM CaMbIM H OOHApYXKMTCS, YTO Onpe-
JeJIHTeNlb  3aJlaHHOH CHCTEMHl paBeH HyJo0. 3ajaua
peLIeHHs] CHCTEMHBl YPaBHEHHH C BHIPOXKAEHHOH MaTpH-
el paccmaTpuBaeTcss B Kypce JIMHeHHOH aJreOpHl.
BoJsiee nmoapoGHO Ha 3TOM cJlydYae OCTAaHABJIMBATbCS He
O6yneM.

3. Meron T'aycca ¢ BEIOOpOM IJIaBHOTO 2JeMEHTa MO03-
BOJISIET BHIUHCJHTL ONpeleNuTe]b (eCaH MocaefHHl He
paBeH Hymio) no ¢opmynae (20), B nmpaBoii uacTH KOTO-
poil CTOMT NpOH3BEe/leHHEe TJIdBHBIX 3JIEMEHTOB M J00aB-
JeH MHOxuTenb (—1)Y, rae v— cyMMa HOMepOB, nepe-
CTaBJIIEMBIX B IPSIMOM XOJ€ CTPOK M CTOJOILOB Ha BceX
pmlarax TpHUBeNEHHs MaTpHLB K TPeyroJbHOMY BHAY.
Ecnu Ke onpenesuTeNb paBeH HyJ10, TO 3TO 06CTOS-
TeAbCTBO BHISICHHTCS IPH BHIYHCJEHHAX, TaK KakK Ha He-
KOTOPOM lllare MOSIBUTCS PaBHHI  HYJIO TIJIaBHBIA
3JIEMEHT.

4, Ha npakTtuxke mnpH NpHBeIEHHH CHCTEMHl K Tpe-
yroJbHOMY BHAY (aKTHUeCKH JeHCTBHS INPOM3BOAATCS
TOJBKO HajJ 3/JeMeHTaMH ee MaTpHlbl, a HailJleHHbEe 3Ha-
YyeHHs1 HEH3BECTHBIX BHIIUCHIBAIOTCS B 0OpaTHOM XOne,
KaK, HanpHMep, 3TO HJIOCTpHpyeTcst Taba. 1, 2.

5. MMeeTcs ciaenyiolyii BapHaHT CXeMBl ¢ BHIOOpOM
riaBHoro sjementa. HafineHunlii odepenHoit (Hampumep,
nepBHIl) TVIaBHHI 3J€MEHT OCTaBJseTCs Ha mecTe (He
NIePEHOCHTCS] B JIEBBIH BepXHHH Yros MaTpHLL NyTeM
nepecTaHOBKH ee CTPOK M cTosnbuoB). HeussectHas, oT-
Beyapllas BHIOpAHHOMY TJIABHOMY 3JIeMeHTY, HCKJIIO-
yaeTcsi M3 BCEX ypaBHeHHH, cpeid Koa(pQPHIHEHTOB KO-
TOPHIX ellle He BBIAEJISINCh IJ1aBHBIe 3/1eMeHTH. Crenyro-
il rJaaBHBET (MAKCHMAaJbHBIL MO MOAYJIO) 3JEMEHT
HaXoAHTCH cpead Ko3(pGHLUHMEHTOB ypaBHeHHi, H3 KOTO-
pHIX HCKJIOUEHa ouepelHas HeH3BeCTHas, W T. A. Ecau
onpenesHTe]b 3aJaHHOH CHCTEMBl TOpsiKa n He paBeH
HyJI10, TO uepe3 n 1aroB OyAeT NojyyeHa SKBHBAJIEHTHAas
CHCTeMa, KOTopasi NMyTeM IePeCTAHOBKH ee ypaBHEeHWH
U IepeHyMepalHH HEH3BECTHHIX MOXKeT OHIThb IpPHBELEHA
K TPeYTOJIbHOMY BHIY.
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§ 20. Hopmbi M 06YCJI0BAEHHOCTh MaTPHIL

BeegeM B JuHeliHoM mnpocTpaHcTBe R”" A-MepHBIX
BEKTOPOB X == (X, X2, ..., Xn) ABYMs CocoGaMH HOPMY

[lx]i= max |x,],
nxll——! TERY. (1
_ 2 __ 9 .
|11 =(x, %) —(1_; x,)

TTpoBepuM BHIMOJIHEHHE AKCHOM HOPMBI (CM. 1. 7 BBe-
Ieuust) Just HOopmH %[, Jas Jo6oro x & R" nmeem

max |x;[=0,

1<ikn
T. €
Jxl, =0
Ipu stom max |x;|=0 win 2], =0 Torma m ToJBLKO

1<ign

Torna, Korga x = 0. Kpome Toro,

max |ax;|= max |al|x;|=]a| max |x;],
1<ign <ikn I<ign
T. €
foxlly =clllxl.

rie o — Joboe uucio. HakoHel, MycTb HaHH JBa Mpo-
H3BOJIbHBIX BekTopa ¥, y = R". Torma Hailmercs Taxoit
HoMep k, uto max |x;+y; |=|x;+ y;|. CrremosaresHo,
I</i<n

max 'xj+./j|—|xk+yk|<lxk|+l!/k|<
1<in

< max |x; |+ max |y,

1I<in I<jisn

T. €.

Ix+ylh<<ixl+lgl.

Axcuomnl mast HOpMBl [lx[l2, BBeZeHHOH ¢ NOMOUIbIO
CKaJIAPHOTO NMPOH3BEeHHS, POBEPSIOTCS B Kypce JIHHeH-

HOH anre6pH.
OueBHIHO, TepBasi H BTOpas HOPMH Jioforo x & R”

yllOBJIeTBOpHIOT Hep aABEHCTBAM
Il <lxhL<A/n Il (2)
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B nuHeflHOM TNpOCTPaHCTBE KBAAPATHBIX UHCJIOBBIX
MaTpHIL 71-TO NOPsAAKa

Ay Q2 ... Qip
A=\ Gz 02 (2373
Qn1  Qn2 Qnn

3aJaiuM HOPMY CjlefyIomuM 06pasoMm:

I Ax |
rae llxll, |Ax]| — BBegeHHbIE BhIILIE HOPMBI COOTBETCTBEH-
HO BeKkTOpoB X, Ax. 3anannast no ¢opmynae (3) Hopma
MaTpHIlbl HA3BIBAGTCS CO2AQCO6AHHOLL C HOPMOI BEKTOpa.
B uactHoctH, ecii A= E, 1. e. A ssjasiercs ejau-
HHYHoH Marpuileidl, To (nockonbky Ex = x pjas Jo6oro
x = R" u, caepopareabno, [|Axll = [|Ex|l = lx]]) us (3)

BLITEKAeT, UTO
IEN = 1. (4)

Yepes [|Allm Oynem obosnauaTbh HOpMY MaTpuunbl A
B cJyuae, KOrja AJsi BeKTopa npuHsATa HopMa |x|l=

= |ixllm, m=1, 2.

Mo3KHO 0Ka3aTb, YTO

”AHIEIma Zlatlli (5)

i<n

mh<( ¥ a;f) " ©)

npuueM, ecan Marpuna A — CHMMeTpH‘IHaH T. 6. A = A*
(A* — Tpancnonuposannas K A matpuua), T
1

[A],=  max 12, (4), a7 k= “min 7, ] (7)
I<ign

rie Ai(A)— coGCTBEeHHBIE 3HAUYEHHs] MAaTpHUH A
ITycte A B — KBajapaTHblE YHCJAOBBIE MATPHLBl 71-TO

nopsigka, A-+ B—ux cymma, x&R"  IlockoJbKy
1A+ B)x|=|Ax + Bx|<| Ax] + | Bx], To
_ 1(A+ B) x| I Ax |+ Bx|
|4+ Bl = sup B <sup S g = <
I Ax|) I Bx 1l

SLlp IH +s up Tx ="A”+"B”'
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Taxkum o6pa3oM, HepaBeHCTBO TPEYTOJNbHUKA JJIsl BBE-
JleHHOH no ¢Qopmyse (3) HOPMBI MAaTPHUBL BHIIOJHEHO.
CrnpaBelJIHBOCTL OCTAJbHBIX AaKCHOM JJisi HOpMH (3)
OUEeBHUHA.

Corsnacho (3) agst smoboro x = 0 uMeeM

lAx <] Al] =1, (8)

NpUYeM MOXKHO JIOKa3aThb, UTO CYLIECTBYET TaKOil BEKTOP
x == 0, 1151 KOTOoporo HepaBeHCTBO (8) obpaulaercsi B pa-
BeHcTBo. OueBUOHO, cooTHouleHHe (8) obpaulaercsi B
paBeHCTBO U A1 x = 0.

Ha ocHoBanuu (8) pasa jaio6oro x & R" BHNOMHSIIOTCS

HepaBeHCTBA
IABx| = A(Bx)| < Al BxI<I Al| Bl ]

H, cJiegoBaTeJqabHO,

12 I AP I*l, - .., DA< AL |2,
T. 2
rAI<p Al 9)
Paccmorpum  cucremy sHHeHHBIX — ajrefpanueckux
ypaBHEHUH
Ax=0>, (10)

rae detA =0, b~ 0. Cucrema (10) HMeeT eIHHCTBEH-
Hoe pelleHue x = 0. Ha npakTHke mpu ee pellieHHH JIO-
ObIM MeTOIOM, B TOM uMc/JIe M MetonoMm [aycca, Beiuumc-
JIEHUSI TIPOU3BOASITCS C OKPYIVIEHHEM, T. €. HETOUYHO.

[TorpeltHOCTH BBIYHC/JAEHHI YacTO MOXKHO HHTephpe-
THPOBATh KaK IMOrPelIHOCTH npasoil uactu. Hapsany c cu-
cremoii (10) paccMOoTpuUM cUCTEMY

A(x+r)=b-+n, (1)

rie 1 7 0 — norpewHocTs (BO3MYIIEHHE) MpaBOH uacTH,
r— TorpelHocTy peilenus. Mmeem Ar =w, r = A"n,

b A A1
Arixl _nbh el jAxl TA 'l <

IR/ EIREY] (E7/ 1

HANN=l LA™ -1

T. €. JJIsl OTHOLIEHHS OTHOCHTEJbHOI HOrpPElIHOCTH pe-
wennst |Irll/llxll x oTHOCHTeNbHON NOrpemIHOCTH nNpaBoil
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yactu [Inll/llbll BuinonHsieTcs HepaBeHCTBO

[E D _ a1
inpier < VA =laila™, (12)
KoTopoe npH HeKoTopeix b 7= 0, i 7= 0 o6paiaercs B pa-
BEHCTBO.
Besnunna

v(A)=[AllA7] (13)

HasbiBaeTcsl mepoii obycaosrenrnocty matpuyst A. OHa
paBHa MaKCHMaJbHO BO3MOXKHOMY KO3(QGHUHEHTY yCHIIe-
HUst OTHOCHTEJBLHOI MOrpelHoCTH OT NpaBoOi 4acTH K pe-
urenuio cuctemul (10). Ecin matpuna A — cuMMeTpHYHAsA

u BoiGpaHa Bropast Hopma, T. €. [|All = [|Alls, T0 cormac-
no (7)
v(A)= max [A;(A)]/ min |[A;(A4)]. (14)
1<i<n 1<i<n

Ecan mepa v(A) Goabluas, To Marpuua A (cucrema
'(10)) HasbiBacTCs n40x0 00YyCAOBACHHOLU, a €CIH Mepa
v(A) HeBeanka, TO— X0pouio 00ycA0B8ACHHOL.

I[IpuMep naoxo OOYCJOBJIEHHOH CHCTE-
MBH ypaBHeHHuH PaccMoTpum cucreMy ypaBHeHHH

(10), B xotopoit b = (—1, —1, ..., —1, 1),
1 -1 —1...—1 —I7
0 1 —1 ... —1 —1
A=|0 0 ... -1 —1/{ (15)
SN e

0 0 0... 0 1l

npuuem detA = 1=£0. B Gojiee nmoapobHoil 3anmucu 3ta
cucTeMa TaKoBa:

xl'—xz‘—xg,—' ) "‘xn:—l,
Xo—X3— vou —X,=—1, (16)
Xpog —X,=—1,
x,=1.

Cuctema (16) uMeeT eIHHCTBEHHOe pelleHHe X ==
=(0,0,..., 0, 1). IIpun HaxoXK/AeHHH PELICHUS CHCTEMH
(16) metomom I'aycca npsamoi X014 OTCYTCTBYeT.

HonyctuMm, 4To B 0oOpaTHOM Xoje Oblia MHONylieHa
€/IMHCTBEHHAsI TOTPeLIHOCTb, CBOAALLAACA K TOMY, 4TO
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BMECTO X, =1 OBIO MNOJIYYEHO X, = Xn-+rn=1-}c¢,
rjae e =0 Maso no cpaBHeHHIO ¢ enuHuueil. Torna Bme-
CTO pelleHust cucteMbl (16) Oyner HaiiieHO pelieHue
= x+r cucremn (11), rme marpuna A u Bextop b
HMEIT yKasauHbii Boime sug, == (0, 0, ..., 0, €).
[orpewnocts r = (ry, ra, ..., rn) YAOBJIETBOpPSiET CH-
cTeMe ypaBHeHHH

rn—ro—r3— ... —r,=20,
ro—r3— «o. —r,=0,
rpn1—r,=0,
r,=Eg.
Orciona nosnyuaem
r,=-¢t,
rn_ 1 =Tr,=g8§,

Tn2=Tp+ Iy 1=¢+e=2e,

rn—kzrn_l"rn—l_l" L +rn—(k-l):2k_la:

Iy = rp—(n—1=20""D=lg = 2" "%,

Umeeu |7l =2""2[e|, [x =1, [nl;=]el, |6, =1

u corJsacHo (12)
vy ()= 1) Irhlxh _ gams

vy =vi(A=lAl] A > FimE=2""% (1)

B coorBerctBun ¢ (5) maxomum ||Ally = n, rae A —
matpuua (15). CnenoBaTesnbHO, Hapsily ¢ Mepoil o6yc-
JioBnedHocTH v(A) Bennka HopmMa OGpaTHOl MAaTpHIH,
1. e. [|A7Y), xorss det A~!=1/detA = 1. Hanpuwmep,

ecain n== 102, to [|All; =102 u Ha ocHoBanuu (17)
v(A) =219 > 10°°, a ||A-![l; > 10. B nauxom ciyuae
lirlly = 2'®°|e| > 10%°|e|. B wactHocTH, ecin |e|= 10-15

(T. e. eIMHCTBEHHAs JIONYLIeHHAs NMOTPELIHOCTL B 06part-
HOM XOJi€ OCTAaTOUYHO MaJsa), TO TeM He MeHee MOrpell-
HOCTb HalileHHOro pelleHust Beauka: [rll; > 10'5. [lau-
HOMY SIBJIEHHIO CONYTCTBYeT MmJOXas OGYCJIOBJEHHOCTb
paccmaTpHBaeMoll CHCTeMBl ypaBHeHuil, yCTaHaBJIHBac-
- Masi HepaBeHcTBOM (17).

Ilpumep xopomo OGYCJIOBJIEHHOH CHCTEMB TIPHBO-
aurcs B § 21.



156 IJ1. 3. YUCJIEHHBIE METOIBI JIUHEMHOM AJITEBPBI

§ 21. Meton npocThiX UTepaiuMii U MeTon 3eitnens

MeTopn npocTHX uTepauuid. Paccmorpum cu-
cTeMy JIMHEHHBIX YpaBHEHHi BHAA

x=PBx-+b, (n

rie B —3azaHHasi YyucaoBas KBaJpaTHasi MaTpuua n-ro
nopsizka, b & R*— 3ananublil BeKTOp (CBOGOJAHBII UJseH).

Metod npocteix wurepayuli COCTOUT B CJAELYIOHIEM.
BriGupaercss mpousBoJibHEI BeKTOp x° & R" (nauajbHoe
npubJsinKeHHe) H CTPOUTCS HTepallOHHAas NOCJeLoBa-
TeJIbHOCTh BEKTOPOB 110 (hopMmyJie

f=ps"" b, k=1, 2, ... 2)

ITpusenem TeopeMy, JAIONLYI0 NOCTATOYHOE YCJIOBHE
CXOJMMOCTH MeTO/la MPOCTHIX HTepaluil.

Teopema 1. Ecau ||Bll < 1, 1o cucrema ypasrenuti
(1) umeer eduwncrsennoe pewernue x* u urepayuu (no-
caedosarenvroe npubauscenus) (2) cxodarcs k peue-
HUIO CO CKOPOCTLIO 2e0MeTPULECKOL npozpeccuu.

HdokasaTtenabctso. JonycTtuM, uTo x* — pelleHne
¢nctemer (1), T. e. BBINMOMHSETCS PAaBEHCTBO

2" =pBx"+b. (3)

Orclofa ¢ nMOMOLILI0O HEPABEHCTBA TPEYroAbHHKA JJIst
HODMBI BeKTOpa W HepaseHcTBa (20.8) noayuaem

I I<IBL N4 IBI<IBIIX" T+ 101,
T. e. (1 —IIBII W< bl uau, mockoanky 1 — | B[>0,

. nal
W3 3Toro HepaBeHCcTBa BHITEKaeT eLHHCTBEHHOCTH pe-
uleHUsl OLHOPOAHON cucteMbl x = Bx, 1. e. npu [|b]] = 0,
a cJjielloBaTesIbHO, CYIIeCTBOBAHUE H €LHHCTBEHHOCTh pe-
wenusi cucteMbl (1) mpu so6om cBoGoxHOM dieHe b.
[Tyctp r* = x* — x*, rne x* — pewenne cucremol (1).
Buuurast u3 paBencrsa (3) paBeHCTBO (2), HaXOAHM

x" — xk = B(x" — x*1), (5)

T. €. r® = Br*-1 y, cnenosartenbno, r* = B*r%, rne B* —
k-1 creneHb Matpuupl B, r*—norpemHocTs k- HTepa-
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LuH, r®— HavajbHas norpeinocts. OTCIOAa HA OCHOBA-
nun (20.8), (20.9) noanyuaem

I < 85 e I BIF) 01,

T. €. HOpMa NOrPeLIHOCTH r* = x* — x* cTpemHTCA K 1yJI0
npH kR—- oo He Me[JleRHee IeOMeTPHYEeCKOH Iporpecciu
co 3HaMeHaTtesem ¢ = ||B|| << 1.

3ameuanuns. l. Ilycrs r¥ —i-gx  komnouenta mo-
TPeUIHOCTH r* k-i urepamun (k-ro npuGamxeHus) x*.
Hockomery |rf|<|Ir*l, i=1, 2, ..., n, 70 BCe KOM-
IIOHEHTHl r¥% cTpeMsTCst K HYJIO NpH k—> 0o He MejjeH-
nee, ueM-|| B || ro.

2. B cuny uepasencts (20.2) H3 cXomMMOCTH HTepa-
LA 110 OAHOJ U3 ABYX BBEACHHBIX HOPM BeKTOPOB BbITe-
KaeT CXOJAMMOCTb IO ApYroil HopMe, T. e. ecan |rkjl, ==
= [[x* —x*[l; > 0 npu k— co, To |7, = [|lx* — x*[l,>0
1pil k= o0 i HA0OOPOT.

Ouenka norpewnocTu wurepauni. Ilyers
Bl << 1. Torna no teopeme 1 cuctema (1) nmeer eni-
CTBEHHOE peilente x*, Vsl KGTOPOro BHINOJHSIETCS pasei-
crBo (3). M3 pasencts (2), (3) BbITeKaeT paBeHCTLO

X —xtl=xk — xk-1 | B(x" — xk-1),
Orcioaa nosnyuaem
%" — *=H <k — wF=1 1B (27 — x5 ) 1<
S — === | Bl #" — ke,
BRI
(I =Bl — gt <[ 2P — x=-1,
u nockoabky 1 —|B[}>0, 10
1

I x*—xk’l|l<—r_—"3—””xk*—xk"’”- (6)
Kpowme 1oro, B cisy (5) umeem
%" — x* <N Bl %" — xF=1]. (7)
M3 (6), (7) okoHYaTeJbHO MoOJayyaeMm
> 81 -
IIx —‘xk“<m”xk-xk . (8)

Hepagencto (8) mospousier oLEeHHTh HOPMY morpeui-
HOCTH k-r0 npHOJIMIKEHHs uyepe3 HOPMY pPasHOCTH ABYX
NOCJIEN0BATENbHBIX NPHOJIHXKEHH U HOPMY MaTpuus B.
JTa oueHKka WHPOKO HCNOJNb3yeTcss Ha npakTuke. JlJs
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BHUHCJeHHss HOpMBI [|B|| nim nonyueHdsi ee OLEHKH HCe
noJab3ylorcst popmyast (20.5)—(20.7).

ITpume poit

_[—3/5 3/5
b B"[ 2/5 1/5]’

2
6
Bll, = max Z b..|=—=—>1
I Bl 1<,.QHI gl=5>0

2 1/2 '\/2_3_
3
2 J— .
1|Buz<(z b,-,-) =<

i, j=1
[y 45
2 B‘[s/s —1/5]’

2 Yr—
9 i 21
181, =5 <1, anz<(§: ;z.,)___ 2@

i, /=1

T.e. pauHasi ouenka anst [ Gils He NpencTaBJfieT LHTEpeca, TakK Kak
npasast yactb Goaiue 1.

B cuny 3ameuanus 2 [is CXOAHMOCTH HTepamuil (2)
J0CTaTOYHO, 4TOGLl XOTs1 Obl OjHA H3 HOPM MaTpuubl 5
Oblia Menbiue 1.

INpusenem Ge3 10Ka3aTelbCTBa TEOPEMY, AAIOLIYIO He-
06X0AIMOE H JIOCTATOUYHOE YCJOBHE CXOJAHMOCTH METOAa
NPOCTHIX HTepalHil.

Teopema 2. ITycro cucresna (1) umeer eduncreen-
tioe pewenue. Ilocaedosarenvroie npubauscenus (2) cxo-
oarca k pewenuto cuctemor (1) npu aro6om HauaabHOM
npubausiceruu x° T02da u TOAbKO T020A, KO2da 6ce €00+
CTBeHHOle 3HA4YeHUS maTpuyst B no modyatwo menviue 1.

dra Teopema paer Oojee OOLIHE YCJIOBHs CXOAHMO-
CTH MeToJa IPOCTHIX HTepaluil, uem TeopeMa I, Tak Kak
MOXKET CJAYYHTbCSI, YTO YCJOBHS TeOpPeMbl 2 BHIIOJHEHLI,
a yca0BHs TeopeMbl 1 He BEmosHeHb. O1HaKO TeopeMoii 2
B o0lieM CJyyde HEIPOCTO BOCIOJbL30BATLCH, TAK Kak
TpebyeTcsi 3HaHHe rpaHHI COOCTBEHHBIX 3HAYEHHI MaT-
puubl B. B yacTHOM caydae, Koria MaTpHLa CHMMeETpit-
Hasi, B § 23 naH MeTO] HaXOXJeHHsi MaKCHMaJbHOrO i
MHHHMaJbHOrO COOCTBEHHBIX 3HAaYeHHIl MaTpPHIH, 03BO-
JSIOWKH TPOBEPUTH YCJIOBHSI TeOpPeMbl 2 H, B YACTHOCTH,
BLIUHCJHTb BTOPYIO HOpMY MaTpuibl no ¢opmyae (20.7).
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IlpumMmep xopowo OOYCHOBJEHHON CH-
cteMb ypaBHeHHui. Cucrema ypaBuenuit (1) axkBu-
BaJleHTHA CHCTeMe ypaBHeHHil ¥ — Bx =05, uiu, uto TO
ke camoe, Ax =20, rne A =FE — B, E— eiuHuuHas Mar-
puna. Ilpu ycaosun |[|Bfl <<l cormacio Tteopeme 1
det A = 0 u, cnefopatencHo, x* = A~'b sBasiercs peue-
Huewm cucteMsl (1). Otciona

e n<la s, 9)
npHYeM cyulectTsyeT CBOGOAHHI ujed b %= 0, mpu KoTO-
pom HepaseHcTBO (9) obpamaercs B paseHctso. OTciona
u U3 HepaBeHcTBa (4) BHITeKaer, uto ecan ||B] < 1, To

-1

H " Il T—1BI"

ITpunumas Bo BHuManue (20. 4) nojyuaem
IAl=IE—BI<IEI+IBl=14]B].

TakuM o6Gpasom, B coorBerctBuH ¢ (20.13) Mepa 06-
ycaoBieHHocTH matpuubl A = £ — B, oTBevalomeit cH-
creme (1), npu ycnosun [|Bll << 1 ynosiersopsier Hepas

BEHCTBY
v(A)y=v(E—B)=lAlla” < EHEL (0

Hanpumep, nycTb ajleMeHTaMu MaTpuusl B n-ro mo-
psiLKa SIBJSIIOTCS YHCHIa

by=-2(—1)"*, 0<i, j<n.
n
1Bl = max Zlbi] =};
- 72 ﬁ‘ 0,8 { 2
< (Y n) —( (T’<—1>‘*’))
i, 1

i= i, i=1
— (m(22))"=0s.

Takum o6Gpasom, corsmacuo (10)
1408
v(4)=wv(E— B)< —r =90,

Torna

T. €. Mepa OOyCJOBJIEHHOCTH MaTpuub A HeBeJHKa MpH
ao6oM n. CoorBercTBylomas cucrema (1) sBasiercs xo-
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polo 006yCJIOBJICHHOI, 1, C/1e0BATENbHO, €€ pelieHHe He
GyleT CHIBHO UYBCTBHTENBHBIM K BO3MYLLEHHAM CBOOO-
joro wieHa b, B orauune, nanpumep, ot cucremsl (20.10)
¢ matpuueit (20.15).

Merton 3eiinens. Ilycte AaHa cHcTeMa JIHHEH-
HBIX YpaBHeHHi

Ax =1, (11)

rre v marpuus A== (a;;); j=1 BCe AHArOHAJBHbLIC 3.€-
MEHTHI OTJIMUHBI OT HyJs, T. €. a; 7= 0, i=1,2, ..., n.
Ecnu i-e ypasuenue cucrems (11) paspeauth Ha aii
i=1,2, ..., n, as3aTeM BCe HEH3BECTHbIE, KpOME X, Me-
peHecTH BIPaBO, TO Mbl NpHAeM K S5KBHBAJEHTHOH cH-

cTeMe BH/LA

x=Cx+d, (12)
rie d=(d, dy, ..., du), d;=b;la;, C::(Cij)?.f=l.

. —aylay, jFE,
Ci=1 o, j=i.

MeTton 3efifesisi COCTOMT B TOM, UTO HTEPALMH IPOH3-
pojsaTcst 110 GpopmyJie

i—1

n
i r ke~
xi == Zl c”xf—}—] Zx Ciixlz [+df’ (13)
= =it

rie X NpOM3BOJBHDI, | == ,2,...,n k=12 ...

Urepaunu (13) no merony 3eiigenst oriuyaiores OT
NpOCTHIX HTepauuii (2) TeM, 4TO HPH HAXOKIACHIH i-
KOMIIOHEHTH k-r0  NPUOJHIKEHHST CPasy HCLONb3YIOTCA
yike HafileHHble KOMIOHEHUTHl k-T0 npHO/IHIKCHNS ¢ MeHb-
LMK HOMEPaMIL.

VCaoBHST  CXOAHMOCTI METOAOB TNPOCTHIX HTepauuil
i 3eiigeas HE COBIANAIOT, HO IepecekaloTcs. B HeKOTO-
PHIX cayuasx meron 3eiinens jpaer 6os1ee OBICTPYIO CXO-
auvocth. ChopMypyeM TeopeMy O AOCTATOUHBIX yCJ0-
BHfIX CXOLUMOCTH MeToja 3efiaes.

Teopema 3. Has cywecrsosaniis eOUHCTBCHHO20
peutenus cuctemor (11) u cxo0umoctu meroda 3etidens
JOCTATOUHO BOINOAHCHUS x0T Gbl 00H020 U3 068YX YC-
ao8uli:

) Y layl<laul =125
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6) marpuya A — cummeTpUUHAS NONOHUTEAbHO Onpe-
Cenennasn (6ce ee COOCTBEHHbIE BHAYEHUS, NOAOXNCU-
TEeALHbL).

3ameuanue 3. [lnsi npoBepKH ycioBHs 6) MOXKeT
ObLITb HCIOJNBb30BAH METOL HAaXOXAEHHS MHHHMAaJbHOTO
COOCTBEHHOr0 3HaYeHHs] CHMMETPHUYHOH MAaTpHIIBl, HaH-
HBIl B § 23.

§ 22. Meton nporoHku

PaccMoTrpum cucreMy JuHefiHbIX — ajreGpanvyecKHx
YPaBHeHHH CJIeJyIOLIero crennaJbHOro BUAA:

Ajzl_l—CjZ,—Fszj_,_l:Fj, j=l, 2, ey N—'l, (1)
Ro="%2| + Vo, 2y =upy2y_1 + Vy, (2)
rie 2o, 21, ..., @v — HeusBecTHble, Aj, Bj, Cj, Fj, wi, vi—

3aJaHHBE YHC/IA, TIPHUEM
[CIIZTA; 1+ B 1= 4;1>0, [%l<I, [zy|<<L (3)
Cuctremy (1), (2) MoxHO 3amucaTb Takxke B BEKTOP-

HOM BHJle Az =0b, rne 2= (2o, 21, ..., 2v), b = (vo, Fy,
F2>~--; FN—I,VN)7

—1 —
A, —C, B 0
A3 —C; B,
A= " .
AN—-I - CN—l BN—l
0 —% 1

— N —

Takum o6pasom, matpuna A cucremn (1), (2) ss-
asieTcsl TpexOuacoHaAbHOL, T. €. BCe ee 3JIeMEHTH, He Jie-
JKalllye Ha TJIaBHOH QHAroHaJH W ABYX COCEJHHX IHaro-
HaJssiX, PaBHBl HYJI0. DTO BEI3BAHO TEM, 4YTO B KaxKaoe
ypaBHeHue cucreMbl (1), (2) BXOASIT TOJBKO HeH3BECT-
Hble C HOMepaMH, OTJHYAIOLIHMHCS OT HOMepa YpaBHe-
HUs He Gosiee yeM Ha eAuHHLY. [Ipu BHEINOJHEHHH YCJO-
Bufi (3) roBopsiT, YTO paccMaTpuBaeMasi MaTpuua A sB-
Jsietcsi Matpuued ¢ domunupyroweii (npeobradatouyeri)
e/1a8HOL JuazoHaAe1O.

YpaBuenusi (1) B COBOKYNHOCTH OOBLIYHO Ha3bIBAIOTCS
PA3HOCTHBIM YPABHEHUEeM BTOPO20 NOPAOKQ HIH Tpex-

6 E. A. Boakon
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TOUEUHLIM PASHOCTHOLM YPABHEHUEM, a ypaBHeHHs (2)—
Kpaesoimu ycAo8usMu s pasHocTHOro ypasHenus (1).

3anaua (1), (2) B uejom HasbiBaeTcsi Kpaesol sada-
uell OAs TPEXTOUEUHO20 PA3HOCTHOZ0 YPABHEHUS HIIH
NPOCTO pa3HOCTHOL Kpaesot 3adauell.

PasHocTHble KpaeBble 3afaud (CHCTeMbl JIHHEHHDLIX
anrebpanueckux ypasHenuil) Buma (1), (2) asaswoTcst
BecbMa pacnpoctpaHeHHbiMH. Hanpumep, cucrema ypas-
HeHnuii, mosyuenHas B § 11 mpum nocTpoeHuun criaiHa,
umeer Bux (1), (2) u ymoBietBopsier ycaoBusM (3).
PasHocTHbE KpaeBbie 3ajJaud HauboJee 4acTo BO3HH-
KaloT NpH NpUOJIHKEHHOM pelleHuH Au(depeHIualbHbIX
ypasrennit (§ 29, 31, 33).

Venosua (3) rapaHTHpYIOT CYLleCTBOBaHHe eIHH-
CTBEHHOIO pelleHHs pas3HOCTHOH Kpaesoit samaun (1),
(2) (B uem Mbl yGeipuMcs HHXKe) H MO3BOJAIOT HaHTH
5TO pelueHHe CIelHaJbHbiM 3KOHOMHYHBIM METOAOM, Ha-
3biBAEMbIM METOOOM NPO2OHKU.

Mertoa nporouku. Iloacrasue us (2) 2zo=
= %02| - Vo B [lepBOe ypaBHeHHe cucTembl (1), nomyunm

A (%2 +vo) — Ci2 + Bz, =F),
HJH
2 =%2 + vy, (4)
rie
Py B, W, = Ao —Fy
l_C,—A,'xo’ 1™ Ci— A’

Haiigennoe Boipaxkenue (4) and z; NOACTaBUM B cJe-
mywoulee ypaBHenue cucreMbl (1) u monyunm ypaBHeHHe,
CBsI3bIBAIOLLIEE 29 M 23, H T. [L.

JlonycTum, uTO y:Ke HaileHO COOTHOLIEHHE

Zhot =@+ Ve, R N—1. (5)

IMoactaBuM zx—; B Buge (5) B k-e ypaBHEHHE CHCTe-
Mol (1):

Ap(p_12p, + V1) — Cr2p + Br2pyr = Fr.
Paspelis 3T0 ypasHeHHe OTHOCHTEJBHO Zj, NOJYUHM

2= %241 Vi (6)
rie
= By, v, — Ave — F
’
Cp— ey

. (7)

% b =
Cp— ARpy
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Taxkum o6pasom, KoabduneHTH ypaBHenui (6), cBf-
3BIBAIOUIMX COCEJHHE 3HAUeHHT Zr U Zp41, k=1, 2, ...
..., N— 1, MOXHO OmpeJleJUTb H3 PEKYPPEHTHHIX COOT-
HoweHu# (7), MOCKOJBKY %o, Vo 3a[aHH B (2).

