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We have recorded the complete infrared spectrum of methane 12CH4 and its second most abundant
isotopomer 13CH4 extending from the fundamental range starting at 1000 cm−1 up to the overtone
region near 12 000 cm−1 in the near infrared at the limit towards the visible range, at temperatures
of about 80 K and also at 298 K with Doppler limited resolution in the gas phase by means of
interferometric Fourier transform spectroscopy using the Bruker IFS 125 HR prototype (ZP 2001)
of the ETH Zürich laboratory. This provides the so far most complete data set on methane spectra
in this range at high resolution. In the present work we report in particular those results, where
the partial rovibrational analysis allows for the direct assignment of pure (J = 0) vibrational levels
including high excitation. These results substantially extend the accurate knowledge of vibrational
band centers to higher energies and provide a benchmark for both the comparison with theoretical
results on the one hand and atmospheric spectroscopy on the other hand. We also present a simple
effective Hamiltonian analysis, which is discussed in terms of vibrational level assignments and 13C
isotope effects. © 2014 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4899263]

I. INTRODUCTION

Methane is the prototypical hydrocarbon and of great im-
portance for our understanding of chemical bonding, struc-
ture, and reactivity from the early days of chemistry.1–7

Its current interest ranges from quantum dynamics and
chemical reactions on potential hypersurfaces on the one
hand8–20 to atmospheric and astrophysical spectroscopy in-
cluding its effects as a greenhouse gas on the other hand.21–34

Methane combustion with a reaction enthalpy �RH 0
0 � −800

kJ mol−1 is also among the largest chemical processes of
mankind at a technical scale for energy production in the TJ
range per year. On the other hand, the tiny energetic effects
of parity violating potentials in the methane molecule in the
range of fJ mol−1 have been discussed to be of interest for
fundamental physics as well.35, 36

Although there has been substantial spectroscopic work
on methane for more than a century (see below), due to its
obvious importance, the understanding of the high resolution
infrared spectrum is incomplete to a surprising degree, par-
ticularly as far as the higher energy ranges of overtone ab-
sorption are concerned. Therefore, we have started some time
ago, a major experimental effort to measure at high resolution
the complete infrared spectrum of methane CH4 and its stable
isotopomers, and several aspects of our previous work on the
spectra on various partially deuterated isotopomers have been

a)Author to whom correspondence should be addressed. Electronic mail:
Martin@Quack.ch. Fax: 0041-44-6321021. Mailing address: ETH Zürich,
Lab. für Physikalische Chemie, CH-8093 Zürich, Switzerland.

reported in recent previous publications from this effort.37–42

The analysis of the infrared spectrum of 12CH4 and 13CH4 is
now fairly complete up to the energy range of the octad (i.e.,
below about 5000 cm−1).41–44 In the present work we carry
out a partial analysis extending towards 12 000 cm−1. Apart
from the fundamental interest, the spectra of these two iso-
topomers are of obvious importance for the spectroscopy of
the earth’s atmosphere as well as the atmospheres of the other
planets and some of their moons (in particular Titan27–31),
as 12CH4 and 13CH4 are the two by far most abundant iso-
topomers of methane in a natural environment (with a ratio
[12CH4]: [13CH4] � 99:1).

Early infrared spectra of methane were already reported
in the nineteenth and early twentieth century.45–47 Rotation-
ally resolved spectra of methane were recorded by Cooley in
1925.48 In 1935, Nielsen and Nielsen reported the fine struc-
ture of rovibrational transitions in methane,49 analyzed theo-
retically by Jahn in several papers.50–53 Also higher overtone
spectra were reported at high resolution in the “photographic
infrared” above 8000 cm−1 and the early history is well told
in Herzberg’s book.54

Further experimental and theoretical progress was made
in the early 1960s,55–58 when there was also substantial ef-
fort towards the theory of spectra of spherical top molecules
in general.57–64 This work was extended towards analyses
of the spectra of methane notably in Refs. 65–69. For the
substantial body of subsequent work we refer to the re-
cent paper of Albert et al.43 as well as several articles in
the Handbook of High-Resolution Spectroscopy70–75 and
Niederer’s thesis.41

0021-9606/2014/141(23)/234302/33/$30.00 © 2014 AIP Publishing LLC141, 234302-1
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FIG. 1. Equilibrium structure of the CH4 molecule with the equilibrium bond
length re and angle αe.

Methane CH4 (Fig. 1) has tetrahedral symmetry with
point group Td and nine vibrational degrees of freedom corre-
sponding to four normal frequencies. Two of these correspond
to CH stretching ν1 (A1) nondegenerate and ν3(F2) triply de-
generate and two of these to deformation (bending) vibra-
tions, ν2 (E) doubly degenerate, and ν4 (F2) triply degener-
ate. Because of the approximate relationship of fundamen-
tal wavenumbers ν̃1 � ν̃3 � 2ν̃2 � 2ν̃4 � 3000 cm−1 (see
Table I) the fundamental and overtone and vibrational com-
bination spectra can be grouped into polyads of interacting
vibrational levels of similar energy. These polyads are char-
acterized either by symbol Pn with the integer index n given
by the sum43

n = 2v1 + v2 + 2v3 + v4 (1)

which also can be represented as (2, 1, 2, 1)(v1, v2, v3, v4)t,
where (2,1,2,1) is then the “polyadstructure,” or by polyad
quantum number N defined by the sum8, 70, 76