[ToncraBuB BO BTOpOe KpaeBoe ycjoBue (2) BEIpaKe-
HHe zy—, BEITeKatoulee U3 ¢popmysn (6) npu k= N—1,
NOJIYYUM

2y =uy (y_12y + Yy_1) + v, (8)

rie %y, vy—3afaHHble B (2) KO3(DQUIUEHTH, ¥*Uy_i,
V-1 BEIUHCJIEHB 0 GopMyaam (7).
W3 ypaBuenns (8) HaxomMM HEH3BECTHYIO Zy:

VTN
=T ©)

N N-1
3arem no Qopmyne (6) B o6paTHOM MOPSIAKE HAXOAHM
OCTaJIbHBle HCU3BECTHHIE Zy—1, Zy—2, - - -, 20. DOPMYsa (6)
npu k= 0 coBmajaer ¢ nepBHM KpaeBhHIM ycaoBHeM (2).

ITpouecc BHIUHCAEHHsT KO3(QOUIHEHTOB %z, Vi, Bk = I,
2, ..., N—1, mo ¢opmynam (7) HasbBaercss npausim
x000m NPo2OHKU, 2 HAXOXKIEHHE HEH3BECTHBIX Zm, m=0N,
N—1,...,0, no popmynam (9), (6)— obparrsimn xo000u
NPOCOHKU.

B cuny ycaosu#i (3) BeuHcaeHHs1 no ¢opmynam (7),
(9) KoppexTHHI, T. e. B HUX 3HaMeHaTesJH He o0pamiaioTes
B HYJIb. ¥Y0eouMCs B 3TOM.

JlonycTuMm, uTo npH Hekotopom k, 0 <<k <<N—1,
BHIIIOJIHSETCA HepaBeHCTBO |xp—1| << 1. Hampumep, 370
HEpaBeHCTBO MO YCJIOBHIO (3) BHINOJHEHO Hpu k= L.
INockonbKy |Ax| >0, TO, Hcroab3ys ycnous (3), mo-
JyyaeMm

[Cr— Aty 1 =1 Cl — 1 Apll ey | > C | — 1 4,120,

1B, 1Cu =14, ]
o | = <1
Ty vy AN Lo e VO TR

Orciofia 110 HHAYKIHY BHITEKAET, YTO
%<1, k=0,1,..., N—1, (10)
H, cJeI0BaTesIbHO, 3HAMeHaTeJNH B BHIpaxKeHHsAX (7) He
pasubl HyJi0. [TockosbKy 1o yenosuio (3) |xy|<< 1 umo

JIOKa3aHHOMY |uy—1| << 1, TO | —nyny—1 >0, T. €. 3Ha-
MeHaTe b B Gopmydse (9) TOxke HE paBeH HYJIO,

o*
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Jemma 1. Pasnoctuas kpaesas sadaua (1), (2)

npu ycaosusnx (3) umeer eOQuHCT8eHHOe peulerue.
. JNokasaTteabcTBo. [loayunB sBHble ¢GOpPMYJH
(7), (9), (6) ans Haxoxaenus peuenns sapaun (1), (2)
npu ycaoBusx (3), Mbl TeM CaMblM yCTaHOBHJIM €€ pas-
pewnMocTb. EAHHACTBEHHOCTb pellueHHsl BHITEKAeT U3 pas-
PELIMMOCTH NpH JIIOOBIX CBOGOAHBIX YJIE€HAX Vi, Vw, Fi,
i=1,2 ..., N—L

JleficTBUTENBHO, eci ONpe/eHTe]b CHCTEMBl JIHHEil-
HbIX aJre6panyeckuX ypaBHEHH# paBeH HYJIO, TO MO T€O-
peme Kporekepa — Kanenin Takasi cucreMa MMeeT pe-
LeHde He NpH J100bIX CBOOOIHBIX YJeHaX. CarepoBaTteb-
Ho, y cuctembl (1), (2) ompenennTenp He paBeH HYJIO,
I09TOMY OHA HMeeT eJHHCTBeHHOe pelleHne. Jlemma no-
Ka3aHa.

[MoncuntaeM uucao apH(pMeTHYECKHX NeHCTBHil, BHI-
[OMHsIeMbIX NPH pPEeLIEHAH Pa3HOCTHOH Kpaesoil 3anaid
(1), (2) merozom nporouku. ITo dopmynam (7), peann-
3yeMBbIM C MOMOLIbIO WIECTH apH()METHUEeCKUX AeiCTBHI,
BHUMCJeHHst mpousBoisitca N—1 pas, k= 1, 2, ...
..., N—1, no ¢opmyne (9) sbinonusiercs naTb apud-
MeTHUeCKHX NeHcTBHH n, HakoHel, no ¢opmyne (6), Tpe-
Oylouiefi Bcero JBa JEHCTBHUs,, BHYHMCJICHHS OCYHIECTB-
asiiores N pas, k=N—1, N—2, ..., 0. Hrak, B Mme-
TOJe MPOrOHKH BCEro 3aTpaunBaercs

Q=6(N—1)+5+2N=8N+1)—9 (11

apudMeTHYECKHX AeHCTBHUI, T. €. UHCIO neficTBuil pacrer
JIMHEHHO OTHOCHTEJbHO UYHCJd HEH3BECTHBIX, PaBHOrO
N4 L

[Tpu pelueHun ke NPOM3BOJBHON CHCTEMBI JIMHEHHBIX
aJre6panueckux ypapHeHuii metosoMm I'aycca uucio neii-
cTemil, sbipaxaemoe ¢opmynoii (19.18), npubnusu-
TeJIbHO NPONOPUHOHANBHO KyOy UHCJIA HEH3BECTHBIX.

HokaxeM ABe JIEMMbl, AalOlHe OLEHKH pelleHHs 3a-
naun (1), (2) B JABYX 4YacCTHBIX cjyyasx. DTH OLEHKH
rcnodbayiores B § 29.

JleMmma 2. Ecau Ko = UN = Vo=—=VN = 0, A/=B]=1,
Ci=2,j=12 ..., N—1, 10 pewenue 2=1(20, 21, -+
..., 2y) pasuocTroil kpaesoti sadauu (1), (2) ydosae-
T80pAET HEPABEHCTBY

max |z;|<<N® max |F;l (12)
0<i<N ISI<SN-1
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HoxasaTteabcTBo. YciaoBus (3) BbINOJiHEHHL.
CnenosarenbHo, no Jjemme 1 sagmaua (1), (2) umeer
eJMHCTBEHHOE pelueHue 2 = (2o, 21, ..., 2n), e B CHIY
(2) zo=12y=0. Ilpu stoM 3apmaua (1), (2) wmoxer
ObITh pellleHa METOJOM NPOrOHKH.

Coraacuo (10) |xe|<<1, k=0, I, ..., N— 1. Cae-
ZoBatenbHo, npp k= 1,2, ..., N—1

1 1

A
O< = < - <l
Ak“k 1 Cp— Aty 2=,

INostomy B cootBercTBuH C (7)
lvklglvk—ll_i_leI) k=l’2""’ N_l-

ITockonbKy vo = 0, TO

k
Vel S D IF), k=1,2,..., N—1,
i=1
a 3HaYuT,
N—1
max I’v,l<2 [F;IKN max | F;|
ISI<N-1 i=1 IS/KN-I1
Orciona uw u3 (6), mpuHUMast BO BHHMaHHe, UTO
%] <1, E=N—1, N—2, ..., 1, zo0=2y =0, aHna-

JIOTHYHO NoJlydaeM HepaseHcTBO (12).

Jlemma 3. Ecaung=ny =0, F;=0, Aj=B;=1,
Ci=2 j=1,2,..., N—1, 10 pewenue pa3HocTHOL
kpaesoii sadauu (1), (2) ydosrersopser cooTHOWEHUIO

max |z;|=max{|vl, |vyl}. (13)
0<i<N

JdokasateabcTBoO. Pemenne 2= (2o, 21, ..., 2n)
samaun (1), (2) B cuny BunosHeHHs ycjosuii (3) no
semme 1 cywectByeT u enuHcTBeHHO. OueBUJHO, IPH He-
KOTOpPOM k clipaBellJINBO paBeHCTBO

|2,]= max |z;] (14)
<IN

Ectn k=0 unu N, TO oTciofia u u3 (2), rme %o==
= uy =0, cpasy caenyer (13).

Honycrum, urto 0 << £ << N. Torna cornacuo (1) npu
YCJIOBUSIX JIeMMBl 3 HMeeM

2p1 — Cr2p + 2441 =0, (15)

rie Cr>=2. B cuny (14) 270 paBeHCTBO BO3MOIKHO
npu Cr = 2, TOJIBKO €CJIIH 244 = 2 = 241, 8 Npu Cp>2
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u3 (14) u (15) ¢ HeOGXOAUMOCTBIO CJEAYET, UTO g1 =
= 2, = 241 = 0. Takum o6pasom, Hapsiny ¢ (14) umeem

[2p41|= max [2;]
I</i<N

Anasornuso y6exaaemcs, YTO Zr4g == 2p41 = 2 U T. L.
Uepes KOHEUHOe YHCJO IIAaroB Mbl MpHAEM K 3aKiiode-
HUIO, YTO 2y = 2. Orciona u u3 (14), (2), rae %=
= xy =0, BuITeKaeT paBeHcTBO (13).

3ameuaHnue. Cpoiicteo pewenus: 3agayn (1), (2)
(npu  ycaoBusix JeMMbl 3), BbIpa)aemoe paBeHCTBOM
(18), wnaswmBaercs npunyunom maxcumyma. CornacHo
NPHUHIHIY MakCHMyMa pelieHHe NPHHUMaeT MaKCHMaJlb-
HOE [0 MOAYJIO 3HaueHue XoTsi Gbl B OJHOIH Kpaiinei
Touxe (yane), 160 2o == Vo, Zv = Vn.

§ 23. Yacruuusie npoGaembl COGCTBEHHBIX 3HAaUYEHHI

3amaya HaXoXKNeHHs BceX COGCTBEHHBIX 3HayeHHi
B COGCTBEHHBIX BEKTOPOB HYHCJOBOH MaTpPHIH Ha3bl-
BAETCsl NOAHOL npobaemoii cOGCTBEHHbIX 3HAUEeHUl. DTa
3ajaua B 0o6LleM cJyuyae AOCTaTOYHO CJOXKHas. Mul ocra-
HOBHMCSI TOJIbKO Ha HEKOTOPHIX Ba:kKHHIX YaCTHHIX 3a-
favax.

HaxoxpageHne MaKCHMaJbHOrO NO MOJIY-
JI0 co6CTBEHHOro 3HaueHus. I[IpeaAnosoxumM,
4TO KBapaTHas MaTpuua A NOpsAKa n HMeET MOHYIO
cucTeMy HOPMHDOBAHHBIX COOCTBEHHHIX BEKTOpOB e,
€, ..., €y, T. €. B YACTHOCTH,

Ae; = he,, (1)
le =l e;lhb="(e; e)”=1, (2)

rae (x,y)— ckajspHoe Npou3BeleHHE B N-MEPHOM e€B-
KJUJAOBOM BEKTOPHOM MpPOCTPaHCTBE, A;— COOCTBEHHOE
3HaueHue Matpuubn A, oTBevalomee COOCTBEHHOMY BeK-

Topy e, i=1, 2, ..., n. Hanpumep, mosHas cucrema
COGCTBEHHBIX BEKTOPOB CYIEeCTBYeT, ecan marpuua A —
CHMMeTpHUYHAs.
Honycrum, 4to
[ MI> M Z=1h]1= o0 Z] A, | (3)

3ajanuMcst npousBosbHbM BekTtopoM x° == 0. MMeem
xN=ce + e+ ... +cue,,
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rae ¢y, s ..., Cn— KOOpPAHHATH BekTOpa x° B Gasuce
81, 82, ce ey en.
ITpennosioxum, 4TO
¢, 5= 0. 4)
TlocnenoBatesibHO HAXOAUM BEKTODHI
xk=Axk-1, k=1, 2, ... (5)

Torpa cornacuo (1)
X'=Ax"=A(cie; + c.es+ ... +cre,)=

=c,de; + c,Ae;+ ... +c he, =

=cMe,+ cohsey+ ... Crnhnen
U BooOGuue,

#=cple + cAfe + ...+ cihien =01 (cie+n°), (6)
rie N=co,(A/A) e+ o.. +c, (A /M) e, nTpuueM
B cuay (3)

I*ll=0(12s/24 )0, k—>co. (7

31ech U HHXKe BepXHHMH HHIEKC Yy BEKTOpOB, HampH-
Mep x*, ykasbiBaeT HOMep NpPHUOJIHIKEHHS, y CKaJsapOB,

Hanpumep AL, BEpXHHI HMHJEeKC O3HAauaeT CTeneHb, a B
KauecTBe HODMBI BE€KTODOB NPHHsTA BTOpasi HOpMa, T. €.
llxll == llxlle = (x, x)'72
[IpunuMas Bo BHMMaHue (6), mosyyaeMm CJeaylollee
BHIpajKeHHe CKaJisipHOTO NpOu3BeleHHsi (x*, xF~1):
(xk’ xk—l) = A’fk—l (Clel + "lk, c1€ + nk_l) =
=7vfk_l [C%(eh e)+ ¢ (el’ ﬂk—l) +
+ e (", e) + (@5 2" ] ®
ITockonbky cornacHo (2) (er, el)=lle)l>=1 u no me-
paBeHCTBY ByHsKOBCKOrO *)
[(er, " )<l " =[n""],
[, e)I<<IIn*llle l=1m"l,
(% =) I<In* 1l

*) Hepasenctso Byuskosckoro | (%, y)| << lxllllyll noxasuiza-
€1Cs1 B Kypce JIHHEHHO! anreGphl,
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1O M3 (8) ¢ yuetoMm (7) HaxoAHM
(", 2*7) =27 (el + 0 (122 [7)-
AnanoruuHo noaydaem
(2™, 2™) = 2" (et 4 0 (I /A [))-

CuenoBaTeJibHO,

xk xk—l _
= e =+ O (b ), @)
25 = (2%, £ =12 F (e 1+ 0 (1AM 7)., (10)
el = 2"/l «* | =(sign 1)) e + 7", (11)

rae e;=(sigr1 e | rt |=o0 (I 2afy lk)'

Takum o6pasom, npu ycjoBuu (3) HTepalHOHHBLIN
npouecc (5) mosBoJsieT HalTH ¢ J11000H TOYHOCTbIO MaK-
CHMaJibHOE 10 MOAYNI0 cOGCTBEHHOe 3HaueHHe A; (HOO
Ar—> A1 TIpU B— 00) H COOTBETCTBYIOLIMI eMy cOOCTBEH-
HbIl BeKTOp e[, TaK Kak [r%| =0 npu k—-oco.

Cxa/apHBe fpousseneHus (xk, xt=1), (x*=!, x*-1),
(x*, x*), Bxonsmue B Gopmyan (9), (10), Ha mpakTHKe
BHIUHCISIIOTCST JUIsi BEKTOPOB x%, x*—1, mpencTaBjeHHBIX
R HCXOAHOM OPTOHOPMIPOBaHHOM Gasuce, B KOTOPOM 3a-
JaH omnepartop A, T. e. o oOLIYHOIl popmyiie

(%, y)=x1y; + X+ .-+ + Xp¥pn.

3ameuanus. 1. Ecmn |[M|>1, 10 [[%*]]— 00,
a e |M|<< 1, 10 |l**| >0 npn k—oco. To u npyroe
sBJeHye npu cuete Ha DBM HexematespHo. B mepsoM
cayuae B OBM MoxeT HacTynuTh nepenosiende (BblXOj
3a JIONYCTHMBIH AManas3oH YHCesl) H B pe3y/bTaTe Hpo-
H30iieT OcTaHOBKa cuera. Bo BTOpom cayuae [x*|| mo-
JKeT CTaTh MALIMHHBEIM HyJeM (CJIHIIKOM MaJiofl BeJHuH-
Hoil) n uH(opmauus tepsiercs. [ToaTomy nemecooGpasHo
HTepalui BeCTH no popmynam

el =x"/|x],
#=Ael"", rp=(x" o), ef=2"/l2"], (©)
He HMEICIHM YKa3aHHOrO HeJoCTaTKa H JIaloLHM TOT JKe

pesyastar (re me ef, Ag), uto B dopumyan (5), (9),
(11).
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2. Ecau npu BriGope x° He GyjeT BEIIONHEHO (4), 4TO
MaJIoBEpOSITHO, TO 3@ CUeT NOrpelHoCcTeli OKpYIIeHHH ue-
pe3 HeCKOJbKO HTepalluil, KaK NMpPaBHuio, NOABHTCs HEHY-
JeBasi KOMIIOHeHTa, oTBeualollasi ej. lToraa, XoTs ¢ HeE-
KOTOPHIM 3anas/blBaHHeM, HTepalHOHHBI Ipouecc BBIii-
JleT Ha nepBoe cOOCTBEHHOe 3HaUeHHe.

3. [TonTeep:KAEHHEM TOTO, YTO Ay He sIBJIAETCs KpaT-
HBIM COGCTBEHHBIM 3HAYeHHeM H 4TO HeT COOCTBeHHOro
3HAYEeHMsl, PABHOrO —Aj, CJIYKHT CXOAHMOCTb HTepalHoH-
HOrO mpolecca NPH BHOOPe PAsJTHYHLIX x° K OJIHOMY
H TOMy e COGCTBEHHOMY BeKTOpY (C TOUYHOCTBIO O
IPOTHBOMNOJOKHOIO BEKTOPa).

Temepb paccMaTpuBaeM TOJBKO Clyuail, Koria mart-
puna A — cummerpuunas. Torxa, Kak H3BeCTHO, 3aBe-
I0MO BCe ee COOCTBEHHbIe 3HaueHHsl NeHCTBHTENbHBl M
CyIIeCTByeT OPTOHOPMHPOBaHHBIH Oasuc e, €z, ..., €n
COCTABJICHHDI M3 COGCTBEHHHIX BEKTOPOB MaTpuIbl A.

Ilycts E — epuHHuHas MaTpuLa,

Py ()= ay+ ait + aot®
ecTb HEKOTOPHIl ajire6panyecKnil MHOrOUJIeH OT ¢ BTOPO#i
CTerneHH ¢ JeHcTBUTEIbHBIME Ko3(duunenramu, B — mar-
puIla, BHIpaxKalwollasicsi uepes Martpuuy A cleaylouuM
obpasom:

B = aoE + alA + [ZQAZ.

Jlerko y6eauThbCsi, YTO COOCTBEHHBlE 3HAYEHMst MaT-

puty A n B cBsi3aHbl COOTHOIICHHEM

A (B)= P, (2;(4)), (12)
a coBCTBeHHbie BeKTOpHl MaTpuinl A, otseualomue A (A),
SBJISIOTCS COOCTBEHHBIMH BEKTOpaMu MaTpuin B, orse-
yaloluMH cOGCTBeHHOMY 3Hauenuo A;(B).

JleiicTBHTEJBHO, IYCTh €; — COOCTBEHHBIl BEKTOP MaT-
puns A, orBevaiomuil cOOCTBEHHOMY 3HAUYEHHIO ri(A),
T. e. Ae; = h;(A)e;. Torna

Agei =A (Aei) = AA/i (A) e; = A’i (A) Aei == A«%(A) e;

1, CJIeJ0BaTeJbHO,
Be; = (a,E + a,A + a,A%) e; =
= aoEei + alAe, "l— CZQA?ei =
=aee; +aM; (A)e; + ahi(A)e; =
= (a + a2 (A) + azk%(A) ) e; = Py (1;(A)) e;.
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OcraHoBHMCS ellle HA Tpex 3afayax.
HaxoxneHue Ay, es Ilycts

[MI>12> 121200 214, ],

npuyeM Ai, e; u3BecTHH, [lei| = 1.
3apaeM UTepaLHOHHBI IpoLecc:

%" — npousBosbHbIE BekTOp (X0, €5) 5= 0),
P=x—(x, e)e, e=y/ly]
xk = Aef1,

?wk—(x ez )
¥ =x* — (x*, e,) e, (opToronanuzamus x e,),
ef =y"/ly*| (mopmmposanme), k=1, 2, ...

Tak Ke, KaK " Bblllle, ¢ JONOJHHUTEJbHBIM YUYETOM
OPTOHOPMHPOBAHHOCTH 6asuca e, €2, ..., €5 MOXHO HO-

KasaTb, UTO .
Mg ="y + O (| AafAs *7"),
er = (sign 7»2)k e+ 0%,

The er=e, nin — e | 0" |=0 (] As/As ).

Haxoxpgenue max A;(4), min A;(4). Honyc-
1<in I<ign

THM, YTO MaKCHMaJbHOEe II0 MOAYJIO COGCTBEHHOE 3Ha-
yenne A(A) marpuus A ussectHo. Haxonum mMakcuMasib-
HOe 10 MOAYJ1I0 cofcTBeHHOe 3HaueHHe A (B) maTpuum

B=A—ML(AE (13)
cnocoGoM, H3JI0KeHHbIM B Hayaje naparpada.
Ecnn A(A) > 0, 10, OYUEBHAHO,

max A;(A)=12(A). (14)
1IK<in

Kpowme Toro, coraacuo (12), (13)
A;(B)y=2(A) — A (A0, i=1,2, ...,%.
TTostomy
L(B)= min (4(4)—4(A)= min 4 (4)—i(A),
I<ign 1<in

T. €.

min A;(4) =4 (A) + A (B). (15)
1I<ign
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Ecnu A(A) < 0, 10
min A;(A) =2 (4)

1<ign

u coraacuo (12), (13)
max A;(A)=21(4)+ A (B). (16)

1I<ign

3ameuanune 4. 3apakee OOGHIYHO HEH3BECTHO,
HMEIOTCSl JI Y CHUMMETPHUYHOH MaTpuusl A MakcuMaJb-
Hble 0 MOAYJIO cOOCTBEeHHBIe 3HAaUeHHs1 C NPOTHBOMNO-
JIOXKHBIMH 3HAaKaMH HJH KpaTHOe MaKCHMaJsbHOe IO
MOAYNI0 co6cTBeHHOe 3HaueHne. O6 3THX clyyasix MOXKHO
CYIUTb Ha OCHOBAHHU BHIUHCIEHHH CIeLyIOLIHM 00pasoMm.
Ecan npn pasiuyHblX HavyaslbHBIX BeKTOpax x° 3Haue-
HUST Ay, BoIUHCAsieMble o dopmysnam (9%), cxomsTest He
K OJJHOMY U TOMY 3Ke 3HAUEHMIO, TO 3TO CBHJETENbCTBYET
0 HaJHYMM MAaKCHMaJbHBIX MO MOAYJNIO COOCTBEHHbLIX
3HayeHuil ¢ MPOTHBONOJOKHEIMH 3Hakamu. Torma cie-
IyeT CMeCTHTb CIeKTp, B3siB Matpuuy A’ = A -+ cE, rne
¢ 7= 0 —uucyao. Ec/in npyu pasauuHbBIX HayajbHBIX BEKTO-
pax x° 3HaveHHus] Ay, CXOAATCS K OJHOMY H TOMY XKe
YHCTY, HO NOCTEeL0BATeNbHOCTh BEKTOPOB ef, momyuae-
MEIX IO cpopmy.naM (9%), npHUBOAUT K HeKOJJHHEeapHbIM
BEKTOPaM €;, TO 5TO OGCTOATEJLCTEO CJYIKAT IOJ-
TBEPIKJEHHEM TOTO, UTO MAaKCHMaJbHOE 10 MOLYJI0 cO0-
CTBeHHOe 3HaueHue KpaTHO. [Ipum 3TOM A1p CXOLMTCH
K YKa3aHHOMY COOCTBEHHOMY 3HAY€HHIO, a IOJIyuaeMmble

BEKTOpHI e, SIBJSIIOTCS COOCTBEHHBIMH.

HaxoxpzeHHue pacCTOsIHHS po OT 3alaH-
HOHTOUYUKHU A=Ap 0o GauxafimerocoO6CTBEH-
HOTO 3HadeHuda Mmatpuius A. Dra 3ajaua BO3HH-
KaeT NpU H3YUYeHHH sIBJeHHH THna pesonanca. Paccmor-
puM cayyai, NpeACTaBJsIOMHUA HauOOJbLINI HHTEPEC:

min A; (A) <Ay < mazc A; (A).

1I<ign
O6o3nauum
po= min [A;(4)—
1<ign
l—max{ max A;(A) — Ag, Ag— min A;(A)}. (17)

1<ign <i<n
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JlokaskeM, 4TO

po=14/1—1(B), (18)
raed (B)— makcuMaJbHOE MO MOAYJI0 COGCTBEHHOE 3Ha-
YyeHHe MaTPHULLBL

1
B=E — 5 (A— MER (19)
Corsachno (12), (19), (17) umeem
Mi(B)=1— 5 (2 (A) — W20, i=1, 2, ..., n.

Orcrona
2

- 1 . [
L(B)=1——7 A" (A) —Af=1——,

rae A*(A)— Gauxkaiiluee K Ay COGCTBEHHOE 3HaYEHHE
maTtpuusl A, 1. e. BepHo (18),



IrJ1ABA 4

METOJ bl PEIHEHUS
HEJIUHEVHHBIX YPABHEHUW U CUCTEM

Hanaralorcs Meronaw wurtepauuii, Hblotona, neneHust
OoTpe3ka MomoJam M Hauckopeiimero (rpafneHTHOro)
CHYyCKa,

§ 24. Meron urepauuii
[lycTh naHO ypaBHEHHE C OJHOH HEU3BECTHOH X:
x=q(x), (1)

rae ¢ —3ananHas QyHkuus ot x. Ecan He HakialbBaTh
HUKAKHX OrpaHHuYeHHii Ha (YHKLUHIO ¢, TO MOLYT BO3-
HHKHYTb Pas3jiduHble CHTYalluH, a UMeHHO, ypaBHeHue (1)
MOXKeT MMeTh JHOO ONHO pelleHHe, JUOO HEKOTOpOe KO-
HeuHoe uucia0 peuteHHii (Gosblie onHOro), Jaudo GecKo-
HeYHOe MHOKECTBO pellieHui, ju60, HaKOHEL, ypaBHeHHe
(1) moxker coBcem He uMeTh peuieHHH. OOLIYHO BO3HH-
KaloT cpasy ABa BONPOCA: O HaJHUYHU pellleHUH U O TOM,
KaK HalTH peLIeHwusl.

Huxe dopmynupyercs u foKasbiBaeTcss Teopema, Ko-
TOpasi faeT JOCTATOUHBIE YCIOBHSA CyLIeCTBOBaHHS Ha He-
KOTOPOM OTpe3Ke eNHHCTBEHHOro pelleHus YpaBHeHUH
(1). Dta Teopema yka3biBaeT TakxkKe CNocod HAXOMACHAA
NpHOJIMIKEHHOrO pelleHUsl, HasbiBaeMblii meTo0om uUrepa-
yuil, 1 obecrieuuBaeT OLLEHKH NOrpelIHOCTH NPHOINKCH-
HOTO pelleHHs.

Onpenenenue. IoBopsar, yTo (QyHKUHS @ YIOB-
JetBopsieT Ha OTpe3ke [a, b] ycaosuro Jlumwuya c no-
CTOsSIHHON o, ecaH AJds JIoOHX X1, X2 €la,b] BHDoj-
HSIeTCSl HEPaBEHCTBO

[ (x) —@(x) I<Salxy— xq . (2)
3ameuanune 1. B uactHocty, ecan QyHKIHsS ¢ He-
npepsiBHO puddepeHuHpyemMa Ha oTpeske [a, b], To oHa
VIOBJIETBOPsIET Ha |a, b] ycaoBuio JlumuHua ¢ nocrosu-
HOH
a=max| ¢’ (x)], 3)
la, b]

g
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YTO JIErKO CJeAYeT H3 (HOpMYJBl KOHEUHBIX IpHpalleHH
JlarpaHxa.

Teopewma 1. ITycte ¢ynkyus ¢ ydosaeTgopseT HA
orpeske |[xo, X0+ r] ycarosuto Jlunwuya c NOCTOAHHOU
o, npudes

0<a<l, (4)
0 @lxg) — v <<(1 —0o)r. (5)

To2da ypasnerue (1) umeer Ha OTpeske [x0, Xo—1]
eduncTeerHoe peuletue

x, = lim xg, (6)
ko0

20e xo— AesoLil KOHey oTpeska [xo, Xo + 7],

xk::(p(xk—l)i k—:lr 21 LICIY (7)

IIpu 3TOM UMEIOT MECTO OYEHKU
| x, — x| << pot”, (®)
|, — x| <7 | X — Xt b 9

c0e p=TCN= < p=1,2, ...

JlokasaTeJabCTBO. YCTAHOBHM CHauasa, 4uTo pe-
KyppeHTHasl UHCJI0Bas I10C/]eJ0BATEeIbHOCTD {xx} neit-
CTBUTEJbHO MOKeT OhTh HalifeHa no (opmyne (7) u 4TO
5Ta MOCJeLOBaTeJbHOCTh LEJIMKOM pacroJsioxkeHa Ha OT-
peske [xo, Xo+ p], MpHHAAIeAlIeM 3aJaHHOMY OTpE3-
KY [X(), JC()+I’].

[TpeanonoxsuM AJisi IPOCTOTHI, UTO Xo = 0. Torna oT-
pesok [xo, xo 4 p] coBmajaer ¢ OTPE3KOM [0, p] u c yue-
TOM BEIGOpa p OyJeT BBLIIOJHATLCS PaBEHCTBO

¢(0)=(1—oa)p. (10)

B HepaseHctBe (2), KOTOPOMY IO YCJIOBHIO yIOBJIE-
TBOpsieT QYHKLHUsI ¢ Ha OTpe3Ke |0, r] u, B 4acTHOCTH, Ha
orpesxe |0, p], MOMOKHM X1 = X, Xz == 0 H 3aMeHHM IO-
JyueHHOe TaKiM 00pasoM HepaBeHCTBO Ha CJIE1YIOLIMe
nBa 9KBHBAJeHTHBIX Ha otpeske [0, p] HepaBeHCTBA MJIA

GYHKIHMH @:
¢(0) — ax < ¢x) < @(0) + ax. (11)

U3 pasencrBa (10) u mpaBoro HepaBeHCTBA (11) BH-
TekaeT, uT0 (QYHKIUS (¢ NOAYHHSETCS Ha OTPE3Ke 10, pl
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cJefyouleMy orpaHHYeHHIO:
9 (x)<p. (12)

JIonyCTHM, YTO YJIEHH MOCJENOBATENbHOCTH {X;} C HO-
mepamu k=20, 1, ..., m—1 yxe HalllleHB C MOMOILBLIO
dopmydsl (7) B yLOBJIETBOPSIOT YCIOBHIO

0<< x < p. (13)

Hanpumep, npu m = 2 clesaHHble NPeANOJOXKEHUs 3a-
BEJIOMO BBITIOJIHEHH], TAK KaK TOUKH Xy = 0, x; = @ (Xo) =
= @{0), sBJsIONIHeCs YJeHaMH paccMaTpUBaeMoil Iio-
caeloBaTeNbpHOCTH, B cuiay (10) TMOAUHHSIOTCS HepaBeH-
ctBam (13).

Kosb ckopo xm—1 [0, 0], To no dopmyne (7), rae
k= m, MOXeT OHTb HaliJleH CIefYIOmHH WieH Xxn,. I[lo-
KaxkeM, UTO OH TOXKe yaoBJjeTsopsieT ycaosuwo (13). Pac-
CMOTpHM JBa CJjayuasl.

1. 0<<xm— <<min{p, (0)/a}. Hcnonnsys papen-
ctBo (7) mpu k= m, a Takike Jesoe Hepaserctso (11},
noJiyyaeMm

xmzq)(xm—l)>(p(0) - axm—-l>cp(0) -
—amm{p, 20 }>cp(0)—afp_c‘f_’=o. (14)

a

2. ¢(0) /o0 << Xm—1 << p. Boiuurast u3 pasenctsa (7)
¢ k= m pasenctBo (7) ¢ k=m—1 u npunumas BO
BHHMaHHe ycaosue Jlunmmuuna (2), HaXonuM

[ X — Xme1 | =1 @ (¥me1) — @ (Xm0} IS O] Xppo1 — X2 |-
Jlajee, aHaJOTHUHO NOJy4YaeM
l Xm—-1— Xm—2 l< (ll Xm—o— Xm_3 I

u T. 1. Yepes KOHEUHOE UHCJIO IIAroB MH NpujeM K He-
PaBEHCTBY

[ X — Xy |<Sa™ 1 2 — X0 (15)
Orciona, yuuTeiBas, 4To

%, — % |=0(0), Xpm_1>@(0)/a =am'¢(0)

(6o 0 < a< 1), Haxonum

X = Xy — | X — Xy | > 0. 1 6)

Kpome paccMoTpeHHHIX cryvaes 1, 2, mis Xm—1, YAOB-
Jerpopsrowiero ycaosuwo (13) mpu k= m—1, apyrux



176 I'Jl. 4. PEIEHUE HEJIMHEMHBIX YPABHEHHM, CHUCTEM

ciyuaeB Guth He Moxer. CiegoBaTtennHo, 3 (14) u (16)
BbITeKaeT JeBoe HepaBeHcTBO (13) npu k= m. Ilpasoe
nepaseHctBo (13) npu k= m cjelyer H3 paBeHCTBA
Xm = @(Xm-1), 1€ Xm—1 € [0, p], 1 u3 HepaBeHcTBa (12).