N = v1 + (v2/2) + v3 + (v4/2) = n/2 (2)

including integer and half odd integer polyad quantum num-
bers N. The vi are the vibrational quantum numbers of the
vibrational mode ν i. The polyads are further named by greek
prefixes corresponding to the number of overtone and combi-
nation levels, which they comprise (the ground state “monad”
P0, the dyad P1 with 2 levels, the pentad P2 with 5 levels, the
octad P3 with 8 levels, the tetradecad P4 with 14 levels and the
icosad P5 with 20 levels, see Table I). Figure 2 provides an in-
structive survey of the clearly visible polyad structure of the
absorption spectrum of methane in the range from 1000 cm−1

to 12 000 cm−1. Up to the icosad the polyads are rather well
separated in energy from each other, whereas there is increas-
ingly important overlap for the higher polyads. Because the
maximum degeneracy in Td is 3 for sublevels of F symmetry,
the more highly excited degenerate levels are further split into
sublevels of well defined symmetry species in Td (9 sublevels
for the pentad, 24 for the octad, 60 for the tetradecad, 134 for
the icosad, etc., see Table I). As Table I shows, the sublevels of
a given symmetry species approximately approach a regular
representation for large N (m(A1):m(A2):m(E):m(F1):m(F2)
= 1:1:2:3:3) a result consistent with more general symmetry
properties of the densities of states of polyatomic molecules
at higher energy.77 The spectrum of levels thus obviously gets
very rich in the higher energy ranges. Strongly allowed transi-
tions from the A1 ground state occur to the F2 sublevels. Due
to the large rotational constant and due to vibrational and rovi-
brational interactions between sublevels, an exceedingly rich
rovibrational structure is generated in the overtone and combi-
nation spectral region of the infrared spectrum of methane. A
complete rovibrational assignment thus becomes a formidable
task, so far completed for the 12CH4 isotopomer up to the
octad43 and up to the pentad44 for 13CH4, now extended to-
wards the octad.41, 42 While extension to higher polyads is
possible, and recent work along these lines addresses the
range of the tetradecad,78 it is increasingly difficult to achieve
similarly complete analyses for the higher polyads at the
moment.

We have shown, however, that an alternative approach
is possible to specifically address the assignment of excited
vibrational levels without rotational excitation, if spectra at
sufficiently low temperatures are available in order to unam-
biguously assign the J ′ = 0 ←− J ′′ = 1 transition from the

TABLE I. Number of the vibrational states of different symmetry in the polyads N ≤ 4.

n(Pn) N m(A1) m(A2) m(E) m(F1) m(F2) Name of polyada mb Range for 12CH4
c Range for 13CH4

c

0 0 1 0 0 0 0 Monad (1) 1 0 0
1 1/2 0 0 1 0 1 Dyad (2) 2 1200–1630 1200–1630
2 1 3 0 2 1 3 Pentad (5) 9 2490–3170 2470–3170
3 3/2 4 2 5 5 8 Octad (8) 24 3770–4700 3750–4700
4 2 11 2 14 13 20 Tetradecad (14) 60 5020–6230 5000–6230
5 5/2 18 11 28 34 43 Icosad (20) 134 6270–7700 6230–7700
6 3 41 20 58 71 90 Triacontad (30) 280 7500–9250 7450–9250
7 7/2 64 45 112 148 169 Tetracontad (40) 538 8720–10 770 8660–10 770
8 4 126 81 204 272 313 Pentacontakaipentad (55) 996 9920–12 200 9850–12 200

aNumbers of levels in parentheses.
bTotal number of sublevels.
cIn cm−1, fundamentals for 12CH4 (13CH4) are ν̃1(A1) = 2916.481 (2915.442) cm−1, ν̃2(E) = 1533.333 (1533.493) cm−1, ν̃3(F2) = 3019.493 (3009.545) cm−1, ν̃4(F2)
= 1310.761 (1302.781) cm−1.
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FIG. 2. Overview spectrum of 13CH4 including the polyad structure of the spectrum shown as decadic absorbance lg(I0/I ). (1000–3600 cm−1, dyad and
pentad: l = 20 cm, p = 80 Pa, T = 298 K, 3600–6500 cm−1, octad and tetradecad: l = 10 m, p = 280 Pa at mixing ratio x = [CH4]/([CH4] + [He]) ≈ 0.1 and
T = 80 K, 6500–8000 cm−1, icosad: l = 10 m, p = 280 Pa at x ≈ 0.1, T = 80 K, 8000–9500 cm−1, triacontad: l = 15 m, p = 280 Pa at
x = ≈0.5, T = 80 K, 9500–12 000 cm−1, tetracontad and pentacontakaipentad: l = 15 m, p = 480 Pa at x ≈ 0.1, T = 80 K.) Under the conditions given
here, the absorption patterns for the different polyads are well separated with “windows” in between. The numbers given in parenthesis after the polyad name
indicate here the number of sublevels (Table I).

vibrational ground state to the vibrational level considered,
as the energy of the J′′ = 1 level in the ground state is well
known.42, 67 This method of assignment has been used to as-
sign the ν2 + 2ν3 vibrational level of 12CH4 (J = 0, F2 in Td
or F−

1 in S∗
4 )79–82 in the icosad (at 7510.3378 ± 0.003 cm−1)

on the basis of supersonic jet, continuous wave laser cavity
ring down spectra.80, 82 We have more recently used this ap-
proach to assign a very large number of vibrational levels
for CH2D2

39 as well as CH3D and CHD3
40 up to energies

of about E = (hc)12 000 cm−1, using high resolution Fourier
transform infrared (FTIR) spectroscopy of methane using en-
closive flow cooling down to 80 K and He as a buffer gas.

In the present work, we extend this approach to the iso-
topomers 12CH4 and 13CH4 complementing the wavenum-
ber range studied for these molecules up to 12 000 cm−1 (or
about 1.5 eV of vibrational energy). A preliminary report on
the present work was included in Refs. 41, 83, and 84. The
outline of the present paper is roughly as follows. After a
description of the experiments in Sec. II, we discuss briefly
the symmetry properties of methane energy levels in Sec. III
defining also our notation followed by a discussion of the ap-
proach used to assign the J = 0 pure vibrational levels from
the spectra with some characteristic illustrations in Sec. IV.
Section V describes the theoretical background for the ef-
fective Hamiltonian used in the vibrational analysis, based
largely on the approach of Hecht.57, 58 Section VI provides the

analysis and discussion for 12CH4, and Sec. VII for 13CH4.
The conclusions from the present work are summarized in
Sec. VIII.