M3 J[0Ka3aHHOro N0 HWHAYKUHH CJIefyeT, 4YTo TpH
%o =0 OecKOHeUHass TOCJeLOBATEJIbHOCTb {Xz} MONKET
GbITh HeficTBHTEIbHO TOCTpoeHa no ¢opmyne (7) u Bce
ee wieHsl ynosaerBopsitor ycaosHio (13). Ecaum xo # 0,
TO COBEPIIEHHO aHAJOTHYHO JOKAa3hlBAeTCs, YTO MOC/e-
noBaTteJbHOCTb {x.}, HaliieHnast mo ¢opmyne (7), uenn-
KOM pacrosioxkeHa Ha oTpeske [Xo, xo + p].

YcTaHOBHM Temepb, UTO paccMaTpuBaeMas MOCJ1elo-
BaTeNbHOCTb {X:} — GyHZaMeHTaslbHas. YUHTbIBasi Hepa-
BeHcTBO (15), KOTOpOE OUEBHJHO CIPAaBENJIHBO IPH JIIO-
60M HATYpaJbHOM fn H INPOH3BOJBHOM X9, H HEPABEHCTBO

| x1 — xo| =| @ (x0)— xo| << r, BHITEKaOLee H3 YCIOBHIl
(4), (5), HaxonuM
n+p n+p
sy — Xl < Y 1 om— g 1<), 07— 00| <
m=n+1l m=n+1
n+ip -
m—1 — pan —a n r
<r Z o rot——- <ot g, (17)
m=n+1

rie n, p—mo0ble HatypajbHele uHcaa. ITOCKOJIBKY
a"—0 npu n— oo, To cooTHoweHus (17) nokaspBaIoT,
YTO MocJenoBaTeNbHOCTh {x;} — dyHnRaMeHTabHasA. [lo-
3TOMy cyllecTByeT mnpejes (6), mnpuuem, Tak Kak IO-
C/efl0BaTeJbHOCTh  {Xr}  pacrnojoxeHa Ha OTpe3ke
[x0, Xo + p], TO x4 & [x0, X0 + pl.

3ananHas QYHKIUHS ¢ YIOBJETBOPSIET YCJIOBHIO JIuI-
muna (2) Ha oTpeske [xo, Xo + p], KOTOpOE, B YaCTHOCTH,
03HauaeT, 4To (YHKLHsI ¢ HempepbiBHA Ha 3TOM OTpe3Ke.
D70 Mo3BOJIsET MepeiiTH K mpeaenay npH k—- oo B paBeH-
ctee (7), OCyILeCTBHB IpelesbHLIA Mepexoj crnpasa mok
3HAaKOM (YHKUHH ¢. B pesynbrare Mbl MOJYYHM paBeH-

CTBO
X = @(x4), (18)

roBOpSIILIEE O TOM, UTO X, & [Xxo, Xo - p] sABJsETCs pelie-
nuem ypasHeHus (1). CymecrsoBaHue pelLIeHHsi ypaBHe-
uus (1) Ha oTpeske [xo, Xo + p], @ 3HAUHT, H Ha OTpe3Ke
[x0, Xxo-r], comepawiem oTpe3oK [xo, Xo-p], AoO-
KasaHo.
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JlomycTHM, YTO TOYKA Xu4 € [Xo, X0+ r] TOXe siB-
JsieTcsl pellleHHeM ypaBHeHHusi (1), T. e. »

X, =o(x,). (19)

Beiuntas u3 (18) pasenHctBo (19) u yuutbiBas ycjaosue

Jlunwuya (2), nonyuaem
[x, —x. l=lolx)—o(x,)I<alx,—x,.]
T. €.
[x,—x |I<alx,—x_|

ttl

DT0 HepaBeHCTBO BO3MOXKHO NPH YCJIOBHH (4), TONBKO
€CJTH Xyy = X,. EXMHCTBEHHOCTb pelueHHsi ypaBHeHus (1)
Ha OTpe3Ke [xg, Xo -+ r] TOXKe HOKa3aHa.

Ocraercst ycraHoBuTb oueHKH (8), (9) mas morpeur-
HOCTH Xy— X; NPHOJMIKEHHOTO pelleHHsI X, YpaBHEHHS
(1). Mcnome3yst pasenctsa (18) u (7), a Takxke ycjosue
Jlumuuna (2), Haxoaum

%, — xe]=10(x) — o (x ) <alx, —xp_y|=
=ale(x,) — @(xs_o) <A Ix, — x, IS - . -<ak| xX,— %l
(20)
IMockosbKY x4 & [X0, X0+ ], TO |x,— xo| < p. Otcrona
u u3 (20) caenyer omeHka (8).
U3 pasencts (7), (18) cienyer paBeHCTBO
X, — Xpoy =Xp — Xy T @ (x,) — @(xpy),

U3 KOTOPOro ¢ momowpio ycjaoBus Jlumiuuma (2) moay-
yaeMm

[%, — %py IS X — Xy |+ alx, — x4 |,
HJIH

[x, — X1 IS [ Xp — Xp—1|.

l—a

OTcroia, BOCTIOJIb30BABIUIHCH TIEPBHIM HEPABEHCTBOM B Iie-
mouke HepaBeHCTB (20), npuxomuMm K oueHke (9). Teo-
peMa moJHOCThIO J0Ka3aHa.

ITp u mep. PaccmoTpuM ypaBHeHHe
a
x —
+<).
rae a—yucio, 1/2 << a < 1. 910 ypaBHeHHe SIBJISETCA ypaBHEHHEM

puna (1) ¢ @(x) = l x+——) OHO HMeeT pelleHHE X, —'\/a,

B UeM HETPYAHO y6€}1HTbCH HENOCPE/ACTBEHHO.



178 TV 4. PELIEHUE HEJHUHEMHBIX YPABHEHMI, CHCTEM

Monuitaemcst npuMernuth Teopemy 1. Tonoxum xo=a, r=1—aq,
1. e. BHGepeM [xo, X0 +r]=[a, 1]. Hmeem mpu 1/2 << a < 1

i(l__a_) l1—a !
2 x2

=% S7°
CrienopatenbHo, QyHKUHS (p yLOBJIeTBOpsier Ha orpeske [a, 1] ycio-
piio Jiunmuua (2) ¢ o = 1/2. Takum oGpasom, ycnosue (4) Bbi-
NOJIHEHO.
Tiposepum ycioeue (5). Haxonum

max | ¢’ (x) | = max
la. 1] [a, 11

‘P(xu)—xo=';—(a+1)—a=%l-—a)=(l-——a)r.

Veaosue (5) toxe BunosmneHo. Teopema 1 rapaTupyer, 4To Ha OT-
pesxe [a, 1] paccmaTpuBaeMoe ypaBHEHHE HMeeT eJMHCTBEHHOE peiue-

HHEe, H HMEHHO TO, O KOTOPOM MBbl yX€ NOrajiajuch, T.€. X,=Yda.
JInst ero BBIYHCJIEHHs] MOXKeT OBITb IPHMEHEH B COOTBETCTBHH C (7)
METOJi HTepaluii:

1 a
Xo=0a, xk=—2—(xk_l+-}—k:), k=l, 2, ven

TTorpewHocTs 1eecoo6pasHo OLEHHBATH B MPOLECCE BHIYHCIECHHE 1O
HepapencTBy (9), koTopoe Gosee TouHOe, ¥eM (8).

Jauuelil crnoco6 BLHIUHCICHHST KBaApaTHOro KOpHS,
cBozsimuiics K apuMETHUCCKUM JACHCTBHAM, NPHMCHACT-
cs1 B DBM, B KOTOpHIX OTCYTCTBYET 3JIeMeHTapHas onepa-
LS H3BJECUEHHs] KBaZPaTHOrO KOPHSL.

Sameuanud 2. CupaBelJuB ApPYyroi BapHaHT TeO-
pemul 1, Korja OTpe3oK [xo, Xo--r] 3aMeHsieTcs Ha OT-
pe3ok [xo— r, Xo], BMecTO ycnoBusi (5) ¢urypupyer yc-
JIOBHE

0w — @(xg) S(L—0)r, (57)
a
0= xo—l-_mgco) )

3. Urepaunu (7) HMEIOT reOMeTpHYECKYIO HHTEpIpe-
ranuio. Pemenne x, ypapnenus (1) siBasiercs: aGenuccoi
TOUKH NepeceyeHus NpsAMOfl y = X M KpuBoit y = ¢ (x).
Cxopsilmecs: uTepanuu u3obpaxens ua puc. 12. 13. Teo-
METpPHUYECKH BHJHO, 4TO €CJH B OKPECTHOCTH PCIICHHS X
peinmosasioTest mepapenctea 0 << ¢’ (x) << e <1, TO MO-
CJlefl0BATEeJNbHOCTb {Xp} MOHOTCHEO CXONHTCS K Xy, NPH-
yeM ¢ TOI CTOPOHEI, C KOTOPOH DAacnoJiOKeHO HayajbHOE
npubamkenne (cM. puc. 12). B cayuae —1<<—a <<
< ¢’ (x) << 0 nocseioBaTesIbHBe TPHOIHKEHHS PACIONO-
JKEHbl OOUCPEIHO C PA3HBIX CTOPOH OT PellieHHs X, (CM.
puc. 13). B nocneanem ciyuae oueHb HPOCTO MOXKHO CY<
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JUUTh 10 JBYM IOCJIE€LOBATEJbHBIM NPHOJIHKEHHAM O JIO-
CTUTHYTOH TOYHOCTH, 8 HMEHHO, YKJOHEeHHe X OT X, He
NpeBHIIaeT |Xp— Xe—1|. JITKO yCMOTpeTh Takxe, 4TC
CXONUMOCTb TeM OhICTpee, UeM MeHbile |[¢].

4. Ecau QyHkuus ¢, BXojsuasi B ypaBHeHue (1), He
VIOBJIETBOpsieT YCJIoBUIO JIMnunLa ¢ nocrostiHoi o < I,
10 urepauun (7) moryt pacxoautbcs. Hampuwmep, pac-

4
-1z P'<U
¥ 0<p'2l 5 A/
LY ; )
(1) g &: 1 /
5/’50 -1 | } H
o !
I i H o y=p(r}
} [l 1 1 l’ i
i ! | i ] ;
1 i ! ! 1
1 ] 1 ! ! }
¥ 1 | 1 1
1 1 1 1 : ; { :
! ! 1z I i Lz
0z, 4 2z, apr 0 % Ty L Ty Tyt
Puc. 12 Puc. 13

cmotpuM ypasHerue (1), rae ¢(x)=bx, b>1, b—
upcno. OueBHAHO, (PYHKUHsi ¢ YAOBJETBOPSIET Ha BCeil
OCH X yCJIOBHIO JIMNUIKHLIA C INOCTOSIHHON o = b > | u He
VJOBJIETBOPSIET YCJIOBHIO JIMMIIHIA HH C KAKOH IMOCTOSIH-
HOH MeHbllie eJMHHIB Ha J1060M oTpe3ke. Paccmarpu-
BaeMOe ypaBHeHHe Xx == bx HMeeT €AMHCTBEHHOe pellie-
HHe x,=0. Oanako mnpu Jw6oM xo =0 coraacHo (7)
Xp = bkxg—> 00 npu k— oco.

PemeHue cucTeMH ypaBHeHHH DBserem B
f1-MepHOM BEKTOPHOM IpocTpaHcTBe R™ paccroanue *)

o(x, y)=llx—yl (21)
¢ nomoupio Hopmul (20.1) (cm. n. 8 BBejenusa). B coot-
Berctul ¢ (20.1), (21) umeem

p1(x, y)= max |x;—y;l,

1<i<n

02 (%, y)= ( jZ:l (x;— y;)"’)I/?'

*) TIpy uTeHHM JAHHOH TIJIaBH TpEANOJaraeTcs 3HAKOMCTBO
¢ § 1.5 xauru: Byrpos §. C, Hukoabckuit C. M. Nudpde-
peHuHasbHble ypaBHeHHsi. KpaTuble nHrerpatsl, Psap. @yHKuun
KOMIVIGKCHOTO nepemennoro, — M.: Hayxka, 1985,

p(x, y)= (22)
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MuoxectBo S(y% r)= {x: p(x, y°) << r} nasnBaercd
BAMKHYTOLM WAPOM DAMYCAa r C LEHTPOM B Touke y°
(HHIEKCH Y BEKTOpOB Oylem pacmosiarath BBepxy). Omnu-
pasicb Ha KpHTepuii Kown AJ1s YHCIOBBIX 1OC/I€L0BATe/b-
HOCTefl, MOXKHO [OKa3aTb, UTO JIOGOH 3aMKHYTHIH I1ap
S5(y% r), a TakKe BCce NMpOCTPaHCTBO R” sBJjsieTcst NOJ-
HBIM METPHUYECKHM NpPOCTPAHCTBOM C MeTPHKOH (22).

PaccmoTpuM ypaBHeHHe (cucTeMy 7, BooOLie rOBOPf,
HeTHHeHHBIX ypaBHEHHil ¢ 7 HEH3BECTHBIMH)

x=q(x), (23)
rae @(x) = (p1(x), @2(x), ..., @n(x))—3ananuas Bek-
TOp-GYHKUHS MepeMeHHOH X = (X1, Xz, ..., Xa) (mepe-
MEHHBIX X1, X2, »..» Xn), Qi(%¥)= @i(x1, X2, ..., Xn),
i=1, 92, ..., n. Hanpumep, npu n=2 cucrema (23)

B GoJjiee moflpOoOHOI 3aMHCH UMEET BUL
(x1, %2) = (@1 (%1, X2), Pa(xy, X2))
HJIH
xlz(pl(xlr x2)’ x2=(P2(xh x2)’
rae @p(x1, X2), @2(x1, x2)— 3anaunble QYHKUHH TepeMeH-
HBIX X1, Xo.
Cnenywomas TeopeMa 060CHOBLIBAeT METOJ HTepalHi
pelllenHs HeJUHeRHON cHCTeMbl ypaBHeHnil (23). ~
Teopema 2. [lycto Ha samknyTOm wape S ==
= 5(y% r) sadana eexTop-ynxyus @(x), npuiem 04
A100061X X, Y = S B6INOAHRCTCA HEPABEHCTB0

p(e(x), ¢(¥)<op(x, ¥) (24)
U, Kpome Toeo,

p(e (), IS —a)r, (25)
20e aa—uucao, 0 <<a << 1. Toeda Ha S cyujecTsyer
edurcTeennoe peulenue x* ypasHenus (23), npuuem

x = lim x%, (26)
k>0

20e x° e § npoussoasbho,

s =(xF1), k=1, 2, ... (27)
Hpu ITOM BbLNOAHAIOTCSL HEPABEHCTBA
p(x", < dfp(x", x%) << 2d°r, (28)

px, #)<<

2 p(xt, xt). (29)
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HokasateabcTBo. Ilycte x=S(y°%r), T e
p(x,4°) << r. Torma, nmpuMeHsis HepaBEeHCTBO TPEYrojb-
HHKa [JIsl paccTosiHHs, Ha ocHoBaHuu (24), (25) mno-
Jydyaem

p(@(x), ¥)<<e(@(x), o)+ (@), )<
<Lop(x, P)+ (1 —a)r<r.

Takum oGpasom, ecin x=S(y%r), To u @x)s
e S(y%r), T. e. omeparop @(x) OTOGpaKaeT MOJHOE
meTpuyeckoe mpoctpaHctBo S(y°; r) B cebs. Kpome Toro,
no ycnoBuwo (24) oH siBasiercss ckumaromum. CienoBa-
TeJBbHO, [0 MPHHUHUIY CXKAThIX OTOOpaXKeHHH CyLiecTByeT
Ha S elUHCTBeHHAas HeNoABHXKHasi TOYKa x* omepaTopa
¢ (x), sBAsIONIAsicss pelleHHeM YypaBHeHHsi (CHCTEMBI)
(23). ‘

CoorHomenust (26), (28), (29), xkpome mpaBoro He-
paBeHcTBa B (28), ycraHoBneHnl B § 1.5 yka3aHHOH Bbilile
kHHrd. HepaBenctBo ofp (x*, x°) << 2a*r BeiTEKaeT U3 He-
PaBEHCTBA TPEYroJbHHUKA:

p(x", X)<p (v, ¥)+ o 2)<r+r=2r.

Teopema mokasaHa.
HepaBencrsa (28) cBuzeTesnbCTBYIOT O TOM, YTO HTE-
pauun (26) cxomaTcsi K HCKOMOMY peIUeHHIO x* Mo reo-
MeTpHUecKoil mporpeccun co 3HameHatejeMm o << 1. ITo-
CKOJNIbKY H3BECTHHl r, O, TO MOXHO INpeficKa3aTb HA0CTa=
TOYHOE YUCJIO UTepauuil k2, MpH KOTOPOM MOIPeIlHOCThb
p(x*, x*) Gymer MmeHbite 3agaHHoro & > (. JloctaTouHO
notpe6oBaTh BHINOJHEHUsT HepaBeHCcTBa 2ofr << e WIH
a* < ef(2r). Orciona
1
Ina

e
k>1In o ,
TaK Kak Ina << 0. MuHuMmanbHoe k Haxoautcs mo ¢op-
MyJe

k=max{o, [fs ina]+ 1}, (30)

rae [a]— wenas yactb oT a.

Js1st mony4eHust OleHKH NMorpemHocTy p (x*, ¥%) B npo-
1ecce BBIYHCIEHUII OTZ2IOT IpEeANOUYTEHHE HepaBeHCTBY
(29), npaBast 4acTb KOTOPOro TOXKe BbIpaxKaeTcs uyepes
p3BecTHble BeJHYUHB.. OOBIYHO OHO JfaeT 6oJiee TOUYHYIO
OLEHKy, ueM (28). DTo cBSI3aHO ¢ TeM, YTO NOrPEUIHOCTDb
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Ha HEKOTOPHIX IPOMEXKYTOUHHX HTePaLMsX MOxKeT yOH-
BaThb GbicTpee, yeM B o pa3. Ouenka (28) srtoro He no-
YyBCTBYET, a mpaBasi 4acTb B (29) aBTOMAaTHUECKH y4TeT
3TO0 06CTOSITENLCTBO.

3ameuanus. 5 Ecaun omepatop ¢(x) sBasercs
CXKHMaIOIUM BO BCeM MHpocTpaHCcTBe R”, T. e. ycjoBHe
(24) ¢ o << 1 BhmoJiHEHO JJIs1 MIOGHIX X, ¥y & R”, T0 0e3
JIOTNIOJIHHTEIBHOrO ycjoBusi (25) W3 mpHHUUNA CKAaTHX
oToOpakeHH# BBITEKAIOT CYLIeCTBOBAHHE peLIEeHHs CH-
cremsl (23) u ero exuHCTBEHHOCTb B R”. OHaKO mojesHo
U B 3TOH CHTyaluu BBECTH ycjaoBHe (25), KOTOpOe, eciiu
3anaTbh Hekotopoe y° (MO BO3MOXKHOCTH OJiHKe K HCKO-
MOMy pelueHuio x*) u noaoxutb r=p(g(y°), ¥°) /(1 —
— o), 6yner eunoaHeHo. Toraa, elle He pelllasi CHCTEMB
(23), MOKHO yTBepIKIaTh, YTO eJUHCTBEHHOe B R" pelre-
HHe x* HAXONMTCsl Ha CaMOM JieJe B 3aMKHYTOM Liape
S(y% r), 1 BOSMOMKHO BOCIOJNB30BAThCsi OlleHKaMu (28),
(30).

6. Cuctema JuHeHHBIX ajre6GpauyecKHX ypaBHEHHIl
(21.1) sBasieTcs YAaCTHHIM CJIydYaeMm cHCTeMH (23) ¢ ore-
patopom ¢(x)= Bx -+ b, rne B—3ananHasg MaTpHua,
b — 3anannuil Bektop. Ecam [|Bl| < 1, To naHHBI ome-
paTtop ABJAETCS CKUMAIOLIUM BO BceM npocTpaHcTse R™
JeiictBuTenbHO, NMycTb NpouseoJbHbie %, y & R, Torna
B cuny (21), (20.8)

p(@(x), ¢(y)=llox)—qe(y)l=IBx— Byll=

=[B(x—y)I<I Bl x—yll=|Ble(x, y)
Te €
p (p(x), ¢(x) < ap(x, y),

rie o = ||B]| << 1. CienoraTenbHo, AJs IOCHEI0BATENDb-
upx npuGamxkenuit (21.2) cnpaBegnuBa oneHka (29),
KoTOpas npH 3aMene p (x* x*) Ha [|x* — x*[| u p(x*, x*-1)
Ha [lx*— x*-1|| obpauwaercss B HepaBeHcTBO (21.8).

7. Teopema 2 npu n = 1 He coBnaznaer c TeopeMoit 1.
Pasnuua cocrout B caenyiomeM. B teopeme 1 ypasHe-
uue (1) paccmatpueaercss Ju0O TOJABKO Ha OTpe3Ke
Ixo, x0-}r], 1uGo TOMBKO Ha OTpeske [xo— 7, Xo)
(cM. 3aMeyaHue 2) B 3aBHCHMOCTH OT 3HaKa DPa3HOCTH
¢ (x0)— xo. Ilpu aToM He Tpebyercsl, 4YTOOBl (QYHKIHUS @
6bia ompejeseHa Ha ApyroMm oTpeske. B Teopeme 2 mpHu
n= 1 npexanosnaraercs, 4T0 (QYHKUHS ¢ C HyXKHBHIMH
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CBOMCTBAMH 3aJaHa Ha OTpe3ke [xo—r, Xo-r] (3;ech
y° 3aMeHeHO Ha xp).

Ounenkn BeduuYuHb o [IpeAnojoxum, UTo BeK-
Top-(yHKuHs @(x)=(P1(x), @2(x), ..., @a(x)) HMeeT
HenpepLIBHbBIE YACTHEIE NMPOU3BOAHBIE IO X1, X2, +ev, Xn
Ha 3aMkHyTOM Liape S = S(y°; r). O6o3nauum

0;; = max| dg;/0x; |. (31)
s

Ilycts x, y= S. CorsacHo ¢opmyse KOHEUHBIX NPH-
pauenunit JlarpaHxa HMeeM

= 09, ()

axl (x] - yj). (32)

@ (%) — @, (y)=
J=1

i=1,2,...,n,
rie & & 5 — HexoTopas NpoMexXyTouHasi TOUKa.
C noMmo1bio MaTpHLBL
99, (8Y) o9, (8

(7)6. et a):n

Q= s vseee . (33)
a9, (8") 09, (§
Oxl °ee 6xn

cooTHouenns (32) MOXKHO OGBEAMHHTb B OLHO BEKTOP-
HOe paBeHCTBO

¢(x)—@ly)=D(x—y),

rae cnpaBa MaTpHiua (@ yMHOMXKaeTcsi Ha BEKTOp X —.
Orciona B cootBetctBHM ¢ (21), (20.8) Haxonum

plex), ¢(@)=lox)—o@I=1Dx—yI<
<IPlllx—yll=[®lp(x, ),
T. €.

Pm(@(x), @@))<IDOlponmix, y), m=1, 2,

rie B 3aBHCHMOCTH OT BHIOOpa paccTosiHHs mo QopMmyne
(22) nepBbIM HJHM BTOpPHIM CIOCOGOM Gepercs COOTBET-
cTByMOILIas HOpMa Matpuusl (33).

Ianee, BocnmoJb3oBaBUIHCH cooTHOmeHusiMu (20.5),
(20.6), c yuerom (31) nosyuaem

O (@ (%), ®(9) << OnPr (%, ), m=1,2,  (34)
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rjue
n n 1/2
2
oy == max Z O!i]-, 0Oay =( Z Oij . (35)
I<igKn =1 i,j=1
Ecau npu m =1 uan 2 okaxercs, UTo om < 1, TO
pn COOTBETCTBYIOLIEM Bb}éope METPUKH 6yneT BbIIIOJI-
HeHo ycioBue (24) TeopeMBl 2 ¢ o0 = Om.
ITpumep. Tpebyercss BHIACHHTbL CYLIeCTBOBaHHe pelICHHs Cil-
CTeMbl YpaBHEHHI
x X+ x
5= @ (r 3) = 11— sin 24 1n (14 2522,
(35)
XX
Xy = @z (X, X5) = 05+ cos ===
B OKPeCTHOCTH TOUKH ¥° = (v} yg) = (1, 1).
Pewenue Bobupaem wmerpuky pi(%, y) = max{|x —uil,
|%; — 2|} u monmaraem r = 1. Torna
S=S@sn=f{xpnE ) <SP=x0<n<2 i=1 2
T.e. saMEHYTHIi wap S npu BHOpaHHOl KOHKPETHON MeTpHKe
p1(x, y) u n=2 sBaseTcsi B OCLHOM TNOHHMAHHH 3aMKHYTLIM
KBaJpaToM.

Haxonum yacTHLIE NPOH3BOJIHLIE
O(PI - 1 a(P] . 1 X 1
ox; %+ xa+5° 0xg 373 +x,+x2—|—5’
09 _ X2 Xi¥s 092 X1 X1 X9
ox, 6 6 * Jxg 6 6
Orciona, yuutnipasi, uto sin(2/3) << 2/3, nonyuaem
op, | _ 1 J9, 1 _1_}__2_
max| S 1= 5 "3—?9" o, | S max 9’ 5 9’
mgx 0x, <—6_?_9’ mélx 0xy < 9°

B coorercTend ¢ (34), (35) B KauecTBe o MOxeT OHTb B3siTa

BE€JHYUHA
1 2 2 2 4
“—'ma"{i To §+§}—3-

Takum o6pasom, yciaosue (24) Teopemb 2 BEINOJHEHO C G ==
= 4/9 < 1. BuisicunM, BHIOJHEHO Ji ycioBue (25). Mmeem

01 (@ (9%, y*) =max{|: (1, 1) — 1| [z (1, ) —1[}. (37)
[Tockoabky 0 < sin (1/3) < 1/3, 0<In (1 4 2/5) < 2/5, 0<cos (1/6)<
< 1, 10 u3 (36), (37) moayuaem

p1 (9 (39, ¥°) <05 < (1 —0a)r=5/9.
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Venosue (25) Toxke BHmoauero. I[To Teopeme 2 cucrema (36)
HMeeT Ha paccmMaTpuBaeMoM 3saMKHyToMm ksaapate S(y% 1) ennu-
cTBesHOe pemenne x*. BuiGop y° W r oxasancs yaauyHbIM.

Hrepauuu (27) nposoasitcs no ¢opmynam

ey (7 ), by (e )

B kauecTBe HAYaJbHOrO NMPHGJMKEHHS] €CTECTBEHHO B3SITh X0 == y0 ==
= (1, 1), 1.e. x?=xg= 1. Tounoctb urepanuii corsacHo (29) orue-
HHBaeTCs: HEPaBEUCTEOM
o (%%, xh)<—g—px(xk, )=
= max { | xF —xB71] |55 —xb71 |

Gameuvanue 8 OnHOM H3 yCHOBHH NPHMEHHMOCTH
MeTona HTepaluil siBasieTcs, rpy6o roBopsi, MaJoCTb 4acT-
HBIX Opou3BonHbX BeKTOp-GyHKunM ¢(x). Ha npakruke
Tpebyercsi, 4TOGH X0Ts Obl OJlHA U3 BejuunH (35) Oblia
meHbwe 1. Ho 2TOro Ansi cyuieCTBOBAHHSA pelIeHHs eile
mano. Bosumukaer ponpoc o BuiGope noaxoasiuux yb, 7,
[ipH KOTOPBLIX BHIMOJHSIIOTCS ycaosusi (24), (25) Tteo-
pemul 2. Touky y° »KemaTelbHO B35iTb MO BO3MOXHOCTH
0anXKe K pewlenuio x*. BapsupoBaHnue r npuBOJAHT K TOMY,
UTO ¢ yBeJHYeHHEeM r OOBIYHO YBEJHUMBAIOTCA BEJHYHHLL
(31) unu ux OLEHKH CBEpPXYy H, CJEAOBATENbHO, YBeJHYH-
BAETCSl BHIYHC/ASIEMOE 0, HO IPH CIAHLIKOM MaJOM r MO-
JKET OKasaTbCsl HEeBLIMOJHUMBIM ycjaoBue (25). 3anaua
peIOOpa Y0 r mpaKTHUECKH TPYLHAsi M B KaXJOM cjyyae
TpebyeT MHAHBHAYANBHOrO IOAXOAA. ¥YCIEX He rapaHT-
pyeTcsi, lazxke ecqu pelieHue y cucteMbl (23) cyluecTsyer,
Tem GoJiee UTO 3apaHee MOXKeT OLITh HE H3BECTHO O HaJlu-
uyny pewenust. IIpy OTCYTCTBHH Ke pelleHHst YKasaHHbIE
y° i r, eCTECTBEHHO, Hesb3s 10106paTh.

§ 25. Meron HploToHa

PaccMoTpum ypaBHeHHe ¢ OAHOH HEH3BECTHOH X
f(x)=0. (1
Teopema 1. Ecau [ Cola, b], f(a)f(b)<<O, 1. e.
[ npunumaer na xonyax orpeska [a,b] snauenus ¢ npo-
TUBONOAOMCHBIMI 3HAKAMU, a [’ He MeHsieT 3HAKQ Ha
la, b], To ypasrenue (1) umeer na [a,b] eduncreennoe
peuierue (KOPEHb) X,.
YTBepKIeHNEe TeopeMBl JAOCTaTOUHO oueBuAHO. Ilpu
yCIOBHsAX ~TeopeMsl 1 BO3MOXKHLI  4eThipe  cayuas,
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u3obpaxkennsle Ha puc. 14. CymecTBoBaHHE pelICHHS
x.|a, b] cnenyer u3 HenpepulBHOCTH f Ha [a, b] u npen-
nosnioxkenns: f(a)f(b)<<0. HeenuHCTBEHHOCTb peILEHHS
npu ycnoBun f(a)f(b)<< 0 mnosiekna Ob H3MEHEHHE
sHaka y f”. 3To MOXKHO J0Ka3aTb (POPMaJILHO, HO MBI
O6yleM B OCHOBHOM OIpDAaHHYMBATBCS TeOMeTPHUYECKHMH
co00paxKeHUsIMH.

[Npumem 3a xo KoHel oTpe3ka [a,b], B KOTOpOM
¢yuruus [ uMeer TOT ke 3HAK, 4TO H f” B TeX TOYKax

d gA
7(z) f(z)
a Zy Z,=a
z v
of L__~— Z,=b 0 l/ Ty &
Y y
?(z) Flz)
. (\ zy=b .
0| z,=a T © 0l a z,
Puc. 14

otpeska [a,b], rae f”(x)#* 0 (cm. puc. 14). Manoun-
TepecHHIll cayual, koraa f”(x)== 0, uCKIOYHM.

O06o3HauuM uepes @ OTpPe30K, KOHIAMH KOTOPOro
CNYKAaT TOUKH Xo, X4 [IpH YCJIOBHSX TeopeMbl 1 pyHKuUs
f/ MOHOTOHH2 Ha ©, IpHYEM

mx=m(§nlf'(x)l=li'(x,)l>0, )

TaK KaK nHaue 66 QYHKUHS [ He cMOrja H3MeHHTb 3Ha-
Ka c coxpanenueMm 3Haka y f”. ITosoxum

M,= mgxl Frl=IF(x)l 3)
My= max [[”(x)]1 > 0. 4)
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Meton Hriorona. Merod Herorona, Ha3bBae-
MBIl Takke meTo0OM KQACATeAbHblX, COCTOHT B CJEAYIO+
meM. PaccMoTpuM B TOUKe Xo KacaTeJbHYI0 K KPHBOH
y = [(x), 3anaBaeMyio ypaBHeHHeM

Y = [(x0) 4 (x — x0) " (x0).

IMosoxus Y =0, HaxoguM TOUYKY x; IepeceyeHHs
KacaTesIbHOIl C OChI0 abCIHCC:
_ [ {x0)

I (%0)
[TocTpous KacaTeabHyio B TOuke x; (puc. 15), nmonyuaem

X=Xy

Yy
flx)
f(zy)
a ?*/ Z
0 — T3 Lz Ly Ty

Puc. 15

10 aHaJOTHYHOH (OpMysle TOYKY Xz NEPECEYEHHsT 3TOH
KacaTeJIbHOH C OCbIO X M T. [J.:

Xp == Xp—1 —;c'—(:,i::%' ®)

W3 reomerpHuecKux coobpaxkeHHH sICHO, YTO IpH yC-
JIOBHSIX TeopeMbl 1 HTepaluoOHHAs INOCJeL0BaTeNIbHOCTh
{xx}, nonyuennas no ¢opmysae (5), MOHOTOHEO CXOAHMTCS
K HCKOMOMY pelleHHIo x, ypaBHeHust (1).

OueHHM CKOpOCTH CXOJHMOCTH. YUHTBHIBasi, 4TO
{(x4)=0, u npumensas GopMyJy KOHEUHBIX NPUpPALIECHUH
JlarpaHia, HaxoauM
[Fxa-) I=1F(x) — F(xp-1) =

=[F @Il %, — xpoy | >y x, — ]
rie £ & @ — HeKoTopast Touka, m; — BeanuuHa (2). [1pu-
HEMAas BO BHHMaHHE 2TO COOTHOILEHHE, a Takxke (3), (5),
nojyuaem
[F(*¥e1) ] > X, = % g
7 T =
[P p-p)l M,

. (6)

| X — Xpey | =
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B cuny MOHOTOHHOH CXOAHMOCTH MNOC/I€IOBaTe/bHO-
ctd {xx} K X, UM€eM
[ Xpo1 — %, =1%oy — X |+ X — X, 1,
T. €.
lx, — % | =1 %, — Xpor | — 0 — Xps |-
Orciofa Ha ocHOBaHMM (6) NPHXOAHUM K HepaBeHCTBY
[x, —xpl<alx, — X1 (7)

rie 0 <L o= 1—m/M <1

HepasenctBo (7) yCTaHaB/HBaeT, YTO MOTPELIHOCTDb
X,— X yObBaeT, no KpaiiHell Mepe, O reOMeTPHYECKOil
IpOrpeccH co 3HaMeHaTejeM a << 1. DTO XapaKTepHO
NJs HavaJbHBIX MTepauuii. 3aTeM, KOria MOrpeuHoCcTb
CTAaHOBUTCS AOCTAaTOYHO MaJiof, CKOPOCTh CXOAHMOCTH
B meroze HbloTOHa yBesuunBaercsi. YOeaumcs B 3TOM.

Cornacho gopmyse Tefijlopa umeem

0=F(x)=F(xp—r)+ (x, — Xp=1) [ (xp—1) +
) X, — X 2
e g,
rie ¢ € ® — HeKoTOpas TOUKa, T. €.

Pl (0 . ["(§)
1 (*p=1) (. = %31) 2" (*py) ®)

Boluntas u3 (8) paseHcTBO (D) H HCIOJDb3Ysl OLEHKY

l " (&) <B,

x'=Xk_] -

21" (¥4—1)

rae p= My/(2my), mi, Ms— sennuunst (2), (4) coot-
BeTCTBEHHO, IPHXOJHM K HEPaBEHCTBY
[x, — x| <<B (¥, — xpt)
[NepenuiemM 3T0 HEPABEHCTBO B BHIE
Blx, — xx |S(B (¥, — xp—1)) 9
OTciofa clefyer, YTo, KaK TOJIbKO IPH HeKOTOpoM K
BHIIOJIHUTCS HepaBeHCTBO P|x,—xx|<<1 (B cuny (7)
5TO HelpeMeHHO INpOW30HIeT), B JaJjibHefillieM [Orper-
HOCTb, YMHOXKEHHasi Ha B, HauHeT yOLBaTh OYeHb GBICTPO

N0 KBaJApaTHYHOMY 3aKoHy. HUepes n cJIeAYOLIHX UTepa-
nuit 6yzieM UMeThb

= K | < 5 (BOx, — 20 (10)
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Hanpumep, ecan Blx,—xx|=10,9, n =8, 10 2" = 256,
(B (xe— x£))®° < 10-10

Ynpowenuud mMmeton Hewrtona. Eciu npo-
n3BojHas [’(x) BHUACJASIETCS CJIOXKHO, TO BMecTO (HOp-
MyJabl (5) ucnosnb3yor Gopmyay

f{x
xk=xk_,——%)—, k=1,2, ... (11)

[lpn 3TOM CXOAMMOCTb 1O reoMeTpHYecKoH mporpece
CHH, yCcTaHaB/HBaeMasi HepaBeHcTBOM (7), coxpaHsietcs.

Cps3b MeXAy METOAOM HTEpaUHBl U Me-
Toagom Heiorona. ¥YpaBuenne (1) npu A %= 0 axBu-
BaJEHTHO yPaBHEHHIO

x=x+ A (x)=q(x).

Meron utepauuii CXOAUTCS TeM OLicTpee, YeM MeHbLIe
|9’|. TlorpeGyem, ut0bm @ (xe—)=0, T. e. 1
“+ M (xk=1)= 0 u, caenosatenbuo, A= -—1/f'(xp-1).
Torzna B cootBercTBUY ¢ (24.7)

f(x
X =@(Xp—y) =Xp_y — 'fr%;i‘::—;:

H MBI npuuia K Metony Heiotona (5).

Pemenue cucremn ypasHenu . Ilyctb Bek-
Top-pynkuusa  f(x)=(fi(x), fa(x), ..., fa(x)), rae
fi(x)=Ffi(x1, x2, ..., xx), ABaXIH HenpepuiBHO auddhe-
peHuupyeMa B HEKOTOPOH OKPECTHOCTH pelleHHs x* ypas-
HeHHs (CHCTeMBbl ypaBHEHHI)

f(x)= 0. (12)
Martpuana F(x), umeromas BuA
dx, °"°'° dx,
Flx)=1] -+« ,
W=l i o

ox, "'° dx,

nasbiBaercst marpuyeti SIkobu cucrems GyHruni fi(x),
fa(%), «o., fn(x) B TOuKe x. OG03HaunM, ecan det F(x) =
0, yepes F-1(x) obparHyio MaTpuny AJIs MaTpHibl
SAko6u F(x).

Meton HeloToRa:

=" F (D (Y, k=1,2,... (13)
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Vnpoutennslii Metoa HpioToHa:
o = P () F (). (14)

Vipolenne COCTOHT B TOM, YTO oOpaTHas MaTpulla
F-1(x°) naxoAuTcsi ONMH pas, @ He B KaXJOH HTepauui,
kak B (13).

Ecau det F(x*)5= 0 u HauajbHOe NpuOJIHIKEHHE X0
B3STO JOCTATOUHO GJH3KO K x*, To urepanuu (13) u (14)
cxonsTcsi B MeTpuke (24.22) k x*. XapakTep CXOAMMO-
CTH TOT e, 4TO H Ipu n == 1, T. e. utepauuu (13), na-
upHAs C HEKOTOPOTO MOMEHTa, CXOMATCS O4YeHb OHICTPO
10 KBaZpATHUHOMY 3aKOHY, a JUIsi HTepallnii (14) rapasn-
THPYeTCs CXOAMMOCTb TOJBKO IO reoMeTpu4eckKoil mpo-
IPECCHH.

§ 26. Meron nejenus OTpe3Ka nomojiam

[Tyers fe Cla,b], f(a)f(b)<<0 u wusBeCTHO, 9TO
ypasHenue f(x) = 0 HMeeT eIHHCTBEHHOE PeLIeHIIe (enuH-
CTBEHHHI KOpeHb) x4 & [a, b]. [lonaraem ao = a, bo=",
co = (@o -+ bo) /2, T. e. co— cepelilnHa OTpe3Ka [ao, bo].
Brouucasiem f(co). Ecau f(co) =0, TO x4 = Co U BBINHC-
Jlenust Ha aToM 3axaHunBalorcs. Ecam f(co) 7= 0, TO 3HaK
f(co) coBmanaetr jinGo CO 3HAKOM f{ap), mbo cO 3HAKOM
{(bo), xomb ckopo f(ao) (o) <<O.

Takum 06pa3oM, Ha KOHI[aX OHOrO H3 JBYX OTPE3KOB
[ao, co] maH [co, bo] dynkuus | HMeeT OAMHAKOBEIE 3Ha-
Ki, a Ha KOHIAX ApYroro— mpotusomonoxusie. Coxpa-
HSEM OTPE3OK, Ha KOHIAX KOTOPOro f HMeeT IpoTHBOIO-
JIOKHEIE 3HAKH, a APYrofl OTPe3oK, KakK He COAeprKalluil
KOpPEeHb X, OTOpachBaeM. OcrapJieHHBI OTpe30K 000-
sHayuM uepes [ai, bi], rae

¢ signf(ag) =sign f(co)s

@ ={ ay  sign f(ag)7signf (co)s

_{ e signf(bg)=sign (e,

be, sign [ (bo)7=sign [ (co).
OuepuaHo, signf(a;)=signf(ay) H signf(by) =

= sign f(bo). Toatomy f(a1)f(b1) <O. Hckomblil KOpeHb
A, HAXOJAMTCA Telepb Ha BJBOE MeHbIIEM OTpPE3KEe

;[alr bl]“:
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Ilanee moctymaem asgajoruudo. Jomyctum, uto yixe
HalileH HEKOTOpHIH OTPe30K [a, be] < [a, b], HA KoHIAX
KOTOpOro GyHKIHS [ HMeeT NpPOTHBOMNOJIOKHbLIE 3HAKHU H,
CJle0BaTeJIbHO, OH COAEPXKHT HCKOMHE KOpeHb X, Haxoc-
IUM CepefHHy OTpe3Ka [ag, b:]:

cr=(a -+ by)/2. (M

Buiuncasiem f(ce). Ecan f(cz)=0, T0 X4 = cs. Bni-
unc/ieHus sakanuusalorcs. Ecan f(cr) = 0, To mosiaraem

_{ Cry Signf(ak)': Signf(ck)v

U1 =1 ay, sign [ (ay) % sign f (),

b { ¢ signf(by)=sign[(cy), (2
BT by, signf(by) = sign f ()

M T. . DTOT NPOLECC MOXKET ObITh KOHEUHBIM, €C/IH cepe-
IHHa OTPe3Ka, NONYYEHHOrO Ha HEKOTOPOM Ilare, CoB-
[aJlaeT ¢ HCKOMBIM KODHEM X,, JIHOO 3TOT mpouecc Gec-
KOHEYHbBI .

Ha puc. 16 nokasaHo HeCKONbKO HauaJibHBIX LIArOB.
Eciin BeIUHC/IEHHS AOBEJEHH 4O k-IO 11ara, TO B KauecTBe

g 7(z)
o=a, a; ?J/] }
Q0 a2, Ly bz b:bg x

b

13

Puc. 16

HpHﬁJIH}KeHHOFO 3HaYCHHUA AJid HCKOMOI'O KOPHA X, ecTe-
CTBEHHO IIPHUHATDL Cg. HpH 3TOM CHnpaBenJHBa OuUYeBHHAs
CLEHKa NMOrpelIHOCTH

b —
IX.—Ck!<7m€~ (3)

H30keHHBIH MeTOA sBJISIETCS THNHYHO MALIHHIBIM,
TaK Kak Bbluncsenus no ¢opmynam (1), (2) ouens npo-
cTole u UuKkaAuuHble. OH O0nafiaeT HOCTATOYHO GHICTDON
cxonumocThlo. Ha Kakpom 1uare mpaBas 4acTh OLLEHKH
norpewsocTy (3) yOBIBaeT BABOE.
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§ 27. Meton Hauckopeiimero (rpaJMeHTHOro) cnycka

ITycrb
f(x)=(f,(x), f2(x)» R} fn(x))v x=(xlv Xoye ooy xn)'

Cucrema n ypaBHeHHI, n = 2,

f(x)=10 (1)
3KBHBAJIEHTHA OJHOMY YPAaBHEHHIO
¥ (x) =0, (2)

rae ¥(x)=F(x)4+ fo(x)+ ... + % (x)). OueBunmo, pe-
IIEHHSIMH ypaBHeHHs1 (2) SBJASAIOTCA TOYKH HYJEBHIX
muEaMyMoB  QyHKuHn W(x) =
=W (x), X2, .-+, Xn)-

JonycruMm, uyro W(x) aBax-
IObl  HempepuBHO AudQepeHuH-
pyema B 00JacCTH, COLepKa-
el H30JHPOBAHHOE pelleHHe
X*, B OKPECTHOCTH KOTOPOroO IIO-
BepxHOCTH ypoBHsi (yHkunu ¥
UMEIOT BHJ, H300pakeHHHIH Ha
puc. 17. 3anaBlKCh HaYalbHBIM
npubankennem x°0, HIEM MH-
HEMYM ¢ynxuun W (x°— A grad W (x°)) oaHOH mepeMeH-
HOll A. aKTHUeCKM HAXOAWM MHUHHMAaJbHbIH HEOTpHIa-
TeJbHBI KOpPeHb A = Ag YPaBHEHHS

g (x? — A grad ¥ (+9) =0

Puc. 17

OJJHUM H3 paCCMOTPEHHBIX BHILIIE CIIOCOOOB.

ITonaraem
xl =x0 — A grad ¥ (x°)
H, BooOuie,
xft = xt=1 — 2, grad ¥(x*-!), k=1,2,..., (3)

rie  Ap—i — MHHHMaJbHbIl HEOTPHIATENbHBIH KOpEHb
ypaBHeHHS

—"T W (xh-1 — Agrad ¥ (x#-1)) = 0. (4)

CXOMMOCTb [OCJE0BATeNbHBX NpHOIHKeHuid (3)
K pelleHHI0 ypaBHeHHs (2), BoOOLue roBopsi, He rapat-
THpYyeTCsl, TaK KaK MOKHO IONAacTb B TOYKY OTHOCHTEJIb-
HOIO MUHHUMYMa.



rnmABA 5

METOJ bl PEIUEHHWS KPAEBOH 3AJJAYH
nJis IMHENHOIO ObbIKHOBEHHOTO
JNPPEPEHILUAJIBHOTO YPABHEHUS
BTOPOTIO NOPAJIKA

JanHasi riaBa cojpepxHT ABa naparpada. B § 28
OCBelleHbl NMPHOJIHIKEHHBIE METOABl PelleHHst KpaeBol 3a-
JlayH, CO3JaHHble elle 3aJ0Jro A0 nosisaeHuss IBM, HO
He yTpaTHBLIHe CBOEro 3HAaYeHHs H B HaCTOsilllee BpeMs.
Ciloga OTHOCATCS METOABl KOJIJIOKAalHH, HaHMeHbLIHX
KBaJpaToB, nmofobsactef, a Takxe 3(Q(QeKTHBHHIH H 10-
CTaTOYHO YHHBepcaJbHBIH MeTon [NanepkuHa.

B § 29 peranbHO u3snaraercsi pasHOCTHBI MeTOA pe-
lIeHHs1 KpaeBOH 3a4ay AJNs JIHHEHHOro OOBIKHOBEHHOTO
nu¢depeHHaIbHOrO ypaBHeHUst BTOporo nopsaaka. Pas-
HOCTHBIE MeTOn GJsarogaps cBoefl THOKOCTH H OOJIbLIOH
YHHBEPCaAJbHOCTH, HECMOTPS Ha 3HAYHTE/NbHYIO TPYLO-
€MKOCTb, MOJYUH/ LIHPOKOe NpH3HaHHe. DTOT MeTold Oyp-
HO pa3BHBaeTcs, ueMy, 6e3yC/JOBHO, CHOCOOCTBYET Ha/H-
yie BbICOKOMpoH3BoAHTeNbHEIX DBM. B § 29 Bpoastcs
OCHOBHBIE TOHSITHSI TEOPHH PAa3HOCTHHIX CXeM: ammpoK-
cuMallHsi, YCTOHYHBOCTb, CXOAHMOCTb H J0Ka3biBAETCs
OCHOBHAsi TeopeMa O TOM, YTO H3 aNIPOKCHMaUHH d
YCTOHUHBOCTH BBITEKAeT CXOAMMOCTb. DTH MOHSATHS H TEO-
pemMa HJJTIOCTPHPYIOTCS HA Pa3HOCTHOH cXeme (UBYXTO-
yeyHOH Kpaesoi 3afaue) AJsl 0ObiKHOBeHHOrO anddeped-
[IHaJIbHOTO ypaBHEeHHS.

§ 28. Metoabl MHHMMH3AUHH HEBA3KH
n meron lNanepkuna

Kpaesas sadaua coctout B caepyiouieMm. Tpebyercs
HafiTH pelleHHe JH(PGepeHnHaNbHOro ypaBHEHHS

Lu=u"4+px)u' +q(x)u=f(x), a<x<b, (1)
y,uoaﬂeTBopmow,ee JABYM Kpaesbim YCAOBUAM:

Lo = ayu(a) + B’ (@) = v,,
Lu=au(b)+4 B (b)=vy

1/27 E. A. Boskos

(2)
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rae p, g, [ = Cla, b]—3anannuie QYHKUHH, o), Bj, Vi—
3a/aHHble UHCHIA, IPHUEM 0 + ﬁ]? >0, j=0,1L

Kpaepbie yciopns (2) B ofulem caydae 3aiaior Jd-
HeflHYI0 CBSI3b MEXKAY 3HAUEHHeM HCKOMOro pemleHits
¥ €ro NPOM3BOJHOH Ha KOHLAX OTpe3kKa [a, b] B oTHEND-
HocTil, B uacTHOM cjydae, ec/IH aj = 1, pi=20, To Ha
COOTBETCTBYIOLIEM KOHIlE OTpe3Ka 3ajlaHo 3Hauenue Hc-
koMoro peiienns. Takoe KpaeBoe YCJOBHE HA3LIBACTCH
ycaosuen nepgozo poda. Ecan aj=0, p;=1, 10 Ha
KOHLLe OTpe3Ka 3aJ1aH0 3HaueHue NPON3BOAHON peLIeHH.
710 Kpaeroe YCIOBHE SBJSETCS ycaosues 6T0poco poda.
B o6Gumewm cayuae, koraa o; % 0, B 7 0, KpaeBoe YCJO-
Ble Ha3biBaeTCs yCAOBUEM TPeTbe20 poda.

B oTauHuHe OT HMelolleil Bceraa elHHCTBeHHOE pelle-
mne sagaun Kowm aas ypasuenus (1), B KOTOpO# Ha
OAHOM KOHILle OTpe3Ka 3aNaloTcsi 3HaueHHs peileHus b
ero NpoH3BOJHOM, Kpaesas 3ajaua (1), (2) moxer uMeTh
W ONHO pellleHue, Wi GeCKOHeYHOe MHOMKECTBO Pelle-
Hufl, WM, HAKOHeLl, MOXKET COBCeM HE HMeTb peLieHuil.

Jas To20 4TOObL CYULECTBOBANO eOuHCTBeHHoe pelue-
e HeoOHopoOHOL Kpaesol 3adauu (1), (2), Heobxo-
Qumo u 00CTATOUHO, 4TOGbL 0OHOPOOHAS KPaeeas 3adaua

Lu=u"+px) +qg(x)u=0, a<x<b, (3
I ==oqu(a)+ B’ (@) =0,
Lu=au(b)+ pu (b)=0 (4)

umeaq TOAbKO TPUBUALbHOe peulerue u(x)=0.

D10 ycJoBHe He BCerja yiaercs IpOBEPHTD. B § 29
GyayT cpOpMYJHPOBAHEI IPOCTHIE JIOCTATOUHBIE YCJIOBHS
0HO3HAYHOIl Pa3pelinMOCTH Kpaesoil 3ajaaus, a B JaH-
nom maparpade Mul OyJem npeano/ararhb CylleCTBOBAHHE
e/IMHCTBEHHOro pellens 3aJaHHOH KpaeBoH 3ajaftH, uTO
yacTo BHITEKaeT N3 (PU3HUECKHX co06parkeHHuii.

Jlist HaXOMKAeHHs NPHOIHKEHHOro peLieH s KpaeBoil
sanaun (1), (2) mocrynaem CJIEAYIOUIHM obpazoM. 3a-
naemcs Ha oTpeske [a, b] HEKOTOPO# JHHeHO He3aBuCcH~
MOil cHCTeMOil ABazK/bl HelpepblBHO nupdepenupyeMbix
GynKUA Qo, P15 -- s Py oo TaKUX, UTO (o YIOBJETBO-
psieT KPaeBBbIM YCJIOBHSM (2), 1. e. lopo="Yo, LiPo="1,
a octajbHBle (QYHKUHH YIOBJETBOPSAIOT OJIHOPOIHBIM
KpaeBbIM YCJOBHAM (4), 1. e. lopi=0, =0, i =
= 1,2, ... 3ajaHHas cucTeMa GyHKUHH Qo, G1y -+ » s - -
HaspiBaercst 6as3ucHOLL.
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CoctapasieM JHHeliHYI0 KOMGHHaLHIO 7 + 1 623uCHbIX
yHKIHH

Yo (¥)=qo(x) + a0 (x)+ ... +a,9,(x) ()

C HEH3BECTHBHIMHM MNOKa Ko3(QQuUHEHTAMH qy, ..., Qn.
B cnay amneiinoctn oneparopos lo, I} ¢ynkuus (5) npn
MOOBIX @1, ..., Gn YNOBJETBOPSIET 3aJaHHHIM KPaeBbiM

ycaosusM (2). IleiicTBHTesbHO,
Liy,=1; {% -+ l;l ai‘Pt) =lp+ iZl al ;=

OyHKIHA

lp()‘:; Ay oe, an):Lyn(x)“_f(x)z
= Loy (x) — [ (x) +k§=11 apLoy (x)  (7)

HaspiBaeTcs Hessaskod. Hepsiska paBHa pasHoCTH J1eBOH
npaBoil yacted ypasuenns (1), Korma B JeByio yacTb
BMECTO u NMoOJCTaBjaena QyHkuus (5).

Hepsska, kak Buano us (7), aUHeHHO 34BHCHT OT
napamerpoB ai, ..., G, U SBJsIETCs HEKOTOPOii Xapakre-
PHCTHKONH yK/IOHeHHs (YHKUHH (5) OT HEH3BECTHOro pe-
wenns u(x) Kpaesoil 3apaun (1), (2). Bo Bcakom cay-
uae, eCJIM NPH HEKOTOPLIX 3HAUECHHSIX NApaMeTpoB aj, ...
.., Gp HEBS3Ka TOMXJAECTBEHHO paBHa HyJI0 NO X Ha
[a b], 1o Qynkuns (5) coBnajaer ¢ peiueHHeM KpaeBoi
3ajaull, KOJb CKOPO YJIOBJETBOPSIOTCS 1 ypaBHeHHE
(1), n xpaeBuie ycaoBus (2).

Onnako oOBIYHO He yHaeTcsi CAeTaThb HEBA3KY TOXK-
JlecTBeHHO paBHOM Hysmo. [ToaTomy crapaiorcs nono6parh

napaMmerTpol @i, ..., Qn TaK, UTOOB HEBA3Ka B KaKOM-TO
CMbICJIe CTajJa No BO3MOXKHOCTH MeHblie. PyHRuno (5)
Opu BHIOPAHHBIX @1, ..., Q» OPHUHUMAIOT 38 NPUCJHIKEH-

Hoe pewlenne Kpaepodl 3anaun (1), (2). Hmeercs psin
npubJIHKeHHBIX METOJOB pelleHHs KpaeBod sanauu (1),
(2), oranyalowuxcst cnocofaMH HaxOMKIEHHsi NapaMer-

poB ay, ..., an
Meton konnokauuu B uurepsane (a,b) ¢uk-
cHpyeTrcst 1 TCUYEK X1 Xg, ..., Xn, HAa3BIBAEMbIX TOUKQAMLU

KOAAOKQUUU, B KOTOPHIX HeBs3Ka (7) npupaBHUBaercs

1, 7%
/24
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HYJI0:

Y(x; Qg oe-, ay)=0,

P(xg ap « - an)——TO,

'q)(xn; Apy +o ey an)=0-

[TonyueHHass CHCieMa JIHHEHHBIX anre6panyecKux
YypaBHEHHH OTHOCHTEJBHO Qy, ..., dn B Gosee MOAPOOHOH
3amHcH HMeeT BHI

alle (x)+ ... +ale, (x) =1 (x)) — Lo (x1),
a L (x2) + -+ + anlg,(x9) = f(x2) — Lo (x2), (8)
alL(pl (xn) + e + anL(pn (xn) = f(xn) - Lq).) (xn)'

Ecau cucteMa OJHO3HAYLO paapelinma, TO HaiJcHHBIE

3 Hee KOI(Q@UIHEHTH i, ..., Gn NOACTABJIAIOTCH B (5).
ITpuwmep. lana kpaesasi 3anaya
Lu=u"+(0F+xHu=—1 —1<x<L )

u(—1)=0 u(l)==0
Pewenuec 3anaemcs Ga3uCHBIMH QYHKLIHSMH
Go (1) =0, @, () =221 =) i=12 ...

Ouepupno, @i(—1) = (1) = 0. T.e. OyuKiHH ¢ yAOBJCTBOPAIOT
3a1aHHLIM OJHOPOJHBIM KPaeBbiM YCJOBHAM TNEPBOro poia. Briou-
paeM TOYKHM KOJIOKALHH Xo == 0, x; = —1/2, xo = 1/2. XoTts Touek
KOJIIOKALMH TPh, MpHOIHIKeHHOe pewenre OyleM HCKaTb B BHIC

ys () =a, (1 — x?) + apx® (1 — x?), (10)
Tak kak H 3anava (9), u Oasucubie QYHKUHH, H TOUKH KOJUIOKALHH

CHMMETPHUHBl OTHOCHTEJIBHO TOUKH % = 0.
Hessizka B coorsercTsun ¢ (7), (9) HMeeT CleAyoLnil BHA:

P (5 a, a) =y + (1 +x) g+ 1=
=1—a (14 x%) + a2 — 11x% —x5).

TpetoBauus P (0; ai, a) =0, VP(x£1/2; ai, az) = 0 npHBOLAAT
K cHcTeMe ypaBHeHHH
a, — 202 = 1,

17 49
—lg'a, + —éz Qg = 1.
:Orciofta maxonum a; = 0,957, az = —0,022. [Npubauxennoe peure-

Hue 3ajgaud (9) HMeeT BHA
ys (x) = 0,957 (1 — x?) — 0,022 (x% — x%).
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HUuTterpanpHbli MEeTO Il HauMeHblIUHX
kBaaApaToB. Ha HeBsi3Ky HaknajbiBaeTca Tpedona-
HUe, 4ToOBl HHTErpa

b
=S\p2(x; ay, .., Ay)dx (11)

a

NpPUHHMAJ MHHHMAaJbHOe 3HaUYeHHe.
Jas MHHEMYMa WHTerpasa HeOOXOAHMO BLINOJIHEHIE
CJIeYIOLIHX YCJIOBI/Iﬁ'

1 al P P
367:1._811’6 dx=0, i=1,2, ..., n

a

ODTH YCJIOBHSI C yueTOM BbIpa)KeHusi (7) It HeBA3KU
NPUBOISAT K ciejylouleil cHcTeMe JHHEHHBLIX ypaBHeHHH
OTHOCHTENbHO aj, ..., Qn!

a (Lo, Loy)+ ... +a, (Lo, Lo)=(f — Loy, L)),
a,(Ley, Lgg)+ ... +an(L<pm Lq>2)=(f—Lq>o, L), (12)

al(l‘(plr L(pn) + + a (L(Pnr [ (pn) - (f - L(P(), L(pn)r

b
rae (f, g)= S f(x) g (x)dx — ckaasipHOe mpou3BeaeHe,

a
Ecinu cucrema pyuxuuét Lo, ..., Lo, 1uHeiiHO He3a-
BHCHMa Ha oTpe3ke [a, b], To Ha ocHoBaHWH JeMMbl 13.1
cucrema (12) uMeer eIHHCTBEHHOE pellleHHE.
. TlpuGauxeHHoe pelleHHe KpaeBoil 3anaun (9), nafi-
nexHoe B Bufe (10) wHTErpaJsibHEIM MeTOJOM HauMeHb-
UIMX KBaJpaToB, ClAefylollee:

Yo (x)=0,985(1 — x2) — 0,078 (x% — x*).
JduCKpeTHHH MeTON HaMMeHbIIHX KBafj-

paTtoB. BMmecro muHumyma uHTterpasna (l1) wumercs
MHHHMYM KOHEYHOH CyMMBI

N
2 .
_Zlip (%55 apy - - vy @),
i=
rae x; € (a, b)— HeKoTOpBle TOUKH, N = n
[Nosiyuaemas cucTeMa ypaBHeHHUi st KOIDDHLHEHTOB
npubJinKeHHoro pemleHusi (5) umeer ToT ke Bua (12),
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¢ TOH Julb pa3HHueﬁ, YTO HCIIOJb3YETCsl CKaJisipHoe
I1pou3Be/ieHHE

(f, @)= ; Fx;) g (x;)e

Ecan N = n, TO JaHHBII MeTOJ NPHBOAUT K METOLY KO.JI-
JOKaIHN.

[MpubanxenHoe pelieHne Kpaesoii sapaun (9), moay-
gennoe B Bujge (10) AHCKpPETHHIM METOJOM HaMMEHLIIHX
kBaapatoB npu N =7, x; = —1-i/4, umeer Bun

Yo () = 0,932(1 — x2) — 0,047 (x? — x*).

Metoagnoao6amacteil [Iyeth a =X << x1 < ...
< Xpey < Xn=0b. Kozpduuuentsl npHOIHKEHHOIO
peiieHus (5) HaXoAATCsA U3 CHCTCMBI ypaBHeHNH

*i

S W(x: ay, ..., a)dx=0, i=1,2 ..., n (13)

Fi

MeTtoan TNanepxuna. B ocHoBe meroaa, Npensio-
skenoro B. . TajepkuHbIM, JeXKHT Tpedopaiue OpTo-
roHajbHOCTH GasucHBIX (DYHKHHH @i, @2, ..., @Pn K He-
Bszke (7), T. e.

b

Sl])(x; Qpy <y Q)@ (x)dx=0, i=1,2, ..., n

a

70 TpeGoBaHMEe NPHBOAHT K CJEAyIOLLell cCHcTeMe JH-

HeilHBIN ajre6panueckKHx ypaBHeHHH 151 KO3(Q(HUIHEHTOB
npuGanzennoro pemenns (5) kpaesoit 3anaun (1), (2):

al([‘q)l’ (pl)_l_ LR + an(L(pn’ (pl)—_—(f— L%, (pl)7
a (Ley, @)+ -+ a, (Lo, @o) = ([ — Loo, @), (14)

. . . . .

a (prx, (pn)_l— R a, (L(pnr n)=(f - LfPo, q)n)y

b

e (F, &)=\ [(x) g (x)dx.

a

ITpwumep. Paccmorpnv kpaeBylo 3anauy
Lu=u"4+u=—x 01, u(®=0u(l)=0 (15)

TOUHHIM pelleHHeM KOTOpoil siBasietcst u(x) == sin x/sinl—x.
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Pemenne Bobupaem 6asucube QpyHKuuu
Qo (¥)=0, Pi(x)=x'(1—x), i=12 ..., (16)
YAOBJCTBOPAIOIIME 3aJaHHBIM OLHOPOAHBIM KPaeBbHIM yCIOBHSM.

[ycts n = 1. Torna cucrema (14) oOpainaercs B Ofil0 ypas-
HCHHE

a (97 +0p 9) =(—* ),
1 1
a g(—2+x(l —x)x (1 —x)dx=— S x2(1 —x)dx.
0 0
ITocae BHuHCACHHS HHTerpajoB noayunm —(3/10)a; = —1/12 Cuae-

J0BaTeJbHO, @y = 5/18 u npuGJIHIKEHHOE pelUICHHEe HMCET Bhlpaxe-
Hue

5
Y1 (x) = = x (1 —x).
BosbmeM Tenepb n = 2. Hckomble KoaQ(HUHCHTH aj, @z YHOB-
JIETBOPSIIOT CHCTEME YpaBHEHH}
a (Lo, @) + as (La, ¢1) = (], ¢1),
a (L@y, @2) + a2 (LG2, 92) = ([, 92),
KOTOpasi B pacCMaTpPHBAaeMOM mnpumMepe nNprnoOpeTaer BHA
1
a S(—Q—l—x(l —x)x(1—x)dx +

0
1

1
ags(2—6x+x2(l—x))x(l—x)dx==—— sz(l—x)dx,,
4} 0

1
a; S(——2+x(l—x))x2(l——x)dx+
0

1 1
+ ap S (2 —6x + x2 (1 — x)) x2(1 — x) dx = — S 3 (1 — ) dx.
4] 0
Brouncass HHTel‘paJII)I, HaXooumM
3 3 1 3 1
T Tt 2= 13 @ + g 6 =55

Otciona moayuaem a; = 71/369, a; = 7/41. I/ICKOMoe npHOaHKEH -
HOE pelleHHe HMeeT BHI

71 7
yz(x)=x(1—x)(§@—+—4Tx).

Jnsi cpaBHeHHsl NMpHBeJEM HEKOTOPHE 3HAYEHHSI TOUHOTrO pelie-
Husl u(x) KpaeBoi 3ajaun (15), a Takxke y,(x), yz2(x):
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x u Y 4]
0,25 0,044 0,052 0,044
0,50 0,070 0,069 0,069
0,75 0,060 0,052 0,060

Takum oGpasoM, y mnepBoro npHO/HKEHus Y;(X) OOrpeurHocTb
nopsiaka 0,01, a y Broporo — nopsizka 0,001.

MO}KHO JloKasaThb, 4YTO €CJH Kpaesas{ 3ajada
u +px)u +qx)u=Ff(x), 0<x<l,
u(0)=0, u(l)=0,

rae p, g, f=Cl0,1], umeer eIHHCTBEHHOe peIleHue
u(x) (rakosa, nanpumep, 3agaua (15)), TO npu HCHO.1b-
30BaHHH OasucHHX (yHKuuil (16) npubiuxkeHHoe pelre-
HHEe Y.(x) Moxer ObITh HalileHo meronom [anepkuua
VI BCEX AOCTATOUHO OGOJBLWIHX rn. DTO NPHOJIHKEHHOE
peluenne cxoputcs pasHomepno Ha [0, 1] k u(x) npu
n—»oco. Bosee Toro, HMeeT MeCTo paBHOMepHAst CXONH-
moctb y) (x) Kk u'(x) Ha [0, 1].

§ 29. PasHocTHblit MeTo[. OCHOBHBIE TOHATHA
TEOPUH PA3HOCTHBIX CXEM

PaccMoTpuM KpaeByro 3afiauy

Lu=u"+px)u' —qgx)u=[(x), 0<x<1, (1)

lpu=u(0)=vy, Lu=u(l)=vy, (2)
rae p, g, | € C2|0, 1]— 3anannsle pyukuny, g(x) =0 Ha
[0, 1], yo, y1 —3ananueple uncna. ITa 3ajaya sB/ACTCA
yaCTHHIM cJyuaeM Kkpaepoil sapaun (28.1), (28.2).

Teopema 1. Kpaesas sadaua (1), (2) umeer eOun-
creennoe pewenue u(x)e C40, 1].

[TosHOe NOKa3aTeJbCTBO TeopeMbl 1 BHIXOLHT 3a paM-
ki naHHOH kHHrH. OTMeTHM JIHLIb, YTO yKa3aHHas rJjan-
KOCTb pellleHHsi BHITEKaeT H3 3aJaHHOH riafiKkocTH QyHK-
uiit p, g, f. B kypce AudpdepeHUHANbHBIX ypaBHeHHil
ycTaHaB/MBaeTcs, 4To Jioboe peieHue ypashenus (1)
npunaniexnt kaaccy Cq[0, 1], a 3nauut, stomy Kinaccy
NpHUHALIEKUT W pelueHHe Kpaesoil 3apaun (1), (2).