II. EXPERIMENTAL

The FTIR spectra of 12CH4 and 13CH4 have been
recorded in the wavenumber range from 1000 to 12 500 cm−1

with the Zürich FTIR spectrometer Bruker IFS 125 proto-
type 2001.71, 85–89 The nominal instrumental resolution, de-
fined by 1/dMOPD (maximum optical path difference) ranged
from 0.0027 to 0.01 cm−1 resulting in almost Doppler limited
spectra. The Doppler widths at 78 K range from about 0.004
cm−1 at 2800 cm−1 to 0.02 cm−1 at 12 500 cm−1. About 100
to 1000 spectra were typically added in each spectral region.
A multireflection collisional cooling cell based on White op-
tics and embedded in a Dewar filled with liquid nitrogen was
used for recording the cold spectra.90 This cell is similar in de-
sign to the one described in Refs. 91–93. Optical path lengths
ranging from 5 m to 15 m were used for the measurements.
An InSb nitrogen cooled detector was used for the measure-
ments between 2800 and 9000 cm−1 and a Si diode working at
room temperature for the spectral range 9000–12 500 cm−1.
More details of the experimental setup and procedures can be
found in Ref. 90.
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TABLE II. Experimental setup for the regions 1200–12 500 cm −1 of the infrared spectrum of 12CH4 and 13CH4 (nominal resolution defined by 1/dMOPD).

Opt. filter Resolution Aperture νmirror Electr. filter
(cm−1) (cm−1) Windows Light source Detector Beamsplitter (mm) (kHz) (cm−1) Calib. gas

1200–1800 0.0015 KBr Globar MCT KBr 1.0 40 500–3700 OCS94

1800–2300 0.0015 KBr Globar InSb KBr 0.8 40 500–3700 OCS94

2300–2900 0.0015 KBr Globar InSb CaF2 0.8 40 500–3700 OCS94

2800–3600 0.0027 KBr Globar InSb CaF2 1.0 40 2600–3700 OCS94

3400–4400 0.0033 KBr Tungsten InSb CaF2 1.0 40 2800–5500 CH4
95

4100–6000 0.0033 KBr Tungsten InSb CaF2 1.0 40 3200–6300 CH4
95

5500–6200 0.0048 KBr Tungsten InSb CaF2 1.0 40 3600–7800 CH4
95

6100–8100 0.0037 KBr Tungsten InSb CaF2 0.8 40 3950–13800 CH4
95

8000–9500 0.01 KBr Tungsten InSb CaF2 1.15 40 3950–19740 CH4
95

8400–12500 0.01 KBr Tungsten Si diode CaF2 1.15 20 7840–39495 CH4
95

The 12CH4 or 13CH4 spectra assigned here were taken
at about 80 K but we have also carried out measurements at
room temperature for comparison. The total sample pressure
of a mixture of 12CH4 or 13CH4 with He in the cell ranged
from 2 to 4 mbar where the partial pressure of methane was
in the order of 0.05–0.5 mbar to record weak absorption fea-
tures in the spectra on the one hand and to take spectra without
saturation of the strong absorption features on the other hand.
Pressure broadening can be neglected under these conditions.
All spectra were self-apodized. The aperture was in the range
from 0.8 to 1.15 mm. Table II summarizes the experimental
parameters. The spectra were calibrated with OCS at room
temperature (2900–3600 cm−1)94 and with 12CH4 from 3000
to 12 500 cm−1.95, 96 Methane, CH4, as natural isotope mix-
ture was obtained from PanGas with specified 99% chemi-
cal purity. The 13CH4 sample was purchased from Cambridge
Isotope Laboratories. The identity, chemical and isotopic pu-
rity (specified to be better than 98%) was obvious from the
spectra.

The absolute wavenumber accuracy of nonblended, un-
saturated and not too weak lines can be estimated to be about
10−4 cm−1 for the range from 2800 to 6600 cm−1 and about
10−3 cm−1 for the range from 6600 to 12 500 cm−1, be-
ing limited essentially by the limited availability of suffi-
ciently precise and accurate calibration spectra. The relative
wavenumber accuracy is better than 10−6 cm−1 below 2000
cm−1 and between 10−5 cm−1 and 10−4 cm−1, above 2000
cm−1, depending upon the detailed spectral range and condi-
tions. The graphs of the spectra shown are uncalibrated, the
shift being hardly visible on this scale. The line positions re-
ported here, however, correspond to calibrated values, which
have adequate accuracy for the purpose of the present analy-
sis. Figure 3 shows, as an example, the line shape of the iso-
lated P(1) line and the corresponding part of the ν2 + 2ν3
(F2) vibrational subband of the icosad near 7500 cm−1 for
13CH4, indicating the level of very small pressure broaden-
ing, Doppler broadening, and self-apodisation in this spectral
range.

III. SYMMETRY ASSIGNMENTS AND NOTATION

While vibrational and electronic wave functions can
be conveniently assigned to the Td point group symme-

try species54 and this is possible also for rovibrational
levels,97, 98 a further reaching assignment is possible using
the full permutation inversion group S∗

4 following Longuet-
Higgins.74, 79, 82, 99 S∗

4 = S4 ⊗ S∗ is the direct product of the
symmetric group S4 of permutations of the four protons and
the space inversion group S* with elements E, E* (or E, P),
where E* denotes the reflection of all coordinates at the origin
(also denoted as parity operation P). Thus in S∗

4 every species
can be assigned a well defined parity (+ or −), whether the
wave function is symmetric [+] or antisymmetric [−] with
respect to reflection. Following Longuet-Higgins99 the point
group Td can be associated with a subgroup of S∗

4 , the molec-
ular symmetry group MS24. If the stereomutation tunneling
of methane is very slow because of the high barrier of about
400 kJ mol−1,11, 12, 35 the inversion sublevels occur as nearly
degenerate pairs which, when classified in Td or MS24, gen-
erate an induced representation �(MS24) ↑ S∗

4 which defines
the symmetry structure of the nearly degenerate sublevels (see
Refs. 74, 77, and 79 for a detailed discussion).

Table III summarizes for convenience the symmetry
species � in Td and MS24 as being related to the subgroup
T. It also gives the tunneling sublevel structure in terms of the
induced representation �(MS24) ↑ S�

4 . Here we use the stan-
dard point group character tables and notation for T and Td

54

and the notation and character tables for MS24 and S�
4 from

Refs. 74 and 79 which agrees with Ref. 100 but differs from
Ref. 101 (for a critical discussion of different notations see
Ref. 74). In our notation parity is given as a superscript (+ or
–) and the species in the permutation group S4 is given either
in “spectroscopic” notation A1, A2, E, F1, F2 or in the group
theoretical notation in terms of the partition [. . . ,. . . ] (see
Refs. 74 and 102).

Further considerations arise through application of the
generalized Pauli-principle to the four identical protons with
nuclear spin IH = 1/2. The corresponding 24 = 16 nu-
clear spin functions generate a reducible representation 5A+

1 (I
= 2), 1E+(I = 0), 3F+

2 (I = 1) where the upper left index in-
dicates both the frequency of the corresponding species in the
reduction and the M degeneracy relating to the combined to-
tal nuclear spin I of the four protons indicated in parenthe-
ses. Because of the approximate conservation of nuclear spin
symmetry79 one can identify three “nuclear spin isomers” in
methane conventionally denoted as ortho (3F+

2 , I = 1), meta
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FIG. 3. High resolution spectrum of 13CH4 as decadic absorbance lg(I0/I ) in the region of the ν2 + 2ν3 (F2) band. The rotational quantum numbers, J′ ← J′′,
connected by the transitions are indicated in the assignments on top of the lines. The transition J′ = 0 ← J′′ = 1 is easily visible which allows one to determine
a highly accurate “experimental” value of the center of the ν2 + 2ν3 (F2) band at 7510.337 cm−1 (see text). The total gas pressure is 280 Pa at a mixing ratio x
= [CH4]/([CH4] + [He]) of about 0.1 and the optical path length is 10 m (T = 80 K).

(5A+
1 , I = 2), and para (1E+, I = 0). These spin isomers

interconvert only slowly under ordinary conditions,82, 103, 104

which justifies the name “isomer” (similar to ortho and para
hydrogen74, 105, 106). The parity of the proton is positive, thus
one has positive parity for the overall nuclear spin wave func-
tion as well. According to the generalized Pauli-Principle only
nurovibrational states (i.e., complete states including nuclear
spin, rotational, vibrational, and electronic wave functions)
which transform as A+

2 or A−
2 are allowed for the fermionic

protons and thus the rovibrational states of the ortho isomer
transform as F+

1 or F−
1 , those of the meta isomer transform as

A+
2 or A−

2 and those of the para isomer as E+ or E− as also
summarized in Table III.

It can be useful to take the parity of the carbon nucleus
into account in the representation of the overall parity of the
wave function. 12

6C6 + has positive parity and nuclear spin
zero, whereas 13

6C6 + has negative parity and nuclear spin 1/2.
Including this in the notation for Pauli allowed rovibrational

symmetries one obtains the corresponding columns �P in
Table III. 13CH4 levels have reversed parity compared to the
corresponding 12CH4 levels. We give also the overall degen-
eracies g12 and g13 of the levels under our conditions, where
the hyperfine structure and the splittings of the E+ and E−

levels are not resolved in the spectra commonly called “nu-
clear spin statistical weights,” although the double weight for
E+/E− pairs arises from parity doublets (not from nuclear
spin). The electric dipole selection rules imply approximate
conservation of nuclear spin symmetry and change of parity,
thus one has the allowed transitions in S�

4 for CH4

A+
2 ↔ A−

2 , (3)

E+ ↔ E−, (4)

F+
1 ↔ F−

1 . (5)

TABLE III. Symmetry assignments for 12CH4 and 13CH4 in the groups T, Td, MS24, S�
4 .a

�(T) �(Td) �(M
S24) ↑ S�

4 [partition]Parity I(�S) �P(12CH4) g12 �P(13CH4) g13

A A1 A+
1 + A−

2 [4]+ + [14]− 2(A+
1 ) A−

2 5 A+
2 10

A A2 A+
2 + A−

1 [14]+ + [4]− 2(A+
1 ) A+

2 5 A−
2 10

E E E+ + E− [22]+ + [22]− 0(E+) E+ + E− 2 E+ + E− 4
F F1 F+

1 + F−
2 [2, 12]+ + [3, 1]− 1(F+

2 ) F+
1 3 F−

1 6
F F2 F+

2 + F−
1 [3, 1]+ + [2, 12]− 1(F+

2 ) F−
1 3 F+

1 6

a�(T ), �(Td), and �(MS24) are the species in the corresponding groups, �(M
S24) ↑ S�

4 is the induced representation and tunneling sublevel structure, [partition]Parity gives the partition
of the permutation and parity (+ and –) as right exponent, I(�S) gives the total nuclear spin for the 4 protons and the species of the nuclear spin wave function, �P(12CH4) and
�P(13CH4) give the Pauli allowed rovibrational species including the parity of the carbon nucleus for 12CH4 and 13CH4 (thus also overall parity), g12 and g13 give statistical weights
of the levels with unresolved hyperfine and parity doublet splittings for 12CH4 and 13CH4.
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Table III summarizes all the relevant information concern-
ing symmetry selection rules and statistical weights for 12CH4
and 13CH4.

IV. ANALYSIS OF THE (J′ = 0) LEVELS

Figures 4–7 show more detailed survey spectra of 12CH4
and 13CH4, in the region 1200 to 12 000 cm−1 at 80 K. In the
higher wavenumber ranges, one can see very strong absorp-
tion in the regions 5500–6200 and 6800–7600 cm−1 where
the bands of the polyads N = 2 and 2.5 are located. Pro-
nounced absorption lines can also be seen in the regions of
location of the polyads N = 3, 3.5, and 4, in the ranges 8300–
9000 cm−1, 9700–10 500 cm−1, and around 11 300 cm−1.
Figures 3, 8, and 9 illustrate also the differences between
the 12CH4 and 13CH4 spectra visible as a shift of the 13CH4
lines compared to the 12CH4 lines, although also the rovi-
brational fine structure may differ significantly for the two
isotopomers.