[TpucTynuM K H3JOXKEHHIO Pa3HOCTHOro MeToja.

CeTKH M ceTouHHEe (GYHKUHH 3alaiuM Ha
orpeske [0, 1] KOHEUHOe MHOXKECTBO TOUYeK (Y3JI0B) wp=
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= {x}}_, roe x;=jh, h=1/N, N >2 — narypaisHoe.
MHOKeCTBO ®; Ha3HIBAETCH CeTKOL, h— wazom cerku.
Yepes ®, 0603HAaYNM NMOAMHOXKECTBO MHOMKECTBA , 10~

JiyuieHHOe H3 ©, OTOpachHiBaHUEM Kpalrux (epaHu4Hslx)
Y3108 Xo, Xy. MHOMKECTBO y3JIOB ®, TOXe Ha3blBaeTcs

cerkoti. TOBOPAT, UTO CeTKa ) COCTOHT U3 BHYTPEHHUX
Y3406 ceTKH wn. IlycTh Takxke ), = {xo, xN}—-ceTKa

COCTOﬂHIaH M3 [BYX TPaHHYHBIX y3Ji0B. Takum 06pa30v1
, = o, U@} (cetka o, sBasIeTcs OObEAHHEHHEM CETOK

n ).

Ha puc. 18 n3obpaxeHbl CeTKH: B KPYKKH MOMeIIeHbI
y37bl, NpHHAJJeXkKallHe CeTKe @), a B KBaJApaTHKAX
pacrosoKeHbl TPAaHUYHBIE y3JIbl, 06pa3ylollHe CeTKY .

Dynkuusa y, 061acTbio OnpejeseHnsi KOTOPOH siBJisiet-
csl Kakas-aubo CeTka ®,, WJIH ®,, HJH ®,, Ha3blBaeTCs

cerouroll. 3HaueHus1 ceToYHOH (YHKUHMH B y3gax OyaeM

z, Zj 5 Ty, T

Puc. 18

IUIsi KpaTKOCTH 0603HauaThb CJAEAYIOIHM 06pazoM: y; =
= y(x;). PyHkuus [, ompeleseHHas Ha BCeM OTpe3Ke
[0, 1], nopoxkaaer cerouHyio (YHKIHIO, NPHHHMAIOLLYIO
B y3Je x; 3HaueHue, pasHoe f(x;), j=20, 1, ..., N. daa
NOJyYeHHOH CeTOYHOH (DYHKIMH COXpaHUM CHMBOI f,
a ee 3HaUeHHe B yaJie X, COTJIACHO NOrOBOPEHHOCTH, OY-
Iem o6o3Hauath uepes f;, j=20,1,..., N.

OGosuauum uepes Y,, Y,, ¥, MHOXecTBa BCexX ce-
TOUHBIX (DYHKUHHA, ONpeleseHHBIX COOTBETCTBEHHO Ha
o,, ®;, ©, Mnoxectso Y, (a Takxke Y, nY,) sas-
Jsiercsi JTUHEHHBIM MPOCTPAHCTBOM, B KOTODOM OnepaLuu
YMHOXEeHHA (GYHKIHH Ha 4YHCJIO H CJHOXKeuHs (QYHKUHHA
BHINOJIHSIIOTCS O OOBIYHBIM NpaBHJaaM. B nuHellHBX npo-
crpancTBax Y,, Y, ¥, ceTounwnx QyHKuuii 3anaaum co-

OTBETCTBEHHO HOPMBI

= ma , " — max N
lyll, 0<]<><lejl Nyl l<j§N—l|yl| @)

ly ”; =max { Yol, |yn I}

8 E. A Boakos
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PasnoctHpoe onepaTtoph. Oneparop L'y Ha-

3BIBACTCS PASHOCTHGLM, €CJTH OH KaIOH ceTOYHOH (yHK-

un y & Y, CTaBHT B COOTBETCTBHE HEKOTOPYIO CETOUHYIO
¢ynxunio, npuHaaiexauyio Yy (amm Y3).

[1puMepbl Pa3HOCTHBIX ONEPATOPOB:

D (L"), =y, i=1,2 ..., N—1;
2) ("y), =y,  j=0, N; (4)
—2
3) (Lhy) = 1= Z!H’“. i=1,2 ..., N—1;
N R et
) Tyy=i ,
l_A% j=N.

Wupekc j B seBOH 4acTH PaBEHCTB YKas3bIBaeT HOMep
y3jia, B KOTOPOM oOnepatop NPHHHMaeT JaHHOe crpaBa
aHauenue. Kakoea Obl HU Oblia ceTquaﬂ (QyHKUHUS Yy &
& Yy, B npumepax 1), 3) umeem L 'yeY,, a B mnpu-
mepax 2), 4) umeem 'y = Y,.

Hast ynob6ctBa MBI [aJH ONpeleseHHe PAasHOCTHOTO
ornepatopa B LINPOKOM CMBICTe, He Tpebysi sIBHOH ero
3aRHCHMCCTH OT pasHocTed NepBOro MM 0oJsiee BHICO-
KHX MOPSI/IKOB, a TOJBKO OT 3HaueHHH CeTOUHOM (i)YHKU‘IiM.
HMesl TaK)Ke B BHAY, UTO CaMU 3HAUEHHSI CETOYHOH (PyHK-
LUH MOXHO (POPMaJILHO CUHTATb Pa3HOCTSIMH HYJEBOIO
NopsiKa.

Paccmorpum auddepeHnnanbublii oneparop

Lu=u"~+p)u'—q(x)u, (5)

3ajalolni JeBylo uactb ypaBHenusi (1), u BBeneMm enu-
HBIHl TPaHHYHBIA onepaTop

/ { lou, x=0, -
= llu, X = 1, )

T/e B COGTBETCTBHH C 33AaHHLIMH KPACBBHIMH YCJIOBHAMH
(2) noxa Gynem cuutarb, uto lew'= u(0), Lu=u(l),
a B JaJjbHelilieM paccMOTpuM OoJiee O6GMIMI rpaHHYHBLH
onepaTop.

C nomouiblo oneparopos (5), (6) xpaesyio 3anauy
(1), (2) mOXHO 3anucaTb KOMNAKTHO B CJEAYIOLIEM
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BHIE:
Lu=1F, (7)

lu=vy, (8)

{ Yo» X= O’
V= v, x=1.

Hawm npeactout annpokcHMHpPOBATL 3a[aHHYIO Ha CT-
peske [0, 1] auddepenunanbiyio kpaesyw sapauy (1),
(2) (nam, yto oanO M TO XKe, 3amauy (7), (8)) Hekoro-
po# pasHOCTHOH KpaeBoil 3ajgauefl, B KOTOPOH HCKOMOI
SIBJISICTCST CETOUHAsi (QYHKUHS Ha ceTKe @p. OOBbIUHO npu
3TOM ACHCTBYIOT no caeayioueMy nnany. CHauajga cTposT
HEKOTOPbl€ PAa3HOCTHHIE ONEepPaTOPhl, ANNPOKCUMHPYIOLLUE
nauddepenunanbupiii onepatcp Lu W rpaHuuHBE onepa-
TOp lu, U COCTaBJSIIOT HA CETKE ®; PA3HOCTHYIO Kpaepyio
3ajayvy, KOTOPYIO NPHHSTO HA3LIBATb PA3HOCTHOL cxeMoll
ans auddepenunanproi 3agauun (1), (2). 3atem ydex-
JaloTCd, YTO NOJIyueHHasi Pa3HOCTHAsi CXeMa anipoKCH-
MHPYeT HCXOAHYIO KpaeBylo 3axauy {1, (2).

[Tocne sToro wucciaenyoT yCTOHYMBOCTH PAa3HOCTIIN
CXeMbl H CXOJIUMOCTDb €€ pelleHusi K pelleHHI0 AudepeH-
HUaJbHOH 3aflauy NPH CTPEeMJICHHH 1Iara CeTKH K HY.Io.
K pasnocTHOli cXeme Takxe NpeabsBISIETCs BayKHOe Tpe-
6oBauue, 4TOOb AJIsi HaXOXKAEHHs! ee PelIeHHs] MOT GbiTh
NpHMeHeH JNoCTaTouHO 3(Q(eKTHBHLIA Ha IpaKTHKe YHC-
JeHHBH MeToA. IloHsaTHs annmpokcHMaIHK, YCTOHUHBOCTH
H CXOIMMOCTH YTOUHSIIOTCSI HHXe,

AnnpokcumupyeM nubdepeHunasublii onepatop Lu
Ha CeTKe ®, Pa3HOCTHHIM omepaTtopom L'u, nosyuaembiv
u3 (5) myteM 3aMeHBl B y3/JaX CeTKH @, MNPOH3BONHBIX
t', u” COOTBETCTBYIOLIUMH PAa3HOCTHBLIMH IPOH3BOLHBIMHU
no dopmysaam (10.6), (10.7). Oneparop L"u, nocrpoes-
HBIH 10 YKa3aHHOMY IIParuJjy, HMEeT CJeAYIOWH
BHJ:

u;, ,—2u,+u Uiy — U, _
(Lhu)]= i—1 ¢y 41 +P, I+|2k =1 _qju/'v (9)

i=1,2 ..., N—1L

rie

ITycte u & C4[0, 1] — npousBonbias GpyHKUHS, B UacT-
gocTn pelleHHe KpaeBoff 3ajgaun (1), (2). Torma Ha

8*
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ocnopannu (10.2), (10.3), (3) BHIMONHAETCS HEPABEHCTBO
| Lu — Lrull < c (10)

Ille c,— HeKoTopas He 3aBHcsALLas OT h NOCTOSHHAS.
Teiictenrensho, B cuay (10.2), (10.3) umeeM

’ Uiy — Ui h? 177
p(xpu (x;)— p; o <“6—”P”c”u lle,

u., —2u;+u;
j—1 1 i+1
|u”(xj)'—' h?

h2
<4zl u e,

rie py=p(x), =12, ..., N— l,llpllc=rllgagclp(x)l-

Otcrona u n3 (5), (9), cornacHo onpeieeHnIo (3) nop-
mm |+ [, erko cenyer (10).

Onpeaenenne ToBopdr, uTO pasHOCTHBI onepa-
top Lhu annpokcumupyer nuddepeHLHalbHbL onepaTop
Lu ¢ k-M NOPsSAKOM OTHOCHTEJIbHO lldra h B ceToUHOH
ropwme |- [}, eciu k>0 1 a5 1060l 1O0CTATOUHO rJiak-

KO# (GYHKIMH ¢ BbIIOJHSETCS HepaBeHCTBO
I Ly — Lrulf, < c kP, (11)

IJle Cu— HEKOTOpas He 3aBHcAllas OT h MOCTOSHHAS.

PaccMOTpeHHBI BEILLE Pa3HOCTHEIH onepaTop L'u (9)
annpoKCHMHPYET  COrJacHo (10) nuddepennuanbubiit
onepatop () cO BTOPBHIM MOPSAKOM OTHOCHTEJIBHO h.

['panuunblii onepaTop (6), ¢ mOMOLIbIO KOTOPOTO 3a-
naloTcsl Kpaepble yCJIOBHSI MepBOro poja (2), T. e. ycuo-
BHst (8), yCTPOEH OueHb NPOCTC, a HMEHHO, Ha KOHLAX oT-
peska [0, 1] OH mpHHHMaeT 3HaueHHs, COBNANAIOLLIHE €O
3paveHusiMi GyHKunn y. [TosTOMYy €ro eCTeCTBEHHO ar-
IIPOKCHMHPOBATbH PAa3HOCTHBHIM ONEPATOPOM (4), xoTophii
TOXKe B y3JaX Xo, Xn, PACMOJOKEHHBIX Ha KOHUAX OTpes-
ka [0, 1], npuHNMaeT 3HaueHus, COBMAAalOllHe co 3Ha-
YeHHSIMH CeTOUHOH (DYHKLHMH B 3THX y3JaX.

PaszHocTHBH e cXeMbl. Tenepb MOXHO COCTaBHTb
cJleflylolyl0 PasHOCTHYIO KpaeBylo 3ajady (TouHee roO-
BOpsI, CeMeHCTBO Pa3HOCTHBIX KPaeBblX 3alat, 3aBHCALILEE
oT napamerpa h):

L'y=T, (12)
'y=g, (13)

rie Lhy-— pasHOCTHHIH onepaTop, onpeneseHHbI 1O
dopmyae (9), "y — pasHOCTHbI oneparop 4),fey,—
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cetouHass GYHKIHs, HOpOXKAaeMasl NPaBoil YacThio ypaB-
venust (7), T. e. ypaBHeHus (1), geY, —3anannas
ceTouHas QYHKUHMS CO 3HAUYEHHSIMH Zo == Yo, gv = Y1-

PastoctHast kpaeBas 3agauya (12), (13) HasweBaercs
pasHoCTHOL cxemoti 151 npud@epeHnna bHOl KpaeBoi 3a-
npaun (7), (8). C yuerom Beipaxenuii (9), (4) omeparo-
poB L%y, ["y 3Ta pasHOcTHas cXeMa MoOXeT OHIThL GoJiee
NnoJpoOHO 3aMHCaHa B CJIENYIOIEM BHIE:

Yj—1 =29+ ¥4

Yip1 — Y-

hZ +P1 ]+12/1 : l_q]'yi:f], (14)
i=12, ..., N—1,

: Yo=Yo» Yn=V"1- (15)

Jlerko BujeTh, YTO pasHOCTHas Kpaesasi 3afava (14),
(15) sBasiercsa KpaeBoii 3amaueil Bupa (22.1), (22.2),
B KOTOpOH

1 p; 1 p; 2
=g —g Bi=ptg CG=pta
szfj: %y =uy =0, Yo=Y VYN =YVi.
OueBHAHO, €C/TH
) . 2
h<ho~m1n{1,m~}, (16)

TO BBIIOJIHEHH H ycaoBusi (22.3). Takum oGpasom, eciu
war h CeTKH o, YHOBJeTBOpsieT HepaBeHCTBY (16), To
corsiacHo JieMMe 22.1 pasHocTHasi cxema (12), (13)
UMeeT eJHHCTBEHHOe pellleHHe y & Yy, /sl HaXOXKIeHHs
KOTOpPOr0 MOXKeT ObIThb IpHMEHEeH BecbMa 3((eKTHBHH
Ha MpPakKTHKe MeTOJ IPOTOHKH, H3JIOKEeHHHH B § 22.

AnnpokcHManHus, YyCTORUYHBOCTH, CXOLH-
MocCTh. Peulenne u pudodepenuunanbuoii sanauu (7),
(8), BoOO11E rOBOPS, HE YOBJIETBOPSET HA CETKE oy pas-
HOCTHBIM ypaBHeHusim (12), (13). OnnHako Bcersa MOx-
HO HAIHCaTh PaBEHCTBA

'u=f+v na o, (17)
"i=g+¢ Ha o) (18)

rae ¢ = L"u—f, ¢ = ["u— g — ceTouHnle QYHKIHH, Ha-
3bHiBaeMble Hessdkamu pelueHus AH(epeHUHANTBHON 3a-
JAayu Jisi pasHOCTHOH 3ajaul (\pezY;I — HeBsI3Ka JJIsi



906 [J1. 5. PELIEHUME KPAEBOM 3AJAYM JJid JIMH. O. 1 V.

pasHocTHOrO ypaBHeHus: (12), @&V, — HeBsizKa mas
KpaeBux ycnosuii (13)).

Onpenenenune. [osopsit, yTo pa3HocTHAs cXxeMma
(12), (13) annpoxcumupyer nu@depeHHaNbHYIO 3ajauy
(7), (8) Ha ee pellieHKH ¢ € k-M NOPSILKOM OTHOCHTEJBHO
h, ectu k>0 u HOpMBbI HeBsI30K pellieHHs AHdbdepeH-
LHaJNLHOH 3a/1aYN UMEIOT CJelyIoliHe BeJHYHHBI:

Sl =0(h*), foll,=0{h"). (19)

[ anHoe omnpenejseHHe HOCHT OOWIMH Xapakrtep, T. e.
nea  AnddepeHunaabHoil Kpaeoil 3apauein  (7), (8)
MGXKHO I10pa3yMeBaTh HE TOJLKO KOHKPETHYIO KpaeBylo
sagauy (1), (2), a B KauectBe pasHOCTHOH cxembl (12},
(13) mo:keT GHUrypHpoBaTh He TOJNBLKO PA3HOCTHAS CXeMa
(14), (15). OpHako Bciony OyjeM npeanosaaratb, YTO
ruddepennuanpibie onepatopsl Lu, lu B 3anaue (7), (8)
¥ pasHocTHbie onepatopw L'y, "y B 3apauc (12), (13}
SRAAIOTCS JUHefinbiMU. B Koule naparpada paccMmarpu-
BaeTCs Kpaepast 3azaua c¢ OGoJjee OOLIMMH KpaeBbIMH
YCJOBHSIMH, YeM BHIUE, K KOTOPOH NaHHOe onpejaeseHHe
[OAX0IHT.

Y6eaumcs, uto pasHoctHas cxema (14), (15) anmpok-
ceMupyeT Kpaesyio 3anauy (1), (2) Ha ee peleHuH u
CO BTOPLIM TIOPSI/IKOM OTHOCHTEeIbHO A. JleACTBHTENbHO,
Tex Kak Lu = f, 10

p=L'u—~f=1"w—Lu na o
H, CJef0oBaTeJbHO, COrjacHo HepaseuctBy (10), rae
L'y — onepatop (9), umeem
’ I
el =10 L" — Lull, = Lu — L'ull,= O (h?).

Kpome toro, B cootBercTeun ¢ (18), (4), (13), (2) mo-
nyuyaem

gl =max {|uo— gol, luy — &nl} =
=max {|u(0) — vol, lu(l)—y, [} =0 Vh,

a NOCTOSIHHAs, paBHas HyJIo, siBisieTcsi Benunnoi O (h?).

3ameuanue 1. B cayuae, ec/in HeBA3Ka ¢ paBHa
HYJI0 HAa @, TpH J1060M A, TO FOBOPAT, UTO PA3HOCTHLIE
kpaeBnie ycnoBusi (13) annpokcumupyior touno 3ajaH-
npie Kpaesble ycaoBus (8) B HCXOAHOI 3a/ave.
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Cuenyollee BaxHoe OonpejieJieHHe TOKe HOCHT OOLLU
Xapakrep.

Onpenenenune. CkaxeM, YTO Pa3HOCTHAas cXeMma
(12), (13) ycrodinusa, ecnu cyuectTByeT Takoe hg >0,
uyto npu Jwbom b= 1/N < hy 1 NpOH3BOJLHLIX CETOY-
HbIX Qynxkuusx E&VY;, n&Y, pasHocrHas zafaua

L2 =E, (20)
I"z=n (21)

UMeeT €IHHCTBEHHOE pelIeHHE 2 & Yn, npayeM BDIIOJI-
Hs1€TCA HEepaBEHCTBO

Izl < NEW, + c i, (22)

rae ¢’, ¢* — HEKOTOpble NOCTOSIHHbIE, He 3aBHUCAILMe HH
oT h, Hu ot QyHKuUUH E, 1.

CBOHCTBO yCTOMYMBOCTH (/M K€ HEYCTCHUMBOCTH)
Pa3HOCTHOI CXeMBI SIBJISIeTCSl BHYTPEHHHM CBOHCTBOM pas-
HOCTHOH CXeMBbl KaK TaKOBOH, T. €. OHO HHKaK He CBA3bl-
BaeTcss ¢ TOH HCXOAHOH AuddepeHunasbHoi 3anaueii,
I KOTOpoH mocTtpoeHa pasHocTHasi cXema. Ouenb
BaX@{HO, YTOObl pa3HOCTHas cxema Obljia yCTOHYHBA.

Takas pasHoCTHasi cxemMa, B YacTHOCTH, YCTOHUHBa
K MOrpeiHocTsiM OKpYIJIeHUl, KOTOphle YacTo MOXKHO
TPAKTOBATb KaK aJANTHBHEE J00aBKH B IIpaBble 4acTH
ypasuenuii (12), (13) B Buje HEKOTOPHIX CETOUHBIX (YyHK-
wiiit Y], neY,. Ilpu 3T0M NOrperiHOCTb pelieHust
pasHocTHOil cxembl (12), (13) B cuay JMHHEHHOCTH CXEMBI
cOBNajaer C peuleHueM pasHocTHOH 3apaun (20), (21),
KOTOpPOE COIJIACHO HepaBeHCTBY (22) Oyner maJo, ecid
MaJpl MOTPELIHOCTH &, 1) HJIH, TOUHee roBopd, HX HOPMBI
NEI IIn '

[TpiuMeuaTeJpHO TaKxkKe, YTO NOCTOsIHHBIE ¢’, ¢* B He-
paBeHCTBe (22) He 3aBHCAT OT A, T. €., BBIpAxKasiCh sA3bl-
KoM  (QU3HKHM, MOXHO CKasaTb, UYTO 4YYBCTBHUTEJIb-
HOCTb YCTOHUHBOH pasHocTHO cxemb (12), (13) K Bos-
MYyLIEHHUSIM NpPaBBIX YacTell NIPH H3MEJbUEHHH CETKH He
yeeauunBaercsi. I[IpuMepbl HeyCTOHYHBBIX Pa3HOCTHBIX
cxem jgann B § 30. Coenyromas TeopeMa CBHAETEIbCTBYET
06 YCTCHYNBOCTH TIOCTPOEHHOH BBIlIE PAa3HOCTHOH CXeMBI
(14), (15).

Teopema 2. Pasnoctrnas cxema (12), (13), ede
Lty — pasnoctrotil oneparop (9), "y — pasroctHolii one-
parop (4), ycroiiuusa.
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JlokasaTedbCTBO. DBbllle ObIO YCTaHOBJEHO,
YyTO yKasaHHas B TeopeMme pasHoctHas cxema (12), (13),
B GoJee noapo6HOH 3anucu umerowas Bua (14), (15),
npu ycaosun (16) oanosHauno paspewnma. Ciejosa-
TeJbHO, pasHOCTHAs KpaeBasi 3ajaua (20), (21), otse-
yaoulasi paccMaTpUBaeMoil pasHocTHOi cxeme (12),
(13), Toxe mpu yciaoBuu (16) onHO3Ha4uHO paszpelinMa.
IleiicTButenbHo, pasHoctiias cxema (12), (13) u coor-
BeTCTBylollas KpaeBasi 3anada (20), (21) ssasiorcs
cUCTeMaMM JIHHeHHBIX aJre6pauyecKHX ypaBHEHHH, OT-
JHYAIOUIMMHCS TOJbKO CBOGOAHBIMH ujeHamH. [TosTomy
OHH OJHO3HAYHO pa3peliHMBbl OLHOBPEMEHHO.

Ocraercsi 10Ka3aTh CYlLIeCTBOBaHHe MOCTOSIHHBIX ¢, ¥,
npH KoTophix pewenne 3agaun (20), (21) ynosierso-
psier HepaseHCcTBY (22). B cuiy JHHeHHOCTH 3anauu
(20), (21) ee peweHnHe 2z MOXKeT ObITb NPEACTABJICHO

B BHE
z=MA+n, (23)
TAe A, p— pelleHHsl Pa3HOCTHBIX 3ajat
L' =¢, 1" =0, (24)
L'n=0, "p=n. (25)

JIJst mpOCTOTH JOKa)KeM HepaBeHCTBO (22) TosbKO

B cayyae, Korpa (QyHKUMSI p BCIOAY paBHa HyJw. Torna

-pasHocTHasi 3ajaua (24) c yuerom (14), (15) moxer
6bITh 34MHCAHA B CJIEAYIOILEM BHIE:

}\’]--l_(2+h2qi);\’]+7”j+l:h2§f¥ j:l, 2, ...,N—l,
Ay=0, Ay=0.

Tlockonbky g, =0, j=1,2, ..., N—1, No =1, 10 Ha

OCHOBAHHHU JeMMBbl 22.2 1Jisi pellieHHst 3ajaun (24) cnpa-
BeJlJINBbl OLLCHKH

IAl,= max |A;|<KN? max |h%;|=
: 0<iKN 1I<iKN-1

= N°h* max |§|= max l|§,~|=||§||;L~ (26)

IS/<N-I I</<N -

AnaJgornudo, 3ajaua (25) sanuchiBaeTcsi B BHJe
pa—@+Roppj+p =0, j=1,2, ..., N—1,
By = Mo, MKy =Ny
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CorsacHo Jiemme 22.3 HOpMa pelleHHsi 3azaun (29)
BbipaxkaeTcst uepes [l y;:

Ilullh=ogjaé1vlu,|=max {{nol, Iny}=Ilnli (27)

[Mockoneky coranacuo (23) |lzlla << lIAlln == fulln, To Ha
ocHoBaHuu (26), (27) pewenne 3apaun (20), (21) npu
p(x)= 0 ynosierBopsieT HepaBeHCTBY (22) c MNOCTOsIH-
HBIMH ¢’ = ¢* = |. MOXHO AOKa3aThb, 4TO 3TO HepaBeH-
CTBO CIpaBelJIHBO MNpPU /A, YILOBJETBOPSIOLIEM HepaBeH-
ctBy (16), u B cayyae NpPOH3BOJNBHOH QVHKUHH p E
eC|0, 1], HO ¢ HEKOTOPHIMH IPYTHUMH NMOCTOSIHHBIME ¢, C*,

Jlanum elie OfHO BaXKHOE ONpefeseHHe.

Onpenenenune. I'oBopst, 4TO pelleHHe y Pa3HOCT-
Hoii cxembl (12), (13) cxodurcs npn u3MeNbYEHHH CETKH
K pelleHHIO u IOudepeHUHaNbHON! KpaeBod 3anauu (7),
(8) c k-M nopsiakoM OTHOCHTENBHO h, ecan k>0 u

lu—ylln = O (h*). (28)

B sTOoM ciyyae roBOpsiT TakKKe, UTO pa3HOCTHAas CXeMa
HMeeT k-1 nopadok TOYHOCTU.

3aMmeyaHus. 2. JlaHHOe onpejelieHHe TOXe HOCHT
oOWHH Xxapakrep, T. €., KaK M BHILUe, NOJA Pa3HOCTHOH
cxemoit (12), (13) nmompasymeBaeTcst He TOJTbKO PasHOCT-
Has cxema (14), (15), a B KauecTBe nupPepeHLHANTbHON
3apaun (7), (8) moxer ¢GuUrypHUpOBaTb HE TOJBKO 3a-
naua (1), (2). Kpome toro, cetoudas Hopma !l-|l,, wuc-
nojedyemasi B ¢opmyse (28), moxer OHTL CHpejeleHa
M ApyruM crnocoGom, Hexesd B cooTBeTcTBHH ¢ (3). Oa-
HaKO CjieflyeT UMeTb B BHAY, YTO HaJIHYHE CXOJIHMOCTH
B cMBICIe (28) npu H3MeAbYEHHH CETKH 3aBHCHT OT
CBOHCTB pelleHHsi 4 HCXOAHOH 3ajgaum (7), (8), or pas-
HocTHOH cxemul (12), (13), a TakXe H oT BEHOOpa HOPM
BY, Y, Y,

3. ['oBOpst O CXOOMMOCTH pellleHHsi pa3HOCTHOH CXeMHl,
CJIOBA «IPH H3MeJIbUEHHH CEeTKH» JJisi KpPaTKOCTH Oyaem
ONyCKaTh.

Tenepp MOXKHO cHOPMYJNHPOBATH OCHOBHYIO TEOPEMY
TEopUU PA3HOCTHLLY CXEM.

Teopema 3. Ilycro pasnocthas cxema (12), (13)
annpokcumupyer ougpgeperyuarvryro Kpaesyr 3adauy
(7), (8) na ee pewenuu u ¢ k-m nopadkom OTHOCUTEALHO
h u nycre ona ycrodiuusa. Toeda pewerue pa3HOCTHOU
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Cxemul CXO0UTCA K peuieruto Oupgeperyuarenoli 3ada4w
¢ Tem e nopsOKOM OTHOCUTENbHO h.

JlokaszartenbcTBO. IIOCKOMBKY MO YCJHOBHIO T€O-
pemMbl pasHOCTHAsi cXeMa anmnpoKCHMHpyeT JuddepeH-
HaJdbHYIO 3alauy ¢ k-M NOpsiAKOM, To corsacHo (19) cy-
LCCTBYIOT Takue uucgaa by >0, ¢, > 0, uto npu h < h
BLLIIOJIHSAIOTCST HepaBeHCTBA

Il <eh, lel, <ch”, (29)

rie §, ¢ — HeBsi3KU pelleHusi AuddepeHnnalbHON 3afayn
(cm. (17), (18)). Bruuras us (17), (18) cootseTcTBeHHO
(12), (13), B cuany nuHeiiHocTH omepatopoB L*, [* no-
ayuaem

L"u—yp=1v, Pu—py=eq (39)

ITocKoJIbKY 10 MNpeAnoJIOXKeHHI0O PAa3HOCTHAs cxema
yCTOHUMBA, TO CyLIECTBYIOT Takue uucaa ho, 0 << ho <<
< hy, ¢’, ¢*, uto npu h << hy pasHoctHasi sagaua (30)
OZHO3HAuHO paspewnMa. I[Ipu sTOM Ha ocHOBaHHH (22),
(29) BBIMOJNHSAIOTCS HEpaBeHCTBA

fu—yl, < N0+ c ol < ek + ce,h* = chf,

rae u— pelueHue anddepeHnHalbHOR KpaeBOH 3anayu
(7), (8), y— pewienue pasHocrHoii cxembr (12), (13),
¢ = ¢, (¢’ -+ ¢*) He 3aBucut ot h, h << ho. OcHoBHas Teo-
peMa JI0KasaHa.

3amevanus. 4. OnpeneseHus annpoKCUMalMH,
YCTOHUHBOCTH H CXOJAHMOCTH PeLIeHHs] Pa3HOCTHOH CXeMbl
W JIOKa3aHHasi OCHOBHAasi TeopeMa, KpaTKo (opmysupye-
Mas TaK: «anipoOKCHMAlLHsl MJIOC YCTOHNYHBOCTh €CTh CXO-
JIIMOCTDb», HOCAT OOLIMA XapaKTep U B JaJjbHeiimiem OyayT
CAYKUTH pa6OYHM HHCTPYMEHTOM IPH PAaCCMOTPEHHH pas-
HOCTHBIX cXeM JJif ApYrux sazad. Hameuennniii nyTh uc-
cJenoBaHus TPYAHOro BONPOCa CXOAMMOCTH pasjieieHHeM
Ha JBe caMOCTOsiITesbHblE YacTH (NpoBepKa annpoKcuMa-
UK H HccgeloBaHHE YCTOHYHBOCTH) fBJsieTCs 06Iuenpu-
nsatoiM. Ha npaktike o6bIYHO CTPOST pasjniHble BapUaH-
THl PA3HOCTHBIX CXeM, 00J1a/al0LlUX CBOHCTBOM alMpOKCH-
MalKK, B CTPeMsiTCsi BLIOpaTb YCTOHYHBYIO Pa3HOCTHYIO
cxemy.

5. Yto KacaeTcsi KOHKPeTHOH pa3HOCTHOI cxeMul (14),
(15), TO, MOCKOJIbKY OHa alnpOKCHMHUPYET KpaeByw 3a-
nady (1), (2) co BTOpbiM NOPAAKOM OTHOCHTEJNbHO A (5TO
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6BlJIO YCTAHOBJIEHO BhILIE) H COrJIaCHO TeopeMme 2 yCToH-
4HBa, HMEET MeCTO CXOLHMMOCTb pelleHHs] Yy Pas3sHOCTHOH
KkpaeBoil 3afaun (14), (15) npu uaMesbUeHHH CETKH K pe-
wenuo u 3agauu (1), (2) co BTOpBIM MOPsiIKCM OTHOCH-

TeJbHO A, T. €.
lu—yll, =0 (K. (31)

Lpyrumu cinoBamu, pasHocTHas cxema (14), (15) umeer
BTOPO#l MOPSILOK TOUYHOCTH. 3aMETHM, YTO COIJIACHO Olpe-
penenuio B (3) HopMul |- ||, meBas vacte paBeHcTBa (31)
SIBJISIETCSI MAKCHMYMOM MOJAYJSl YKJIOHEHHSI Ha CeTKe On
pelieHHs1 y pasHocTHOH cxembl (14), (15) oT pewenus u
auddepennnanpuoii kpaesoi 3anaun (1), (2).

AnnpokcHMalUHUs KPaeBHX YCAOBHH BTO-
poro u TpeTbero poxa. 3aaaauMm 6Gosee obuiue,.
yeM (2), KpaeBble yCJOBHS

I ==u(0) — B’ (0)= vy,
Lhu=ou(l)+ g (1)=vy,

rae o, Bi, yi — 3aJaHHble uncaa, npuuem o =0, f; =0,
i=0,1, o)+ p1 > 0. Kpaesoe ycjoBHe Ha J€BOM KOHIle
orpeska [0, 1] moxer OHITb yCJIOBHEM IIEPBOTO pOAa
(Po = 0) u yciioBuem tpetbero poaa (Bo>> 0), a Kpaesoe
ycaoBre B TOUKe X = | MOXeT ObiTb TAaKXKe H YCJIOBHEM
Broporo poja (a1 =0, ;= 1).

Kpaesasi 3anaua (1), (2*) npu Tex e TpeGOBaHHAX
K QyHKuHAM p, ¢, [, uto n B 3agaue (1), (2), Toxxe umeer
enuHcTBeHHOe pemenne u(x)e C4[0, 1]. Kpaesas 3a-
paua (1), (2) sBasiercst yacTHBIM ciydaeM 3aaaun (1),
(2*) (1= 1, Bo=P1=0).