From the ground state only vibrational transitions to lev-
els of F2 symmetry species are strongly allowed in absorp-
tion. However, one expects numerous resonance interactions
as found in the lower N-polyads (see, e.g., Ref. 43 and refer-
ences cited therein). These can perturb the rotational structure
of the allowed F2 bands, but also contribute to the appearance
of bands with A1, A2, E, or F1 vibrational symmetry in the
upper level, by rovibrational interactions. Therefore, in gen-
eral, an assignment of all lines is needed in a careful step-by-
step rovibrational analysis in order to obtain the vibrational
band centers and rovibrational parameters. However, in some
spectral regions, where the spectrum is not too complex, even
a simple approximate assignment provides the possibility to
obtain beyond doubt the centers (J = 0 energy levels) of the
F2-type vibrational bands.

Figures 3 and 10 illustrate the assignment procedure, for
instance, for the ν2 + 2ν3(F2) combination band of 13CH4
which follows the corresponding study for 12CH4 in a su-
personic jet.80, 82 The line series in Figure 3 is first approxi-
mately assigned with the main goal of identifying the isolated
P(1) line, corresponding to the J′ = 0 ← J′′ = 1 transition
to the relevant vibrational level. Using the level scheme of
Figure 10 one obtains the upper level by adding the very
well known ground state energy, E = (hc) · 10.48164867
cm−1 (12CH4) or E = (hc) · 10.48213260 cm−1 (for 13CH4),
Refs. 41, 42, and 107. It may be noted here that the total
parities are reverted here compared to the similar diagram in
Refs. 80 and 81, because the 13C nucleus has negative parity,
whereas the 12C nucleus has positive parity as have also the
protons (see Ref. 74).

Figure 8 gives for comparison a similar survey for the
12CH4 isotopomer, which illustrates very nicely the 13C/12C
isotope shift for the ν2 + 2ν3 (F2) bands. It should be noted
here that the vibrational labeling using the normal modes ν1,
ν2, ν3, ν4 is only an approximate assignment due to the strong
interaction between several vibrational states.

Figure 9 shows the central part of the 2ν3 (F2) band of
12CH4 and 13CH4 as a further example for the assignment.
These bands provide an excellent illustration of the fairly sim-
ple and regular structures which can be used in the assign-

ments of further bands. This type of band is characterized by
a fairly pronounced and dense set of Q branch lines and a reg-
ular structure of patterns separated by approximately 2B in
the P and R branches. The P(1) line is isolated and weaker
than the cluster of Q branch lines and the cluster of P(2) and
P(3) lines. These features are frequently sufficient to provide
an unambiguous assignment of the P(1) line, even if the Q
branch lines and the higher P(J′′) and R(J′′) line clusters are
complex and not easily assigned in detail. Obviously low tem-
perature spectra greatly simplify the assignments.

For low J, the transition wavenumber can be expressed
approximately as54

ν̃ = ν̃0 − (B ′ + B ′′ − 2B ′θ )m + (B ′ − B ′′)m2, (6)

where B′ is the rotational constant for the upper and B′′ for
the lower state and where m = J + 1 for the R branch and
m = −J for the P branch. The Coriolis coefficient (θ ) de-
scribes the Coriolis interaction between the F sublevels. If the
Coriolis interaction can be neglected, the spacing between the
levels is just twice the rotational constant to a first approx-
imation and the line structure is relatively simple which is
mostly the case upon excitation of ν1, ν2, and ν3 as shown in
Figures 3, 8, and 9.

However, if the Coriolis interaction cannot be neglected
(θ �= 0) the absorption patterns are more complicated as is the
case upon excitation of ν4. As an example we present here
the fundamental ν4 in Figure 11. As one can see the identi-
fication of the P(1) line is much more difficult but still pos-
sible. For a more detailed description we refer to Refs. 51
and 108.

When the ν4 mode is excited, the θ4-dependent contri-
butions according to Eq. (6) are important, and the spectrum
shows patterns as the ones shown in Figure 11. In this case,
the distance between the centers of multiplets in the R-branch
is decreased approximately by a factor of 2. The Q-branch is
not as narrow as for the first type of F2 bands, and it is over-
lapped considerably with the P-branch.

As further examples, now for high vibrational excita-
tions, we present the 2ν1 + ν3 (F2) bands of 12CH4 and 13CH4
in Fig. 12 as well as the ν1 + ν2 + 2ν3 (F2) bands of 12CH4
(Fig. 13) and 13CH4 (Fig. 14). As one can see the spec-
trum above 10 000 cm−1 is rather congested. In addition,
due to the use of the Si diode the noise level at wavnumbers
above 10 000 cm−1 is higher than at the lower wavenumbers.
Appendix A gives a complete set of spectra and assignments
as obtained in the present work and published in detail in the
supplementary material.109

As a result of the analysis we identified numerous vibra-
tional levels for both isotopomers 12CH4 and 13CH4. Their
band centers as determined using the P(1) line assignment are
summarized in Tables IV and V together with further band
centers previously obtained from rotational analyses using ef-
fective Hamiltonians, as specified in the references given in
the tables.

As mentioned before the values of the band centers at
J′ = 0 (upper vibrational energy levels) have been deter-
mined from the experimental (J′ = 0 ← J′′ = 1) transitions
by adding the rotational ground state energy value E(J=1,F1)
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FIG. 4. Survey spectrum as decadic absorbance lg(I0/I ) of 12CH4 in the region 1200–4700 cm−1. Experimental conditions are presented in Table II. The total
gas pressure is 280 Pa at mixing ratios x = [CH4]/([CH4] + [He]) of about 0.005 and 0.1 and the optical path length is 5 m. Some ranges show strongly saturated
spectra in order to make weak lines appear (T = 80 K).

equal to 10.48164867 cm−1 for 12CH4 or 10.48213260 cm−1

for 13CH4. The list of the P(1) lines of 12CH4 obtained from
the analysis of the experimental data is presented in col-
umn 2 of Table IV. Column 4 of that table gives the values
of the corresponding vibrational term values calculated from

(J′ = 0 ← J′′ = 1) transitions by adding the rotational ground
state energy for J′′ = 1. In addition, results from previous
work are provided in columns 3 and 5.

Appendix A with the supplementary material109 presents
the central parts of all bands from Table IV (J′ ← J′′
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FIG. 5. Survey spectrum as decadic absorbance lg(I0/I ) of 12CH4 in the region 4700–11 400 cm−1. Experimental conditions are presented in Table II. The
total gas pressure is 280 Pa and 480 Pa at mixing ratios x = [CH4]/([CH4] + [He]) of about 0.1 and the optical path length is 10 and 15 m. Some ranges show
strongly saturated spectra in order to make weak lines appear (T = 80 K).

transitions with low values of quantum number J are marked
in some cases also). In all figures which correspond to the
bands located in the region above 5000 cm−1, one can see
clearly the pronounced structures discussed above, which

characterize the F2-type bands of the CH4 spectra. Of course,
the presence of strong resonance interactions with numerous
other vibrational states, may considerably complicate the pic-
ture of the central part of the F2 bands (there are 615 levels of
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FIG. 6. Survey spectrum as decadic absorbance lg(I0/I ) of 13CH4 in the region 1200–4100 cm−1. Experimental conditions are presented in Table II. The total
gas pressure is 280 Pa at mixing ratios x = [CH4]/([CH4] + [He]) of about 0.005 and 0.1 and the optical path length is 5 m. Some ranges show strongly saturated
spectra in order to make weak lines appear (T = 80 K).

F2 symmetry and 1333 levels of A1, A2, E, and F1 symmetry
in the polyads 2.5 ≤ N ≤ 4; for more details, see Table I).
Nevertheless, both the central parts of the bands, and their (J′

= 0 ← J′′ = 1) transitions can be clearly recognized for the
bands listed in Table IV.

For some bands reproduced in Table IV the J′ = 0 ← J′′

= 1 transitions were assigned on the basis of the band centers
from Ref. 43. For the 2ν2 + ν4 band, which is quite weak, we
used a more complete rovibrational analysis for the assign-
ment of the P(1) line.41
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FIG. 7. Survey spectrum as decadic absorbance lg(I0/I ) of 13CH4 in the region 4100–12 000 cm−1. Experimental conditions are presented in Table II. The
total gas pressure is 280 Pa and 480 Pa at mixing ratios x = [CH4]/([CH4] + [He]) of about 0.1 and the optical path length is 10 and 15 m. Some ranges show
strongly saturated spectra in order to make weak lines appear (T = 80 K).

 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:

129.132.218.57 On: Tue, 16 Dec 2014 16:10:57



234302-11 Ulenikov et al. J. Chem. Phys. 141, 234302 (2014)

FIG. 8. High resolution spectrum shown as decadic absorbance lg(I0/I ) of
the 12CH4 isotopomer in the region of the ν2 + 2ν3 (F2) band. The strongest
lines in this spectrum are close to saturation.The total gas pressure is 280 Pa
at a mixing ratio x = [CH4]/([CH4] + [He]) of about 0.1 and the optical path
length is 10 m (T = 80 K, see also caption to Fig. 3).

V. THEORETICAL BACKGROUND FOR THE
EFFECTIVE HAMILTONIAN USED IN THE
VIBRATIONAL ANALYSIS

To put the analysis of newly assigned bands of the 12CH4
and 13CH4 isotopomers into a broader perspective, we have
conducted a vibrational analysis of experimentally known vi-
brational band centers of both isotopomers using an effec-
tive Hamiltonian. It was possible to determine the harmonic
wavenumber, ωi, the anharmonic coefficients, xij, and the vi-
brational tetrahedral splitting coefficients, G. . . , T. . . , and S. . . .
Using our analysis we are able to predict the band centers of
further vibrational bands with satisfactory accuracy as will be

FIG. 9. High resolution spectrum shown as decadic absorbance lg(I0/I ) of
the central part of the 2ν3 (F2) band of 12CH4 (top) and 13CH4 (bottom).
The P(1) line of 12CH4 (top) and 13CH4 (bottom) is rather close to satura-
tion while many other lines are clearly saturated above lg(I0/I ) = 2, where
intensities have no quantitative significance. The total gas pressure is 280 Pa
at a mixing ratio x = [CH4]/([CH4] + [He]) of about 0.1 and the optical path
length is 10 m (T = 80 K, see also caption to Fig. 3).

FIG. 10. Term value level scheme for the determination of the P(1) rovibra-
tional transition of the ν2 + 2ν3 (F2) subband of 13CH4 shown in Figure 3 as
an example. The symmetry labels include the parity from the nucleus 13

6C6 +
(see Sec. III).

discussed below in more detail. We describe the theoretical
background for this analysis in Subsections V A–V G.

A. Description of the vibrational spectrum using
spectroscopic parameters

Within the framework of an effective Hamiltonian de-
scription from vibration-rotation theory (see, e.g., Refs. 39,
40, 54, and 110), the vibrational energies of the methane
molecule can be obtained as a result of a diagonalization
of the matrix Hvib. consisting of off-diagonal elements Hvṽ

(v �= ṽ) describing the relevant resonance interactions. These
interactions will be discussed in detail later. The diagonal el-
ements Hvv can be written as sums of two terms:

Hvv = Ev + Wv ≡ Ev + W (v1v2v3v4n�v). (7)

The first term Ev in the diagonal elements Hvv represents usu-
ally the unperturbed vibrational energies according to

(Ev/hc) =
∑

i

ωi

(
vi + di

2

)
+

∑
i,j≥i

xij

(
vi + di

2

)

×
(

vj + dj

2

)
+ . . . . (8)

Here, the indices i and j enumerate the vibrational modes
of CH4; the ωi are the harmonic wavenumbers and the xij
the anharmonic coefficients; di = 1 for the nondegenerate
(i = 1), di = 2 for doubly degenerate (i = 2), and di = 3
for triply degenerate (i = 3 or 4) vibrational states. The terms
W (v1v2v3v4n�v), describe the so-called tetrahedral splittings
of specific vibrational states (v) ≡ (v1v2v3v4) and, in gen-
eral, these terms are complicated functions of the vibrational
quantum numbers v1, v2, v3, v4 and of the symmetry species
�v of the vibrational states in the Td point group. The index
n distinguishes states with the same values of the quantum
numbers v1, v2, v3, v4 and symmetries �v . (We use italics n
here to distinguish it from the polyad quantum number n, but
there can hardly arise confusion for these two quantities.) The
calculation of the tetrahedral splittings according to Eq. (7)
is nontrivial. Earlier results for W (v1v2v3v4n�v) have been
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FIG. 11. Illustration of peculiarities of the second (F2)-type absorption bands of 13CH4. The central part of the ν2 (F2) band of 13CH4 is shown in the figure.
The R-branch is clearly separated, while the Q- and P-branches are strongly overlapped. The total gas pressure is 280 Pa at mixing ratio x = [CH4]/([CH4] +
[He]) about 0.005 and the optical path length is 5 m (T = 80 K).