Jl1si annpoKCHManH{ KpaeBblX ycuaoBui (2%) mocry-
naem caeaymoumum o6pasom. [TycTs u(x)— pelenne Kpae-
Boil 3apaun (1), (2*). [lockoabky

’ hz ”
u = u,+ hu,+ 5 u; + O (1),
rae uf = u®(0), TO

)= ——u "+ 0 (h?) (32)

(@)

uy= =524 0 (h), (33)
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[IpunHuMas BO BHHMaHHe, UTO U Y/IOBJIETBOPsieT ypaB-
Henuio (1), MoxKeM HamucaTh CJeAylollee PaBEHCTBO:

" __ _ 7
ug =Fo — oty + q 4
CyefoBaTeJbHO, corjiacHo (33) umeem
" __ Uy — Uy
U, “_fo_po h +qou0+0(h)-
[lozcTaBHB HaiifieHHOe BbIpaxkeHue u, B (32), a 3a-

TeM MOJyYeHHOe u;— B NepBOe KpaeBoe YCJOBHE (2%,
HOJIYYUM CJle[ylolee COOTHOILUEHHE:!

oo [0 (52— quto) | =vo—h B 40 (2,

R T2\
HJIH, UTO TO K€ CaMoe,
gty — botty = go + O (h?), (34)
rae
ao=1+bo+|30‘70“‘g- bo=ﬁo(—1,;+%')' (35)

go=vo—h 2. (36)

AHajIorHYHO, Hcnonab3ysi ypaBHenue (1) u BTOpOE
Kpaepoe YycjosHe (2%), HaXOAHM CJIeAyIOLIYI0 CBs3b
MeXK/y 3HAUEHHAMH uy H Uy—) pewieHus 3anaun (1), (2)
B KpaliHeM NPaBOM H NMPEANOCIe/IHeM y3/1aX CeTKH Wp:

auy — by =gy +0 (h2), (37)
rae

h 1
ay=a,+ b+ By 5 bl’*ﬁl(f"‘%ﬂ‘)» (38)

B,f
gv=vi—h—". (39)

BeeJeM pasHOCTHEI onepaTop [*y:

aolo — bol/1, i=0,
(lh.L/)i ={ —b i—N
QYN Un-1 1=,

rie Ko3h@HUHEHTH Qo, bo, @1, by onpeneneHs popmyJa-
u (35), (38).

Bynem Temepb noapasymeBaTb IOJ KpaeBoil 3ajaued
(7), (8) xpaeByio 3amauy (1), (2*), cuuTasi npu 3TOM,
yro auddepeHunaNbHb onepatop Lu mo-npexhemy
onpeznesien (opmyJoi (5), a rpaHuuHBIi omepartop lu

(40)
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uMeeT BbipaxeHue (6), B Kotopom omepatopu lou, hu
SIBASIOTCS  Au(depeHIHaNTbHBIME  OllepaTopaMu, 3analo-
LAMH JIEBbl€ YaCTH KpaeBbIX YCJIOBHIE (2%).

Huddepenunanbuoii Kpaesoil sanaue (7), (8) mocra-
BHM B COOTBETCTBHE pasHOCTHYI0 cxemy (12), (13), rze
pa3HOCTHHIH onepaTop L"y no-npexHeMmy onpenesen ¢op-
myJqoii (9), omepartop [y umeer Bux (40), a cerouHast
(GyHKIHSA gezY; 3anaHa Qopmyaamu (36), (39).

ITocTpoennasi pasuoctHas cxema (12), (13) anmpok-
cuMupyet AudpepeHnnaNbHyo KpaeByio 3anauy (7), (8)
Ha ee pelleHHH U CO BTOPLIM MOPSIAKOM OTHOCHTENBHO A.
HeiicTBuTeNbHO, paccMOTpUM [J1s1 peuieHdst 3apaun (7),
(8) pasenctBa (17), (18) c HeBsizkamu ¢, ¢. [TocKoJbKY
pa3HOCTHOe ypaBHeHHe (12) He H3MEHHJIOCH, TO, Kak
GblJI0 ycTaHOBJIeHO paHee, || ¢ [, = O (A?). Pasenctso (18)
¢ yuetom (40) ¢akrruyeckn o6belHHsieT [BA pPABEHCTBA
(34) u (37), u3 KOTOpHIX SIBHO BHAHO, uTO @5 = O (h?),
@n = O (h?) u, ciel0OBATENBHO,

loll,=max {{ql, | @y [} = O (A

Pasnoctras cxema (12), (13) mas xpaesoii 3agauu
(1), (2*) B 6osee nonpo6HOIl 3aMUCH MOKET ObITb Mpei-
CcTaBjeHa B BUAe pasHOCTHOro ypaBHeHus (14) ¢ kpae-
BLIMH YCJIOBHSIMH

aoYo — boyy = &0, A 1yy — biyy_1 = gy, (15%)

rae Ko3GouunenTH ao, bo, ai, by U cBOGOLHEIE YJeHH g,
gv onpenenaens Gopmynamu (35), (38), (36), (39).

MoxXHO H0KazaTb, YTO paccMaTpuBaeMasi pa3HOCTHasI
cxema (12), (13), . e. pasHocTHast KpaeBas 3anaua (14),
(15*), ycroifunBa. IToApo6HO Ha 3TOM OCTaHaBJHBAThCS
He OyneM. OTMETHM JHLIb, YTO €CIH A YIOBJIETBOPSIET
HepaBeHcTBY (16), To pasHocTHas KpaeBasi 3anaua (14),
(15*) uMeeT eNMHCTBEHHOE pellleHHe, AJs HAXOKAEHHs
KOTOPOrO MOKHO NPHMEHHTb METON [POroHKH. DTO ra-
pautupyercss ycjoBusMu (22.3), kotopele Aasi Koadpdu-
LLHEHTOB Pa3HOCTHOro ypaBHeHHus (14), kak GblIO mpoBe-
peHo Bbillle, BHINOJHEHBl. [ljsi KpaeBnx ycacBuii (15*)
Tpe6oBaHusl (22.3) npH yKa3aHHOM A TOMKe BBHINOJHEHHI,
n6o cormacuo (35), (38) ay>by=0, a;=6,=0,
a;+ by > 0 u, caegoBatenbHo, KpaeBrie ycjaoBus (15%)
mMoryT ObITb nepenucanbsl B Bule (22.2), rae 0 << xo =
=bo/ac< L, 0Ky =b/a, < L.
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Takum o6pasoM, NMOCKOJbKY pasHocTHasi cxema (14),
(15*) annpokcumupyer Kpaebylo 3ajady (1), (2*) co
BTOPBIM MOPSIAKOM OTHOCHTEJIbHO A W YCTOHUHBA, TO MO
‘OCHOBHOH TeopeMe 3 ee pelleHHE y CXOAHTCH K PelleHHIO
u xpaeBol sagaun (1), (2*) co ckopocrbio O(h?), T. e.
crpaBeJIHBO COOTHOILLeHHe (31).

[Mpumenenune npasuna Pynre. [Honyctum,
uto p, q. f = C,|0, 1], 1. e. dynkunu p, g, |, BXoasuiue
B ypasHenue (1), o6aanaoT H3GEITOUHOH J1aAKOCTBIO MO
.CPaBHEHHIO ¢ TOH, IIPH KOTOPOH ycraHoBjeHa clenka (31)
NOrPeLiHOCTH PAa3HOCTHOrO pelleHust Kpaesoi sanaun (1),
(2*). Torpa npu h, yaosJersopsiooiieM HepaBeHCTBY (16),
MOKHO HOJIYYHTH CJEAYIOLlee COOTHOLIEHHE Ha CeTKE O

u=y-+ov(x)h®+r, 41

rie u— peuienne AnddepeHIHaNLHON KpaeBOH 3aJlauH
(1), (2*), y— peureHue pa3HOCTHOH KpaeBOH 3anadd
(14), (15*), v = Cq|0, 1]— HexoTopasi He 3aBHCAILAA OT
h byHxuus, r — cetouHasi GyHKUHS,

7ty = O (h*+m), (42)

m = 2 npu KpaeBBIX YCJIOBHsX nepsoro pojaa (2), m =1
npu o+ B1 > 0 B kpaesnix ycnosusx (2%).

Hannuue cootHouteHnsi (41) no3BosisieT Tak ke, Kak
u B cayuae sanaun Kowm (cm. § 18), npumenuts B 006-
HIMX y3J1aX CETOK @y H Wnse NPpaBujgo PyHre as mojyuye-
HHs NPUOJIHKEHHON OLEeHKH NMOrPeIlHOCTH U OCYLIECTBHTD
yTOUHeHHe pPa3HOCTHOro peulenus no Puuapacony. Kpove
TOro, U3 cooTHolueHusi (41) moxkeT OBTH noJyueHa cJe-
aylomas ¢opmyJa:

W (xp) = LI 10 (), (43)

roBOpsAllasi O TOM, YTO C MOMOLIbIC PA3HOCTHOrO pelie-
HHSl y MOXKHO B y3J/laX CeTKH ) HafTH NMPOHU3BOAHYIO He-
H3BECTHOTO pelileHHst KpaeBofl 3amaun (1), (2*) c Tou-
"octbio O (h?).

HeiicTBuTesbHO, coracHo (41) umeewm

u —U;_ Yi, — Y. 0, — U ooy —r;_
f+1 i 1: j+1 i1y "j+l j—1 19 1+1 j—1
2h 2h ! 2h h*+ 2h - ()
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TTockonibky u e C3l0, 1], T0 Ha ocHosauuu (10.2) mo-
Jyyaem
Ui — U R -
L =4 (x) + O (R, (43)
ITockoubky v e C,[0, 1], T0 cormacHo Qopmyse Koueu-
HBIX npHpalleHuit Jlarpanxa
v —0
=), (45)
rae &; (xj-1, Xj4+1)— HeKoTopass Touka. Hakonen, B
cuy (42)

i1l ™ 7i—-1 A
— gy = 0O (h?). (47)

U3 (44)—(47) cnenyer dopmyna (43).

Sameuanue 6. M3 ypaBHenus (1) mokHO Hafitn
B y3nax ceTku @y c¢ Tounoctoio O (h2) BTOpyo mpous-
BEOJHYIO pelleHHsn KpaeBoil 3axaun (1), (2*), ecan B =70
ypaBHeHHe IOACTaBUTb NPUOJIHKEHHBIE 3HAYEHHS u, u’,
noJiyueHHsle ¢ TouHoctoo O (h2).

YcToliuuBOCTb MO NpaBOo#d wactu Hapsaay
co chOpMYJHPOBAaHHBLIM BLIILUE OIpejeJeHHeM YCTOlidH-
BOCTH «B LEJOM>» IeJeco00pa3Ho AaTh elle OAHO Olpe-
JiesieHte.

Onpenenenne. CxaxeM, 4TO pasHOCTHAs cXema
(12), (13) ycroliuusa no npasoil wacru, ecam cyuie-
CTBYIOT Takue unciaa ho >0, ¢/ >0, uro mpu JjwGom

= 1/N < hy n nmoGofi ceTounoit pynkunn & Y, pas-

HOCTHas KpaeBaﬂ 3a1aua
L'z2=E§, ["2=0 '20%)

HMeeT eIMHCTBEHHOe peme}me 2 e Yh, npnqu
Nz, << IEN. (227

Jlesio B TOM, YTO BO MHOTHX CJYyuasix KpaeBhle yCJI0-
BUSL (M Jpyrue JONOJHHTENbHBIE YCJOBHS, O KOTOPBIX
peub nofiret B . 6) annpoOKCHMHPYIOTCS TOUHO, T. €.
¢ =1"u— g =0 (HeBsI3Ka @ paBHAa HYJIO KAK 3JEMCHT
Y}). Torna morpemHocTh u—y Ha CeTKe  sBJsETCS

pelleHHeM KpaeBOii 3ajaun
L"u—y)=1w, Mu—y)=0
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¥ M3 J0Ka3aTeJbCTBa OCHOBHON TeopeMbl 3 JIeTKO yCMOT-
peTb, UTO sl CXOAMMOCTH (IIpH HaJMYHH aNIpOKCHMa-
unn ypasHeHusi (7) pasHOCTHHIM ypaBHeHuem (12)) no-
CTAaTOUHO, 4YTOGHl pa3HOCTHAsi cxeMa Oblia YCTOHYHBA
TOJILKO [0 NPaBOH YacCTH.

HanpuMep, ecau B KpaeBHX ycaoBuax (2%) Bo=
= B, =0, TO 3TH KpaeBble yCJOBHs, OylyuH YCJIOBHSMH
nepBoro poaa, B pasHocthoil cxeme (14), (15%) anmpok-
CIIMHPYIOTCSl TOUHO.



IrTABA 6

PA3HOCTHBIE CXEMBI JId YPABHEHUU
C YACTHBIMU NNPOU3BOAHbIMU

V3yuaioTcst pasHOCTHBIE CXeMBI JJIsl JIMHEHHBIX ypaB-
HeHHIl ¢ YacTHBIMHM INIPOH3BOJHBIMH IEPBOrO H BTOPOrO
nopsinka. I'maBHOe BHHUMAaHHe YJAelsieTCsl BOOpPOCAM afl-
NPOKCHMAaLUH H YCTOHYHBOCTH, & TaK¥Ke ajJroputMam Ha-
XO0XKIeHNd pelleHHll pa3sHOCTHHIX CXeM.

§ 30. JluneiiHoe ypaBHeHHE
C YaCTHBIMU NPOU3BOJHBIMU MEPBOrO MOPALKA

IToctanoBka 3amaun Kowwu Hafitu Henpe-
PHIBHYIO B 3aMKHYTOH moJjioce —oo < x < 00, 0t T
¢yukuuo u(x, ), ynosinerBopsiouiyro npu 0<<t<<T
Iu(pdepeHnaJbHOMY YPaBHEHHIO

Jou ou
Lu—=—:—a—t——l—a—5x—=0, (I)

a npu { = (0 HayaJbHOMY YCJIOBHIO
lu=u(x, 0)=g(x), 2)

rie a >0, T > 0—uucna, g—3afaHHag JBa¥JIbl He-
npepeiBHO AudepeHnupyeMas Ha Bcell ocH X (QYHKINS,

npuyem
sup g7 (x) =0, < oo, (3)
—o00 <L X <00

YpaHeHue (1) HasbiBaeTcss AuHelHoim Ougpgheper-
YUOQNbHOIM YPABHEHUEM C HACTHOLMU NPOUBBOOHBLMI Nep-
8020 nopsoka.

TounsiM pewennem zagaun Kowwm (1), (2) sBasercs

(pyHKUHA
u(x, t)=g(x — at). (4)

Heiicteurensro, u'(x, )= g'(x —at), uj(x, )=
= —ag’(x —at). CuaepoBatenbHo, QyHruusa (4) ynos-
JieTBopsieT ypaBHeHHio (1). BuimosHeHue HaYaJbHOrO
ycioBust (2) oueBHIHO.
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Xots pelienne 3alaun Komwn (1), (2) usBectHO,
P 1N03TOMY HeOGXOZUMOCTH B NPHUOJIMNKEHHBIX MeToJdax
IUIs Hee HeT, HO 3Ta 3ajaua ssJjsieTcst ynoOHOH MOJAeJbIOo,
Ha KoTOpOfi Oyiem H3yyaTb DA3HOCTHBIE CXEMEl /s
ypaBHEHUI C YACTHLIMH IPOUSBOJHBLIMH.

Cetkn n HODMBL IlocTpoum B mosoce, B KOTOPOIf
nmoctasieHa 3apauva Kowm, cerxu (puc. 19). Ilycte

z
) T o o o o
o fv Q Q [] o
(o] Q Q o o]
o o o <] o
O3
ULL_,I Zy z

Puc. 19

h>0—umwar no x, 1= T/M (M— HaTypasbHOE)— LIar
no BpeMenn {f, x, = kh, t,=vt, uy=u(x,, ).
Cerxofi HasbiBaeTcsi Kaxkjoe H3 CJIEAYIOUIHX TpeX
MHOKecTB ToueK (y3J10B):
o ={(xp, ty): k=0, =1, ...; v=0, 1, ..., M},
cofl={(xk, tv): k=0, =1, ...; v=1, 2,..., M},
m;={(xk, O): k=0, =1, .. }

Cetka 0),: COCTOHUT H3 y3JI0B, PACIOJOXKEHEHX Ha OCH

aGclce, rje 3afaHo HavaabHoe ycaosne (2). CeTka wn
BJIAeTCS OObEANHEHHEM CETOK ®) H ©.

H,Jm CeTOUHBIX (YHKUHI, 3aJlaHHBIX Ha CeTKax s

H CO,, BBe€JleM COOTBETCTBEHHO HOPMBI
"y"h=sgp[yzl, lylf, = sup | v})- (5)
h ©
h

PasnocTHas cxeMa, 3amenus B ypaBHenun (1)

YacTHEE MPOH3BOAHBIE U}, U, Pa3HOCTHBIMH IPOH3BOA-

HHIMH (pa3jesieHHBIMH Pa3HOCTSAMH) 1O ¢ W X H Te-
peoGo3HayuB u Ha Y, NMPHXOAMM K DA3HOCTHOH CcxeMe
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(x pasuocTHOll 3ajzaue Kouin)

v v—1 v—1 v—1
Yp—VY Y —Yp—
(Lyhi=—"—+a——7"==0, (9
By e
Y=Y, =8 )
31ech U HHMKe HHAEKC k mpoleraer BCe LEIOYHC/IEHHBIS
sHaueHus], g, = g(xx), av=12,..., M.

PasnoctHas cxema (6), (7) kpaTko moxkeT ObiTb 3a-

nicaHa B BHIE
L'y=0 na o, l'y=g na o, (3)

XoTs pasHOCTHAsi CXeMa 3aBHCHT OT JBYX IlapameT-
poB A u T, AIsi 0GO3HAUeHHsi Pa3HOCTHLIX ONEpPaTOpPOB
Lhy, Iy, cetox U HOPM pajii NPOCTOTH OyAeM HCIOJb30-
BaTb TOJIKO OJIMH HHJIEKC A.

B pasHoctHoe ypaBHeHue (6) mpn (QHUKCHPOBAHHEIX
E W v BXOAST TOJILKO TpH HeusBecTHHIe yY~i, )=, y7}
OTHOCSIIIIHECS] COOTBETCTBEHHO K y3J1aM  (Xg—1, fv—1),
(Xk, tv—l), (Xk, tv).

TeomeTpuyeckOoe MecTo ToueK (y3JOB), B KOTOPBHIX
HCIOJb3YIOTCSl 3HAUEHHsT (QYHKIHM B PA3HOCTHOM Yypas-
HeHHH NpH (QUKCHPOBAHHHIX R, v, Ha-
snBaeTcsi  wabAOHOM — PASHOCTHOrO  #v 0
ypaBHeHusi. 1lJaGioH  pasHOCTHOrO
ypaBueHusi (6), cocrosmunid H3 TpeX

y3J10B, n306paxen Ha puc. 20. 22 ; ; ‘
AnnpokKcuMalHs. ITpexne Kt &
BCEro 3aMeTHM, uTO peuieHue (4) 3a- Puc. 20

naun Komwm (1), (2) mBaxkiw Hempe-
pbiBHO AuddepeHnupyeMo 1mo nepeMeHHeM X, t Ha Bcen
3aMKHYTO#l Tojioce —oo << ¥ << o0, 0 I << T. TTostoMmy

coraacuo ¢opmyte Teidnmopa umeeMm
u (%, b)) =u (% t,_;) + Ty (%4 ty_y) + —TQ—Z-u;’t (%4 Bey) s
u(x,_pp b)) =u(x, to_y) — hu, (% Ly—y) +

A (e £y,

T. €.
v v—1
Up —Up ’ T o
p =uj(x;, fy_y) 5 Ui (% Ov)s
Wy —uyZy

h
= ;(xk' t'v—l) ) u;’x (nkv’ tv—l)’
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rae u— peutenue 3anaun Kown (1), (2), tv—1 < Oy <<

< tyy Xp—1 < Nev < Xk OTCI002
u¥ — uv—l uv-—l . uv:l

(Lhu}l\z’E k - k "I—a k . k-1 —

= ult (xk’ Iv—l) + au; (xk’ tv—l) +
+ [uf, (%, 0,,) — ahuy], (M, 1,_1)]/2 (9)

TTocKOMIBKY YacTHHE IPOM3BOAHBIE U}, U, pelleHus
samaun (1), (2) HempephlBHBI Ha 3aMKHYTOH moJsioce
—oo << x<<oo, 0<<t<<T, TO NO HeNpepHIBHOCTH 3TO
pelleHue ynosJjeTBopsier ypaBHenuio (1) um npu f=0.
3HAauUT, BHINOJHSETCS PaBEHCTBO

(% tv_l)—}-au;(xk, t,_)=0 (10)

IJIs BCeX k W BCeX v, B TOM uucie H Ajas v = 1, oTBe-
yaroutero ¢ = 0.

Cornacno onpenenenuio (7) onmepartopa "y u B cuary
(2) pewenue u 3anaun (1), (2) ynoBjeTBopsieT Ha ceTKe
@, HayaJlbHOMY YC/IOBHIO

("u), =u) =u(x,, 0)=g(x,) =g, (11)

Hraxk, na ocnopanuu (9)—(11) ans pemwenus u pud-
¢depenunanbroii 3agaun Kowm (1), (2) Bnnoansiorcs
Ha ceTKe ©, = o, ®, clelyolie papeHCcTBa:

(L'uwy =1} na o, (12)
(lhu)k=gk Ha O, (13)
e
Yy = [vuf (x4 6y) — altl, (Mo £,_0)]/2 (1)
eCTh HeBSI3KAa YKA3aHHOTO pellelust Jisi PasHOCTHOro

ypasHeHus (6).
B cuny (3)—(5) u (14) HeBs3Ka ¥ yROBJIETBOPSCT

HEPAaBCHCTBY
Il <colh+ 1), (15)

rae ¢o==a(l 4 a) G,/2 — nocrosinHas, He 3aBucsallas Ed
et h, un or 1. HauanbHoe e ycnosue (2), KaK BHIHO
ua (7), (13), annpokcumupyercss Ha , TOYHO. TakuM

cGpasoM, pasHoctHas cxema (6), (7) annpokcuMmHpyer
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sanauy Kowu (1), (2) Ha ee pewennu (4) ¢ HepebM
NOPSIAKOM OTHOCHTEJIBHO A U T.

Bouucaurteabusnii aaroputm. Paspewus
ypaBHeHue (6) OTHOCHTE/IBHO yy, MOJAYUUM

=(1—ag) g +aquh (16)

TTocKoJBKY 3% M3BECTHBl H3 HayanbHOro ycaosus (7), To
no q)opMyJIe (16) MOXKHO BBEIYHCJIHTbL «CJIOH 3a CJIOEM»
cHauana y, ana k=0, *=1, ..., 3arem y; nns BCex R
n T I
YecrtofiunBocThb, PaccmMoTpuM pasHOCTHYIO 3ana-
yy Koun
L'z=t, ["2=0, (17)

rue §—-—npou330nbﬂaﬂ ceTouHass (DYHKUHS, 3ajaHHas HA

o), npuuem [El, < co. 3anaua (17), ananoruuso (16),

MOKeT OBITh 3aIlUCaHa B cCJaenyrouem Buje:

zk=(l )z,}c’“‘—l—a—zv“l—l—rg (18)

29 =0. (19)
[Ipennonoxum, 4TO
0<ar<lL (20)
Torpga, oueBHIHO,
1=oi]+]o3]-
U, cJeloBaTe]bHO, B cooTBeTcTBHH C (18) HMeeMm
sup |2} | Ssup| ™!+ T lEN @0

ITockonbKy coraacuo (19) sup lz‘,’a|=0, To u3 (21)
k

noJiyuaem
sup | 2y | < vellEl,
Orcioga nnist peleHus pasHoctHoit 3agaun Komm (17)

HAaXO0AHUM OLCHKY

21, = sup|2f| = max sup|zy|<

< max vr|El =Mz||Elf,=T|El,
ogvsM
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rie nocrosiiHast I He 3aBUCHT OT A, T U CeTOUHOH (yHK-
nuy g JTa OlleHKa U 03HAUYaeT YCTOHUYHBOCTh Pa3HOCTHOI
cxembl (8), T. e. pasHoctHO# 3azaun Kowu (6), (7), mo
npasoil yactu (npu ycnosuu (20)).

CxoaumocTs. [lockonbky HauajbHOe ycaoBue (2)
annpoKCHMHPYeTCsi Ha CeTKe ©, TOUHO, Pa3HOCTHOE
ypasrenne (6) cormacuo (12), (15) annpoxcumupyert
fu¢depeHnuanpioe ypasienue (1) ¢ mepBeIM MOpsiAKOM
OTHOCHTEJBHO A W T W, HaKOHell, pa3HocTHast cxema (6),
(7) ycrofiuuBa mo mpaBod YacTH, TO B CHJIy OCHOBHOM
TeopeMbl 29.3 ¢ yuetom 3ameuaHuss 29.4 u pasbsCHEHUS
K TeopeMe B KoHue § 29 mumeeM npu ycaosun (20)

le—ylh=0 (1),

rie u— pewenne 3anaun Kown (1), (2), y— pewenue
pasHoctHO#l cxemnl (6), (7).

Lpyrumu cioBamiu, peleHre pasHOCTHOI cxemn (6),
(7) cxomuTcst npu H3MeJbUEHHH CETKH K PeLIeHHIO 3a/lauu
Kowmn (1), (2) ¢ nepsbnM nopsiAKOM OTHOCHTEJBHO A H T,
ecnn h—0, t—0 ¢ cobnonerneMm tpeGoBanms (20).

HccanenoBaHue YyCTOHUYUBOCTH METOLOM
Bo3Myuenus. [lokaxeMm, uro ycnosue (20) siBasieT-
Csl CYLIECTBEHHHIM H HapylIeHHE ero MOXeT NPHUBECTH
K OoTCcyTcTBHUIO ycToiiunBoctd. [Ipeamnosoxum, uro h—-0,
1— 0, npuyem

a4 =const=2> 1. (22)
Ilpu aTOM, OUEBHIHO, aNNPOKCHMALHS, T. €. HEpaBEHCTBO
(15), coxpaHsiercs, TaK KaK IpH BLIBOJE HepaBEHCTBA
(15) HmKakux orpaHuyeHuil Ha COOTHOLUEHHWE /i W T He
HaKJ1aAblBaTI0oCh.
Paccmorpum pasHoctHyo 3apgauy Kowwm (17), uiam,
4TO OHO M TO XKe, 3anauy (18), (19), rae

Ei=1"e, &=0 mpu (v—I1Y+k 50, (23)

gy >0, m = 0— no0ne ¢GuKCHpoBaHHbIE yucia. Takum
06pa3oM, QYHKIHUs § OTJIHUHA OT HYJsl TOJBKO B OJHOMH
TOUKe, T. €. BO3MYLIeHHe 3aJaHO TOJLKO B ONHOM Yy3Je
(0, ©), mpuueM 370 Bo3MylleHHE AOCTATOYHO OBICTPO 3a-
TyXaeT npu t— 0, ecain m pocratoyHo Benuko. CoryacHo
(23)

IEl, = sup |&|=]&|="1"¢, (24)

“n
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O6o3naunm g = t™+lg;. Torna Ha ocuoBanum (18),
119), (23) u (22) umeem (puc. 21)

2} =1} =1mtlg =g, z,=0, k>0,
i=(1—a5)-0+22l=%e, 2;=0, k>,

g=(1=af) 0ta=r, 5=0, k>,

19 e e e @ @ e + e @ e e e o s+ e o » & s e o

7"1\’1—-1

M- M- n+1
18 =)\ I,,“_m-l-l3 Tl +

0 Mmtl

M
EM=1= €, —> 00

npu 1= 1/M—0 (M—>o00), KakoBH Obl HH GbLIH (PUK-
cupoBaHHule gg > 0, m = 0.

t
7f z) =aMTe
-0 Yot O
g
- o
2% |0 0 3
2Z=|ne 0 J/J J&
— D—
0 zj=le 0 0 g %
— —-
a 0 4 0 a g
L - O—ue
0 Lt Lz Lot z
Puc. 21

Urak, cornacuo (24) & =™y, T. e. HOpMa (yHK-
unn § snbo mnocrosinua, ecnu m =0, au6o |E], -0
npu 10, eciia m > 0. Tem He MeHee”th>|zA"}_ll—>oo

npu t—-0. ITosromy Hepasenctso Buna ||z, << c||Ell, mast
pewenns 3anaun (17), o3nauaromee ycToHyHBOCTH pas-
HOCTHO# cxeMHl (8) 1o mpaBoil uacTu, HH NIpH KakKoH Io-
CTOSIHHOM ¢, He 3aBHCsLIEH OT A U T, HEBO3MOXKHO, [Ipu
ycaosuu (22) pasnocruasn cxema (6), (7) weycroduusa,
XOTs QnAPOKCUMAYUSL COXPAHUAACH.

Heycroituuble pa3HOCTHBIE CXeMbl HENPHIOAHB IS
DpaKTHYECKHX LleJedl XoTs Gbl MOTOMY, YTO OHH YPE3BbI-
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yafiHo UYBCTBHTENBLHB K IOTFPEUIHOCTSIM —OKpYr/eHHH.
B paccmorpentom npuMepe Gynkunio (23), yMHOMKEHHYIO
Ha T, MOJKHO TPaKTOBaTh KaK eIHHCTBEHHYIO MOrpeul-
HOCTb OKpYIJIEHHH, AONYLleHHYIO IPH BHUHC/ICHHH y no
¢opmyae (16), z— Kak NOrpelIHOCTb Pa3HOCTHOrO pe-
LUeHHsI, SIBJASIONLYIOCS CJI€ACTBHEM YKa3aHHOH MOrpemHo-
CTH OKpYIJVIEHHH.

Mbl BHJEJH, UTO eCJH NOrpeliHoCTh OKpyrjennil yon-
paer co ckopoctbio T! mpu t—0, To npu Jio6oM m
BO3HHKAIOLasl B Pa3HOCTHOM pelleHHH NOrpemHoCTb 2
MOKeT pacTu NpH yciaoBuH (22) mo nokasaTesqbHOMY 3a-
xony orHocureabno M = T/t, . e. oueub Guictpo. Tpe-
GOBATDH K€ OT MOrpelHOCTH OKPYrJeHHil, uTo0k oHa yObI-
Basia GLiCTpee, YeM IO CTENeHHOMY 3aKOHY OTHOCHTEJIBHO
7, HEPa3yMHO, TaK Kax MOrPeHOCTb aflpPOKCUMAalHH HO-
CHT CTEIeHHOIl XapakTep OTHOCHTEIBHO T H A.

PasHocTHas cXema, HeycTodHuuBasg NpH
J060M OTHOmMEeHHH waros. Ecin B ypaBHeHHH
(1) npoH3BOAHYIO 4, 3aMEHHTb HHAYe, YeM IPH MOCTPOe-
EuM pasHocTHOH cxembt (6), (7), a HMEHHO, IOJNOXHTBH

, o

ux ~ - (25)

TO, OYEBHAHO, annpOKCHMAaUHus IMOpsiaKa Oh+r), 1. e

nepapenctso (15), coxpanurca. OJHAKO NpH 3TOM BMe-
c10 opmyanl (16) Gyner nosyuexa Gopmyiia

p=1+aT) ' —agui5h (26)

Ecan h—0, t— 0, npuueM oTHoeHHe T/h MOCTOSIH-
HO, T. e. ©/h =, TO NOCKOJBKY MepBHIH KO3(pHLHENT
B dopmyne (26) Gosbpuie enunuub (A = 1+ at/h =
= 1+ ap > 1), onncanHpiM BBHIII€ METOJOM BO3MYILE-
Husl JIeFKO yCTaHaBJIUBAeTCsi HEeyCTOHYHBOCTb paccMaTt-
pHBaeMoli PA3HOCTHOM CXeMbl IPH JIIOOOM .

3amcuanue. ANIpoxCHMAaLus TNPOH3BOZHON i
B TOuKe (X, fv—1) Mo (opMyse (25) Ha mepBhil B3IVISI
spasieTcss GoJiee ecTeCTBEHHOI, dem 3T0 cienano B (6)
C TIOMOLIBIO pa3jeJeHHoii pasHoctu «nasan». OnmHaxo,
KaK Mbl BUJANM, 6oJjiee ecTeCTBeHHAas allpOKCHMaLHs MO-
JKeT OKas3aTbcsi MeHee YAAuHoll ¢ TOYKH 3peHHs yCTOil-
YHBOCTH.
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§ 31. CmemanHass 3ajmava
ANl YPABHEHHUS] TENJIONPOBOJHOCTH

[locTaHoBKa cMemaHHOHW 3apmaun. Ilycte

D={x, ) 0<x<1, 0T},
D ={x ) 0<x<l1, 0<t<T},

T. e. D— 3aMKHYTHIl NpPsMOYrOJbHUK, D’ — NOJYOTKpHI-
THIH TpsIMOYro/bHHK. TpeOyercsi HAHTH HENDEPHIBHYIO Ha
3aMKHYTOM TpsIMOYToO/ibHHKe D ¢yHKmuio u(x,t), Kore-
pas Ha D’ yHOB/IeTBOPsieT ypAaBHEHHIO TEelIONPOBONHOCTH

Lu=2% T4 —f(x, 1), (1)

npu ¢t = 0 yZOBJIETBOPSAET HAYaJbHOMY YCIOBHIO
u(x,0)=s(x), (2)
a npu x=0 H x=1 IOAUNHSIETCS KpPaeBHIM YCJIOBUAM
u(0,t)=p(#), u(l,t)=q(1), (3)

rie f(x,t), s(x), p(¢), g(f)—sanaHHbie JNOCTATOUHO
rnaakne Gyunkuun, npuuem s(0)= p(0), s(1)= ¢ (0).