presented only for states with low quantum numbers, v2, v3,
and v4.57 In order to describe the vibrational spectrum of CH4
up to high excitations (up to 12 000 cm−1 in our work) it
is necessary to derive the corresponding equations for the

FIG. 12. The high resolution FTIR spectrum shown as decadic absorbance
lg(I0/I ) of 12CH4 (top) and 13CH4 (bottom) isotopomers in the region of
the high-frequency band 2ν1 + ν3 (F2). The total gas pressure is 280 Pa at
mixing ratios x = [CH4]/([CH4] + [He]) of about 0.5 and the optical path
length is 15 m (T = 80 K, see also caption to Fig. 3).

tetrahedral splittings, W (v1v2v3v4n�v). This problem can be
solved using a calculation of the matrix elements of vibra-
tional operators responsible for the tetrahedral splittings for
the relevant wave functions. For this purpose it is convenient
to use the irreducible tensor representation of both the oper-
ators and wave functions making use of the high symmetry
of CH4.

FIG. 13. High resolution spectrum shown as decadic absorbance lg(I0/I ) of
12CH4 molecule near 10 100 cm−1, the ν1 + ν2 + 2ν3 (F2) band. The total
gas pressure is 480 Pa at a mixing ratio x = [CH4]/([CH4] + [He]) of about
0.1 and the optical path length is 15 m (T = 80 K, see also caption to Fig. 3).
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B. Irreducible tensor representation of the vibrational
wave functions of CH4

According to the theory of Irreducible Tensorial Sets
(see, e.g., Refs. 111 and 112), the symmetrized vibrational
wave functions of the CH4 (Td-symmetry) molecule can be
presented in the following form:

|v1; v2l2γ2; v3l3, v4l4, lnlγ34; nγ σ 〉
= |v1〉(|v2l2γ2〉 ⊗ |v3l3, v4l4, lnlγ34〉)nγ

σ . (9)

Here the |v1〉 are the elementary nondegenerate vibrational
functions (see, e.g., Ref. 113). The |v2l2γ2σ2〉 are sym-
metrized functions of the doubly degenerate harmonic oscilla-
tor. They can be connected easily (see Appendix B for details)
with the vibrational basis functions of the doubly degenerate
harmonic oscillator.113 In this case, γ 2 is the symmetry of the
|v2l2γ2σ2〉-function. The symbol ⊗ denotes the tensorial prod-
uct; γ and σ are the indices of the corresponding irreducible
representation of the symmetry group Td and its line, respec-
tively; and the third wave function, |v3l3, v4l4, lnlγ34σ34〉, in
Eq. (6) has the following form:

|v3l3, v4l4, lnlγ34σ34〉

=
l∑

m=−l

lGm
n

l
γ34σ34

∑
|l3−l4|≤l≤l3+l4

(|v3l3〉 ⊗ |v4l4〉)lm

=
l∑

m=−l

lGm
n

l
γ34σ34

∑
|l3−l4|≤l≤l3+l4

Clm
l3m3 l4m4

|v3l3m3〉|v4l4m4〉.

(10)

The functions |v3l3m3〉 and |v4l4m4〉 in Eq. (10) are the ele-
mentary vibrational functions of triply degenerate harmonic
oscillators;113 the coefficients Clm

l3m3l4m4
are the well known

Clebsch-Gordan coefficients (see, e.g., Refs. 114 and 115);
and the coefficients lGm

n
l
γ34σ34

are the G-matrix elements which
provide a reduction of the irreducible representations, D(J), of
the rotational symmetry group, SO(3), to the irreducible rep-
resentations, � (� = A1, A2, E, F1, F2), of Td.

All the quantities used to construct symmetrized vibra-
tional wave functions are known as analytical forms with ex-
ception of the G-matrix elements.

C. Analytical representation of the G-matrix elements
for the Td symmetry group

For the calculation of the G-matrix elements, we use
the results given in Ref. 116 and, for the convenience of the
reader, we will derive from this reference the general expres-
sions that allow us to obtain analytical expressions for the G-
matrix elements used.

As shown in Ref. 116, the elements of the G-matrix for a
molecule with Td symmetry can be determined from the fol-
lowing analytical expressions (i = √−1):

J Gm
kF

λ
z = exp(iφJ )

2
√

2

[1 − (−1)J δk0]

(1 + δk0)3/2
[1 − (−1)λ+k/2][δkm − (−1)J δ−km], (11)

J Gm
kF

λ
y = exp(iφJ )

2
√

2

[1 − (−1)J δk0]

(1 + δk0)3/2
[1 − (−1)λ+k/2](−i)m[1 − (−1)m]dJ

km(π/2), (12)

J Gm
kF

λ
x = (−1)λ+1 exp(iφJ )

2
√

2

[1 − (−1)J δk0]

(1 + δk0)3/2
[1 − (−1)λ+k/2][1 − (−1)m]dJ

km(π/2), (13)

J Gm
kA

λ
=

k∑
n=L

α
JA

λ

kn

exp(iχJ )

2
√

6
[1 − (−1)λ+n/2]

×{[1 + (−1)m][1 − (−1)λ+m/2]dJ
nm(π/2) − (−1)λδnm − (−1)λ+J δ−nm}, (14)

and

J Gm
kE

λ
= (−1)λ+1

k∑
n=L

αJE
kn

exp(iχJ )

4(1 + 2δλ1)1/2
[1 + (−1)n/2]

×{[1 + (−1)m][1 − (−1)λ+m/2]dJ
nm(π/2) − 2δλ1[δnm + (−1)J δ−nm]}. (15)
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FIG. 14. High resolution spectrum shown as decadic absorbance lg(I0/I ) of 13CH4 in the region of the band ν1 + ν2 + 2ν3 (F2). The total gas pressure is 480
Pa at a mixing ratio x = [CH4]/([CH4] + [He]) of about 0.1 and the optical path length is 15 m (T = 80 K, see also caption to Fig. 3).