3anaua (1)—(3) HaspiBaeTcsi CMeUAHHOL, IOCKOIbKY
OHA COJEPIKUT KaK HAuAAbHOE yCaosue, TaK WU Kpaesvie
ycaosus. VI3BeCTHO, UTO Yy NOCTaBJEHHOH 3ajaud cyule-
CTBYeT ejMHCTBeHHOe pereHue u(x,t). Mol Oynem mpei-
noJaraTth, UTO 3TO pellieHHe HMeeT Ha 3aMKHYTOM mps-
MOYroJbHHKe D HenpepbiBHLHIe YacTHblE NpPOH3BOAHLIE
ou/ot, 6%u/ot?, 0%u/0x?, d*u/ox*.

CeTku n HopMBL. Ilyerb h=1/N, 1=T/M—
[arn mo x W f, rae N, M — uatypajbHBe, Xp == ki, v =
= v1, U} =u(x,, t,). [loctponm cetkn (puc. 22)

m/’l:{(xk) t'v): k:o, l, ey N, ’V:O, 1’ ceey A/"}'
Joh=1,2..., N=1,v=12 ..., M},

)

4
o) = {{x,, 1,

* ’
mh - mz’z N\ mr‘L'

Cetka ®, COCTOUT U3 Y3JIOH CETKH ©n, OGC3HAUCHNLIX
Ba puc. 22 KpecTHKaMu. IDTH Y3JE DPaCMOJOXKEHB Ha
TPEX CTOPOHAX MpPAMOYroJibHuKa D, Ha KOTOPBIX 3alaHil
HayaJpHOe M KpaeBhle ycioeds.. CeTka @) COCTOHT K3
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OCTAJbHHIX y3JI0B CETKH ©n 3alajuM [JIsl CEeTOYHHIX
yHKIHi, onpeleJeHHbHX HA @, HJIH Ha ©f, CJeLylollue

HOpPMBHI:
lyl,=max|yy], Nyl =max|y}]|. (4)

©p 7

PassocTHHE cXeMH. BBegeM pasHOCTHHIH ome-
patop A:

v o —oV g
Ayk::_ Yp—1 :f Yr+1 . )

3mecs mox BHpakenneM Ay) moipasyMeBaercs 3Haue-
HHe ceTouHOi (yHKuMH AyB TOuKe (Xg, fy), T. €. (Ay);,

b4

T
I
.
I
]

CKOGKH ONYLIEHH [JIs YIPOIUEHHs 3anmicH. AHaJOTHYHEIE
yOpOILeHHst B 3anHCcH OyleM JAONYCKaTb H NMPU BBEAEHUH
JIpYyTHX ONEepaTopoB.

3alainM Ha CeTKe ©, TOXNECTBEHHHI onepaTop

lry=y (6)
U CeTOUHYI0 (QYHKIHIO

s(xy), x=x, (=0, k=1,2,..., N
g=1 p(t), x=0, t=t,, v=0,1,..., M, (7)
qg(ty), x=1, t=t,, v=0,1,..., M
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pZCCMOTpI/IM JAB€ PAa3HOCTHbie CXEMBbI

vy — gyt _ _
Liy=—"—"—+ Ay, '=F"", (8)
l'y=g; (9
g — gVl
L= 20 a1, (10)
I'y=g. (11)

3pgech u pajee k=1,2,..., N—1l,av=1,2,..., M.

[Mla6sonn pasunoctHbIXx ypaBueuuit (8), (10) mpexn-
CTaBJIeHHl COOTBETCTBEHHO Ha puc. 23, 24. OGe pas-
HoctHEe cxeMul (8), (9) u (10), (11) naswRaloTCs J6yX-
CAOLHbIMY, TAK KaK IabJOHH Da3HOCTHLIX YpaBHeHHH

tyy © ° ©
Z"ml o
ty o o o iy o
Ly-t T Tyt Lt Tp Laa
Puc. 23 Puc. 24

(8) u (10) conep:kar yajml, JexKallue TOJbKO Ha ABYX
205X — NOJMHOXKECTBAX CETKH )y, OTBEYAIOIIUX 3Haye-
HUSIM BpeMeHH t = ly_y H t == ly.

Crofl, HaXomAlMHACA Ha TOPH3OHTAJNBHOH NpAMOM
¢ = t,_;, Ha3bIBaeTCHd HUMHUM, a JpPYrod — GepxHUM.
Pasnoctunie cxeMun (8), (9) u (10), (11) orauuarorcs
TeM, uTo B ypaBHeHun (8) onepatop A nedctByeT Ha
HMXKHeM cJioe, a B ypaBHennu (10) omepatop A BeiHeced
Ea BepXHHUH CJIOH H, KpOMe TOro, 3HauyeHHs! IIPaBOH yacTH

Frt =1 (% ty_) u f,="F (%, t,) OepyTcs Ha pasubix
cnoax. OrpaHuyUMcsi TNOKa CAeJaHHBIM (POpMaJIbHBIM
onucaHHeM [BYX pasHOCTHHIX cxeM. MX KauecTsenHOe
passIHyHe BBEISICHUTCSI HHXKE.

Annporcumanus. ConocraBasif, ¢ ONHOil CTO-
ponu, auddepenunansuoe ypasnenue (1), a ¢ apyroit
CTOpOHBI, pagHocTHEE ypaBHenus: (8) u (10), Bumum, 4TO
YacTHONl TNPOM3BOAHON 1, OTBeYaeT Pa3HOCTHAsi NPOHU3-
Bomnas  (yy—yy~')/v, a uacTHoil NPOH3BONHON —u),
COOTBETCTBYET Pa3HOCTHAsI MPOU3BOAHAS BTOPOrO MOpHi-
Ka B HampaBJeHuH x, oOpasyemasi ¢ NPOTHECIIOIOKHLIM
3HaKOM C moMoupio onepatopa A (cM. (5)).
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Ilyctb u(x, t)— pewenue sanaund (1)—(3). ITockoub-
Ky ero yacTHble Mpoussompubie 0%u/0f?, 0%u/0x* no npen-
MOJIOZKEHHIO HeNpPepHIBHBL U, CJIeL0BATENbHO, OrpaHHYeHb
Ha 3aMKHYTOM IIpsIMOyroJibHHKe D, To corjacHo (5),
(10.3), (10.1)

Ay~ = —ul (xk, tv—1)+er (12)
”Z"”X_l 7 v
- =1 (xk, tv_l)—l—pk, (13)
rie k=12, ..., N—1, v=1,2, ..., M,
[nR<el  |op<cqr, (14)

€1, Cz— HEKOTOpHle IIOCTOsIHHBIE, HE 3aBHCsilue oT A, T,
k, v.

B cH1y HenpepeIBHOCTH YAacTHBIX IPOH3BOJAHHIX
u;, u,, na D pemeunue 3anaun (1)—(3) ynosserso-
psieT ypaBHeHHI0 (1) Ha 3aMKHYTOM NpsSIMOYroJibHHKe D.
CJie10BaTeNbHO, BBINOJHSIETCS PABEHCTBO

Uy (X yoy) = Uy (K B =Fo ' (15)

ma k=12, ..., N—1,v=12 ..., M, 1.e, B uact-
HOCTH, H JJs1 fy—y = 0.

Coranaco (12), (13), (15) HeBsi3Ka P; pelleHHS U
sagaun (1)—(3) mns pasHocTHoro ypaBHeHHs (8) umeer
cienyionlee BhipaKeHue:

v

v h v -1 uZ - uk—l v—1 v—1
Yy =Lu,—f, = = p + At — [Tt =
’ 7 -1
= ut (xk’ t'v—l) + pZ - ux/x (xk’ tv—l) + rZ - fk =rz_{— pZ'

Orciona ¢ yuerom (14) moayuaem

[V, [ =max|P},|= max  max |r}+p}
Lok ® 1I<SvEM I<ESN-1
h

=0 (h*+1). (16)
AHanoru4y"o HaxoduM
I I, = O (h* + 1), (17)

rje P, — HeBsi3ka pelweHust u 3agaun (1)—(3) nas pas-
HocTHOro ypaBHeHus (10).
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Takim o6pasoM, o6a pasHOCTHBIX ypaBHeHusi (8)
(10) ammpokcuMupyloT au@epeHUHANbHOE YpaBHEHHE
(1) na pewennu u 3apauyu (1)—(3) co BTOpHIM NOPsii-
KOM 10 A u ¢ epBbIM NOPSLAKOM IO T.

JononunTesbHbe YCJIOBHS, T. €. HauajJbHOE yCJOBHE
(2) u kpaeBble ycaoBus (3), anmpoKCHMHPYIOTCA HA
ceTKe ®, C TNOMOLIbIO TOXAECTBEHHOro omepartopa [*
yeaosuamu  (9) wam cootBercTBeHHO ycaosusmu (11}
TOYHO, T. €. HeBsizKa pemueHua u 3ajgaun (1)—(3) ana
yeaosuil (9), a Takxke fas (11) paBHa HyJIo Ha ceTKe © .

Hrak, o6e pasHoctHble cxemu (8), (9) u (10), (11)
C TOYKHM 3peHHs annpokKcumauuu zagaun (1)—(3) obaa-
JaloT 10 MOPsiAKY OTHOCHTeNbHO A M T OAHHAKOBOIl ra-
paHTHpYeMOll TOYHOCTBIO.

BouucauTeabHBe aJTropuTMBE. Paspewns
pasHoCTHOe ypaBHeHHe (8) OTHOCHTENbHO Y4}, MOJNYUHM

- 2 - - ~ X
=+ (1 —3) ™ T (19)

TTocKOMBKY Y%, Yy Y k=1,2, ..., N—1,v=0,1, ..., M,
u3pecTHb (OHH 3analoTcsi Ha @, ycsosueM (9)), petie-

pue pasuHocTHo cxeMb (8), (9) wHaxoauTcs mo ¢op-
myne (18) sBHO, cnoit 3a caoeM. PasgoctHas cxema
(8), (9) HasbiBaeTcs NOITOMY ABHOLL.

PasnoctHoe ypasHenue (10) ¢ yuerom (5) moxer
ObITh 3allMCaHO B BHJE

2 -
o — (L + 5 ) v+ v, =—u " =% (19)

Coraacuo (6), (7), (11) numeem Takxe

wW=p, Yr=4q, {29)

Taknm o6pasom, ecmu yy~!, k=1, 2,..., N—1,
m3pecTHnl (B uacteoctH, yY, k=1, 2, ..., N—1I, za-
nanpl yeacsuem (11)), To mas HaxOXKIeHUs pelUeHHus
pasHocTHoil cxembl (10), (11) ma crenyrouwem v-m ciaoe
HYXKHO PpELIHTb TPEXTOYeyHOe pasHOCTHOe YypaBHeHHe
(19) c xpaeBbiMH ycuaoBusivi mepBoro popa (20), 1. e.
pasHOCTHYIO KpaeByio 3azauy Bupa (22.1), (22.2). [lo-
»TOMy pasHoctHasi cXxema (10), (11) nasueaerca ne-
A6HOU.
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Jluisi HAXOXKJEeHHs Pa3HOCTHOTO pelleHHs Ha v-M CJIoe
MOMKeT GBITh NPHUMEHEH METOJ NPOrOHKH, MOCKOJDBKY JId
sagaun (19), (20) ycaoBus (22.3) BumnosnHeHs (1po-

. LY v v—1
BepbTe, NOJOXKUB R=1], U, =2, Yp o1 =312 —Yr —

— TfZ:F,). [Ipn 3TOM YHCJIO BHIIONHSEMBIX apHpMeTH-
YeCkUX JAeHCTBHH [J/151 HaX0XKIeHHsl Pa3HOCTHOIO pelleHus
Ha oaHoM cJuoe corgacho (22.11) ectb O(N), T. e. 1O
NopsiAKy OTHOCHTENAbHO N He GoJplie, 4eM MpH IpHME-
neruu sBHOH opmynn (18) aas cxemn (8), (9).

VCTORUHMBOCTH M CXOAHMMOCTB. ITOCKOJNBKY
nonoJaHUTENbHbe yenoBus (2), (3) annmpoKCHMHPYIOTCS
B pasmocTHbx cxemax (8), (9) u (10), (11) na cetke o,
TOUHO, TO HaM OyleT JOCTaTOYHO HCCJeNOBaTh YCTOMH-
UHBOCTb TOJBKO 110 npaBoil yactH. OCTaHOBHMCsl CHavaJsa
Ha pasHOCTHOII cxeme (8), (9).

Tl HCCJIefOBaHus ee YCTOHUMBOCTH IO MPAaBoil 4acTH
Hy»KHO DAaCCMOTPETb pelIeHHe 2 BCOMOraTeJbHOH pas-
HOCTHOH 3ajJa4ud
z'V

B zz—l v—1 v
“——t+ A7 =t (21)
"z =0, (22)

rfie & — NpOHM3BOJIbHAS 3aJlaHHas Ha ) CETOUHas QyHK-

uusi. PaspeuinB pasHOCTHOE ypaBHEHHE (21) oTHOCHTEND-
HO 2}, amajormuno (18) mosyunm

T v—l 27 v—1 T vl v
z;’=~h—zzz_l+(l-—h—2)zk LSy, (23)

h v ___
Liz,=

k=12, ..., N—1, ~v=1,2,..., M.
Kpome TOro, B COOTBETCTBHH C (22) umeem
2=0, k=1,2,..., N—1
y=2y =0, v=0, 1, ..., M. (24)

[Ipennonoxum, 4T0 T W h yJIOBJIETBOPSIOT CJIEAYIO-
[IeMY YCJIOBHIO:
t/h? < 1/2. (25)

Torpna, OUeRHIHO,

2
ERITe.

+7:T=1t
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Orcrona u u3 (23), (24) BhiTeKaeT HepaBEHCTBO

. | V]
max lz,:|< max lz,‘; l—l—r max l%;[, (26)
0<ELN 0L N 1<k N~-1
U MOCKOJIBKY max ]2(11[:07 TO
0<k<N

max |2} |<<vellEl.

0<<ELN
CaefoBaTesbHO,
lzl,= max max |e}|<Mzl|Elf,=TIEl,
I<vsM 0KEkLN ! =

HJIH, OKOHYATeJIBHO,
Nzl <TIEL (27)

[TosyueHHOe HepaBeHCTBO JJist pelneHust 3apavu (21),
(22), B xoropom mnocrosiHHast T He 3aBUCHT OT h, T,
a Takxke OT (PYHKIHMH E, U 03HAUAeT YCTOHUMBOCTL pas-
pocTHONI cxeMul (8), (9) mo mpaBoil uacTi NpH YCJOBHH
(25). MoxHo mOKasaTk, U4TO Hapylienne ycjopus (25)
MOKeT NPHBECTH K HAPYIIEHHIO YCTOHYHBOCTH PA3HOCTHOM
cxems (8), (9). B uacrnocrtu, ecnu h—0, 10, 1/h? =
> const > 1/2, To pasHocThas cxema (8), (9) He-
yCcTOHYHBA.

Jaist BccyleoBaHHsl YCTOHYHBOCTH PA3HOCTHOH CXeMHI
(10), (11) samamuM Ha ©, IMPOH3BOJILHYIO CETOUHYIO

¢hyHKUHIO § M PACCMOTPHM Pa3HOCTHYIO 3afauy
z'\)

B 2%“‘ v v
I"z=0, (29)

h v ___
L22k=

npuueM He HaK/IaJblBasi HHKAKHX OTPAHUYEHHH HA COOT-
HoueHue maros t U h. 3anauy (28), (29) moxHO aHaJo0-
ruugo (19), (20) sanucatb B cleaylolieM BUIe:

2 -

=a.,—(1 +—%)zz+%zz_l=——zz L8, (30)
=0, z}=0. (31)

Ecmn 2071, k=1, 2, ..., N —1, ussectuu (s uwacr-

HoCcTH, mo ycaoBuio (29) 2%=0, k=0, I, ..., N), 10,
KaK OTMedyasjoch BHINe, AJs pasHocTHOf 3amaun (30),
(31), rae v QUKCHPOBAHO, BHIIOJHEHH ycaopHs (22.3).
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CaenoBaTtebHO, 1o JeMMe 22.1 sta 3apada oJHO3HAYHO
paspeliuMa Ha v-M CJIoe.
QueBunHO, MMeeTcst Takoe k', 0 << k' << N, uro
|2}, |= max |[z}]. (32)
0<ELN

Hockoueky |25 _, | <<| 24 |s |2y | <20 ], O

2T T
v v —_ ) —_ v v
Izk,|<lzk,(l + 2 ) o7 (Zy —I—zk,+l)’
U, cJegoBaTesibHo, coryacHo (30)
v—1 v

<|zw'|+e|&]
V3 nosyueHHOro HepaBeHCTBa ¢ yueToM (32) BhITEKaeT
nepaseHctBo (26) M, B KOHEUHOM cueTe, oueHka (27),
YTO M O03HayaeT YCTOHYHBOCTb [0 NMPaBOH YaCTH Pas3HOCT-
Ho# cxembt (10), (11) mpu n1060M COOTHOILUEHHH IIaroB
Tuh.

MTak, IOCKOJbKY NONOJHHTeJNbHble ycaoBus (2), (3)
annpoOKCHMUPYIOTCSI HA ®, TOYHO, TO M3 aNNPOKCHMAaLHH
(cm. (16), (17)) u ycTaHOBJEHHOH yCTOHYMBOCTH IO mpa-
BOIl UacTH B CHJIy OCHOBHOIl TeOpeMbl TEOPHH Pa3HOCTHBIX
cxeM (cM. § 29) BhITEKaeT CXOAMMOCTb PelIeHHil pa3HOCT-
Heix cxeMm (8), (9) u (10), (11) k pewenuro 3amayd
(1)—(3) co BTOpBIM HOPSIIKOM IO /i M C MEPEBIM TOPS/-

KOM II0 T, T. €.
lu—ylln = O(h*+ 7). (33)

ITpu sTom B cayuae siBHOi cxemnl (8), (9) npeamona-
raetcsi BbllOJIHeHHEe orpaHuuenHus (25).

Onpenenenune. PasHocTHasa cXeMma, YCTOIUMBas
npi J1060M COOTHOLUEHHY LIAroB T M h, HasbiBaercs ab-
CONIOTHO YCTOLuUEOl, a yCcTofunBas NP OrpaHHYEHHsIX
Ha T 0 h— YCAOBHO YCTOLMUBOLL.

Henoctatkom pasHocTHO#l cxeMbl (8), (9) sBasercs
ee yCJIOBHAs yCTOHYMBOCTb (orpaHmyenue (25) sBuasiercst
JKECTKHM JJIs1 wara T mo BpeMenu). IlpemMyiiectso —
npoctora cueta no siBHoii popmyse (18) u BO3ZMOXKHOCTD
pacmpocTpanenns Ha sagauy Kowm (korpa ycaosne (2)
3ajlaHo Ha BCeil ocH X, a KpaeBble ycaoBusi (3) oTCyT-
crByior). B cayuae cmewansoil 3anaun (1)—(3) npen-
noyTeHHe OTJAAIT HESIBHOI abCOJIOTHO YCTOHUHMBOH pas-
noctHoii cxeme (10), (11). PasHocTHas KpaeBasi 3anaua
(19), (20) mpu nepexonme Ha KaXKAblA CJELYIOLIMIl CJIOH
peulaeTcsi METOAOM [POroHKH BecbMa 3()(eKTHBHO.

v
| 2y
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§ 32. BoaHoBoOEe ypaBHeHHe

PaccMOTpuM cMellaHHYI0 3ajauy [Jsd  BOJHOBOIO
ypaBHeHHUSsI

2 2
%t_l;_%:‘=f()", H, 0<x<lI,

0<1<<
u(x, 0)=p(x), u(x, 0)=gq(x), 0<<x<<l, (2
u(0, )=0, u(l,)=0, 0<I<T, (3)

(<T, (1)

rae f(x,t), p(x), g(x)—3ananHble JOCTATOUHO IJIafKHe
¢yukuuu, npuyem p(0) = p(1)=¢(0)= g(1)=0.

Bynem mnpeamonarate, uto 3agaua (1)—(3) wumeer
pewenne u(x,t)e Cy(D), D= {(x,1): 0<x<<1, 0
< t << T} — 3aMKHYTHE npsiMo-
YTOJBHUK. DTO pelleHHe eJHH-
CTBEHHO. ty [ o a

PasnoctHas cxeMa.
ByzneM HCnoab3oBaTh CeTkH, mo- vt
CTPOeHHbIE HAa 3aMKHYTOM Ipsi-
moyrosbHuKe D B § 31, u coor- Puc. 25
BETCTBYIOLIHEe O0O3HAUEHHS Ce-
TOYHBIX (YHKuHH, 3amensieMm B ypaBHeHuu (1) wacruyio
IPOU3BONHYIO 4y, NPHOJIHIKEHHO BTOPOH PasHOCTHOI
NPOH3BOJHOH B HANpPABJEHUM f, YACTHYIO MPOH3BOAHYIO
— u},, annpoOKCHMHPYeM C MOMOLIbIO DPA3HOCTHOTO Ofle-
paropa (31.5) u, mepeoGosHauMB u HA y, NPHXOAHM K
Pa3HOCTHOMY YpaBHEHHIO

gttt —2y) 4+ 43!
TZ

k=12 ..., N—1Lv=12 ..., M—1.

v+l °

le]
Lt Ty Thag

+ Ay, =1 (4)

[llabnon pasHOCTHOro ypaBHeHus (4) mnokaszaH Ha
puc. 25. ITO ypaBHeHHEe MOXKHO Pa3pEIUUTh SIBHO OTHO-
curenpHo yy*tl. Ho mast Toro 4ToGe HAXOAMTL 3HAUEHHS

Pas3HOCTHOro pelleHHs Ha v -+ 1-M cioe, TpeGyercs umeThb
y2Ke BbIYHC/JEHHBIE 3HAYEHHSI HCKOMOrO pelleHHs Ha JBYX
NpeAbAyHX ca0sX. IlosToMy HYXXHO HOJAYYHTb pas-
HOCTHOe pelleHHe cHauaja OTHEJbHO Ha CJOSX, OTBE-
Jaomux 3HaveHusMm v=0 u v=1. B 3ToM HaMm momo-
TyT HavaJbHEE yCaoBHS (2).
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[Ipexnae Bcero, HCIONb3Ysl NepBOe HadajbHOE ycJo-
pue (2), 3anaem

fo=p, k=1,2..., N—L (®)
Kpome Toro, mojaraeMm IpH E=1 2 ..., N—1
2

IIpaBas uactb opmysasl (6) amnmpoKCHMLPYeT MHOro-
wien Tefisopa

2
u(x, 0) + TR 0) + —;——u;'t ¥ 0),

nockoabKy cornaceo (2) u(x;, 0)=py, ui (%, 0)=¢q,»
a us ypasHenuss (1) sl YaCTHBIX NMPOH3BOAHBIX peLle-
nust 3agaun (1)—(3) BHITEKAET CBA3D

ug, (s 0)= (% 0) + uy, (%5 0).

Ilnst anmpokcnManun — uy, (%, 0)=— p” (x,) HcmoJb-

ayercst onepatop (31.5).
Haxkogen, corjiacHO KpaeBblM YCJIOBHAM (3) umeem

yy =0, =0, v=0, I, ..., M. (7)

Tenepb pasHOCTHas CXeMa (4)—(7) noaHoCTbIO oOmpe-
nesieHa. DTa cxeMma siBHAsl TPEXCJOHHas (cM. mabJoH Ha
puc. 25), YCJIOBHO yCTOHUHBAsl B HEKOTOPHIX €CTECTBEH-
HBEIX HOpMaX.

Ecau h—0, =0, nputem t/4 << c << 1, ¢ = const,
TO pelleHHe Yy PasHOCTHOM CXeMbl” (4)—(7) cxomurcst
K paccMaTpHBaeMOMY peLIeHHIO u 3ajauu (H)—@3) =
CJIEAYIOIEM CMBICIE:

lu—yly=0 #4173, (8)
rage
N-1 1/2
ju—gl= max (4% @ )"

Cxema (4)—(7) umeeT BTOPOil MOPSAAOK TOUHOCTH U MO
h,umno .

[MousiTue o MmeTone npsMuX. Eciu B 3anaue
(1)—(3) BBeCTH AMCKPETHOCTDH TOJBLKO MO X, TO MBI IIpH-
JeM K CHCTeMe JHHEHHEX OOHKHOBEHHHX AH(p(pepeHuu-
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aJbHBIX YpaBHEHUN

dxy Y, 1 —20,+y
dtzk"— k=l h2k kil =f(xk: t)’ (9)

k=1,2, ..., N—1,

C HAaYaJIbHEIMHU YCJIOBI/IFXMI/I
4,(0)=p, y,(0)=gq, (10)

npuueM yo(t) = yn ()= 0.
Ilpu crenanHOM npejnonoXKeHHH OTHOCHTEIbHO IJIAf-
KOCTH pelleHHs u 3afaun (1)—(3) umeem

lu—yl,= 0", (11)
Tae
N-1 1/2
le—ylh=_ max, (h k; (e (%, 1) — yk(t))Z) ,
gzvll(t)) » Y2(t), «v.y yn—1(t)— pemenne s3agauyu Kownu (9),
(10).

JlaHHBIA MeTOJ HAa3BIBaeTCsl MeTOOOM NPAMbLY, MO-
CKOJIbKY NpHOJIHKeHHOe pellleHue 3afauu (1)—(3) umer-
€A Ha NPAMBIX X = Xg, k=1, 2, ..., N— 1, pacnoo-
JKEHHBIX B IJIOCKOCTH X, f.

PasHOCTHEIl xKe METOX YacTo HashBaeTcss merodom
ceTox.

§ 33. ¥paBHEHHE TenJONPOBOJLHOCTH
C JABYyMS HPCCTPAHCTBEHHBIMH INepeMeHHBIMH

Ilycts
R={(x, y, f}: 0<x<1, 0<y<1, 0<IKTY,
R={xy10<x<1,0<y<1, 0< LT},

S=§\\RI!

T. e. R—3aMKHYTHH NPsSIMOYTOJBHEI MapaJeenunes,
R’ — monyoTKpHTHE napaJsienenunes, S— MHOXKECTBO
TpaHUYHLIX TOYeK MPSAMOYTOJbHOrO mapasuienenunena R,
He npHHajtexawux R’, f(x,y,t)—3anannas ma R no-
CTaTOYHO IJ1afkass (pyHKIHUS.

Tpebyerca HaliTh HempephlBHYI0 Ha R (QyHKuHIO
u(x,y,t), yROBJIETBOPSIOILYI0 HAa R’ yPaBHEHHIO TeILIO-
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IIPOBOAHOCTH
ou 0%u a

—67‘——6—,55“—'0—;;—=f(x’ Y, 1) (1)

H, KpoMe TOro, NOAUHHAIOLLYIOCS Ha S JIONOJHUTETbHOMY

YCJIOBHIO
u=>~0. (23

Venosue (2) Bkawouaer B ce6a Kak HavajgbHOE YCJI0-
pue u(x,y,0)=0 npu t =0, TaK B ONHOPOAHbIE Kpae-
BHle ycaoBHsi mepBoro poxa mpu x =0, x= 1, y=0,
y=1, T. e. Ha GOKOBHIX rpaHsix mapasje/enuneaa R.

Cuvewannast 3agada (1), (2) uMeer eAMHCTBEHHOE
peutenne u(x,y, ).

Mouoxum h=1/N, t=T/M, x,=kh, Ym=mh,

=5 =T (ks Y )

v v v
Vot m— 2em Ukt m

Ao}, =— 72 ' (3
o). _ —20), + vy

Agvzm’: _ k,'m—1 hk2m k, m+1 , (4)

Avy, = Aoy, 4 Ay . (5)

flBHas pa3HOCTHAasA cXxeMa

v—1

Vem — Ykm + AoV~ — fv—l (6)

T km km ?

EEm=12 ...,N—1L,v=12 ..., M,

yeroiiunBa mpu t/h? < 1/4 B paBHOMEpHHIX HOpMaX,
2HAJOTHYHBIX TeM, KoTophie Beefensl B § 31 B cayuae
OJIHOH MPOCTPAHCTBEHHOMH nepeMeHHOM.

HesssHass pasHocTHasa cxema

Z—l

m v
L

- - Av,,,

B,m=1,2, ..., N—1, w

vy, —0

Fome (7}
L, 2 ..., M,

I

’

aBCo/IOTHO yeTolunBa, HO Ha KaxKAOM CJIoe 1O BpEMEHH
rpebyetcs pewntb cuctemy (N—1)% ypaBHeHui.

B (6), (7) u HIKe nojpasyMeBaeTcsi, 4TO pasHOCTHOR
pelleHne v B TOUKAX, PACHOJAOKEHHLX HA S, B COOTBET-
ctBun ¢ (2) paBHO HYJLO.
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MeTon nepeMeHHB X HampaBJAEHHN HJAHN
Ipo6HB X waros. OGe NpUBeAeHHblE BbIlLE Pa3HOCT-
Hble cxeMbl (6) u (7) 06Jala10T CYLECTBEHHBIMU HeO-
CTaTKaMH, a HMEHHO, B ONHOH H3 HHX HMEETCs KeCTKoe
OrpaHuyYeHHe Ha Iuar 1o BpeMeHH T, 8 HPHM IPHMEHEeHHH
Apyroii cxembl Tpebyercst Ha Kax/[IOM CJOe II0 BpeMeHH
pewuTh cucreMy ¢ (N — 1)2 HEH3BECTHHIMH.

CBO6OAHOM OT YKa3aHHBIX HeNOCTATKOB SIBJSETCS
ciaefylollas pasHOCTHAsi cXeMa, HasblBaeMasi cxeMoil ne-
PeMeHHblX HanpasieHull uiu OpobHulx wazoe:

Vo = O A" A ! v—1/2 8
T/2 + 1%m + 2em i ’ ( )

Vom = V- v—1/2 — vl
- a2 + A, v, + AQ hm f 9)

kR, m=1,2 ..., N—1, v=1,2,..., M,

rre f,. l/2-—]°()ck, Yo 1, — T/2).

B pasnocrnoit cxeme (8), (9) war Tt no BpeMenu ne-
JINTCST HA JABa noJywara. PasnoctHoe ypasHenue (8) or-
BeyaeT MNEpBOMY MOJYIIAry, B HeM BEJHYMHH 0)7! H
Ayuy=l  CUHTAIOTCA yXKe H3BECTHHIMH (B 4YaCTHOCTH,
v),=0,k m=0, 1, ..., N), a HeusBecTHble HMEIOT

BepxHuil unaekc v—1/2 (kpome mpasoit actn f}. "%,
Kotopas sajana). [lepenmuinem pasHOCTHOe ypaBHeHue
(8), mpemBapuTeJbHO YMHOMKHB €ro Ha —t/2, Cilefyio-
UM 00pasoM:
T - — T — -

V12 ——(l 4 X h2 v 1/2+ A 1/2’“0)

oh% YE=1l,m oh% Ykl m km

rae
Fom = (8,05 — F21) — vi!
M3BECTHO, M MNPHCOENHMHUM K DPa3sHOCTHOMY YpaBHEHHIO
(10) kpaeBHe ycJI0BuS
vl =0, ov);2=0 (11)
B COOTBETCTBHHU C ycjioBHeM (2).

Buguwm, uro pasnoctHass 3agaua (10), (11) pacna-
Raercsi Ha N — |1 He3aBHCHMBIX TPEXTOYEYHHIX Pa3HOCT-
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HBIX KpaeBHIX 3aJay, OTBEYAIOUIUX KaxIOMy (HUKCHpO-
panHomy m, 1 << m << N— 1. PasHocTHasi Kpaesas 3a-
raua (10), (11) pemaercs MeTOAOM IPOrOHKH (cMm.
§ 22) mpu KaxpoM m OTAenbHO. [IporoHKa OCyulecTB-
JsleTcst MO MHAEKCy k, T. e. B Hampasjennn ocd x. Ha
pemenne pasroctoi sanaun (10), (11) mpu onxom sHa-
vennn m sarpaunsaetcsi corsiacao (22.11) O(N) apud-
MeTHUECKHX LeHCTBHil, a 3HauuT, BCero Ha N — 1 3ajad
pacxonyercs O(N2) apupMeTHyecKHuX ACHCTBHIL

[loce TOro KaKk HaiileHH BCe HeW3BeCTHHe U}-l2
Ha IPOMEIKYTOUHOM CJloe C HoMepoM v — 1/2, mepeHocHM
HX B pasHOCTHOM YypaBHeHuu (9), COOTBETCTBYIOLLEM
BTOPOMY IOJYLIATY, BOPaBo. OTO PA3HOCTHOE ypaBHEHHE
IepenuceBaeM B BH/IE

T v T v T v v 1)
512 Ykom—1 (1 + 72‘) Upm T 557 Yt mat = Fm (12)
rze
g T v—1/2 v—1/2\ __ v—1/2
ka - 9 (Alvkm - fkm ) Vem

M3BECTHO, U IpHCOefMHsieM K ypasHennio (12) B cooTseT-
CTBHH C ycuoBueM (2) Kpaeshe yCJIOBUS

vy, =0, vyy=0. (13)

3anaua (12), (13) Toxe pacnanaercs Ha N — 1 Tpex-
TOUeYHHIX PA3HOCTHEIX KPaeBHX 3ajay, OTBeYaloulnx pas-
JuuHBIM (DHKCHPOBAaHHHM &, 1 <R << N— 1. Kaxnas
TaKas 3ajgaua pellaeTcs METOZOM NPOroHKH. IIporoHka
NIPOM3BOAMTCS. Telephb Y¥Xe MO HHAeKCYy m, T. € B Ha-
npasjerun ocu y. Ha pemenne sapad (12), (13) npu
Bcex k pacxopyercst O(N?) apudMeTHYECKHX neficTBui.

TakuM 06pa3oM, OpH mepexoie OT v— l-ro cios
K v-My cjoio no cxeme (8), (9) sarpaunBaeTcsi 4HCIO
apu(dMeTHUECKHX JeHcTBuil MOpsiiKa Yucyia HCKOMBIX He-
H3BECTHHIX Ha OfHOM caoe, T. e. O (N?). Takas pasHoCT-
Hasi cXeMa HasbiBaeTcsi SKOHOMULHOU.

PasnocthHasi cxema (8), (9) siBasieTcss aGCOMIOTHO
yCTOHUMBOII B HEKOTOPHIX €CTeCTBeHHBIX HOpMaX. Ecau
pemenne u(x, y, t) 3apaun (1), (2) AOCTaTOUHO TyIajfiKOe
Ha 3aMKHYTOM NapaJuie/lenunene R, TO pelleHue v pas-
HocTHOH cxeMbl (8), (9) cxXomutcst K ¢ B CJAEAYIOLIEM
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CMEBICJE:
lu—ovll,=0(h+ 2, (14)
N-1 1/2
—_ — h2 v gV 2) .
rre lu—ol, oénvaém( k.Zm::l (4}, vkm)

§ 34. 3anava upuxje nas ypasHenusi Ilyaccoma

Iycte D= {(x,y): 0<x<], 0<y<<1}—or1-
KpHTHH KBaapat, I'—ero rpanuna, D = D |y I' — 3amk-
HyTHE KBanpat, f(x,y)—samaHHas Ha D JOCTATOYHO
rinankast (pyHKIHsI.

3anava Jlupuxsie cocToHT B caenyiomeM. TpeGyercs
HalTH HempepuBHYIO Ha D QYHKUHIO U (X, ), YAOBJIETBO-
psioulylo Ha OTKpHTOM KBajpate D ypaBHeHuio Ilyac-
COHa

—tu=— (5 +55) =1 1) M)

¥ 00pallalolyIocss Ha IpaHulle KBaapara B HyJb, T. .
u=0 mnal, (2)
3anaua [upuxne (1), (2) uMeeT elUHCTBEHHOE pe-
ureHue u(x, y).

[Tonoxum  h=1/N, xp=~kh, ym=mh, fun=
= f(Xr, Ym). IlocTpouM ceTKH

o, = {(xp, Ym): k, m=0, 1, ooy N},
o, ={(%p Yp): ks m=1, 2, ..., N—1}

h
7 *
0, =0, \ 0, (@, — MHOXeCTBO Y3JIOB, JeXKauux Ha I’).

3ajnaiuM HOPMEI

loll,=max] vz, [vl},=max]|vgy,|.

) o,
h n

PasunoctHag cxema;
-A-Ukm=fkm; k’ m=l, 21 sy N_'l, (3)

V,,=0 Ha o, (4)

rae A — onepatop (33.5).
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Pasnocthoe ypasnetue (3) B Gomee moipoGHOH 3a-
HUCH MMEET BUJ

Vpetym — 20pm+ Vst m Vg, m—1— 20m T Vg, my1 —f
- 2 - he —lkm-

(3%)

Ero inaGmnon n3obpaxken Ha puc. 26.
Peienne v pasHocTHoil 3amaun [Jlupuxae (3), 4)
HAXOAUTCS] METOLOM TOC/eL0BAaTeJbHbIX NPHOIHIKECHHIT
110 cxeMe TepeMeHHbIX HanpabJe-

ym#l ° -
Huit (33.8), (33.9), rae f;m‘ﬂ_—:
—f 0 .
= (%> Yp)s VR, — TPOU3BOIDL

Ym © ° ° Hele. MOXKHO A0Ka3aThb, 4YTC
lim oY =wv
V> 00 km km?

e o P—
ylll’xk—l z, Lyog k, m=1, 2, ..., N—1,

Puc. 26 npu JIOOBIX HayaJbHBIX MpH-
OankeHusix v, ., mpuyeM Hau-
GoJbllasi CKOPOCTh CXOAMMOCTH JOCTHraercs npu T =
A~ h/n. 31ech NOJOKEeHa B OCHOBY HAesi O CTAOHIH3aLHH
npu t—>-oo pemeHus ypaBHEHHS TENJONPOBOAHOCTH
K peluennio ypasHenus [lTyaccona, ecain f He 3aBHCHT OT f.
PasnoctHas cxeMa (3), (4) ycroiiuuBa mo mnpasoil
uacTH, T. €. pa3HOCTHas 3ajiaua

Azp =8, k, m=1,2, ..., N—1,

*
2 =0 Ha @,

npu JioboMm h=1/N, N =2, umeer eIMHCTBEHHOE pe-
IIeHHE 2, U 3TO pelleHHue YIOBJETBOPSICT HEPaBeHCTBY

Izl <clE, (5)

e — HeKoTOpas NOCTOsIHHAs, He 3aBHcsiias OT [t
U ceTouHoll ¢pyHxuuu &.

[peanosoxuM, UTo pelleHHe 3anauu Iupuxae (1),
(2) noctaTouHo IJIaJKOe HAa 3aMKHYTOM KBaapare D,
a umenHo, u(x,y)e C,(D). Torna pasHocTHOE ypaBHEHHE
(3) annpokcHMHpyeT AMD(EepeHIHaNbHoe ypaBHeHne (2)
na pewennn u 3agaun (1), (2) co BTOpLIM TOPSAKOM

OTHOCUTEJBHO A, T. €.
9l = O(#), (6)
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rae
'lpkm = Aukm - fkm (7)

€CTk HeBsI3Ka 1 JJIsSl PAa3HOCTHOTO YpaBHEeHHS.

Ilpn nosiyyenun oumenku (6) ucnosbsyercs TOT (paxr,
YTO YaCTHBIM IPOU3BOAHLIM U, u;’y, BXOJSILUUM B ypas-
nenue (1), B pasHocTHOM ypasHenuu (3*) oTevaior BTO-
pble pasHOCTHbIE NPOU3BOAHBIE, aNNPOKCHMHPYIOLLNE Ha
ocHoBanuu (10.3) yKazaHHble YacTHble NPOH3BOJHBIE
¢ tounocteio O (h?). Bosee noapo6uo ananoruuHele OLeH-
KH HeBs30K mpopozsrcst B § 30, 31.

[TockonbKy KpaeBoe ycioBue (2) annpoKcHMHpYeTCs
Ha ceTKe ®, cormacHo (4) Touno, To u3 (6) M ycrofiuu-
BOCTH pa3HOCTHOH cxeMbl (3), (4) mo npaBoii yacTH BHI-
TeKaeT CXOAHMOCTDb ee pelleHHs] v K pelleHuo u € C, (D)
sanaun (1), (2) co BTOpEIM NOPSIAKOM OTHOCHTEJBLHO /1,

T. €.
lu —vlly= O(h?). (%)

HefictButenbHo, u3 ypasHenust (3), pasenctsa (7)
H ycnosudl (2), (4) BbiTeKaer, UTO INOTPELIHOCTb f ==
== U—7U Ha CeTKe ©p SABJIAETCS] PEIUeHHEeM pasHOCTHOH
324241

Arym=Ypm, k, m=1,2,..., N—1,

PR *
r,,=0 mna .

Orcrona u u3 (5), (6) caenyer (8).

Pasnocrnas cxema (3), (4) obnaznaer BTOPHM MOpsili-
KOM TOYHOCTH.

Cnyvait npousBoabHOl o6aactn Paccmor-

puM 3anauy Hupuxje
—Au=f(x, y) naG, (9)
u=g Ha I, (10)

rze G — HekoTopasi KoHeyHasi obsactb (puc. 27), I'—
rpannua obuactu G, f(x,y)— sapannas Ha obamactu G
GyHKuus, @ —3afaHHas HA rpanuie I' QyHKLHS.
Ctpoutcst, Kak u Bbllle, KBajpaTHasl CeTKa C lua-
rom h. Bo Bcex pacnosomeHHHX B oOsactn G yaaax
CeTKH, KOTOPEIe MOXKHO COeAMHHUTDL C YeTHIPbMs GJIHKail-
LIMMH y3/1aMH OTpe3KaMH IPSMHX, He mepeceras rpa-
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nnny [, pasHocTHOe ypaBHeHHe 3a/aeTcs B CJICAylolleM

BHAC:
AV == [rms (11)

rze A —onepatop (33.5). Ykasauuuie y3isl 0603HaUCHbI
na puc. 27 kpyxxamu. IllaGioH pasHOCTHOro ypaBHe-
uus (11) nokasau Ha puc. 26.

B ysnax, HaxoAsILIHXCs B 0OsacTu G B6Jau3Hu ee rpa-
Huupl ' (oTMeueHHBIX Ha pHC. 27 TpeyroJbHHKaMu), AJs

q

m__ 2] 0j\IT.,

Yl c
1
r

h
h
0 . T z
Puc. 27

3aJlaHNs Pa3HOCTHBIX ypaBHelmﬁ NpHMEHseTCS JINHeliHas
UHTEPNONANHSA B HanpapJieHUd OCH X HJIUW OCH Y. Hanpu-
Mep, B TOYKe C HOMEPOM 0 ypaBHeHHEe HMeeT BHA

. P1 02
Y=+ v+ i +pz P (12)

rie p;— pacctosHne oT ToukH 0 no Touku 1 Ha rpa-
pune I, B KOTOpOii Gepercst 3ajaHHoe 3Hayenue (QyHx-
@, 0603HayCcHHOE uYepe3 @); Vo, Uz — HEH3BECTHHIE
B Toukax 0, 2; ps = h— paccrosnue MexAy STHMH TOU-
KaMH, 3[ech JJIsi IPOCTOTH HCIOJb3YeTCsl OAHH HHIEKC.
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@opMyna (12) osHauaer JIHHEHHYI0 HHTEPNOMSIHIO
Mexay Toukamu 1, 2 B Touky O (cM. § 5). Anasoruuno
Pa3HOCTHBIE YpaBHEHHs 3a4alOTCsl B OCTAJbHBIX y3Jax,
0603HaYeHHBIX TpeyroibHuKaMu. IIpu atoM paccrosinus
OT TOYKH, B KOTOPYIO IPOM3BOLAHMTCS HHTEPNOJSILHSA, 1O
o6eux KpaiHHX TOYEK He JOJIKHBI IPeBHIIAaTh A M 0114
nian o6e KpailHHE TOYKH NOJIKHBL JexKaTb Ha rpanuue I'

Ypasuenus (11), umeromne Gosee N0APOGHYIO 3aNHCh
(3*), paspellnM OTHOCHTENBHO Upm:

R R R ol n?
Vpm == 3 + 5 Teme (13)

Hraxk, B Kaxa0M y3Jje, 0603HaYeHHOM KPYIKKOM, 3a-
naHo ypaBHenue (13), a B KaxAOM yaje, OTMeYeHHOM
TPEYroJbHUKOM, YpaBHeHHe uMmeer Bunx (12). Obuiee
YHCJIO YPaBHEHHH COBNazaeT ¢ YHCHOM HeH3BeCTHHIX. [1o-
JyyeHHas CHCTeMa JIHHEHHX ajreGpanuecKHX ypaBHe-
HUIl UMeeT eJHHCTBEHHOE pelleHHe U, IJI HaXOXKLEHHs
KOTOPOro MOTryT OHITb MPHMEHEHB METOAB NPOCTHIX HTe-
pauuii ¥ 3efifiens, uanoxenHse B § 21.

Ecau pentenne sanaun Hupuxae (9), (10) u(x,y)e
e C4(G), To cripaBefuBa OLEHKA
max|u—v|=0(h?, (14)
Gp
rie Gp— MHOXKeCTBO BCeX Y3JI0B, 0603HAUYEHHBIX KpPYiK-
KaMH U TpeyronbHuKaMu. Pemenne u(x, y) npusamgexur
kinaccy C4(G), HanpuMep, eciaum rpanuna I' o6saanaer
TPHUXK/JH HenpeprlBHO auddepeHnypyeMoil KpHUBHU3HOI,
(GYHKUHA ¢ JJIHHBH S AYr¥ IPaHunbl ' UMeeT orpaHuyeH-
HyI0 NIATYIO IPOU3BOAHYIO, a f(x, y)= C3(G).



CIINCOK JIUTEPATYPHI

1. Baxsaaos H. C. Uncnennere meronst. T. 1. — M.: Hayka,
1975.

2. Bepesun WU C, Kunkos H. [1. Meronu BBIYHCJICHHT.
T. 1.— M.: Hayka, 1966. —T. 2. — M.: QuamaTrus, 1962.

3. Boeponud B. B. BuuuciuTenbHEE OCHOBH JIMHEHHOH aJ-
re6pe. — M.: Hayka, 1977.

4. Toanynos C. K, PsiG6enbkuit B. C. PasnocTHme cxe-
Mbl. — M.: Hayka, 1977.

5. lbavedko B. ®. OcHOBHblE NOHSTHS BBIYHCIHUTEJBHON
maTematnkd. — M.: Hayka, 1977.

6. Kanutxun H H. Uncaennse meronsl. — M.: Hayka, 1978.

7. Kastoposuu JI. B, Kpuanos B. H. Ilpubimxennse
MeTOJH Bhicuiero asHanusza. — M. — JI.: ®usmarrus, 1962.

8 Kpnaos B.M,Bbo6xos B.B, Monactupusti Il 1.
Bomumcautenbase Metofs. T. 1.— M.: Hayka, 1976. —T. 2.— M.:
Hayxka, 1977.

9 Jlamke U WU, Makapos B. JI, CkecpoGorarb-
ko A. A. Merogs sbmunciennit. — Kues: Buma mxona, 1977.

10. Mapuyxg . U. Meroan BbIUHCAHTENBHOH MaTeMaTHKH. —
M.: Hayka, 1980.

11 .Mapuyxk I U, Arcuxos B. . Bpenenue B npoexnu-
ongo-cetounbie metoan. — M.: Hayka, 1981.

12. Mapuyk . U, Waiinypos B. B. IloBbiuiense TOYHO<
CTH pellenHii pasHOCTHLIX cxeM. — M.: Hayxa, 1979.

13. Hukoasckuii C. M. Ksagparypuee ¢opmyant. — M.
Hayxka, 1979.

14. Camapckuit A. A, Teopnsi passocTHuX cxem. — M.: Hay-
ka, 1983.

15. Camapckuit A. A. Boelesne B unC/enHbe MeToAH. — M.:
Hayxka, 1987.

16. Camapckuit A. A, Annpees B. b. PasHocrable mero-
Nbl A JJHNTHYUECKHX ypaBHenuil. — M.: Hayxka, 1976.

17. Camapcxuit A. A, Tyauu A B. YcroiiuusocTs pas-
HOCTHHIX cxeM. — M.: Hayka, 1973.

18. Camapckuit A, A, Huxonaen E. C. Meloxs peue-
HHSI CeTOYHHX ypasrenuit. — M.: Hayka, 1978.

19. Cayanes B. K. Hurerpuposanie ypapHennii napaGoJuye-
CKOro THIA METOLOM ceToK. — M.: ®usmatrus, 1960.

20. Co6o0ap WM. M. Uncrennnie meronst Moute-Kapno. — M.:
Hayka, 1985.

2l. Cteukun C. B,, Cy66otuu IO. H Cnnafiuet B BbIdHC~
JutenbHoil MaTemaTHke. — M.: Hayka, 1976.

929. ®annees JI. K, ®anneesa B. H. BounciurenbHoie
MeToabl JHHeliHoll ajreGpsl. — M. — JI.: ®duamarrus, 1963.

23. Sfuesko H. H. Merog npoGHHX LaroB peuwieHHss MHOro-
qﬂgg;ux 3ajay MarTemarnueckoil ¢uauxu, — HoBocuGupck: Hayka,



NPEIMETHBIN YKA3ATEJIb

AGcoaloTHast morpeiHocTs 19

Anamca Meton 133, 134

AKCHOMBI HOpMBHI 14

— paccTosinua 13

— CKaJisipHOro npow3BefleHHs 75

Annpokcumauus 204, 205, 219, 227

»~— KpaeBHIX  YCJOBHil  BTOpOro H
TpeTbero pona 211

ApndmMerngeckux jpeficteufi ¢ npH-
OnMXKEHHBIMU YHCTaMy TpaBuJa 26

Ba3sucnas cucTeMa GyHkumit 194

Benywnil snement 139

Bepnas uudpa 23

Bepxuu#l cao 227

Beca kBaapaTypHo#i dopmynnr 104

BoanHoBoe ypaBHeHHe 233

Bonpocs  CYLIECTBOBaHUSA
vcxonHol sanaud 136

Buifop ontumajbHoro mara audde-
peHuHpoBaHus 59

BuitkcaeHHe 3HadyeHHM
27

— — MHorouseHoB Yebnimena 42

— oOpaTHOil MaTpuub 147

— onpeleieHHBIX HHTErpPaloB MeTo-
nom Moute-Kapno 124

— onpenenutenest 146, 150

BuiuncaHTeNbHasi norpeiiHocTs 10

BorivcauTeabHBIE anroput™ 221, 229

peweHust

MHOrouJieHa

Fanepkuna meron 198

Taycca kBaapatypsuas ¢opmyna 113,
116

— — — KaHoHHYecKas 116

— — — ycJoxKHeHHan 117

— MeTOn 139

T'naBuas yacTh norpewHocty 119

TaaBHblil aneMeHT 149

TaoGanbeeitt crioco6 3anaHpa HakJIO-
HOB  HHTEPTNOJSILMOHHOTO crJaiina
63

Topuepa cxema 28

T'pama onpenpenutens 77

~— onpenenuTesnsi CBOICTBO 78

Jisyxcnoitnas cxema 227
Ledekr cnnalina 64
JupuxJe 3anjaua 239
JHueKpeTHm i METOM

KBaapatos 197
JLpoOGubix waros mMeton 237
- — cxeMma 237

HapnMmed: (gx

EBKJKJIOEC NMpPOCTPaHCTRO 75

Banaua Huonpxae 239

— — Ha npousRouabHOl ob6nactn 241

— Kommnu 127, 217

— kpaepas 193, 200

— — AJR TPEXTCUEYHOTOo Pa3HOCTHOrO
ypaBHenus 162

— cMelnanHas 225

3amkuyTH# wap 180

Beitnens meron 160

3navamasn undpa 23

HuterpanbHbfi METOA HaWMCHLIUHX
KBanpatoB 197

Hurepnonsrousblii MHOrounen 31

— — Jlarpanxa 33

w— — HploTOHA 1135
Bnepen 52

~— — — — — Hazan 53

#— = = — HepPaBHBbIX
51

— cnaafty 64

HuTtepnoasiuus 31

— JiMRefiHas 36

— C PaBHOOTCTOSIIIHMH y3namn 43

Hccnenosanue ycToOiYMBOCTH pasHo-
;"zr;on CXeMbl METONOM BO3MYLLCHHS

HHTEPHOJISIUHY

NPOMEKYTKOB

Kanonuueckast kpanpatypHaa ¢opmy-
na 109

— — — Taycca 116

Ksanpartypnas ¢opmyana 104

~— — Taycca 113

— — — KaHoHduyeckasn 116

— — — ychoxHenHas 117

Knace Qyukunii Cpla, 6] 11

— — €, (0) 12

KoHeuHasi pa3HOCTh MEPBOrO NOpPSiIKa
47

— — n-ro nopanka 47

Kowwu 3anaua 127, 217

KoagduuiedTsl Jarpasmxens 33

— Odypre 84

Kpaepasi 3apaua 193, 200

— — [A5 TPEXTOYEYHOrO Pa3HCCTHO-
ro ypaBheHus 162

— -— pa3HOCTHas 162

Kpaeece ycsioBre BTOpOro pona 194

— — nepBoro popa 194

— — TpeTbero poaa 194

KpaeBric ycaosusi €6, 162, 193, 225

Kputepui#l MHOrouwneHa Haunyviiero
pPaBHOMEPHOTO LpHOJRKeHHs 70

KyG&uueckuii cnaaitn 64

Jlarpapma HHTCPNOAKULEOFHBIA Ml o-
uJjen 33

Jlarpapxensl Ko2¢huuKedTH 33

Jleanapa MHorousielb 85



245 MPEAMETHHIM YKA3ATEJB

Junelinas vuTepnonsnua 36

Jlzneiino 3aBHCHMasi cHCTeMa 3JIeMeH-
TOB 14

— He3aBHCHMasi CHCTEMa 3JIEMEHTOB
14

JluHeiiHnoe HOPMHPOBAaHHEOE NPOCTpPaH-
cTBO 77

— npocTpaHceTBo 13

Jlunwuya ycgaosue 173

JloKaJbHblil Ccnoco6 3aJaHHST  HAKJIO-
HOB HMHTEpIOJISILUONKHOro  chJiaiiHa
65

MaTpHua C JOMHHMpYyKOllefi TIJaBHOMH
nuaroHanvio 161

— TpexauaroHanbHas 161

—, Xopouwo ofbycaobiaenHas 154

— $IkoOu 189

Matpuubl Mepa O6yCOBIeHHOCTH 154

— —, COrJlacOBaHHAsl C HOPMOH BEK-

Topa 152
Meton Anamca 133, 134
— BO3MYLIEHHSI  HCCJENOBaHusl  YC-

TOHYMBOCTH PAa3HOCTHOH CXeMBl 222

— TlanepkuHa 198

~— Taycca 139

— — ¢ BbIGOpPOM IVIaBHOTO 3JIEMEHTa
148

— 3elinens 160

— feneHusi oTpe3ka nonosam 190

— JIpoOGHBIX waros 237

— uTepauuii 173

— KacaTeJbHbIX 187

~— KoJuloKauuHu 195

— Moure-KapJo 123

— — BBIYHCJICHUS] ONpeNesIeHHbIX HHe
TerpanoB 124

— HaHMeHDLIIHX KBaapaTos 75

— — — pmHcKpeTHbr 197

— — — HHTerpaJbHblfl 197

— HaHCKope#lluero (rpaiHeHTHOrO)
cniycka 192

— HbploTona 187, 189

— — ynpoutesuslii 189, 190

~— TIepeMEHHBIX HanpaBJeHHH  HJIH
IpOGHBIX 1waros 237

— mono6aactedt 198

— NIpPeAHKTOP — KoppekTop 131

— upOroHku 161

— npocTeix HTEpauHi 156

— npsMbIX 235

— pasHOCTHBI 200

— Pynre — KyTTa 4eTBepTOro nopsi-
Ka ToyHoctH 133, 134

— ceToK 235

-— Diinepa 128

— — yCOBepilleHCTBOBaHHBIH 132

Metoawst Pyure — Kyrra 131

MeTpuka 13

MeTpHYCCKOe MPOCTPAHCTBO 77

MHHKOBCKOrO HepaBeHcTBO 13

MHorouJieH HaHjgyyllero paBHOMCPHO-
ro npuGAHXCHHA 69

— — CpelHEKBa/PaTHYHOTO
KeHUa 79

— Teitnopa 29

Mpuorousnens! Jlexxanapa 85

— YeGhimena 39

npHGaH-

— —, HaHMEeHee YKJOHsolHecss OT
nyns 40
~— —, OPTOrOHaJIbHbIe HAa JHCKPETHOM

MHOXeCTBe TOYeK 83

MounTte-Kapao Merton 123
— — BBIYHCJIEHHS] ONpPELENeHHbIX HH«
TerpaJson 124

Haunydulee paBHOMepHoe MpHGaHIKes
Hue QYHKLUH 69

HaumeHee YKJIOHSIOLIHECS
MHorousieHsl YeObiesa 40

Haxkson cnnaiina 64

HavanbHoe ycjosue 127, 217, 225

Hessizka 195

— L7151 KpaeBHIX ycyoBuit 206

— — DPa3HOCTHOroO ypapHeHHs 206

HepaBencrBo MuHKOBCKOrO 13

— TpeyronbHHKa JJsi HOpMBI 14

— — -— paccrosinust 13

HeycToilunBas pasHocTHasi cxema 223

— — — npu n1060M OTHOLIEHHH wWa-
ros 224

HeycTpanumasi NorpewrHocTb 8

HesiBuag pasHocTHas cxeMa 229, 236

Hopwma 14, 16, 77, 225

— BexTopa 151

— MaTpHus 152

— —, CorlacoBaHHast ¢ HOPMOH BeK-
Topa 152

HopManbHasi cHcTeMa ypaBHeHuft 80

HopMmupoBaHHOe JHHEHHOe NPOCTpaH-=
cTBO 14, 77

OT HYJs

O6o6uienHas TeopeMa o cpenHem 103

Q606LIEHHBIl MHOTO4JIeH 79

O 6o/blLIOE OT nk npy h—>0 11

»——Nknpn N —> oo 11

O6patublit xon meroga aycca 140

— — — NpPOroHKu 163

O6uias OLeHKa MOTPelIHOCTH (opMyn
YHCJEHHOTO nu¢gGepeHHPOBAHUS
61

Omnpenenutens 'pama 77

OnrtuManbHbli  war auddepesnupo-~
BaHHS

OproroHajibHasi cHcteMa GyHKumi 79

OcHOBHasl TeopeMa TEOPHH Pa3HOCT<
HBIX cxeM 209

OTHOCHTENLHAs MOrPelHocTs 19

OLeHKa NOrpelHoCTH HTepauufl 157

OleHKH BeJHYHHBI @ 183

Moxo o6ycnosnensasi MaTpHuia 154

— — cucTeMa ypaBHeHHH 154

TTorpemwiHOCTH NOPSIAOK OTHOCHTEJIBHO
wara 57

— npubNHKeHHAs OLleHKAa O TNpaBH-
ny Pynre 121, 135, 214

— cpeJlHeKBaNpaTHUHBIX
Huit 91

TlorpewHoCTh HHTEPNOJAsALMH 34, 35

— KyOHueckoro criaina 67

— MmeTona 8

~— MHorousieHa Telyiopa 29

— HeycTpanuMas 8

— OKpyrJieHus 25

— OTHOCHTeNbHas 19

-~ npenenbHas abcosoTHas 19

— — OTHocHTenbHas 19

— ¢Gyukuuu 21

Ilosnasi npoGseMa COGCTBEHHLIX 3HAa<
yeHH# 166 :

npubIHXKes
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TTopaIcK TOYHOCTH Ppa3HOCTHOR cxe-
mbr 209, 211

IpaBuao okpyraeHua yucesa 25

— Pynre npubauKeHHON OUEHKH MNo-
rpewnocTy 121, 135, 214

ITpubaunxkenuoe uucao 19

Ilpumenchie HHTEPNOJISLUOHHBIX MHO~
TOUJEHOB AN 4YHCIEHHOro audgge-
penuuposasus 57, 60

~— OPTOrOHaJbHBIX MHOTrco4JeHoB 84,
87

IMpuHuHN MakCHMyMa 166

Ilpsmoit xon meronma Taycca 140

— = = MNPOroHKH 163

IlceBnocayuaiinsie uncaa 125

TlyaccoHa ypaBHeHHe 239

PaBHoMepHas cxonumocTb 16

PasnesienHasi pasHocTb NepBOro Mmo-
psanKka 48

— — n-ro nopsnaka 49

PasnoctHas Kpaepas 3ajnaua 162

— npousBoanasg 57

— cxema 203, 205, 218, 226, 233, 239

— — abconioTo yctoiiunBas 232

-— — HeycToiluuBas 223

— — — 1pH J1060M OTHOIICHHH MIa-
roB 224

-~ — HesBHan 229, 236

— =— YCJOBHO YycToiiuusasa 232

~— — 3KOHOMHYHaAs 238

— — siBHasg 229, 236

Pa3HocTHOE ypaBHeHHE BTCPOro TMoO-
psnka 161

— — TpexroyeuHoe 162

PasznsocTHbll MeTOn 200

— oneparop 202

PasHocTh KoHeuHasi 47

— pasjeseHHan 48

PaccrosiHne 13

— cpenHekBaApaTHuHOE 81

PaccrostHust akcHoOMBL 13

PenreHne HECKOJBKUX CHCTEM, OTJIH=
YaIOLIUXCsl NEePBBIMH YacTsMu 147

CpoiictBa  MHorousneHoB UYeGbleBa
38

CBoiicTBO MHOrousieHoB Jlexaunnpa 85

— omnpenenutens I'pama 78

CBsI3b MeXIY KOHEUHOH Pa3HOCTBIO
M paslesieHHoll pa3HoCThIO 150

— — METOIOM HTepauuii U MeTOAOM
HeloToHa 189

CrnaxvBanue HaGmonenuit 100

Cetka 128, 201, 218, 225

CeTouHas ¢yHKiuus 128, 201

CkaJisipHOe NpousBeleHnue 75

Cunoit 227

-— BepXHHuit 227

— HMXKHU} 227

Cmemanuas sanaua 225

Cnunaiin 63

~— HHTEPNoOJSILHOHHBIH 64

— KyGHueckuii 64

Cnoco6sl  HAXOXKAEHHA MHOTOYJIEHOB,
ONM3KHX K HAMJYYIIHM 72

CpasHenne MerTonos Pyure — KyTTa u
Anamca 134

Cpenunexsanparuunoe paccrosiuie 81

-— YKJICHeHHe 79

CpenHeKpaipaTHUHBIE NDUOIUWIKeNHs
anreCpanyecKHMil MHOTOW/IeHaMh 82

~— — TPHIOHOMETDHUYECKHMH  MHOGIO-
ujleHamMu 88

Crenenb criaaiina 64

Cxema Topuepa 28

— AaByxcyiofidast 227

— eJIMHCTBeHHOro nenenus 148

— nepeMeHHBIX HanpasJeHul  HIH
npebunX waroB 237

— basuoctHan 203, 205, 218, 226, 233,
239

— ¢ BLIGOPGM fJ1AaBHOTO 3jeMenTa 148

CxonumocTb B cpenHeM (4 cpelHes-
KBazpaTHUYHOM cMbicae) 17

— No MeTpuke 16

— — HOpMe 16

— paBHCMepHada 16

— D&3HOCTHOH cxeMml 209, 222, 230

Teitncpa Muorousien 29

Teopema o cpesiHeM o6o6wWieERas 103

— UYebbimera 7¢

Touxkn konnokauuu 195

— YeOBIEBCKOrO ajJbTepuanca 70

TpexauarodanabHas Marpuna 161

TpexToueuHoe PasHOCTHOE ypaBHeHHe
162

TpuroHOMeTpHYECKHE MHOrCUJeH 98

Vansl uaTepnonasiuvu 31

— KBazapatypuoi ¢opMmyas 104

~—, MHHEMH3UDYIOUIHE  OLEHKY fo-
TFPEUIHOCTH HHTepnossinuu 40

YnpoumeHnelii Meton HeloTona 189,
190

— cnoco6 3a5aHUST HAKJOHOB HHTEp=
TNOJSILHOHHOrO cnynaiina 65

VYpaBHeHile BoJHOBOE 233

— JHHeilHoe C YACTHBIMH TPCH3BOI~
HLIMH 1epBore nopsinka 217

— Ilyaccona 239

— TeNnJIcnpoBOIHOCTH 225, 235

Ycaosue Jlunwuya 173

— HavaJabHee 127, 217, 225

YcnoBus kpaeswie 66, 162, 193, 225

YcnoBHO ycToHUHMBAs Pa3HOCTHAS CXe-
Ma 232

YenoxuenHasi KBaipaTypHasi GopMmy-
aa Iaycca 117

- — — TMPSIMCYTOJIbHHKOB 109

— — — — € OCTATOYHBIM uJieHoM 110

— — — Cumncona 110

— = = — C OCTATOYHHBIM 4JieHoM 111

— — — Tpanenui 110

— — — — C OCTaTOYHHIM uJjieHoM 10

VcOoBEpIIEHCTBOBAHHBIH MeTon Dilne-
pa 132

YeToitunBOCTL pasHOCTHOI cxembl 207

-- — — 1o mpaBoit wactu 215, 221,
230

YTOUHeHUe TNPHONHIKEHEOTO pelleHust
no Puuapacony 121, 122, 135, 214

Yyer morpelsocteii B apHdMmerHue-
CKHX JpeficTBusAX 19

®a3a HHTEPNOAALUH 36
Q®axTopHasbHEIH MHOrOUWIEH 87
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dopmysa kpaapatyphas 104

— — Taycca 113, 116

— — kanonwuyeckas 109

— — napaGoa 107

— — npsiMoyroabHuKoB 105, 111

— Cumncona 107, 111

— — Ttpaneuuii 106, 111

— — ycsoxuennas 109

QopMyJBl YHCIEHHOTO AH(depenuH-
poBanusi 55—58

®dypbe ko3 duLHCHTH 84

Xopouwio 00ycnOBJAeHHast MaTpHLa 154
— — cucTeMa ypaBHeHuit 154, 159

YacTuuHsie nNpobseMel  COOCTBEHHBIX
3Hadenui 166

YebpilleBa MHOTOUJICHH 38

— —, HaUMeHee YKJOHAWLIMECS OT
nyasi 40

— —, OpTOroHajibHple Ha AHKCKPLTHOM

MHoOXeCTBe TOueK 83

YeGbimieBa teopema 70

Uucnennoe auddepenuupopanue 6,
53

Yucno apudMeTHYECKHX neficTBuil B
metoje laycca 143

— BepHBIX 3HayalHX Ludp 24

— — uu@p nocse-3ansToi 24

INa6/10H pa3HOCTHOrO ypaBHenus 219,
227

lllar cetkn 201

3iinepa meton 128

— — ycoBeplLleHcTBOBaHHbBI 132

DroHOMHUHAs Pa3HOCTHAA cxema 238

AkeTpanoisiuug 32

SiBHas pasHoCTHasi cxema 229, 236
fAko6u mMaTtpuua 189