In Eqs. (11)–(15) λ = 1 or 2, and the phases exp(iφJ) and
exp(iχ J) are chosen in such a way that exp(iφJ) = −iexp(iχ J)
= 1 for odd J and exp(iφJ) = iexp(iχ J) = i for even J. This
choice satisfies the relations J G−m

kγσ = (−1)mJ G−m∗
kγ σ and re-

turns real values of the Hamiltonian matrix as described in,
e.g., Ref. 68. The quantities dJ

km(π/2) are known from angu-
lar momentum theory, Ref. 114:

dJ
km (π/2) = (−1)k+m 1

2J

(
(J + k)!(J − k)!

(J + m)!(J − m)!

)1/2

×
∑

r

(−1)r
(

J+m
r

)(
J−m

τ + k − m

)
. (16)

The index k in Eqs. (11)–(16) takes the values 0, 2, 4, . . . , J (or
J − 1) only. In Eqs. (14) and (15) n = L, L + 4, L + 8, . . . , k
and L = 0 for � = A1 or E, L = 2 for � = A2. The coefficients
αJ�

kn can be obtained from the recurrence relations:

(
αJ�

kk

)−1/2 = 1 + δk0(−1)J + [4(−1)� − 6δ�E]dJ
kk(π/2)

−
k−4∑
l=L

∑
i≤l,j≤l

αJ�
li αJ�

lj [4(−1)� − 6δ�E]2

× dJ
ki(π/2)dJ

kj (π/2), (17)

and

αJ�
kn = −αJ�

kk

k−4∑
i≥n

∑
j≤i

αJ�
ij αJ�

in [4(−1)� − 6δ�E]dJ
kj (π/2).

(18)

In Eqs. (17) and (18) the numbers k, n, i, j, and l are multiples
of 4 when � = A1 or E, and are even but not multiples of 4
when � = A2.

If the recurrence relations (17) and (18) are used one
can encounter problems because for some combinations ka,
Ja, and �a of the indices k, J, and �, the expression on the
right-hand side of Eq. (17) will vanish. In this case, one must
proceed as described in the following. As an example, it can
be seen that if one follows the above scheme and tries to con-
struct the function of symmetry �aσ a = E2 for Ja = 5 (that
is, 5Gm

kE2
), then with ka = 0 the right-hand side of Eq. (17)

becomes zero. This problem can be solved as follows: As dis-
cussed in Ref. 117, for a given irreducible representation D(J),
the number of G-matrix elements of a given symmetry (�a
= A1, A2 or E) determined using Eqs. (14)–(18) is always
larger than the real number of irreducible representations of
this symmetry to which the representation D(J) is reduced.
Therefore, when the situation mentioned above occurs, one
must use, in the general equation (17), the value of k which
follows from the value ka, namely, kb = ka + 4. In this case,
one must take into account that in Eqs. (17) and (18), k �= ka.
In particular, in the above example one must take k = 4 in or-
der to construct the G-matrix elements of E symmetry. It may
easily be seen that in this case, Eqs. (14)–(18) give

5Gm
E2

≡5 Gm
4E2

= i2−1/2(δ2m − δ−2m). (19)

The direct use of the general equations (11)–(18) allows one
to obtain whatever is necessary for a further analysis of the G-
matrix elements. The results of such calculations are shown
in Table VI, where we present (a) all nonzero JG-matrix el-
ements for values of 0 ≤ J ≤ 4, and (b) the J Gm

nF
λ
z-matrix

elements for 5 ≤ J ≤ 8 as necessary for further discussion.

 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:

129.132.218.57 On: Tue, 16 Dec 2014 16:10:57



234302-15 Ulenikov et al. J. Chem. Phys. 141, 234302 (2014)

TABLE IV. Band centers for 12CH4 identified in the region of 3800–12 000 cm−1.

(J′ = 0 ← J′′ = 1) Band center (level position)

Banda This workb Previous work This workc Previous work
1 2 3 4 5

3ν4(1F2) 3860.0045b 3860.004160d 3870.4862c 3870.488d,e

3ν4(2F2) 3920.4408b 3920.438008d 3930.9225c 3930.923d,e

ν2 + 2ν4(F2) 4132.3802b 4132.379922d 4142.8619c 4142.865d,e

ν1 + ν4(F2) 4212.9805b 4223.4621c 4223.462d,e

ν3 + ν4(F2) 4308.7276b 4308.728063d 4319.2093c 4319.212d,e

2ν2 + ν4(1F2) 4338.2349b 4338.234877d 4348.7166c 4348.716d,e

2ν2 + ν4(2F2) 4368.4674b 4378.9491c 4378.947d,e

ν2 + ν3(F2) 4533.2800b 4533.280334d 4543.7617c 4543.757d,e

ν3 + 2ν4(1F2) 5577.4948b 5587.9764c 5587.967e,f

2ν3(F2) 5994.1441b 6004.6258c 6004.621e,f

2ν2 + ν3(1F2) 6044.1245b 6044.1452g 6054.6061c 6054.609e,f

ν1 + ν3 + ν4(F2) 7146.2331b 7156.7148c

ν2 + 2ν3(F2) 7499.8556b 7499.8562h 7510.3373c 7510.3378h,i

2ν1 + 2ν4(F2) 8377.517(2)b 8387.999c

ν1 + ν3 + 2ν4(1F2) 8410.514(2)b 8420.996c

ν1 + 2ν3(F2) 8608.189(2)b 8618.671c

2ν1 + ν3(F2) 8798.465(2)b 8808.947c

3ν3(1F2) 8896.815(2)b 8896.815j 8907.297c 8907.30e,j

3ν3(2F2) 9035.474(2)b 9035.465k 9045.956c 9045.92e,k

ν1 + 2ν3 + ν4(1F2) 9877.993(2)b 9888.475c

ν1 + ν2 + 2ν3(F2) 10105.188(2)b 10115.670c

3ν3 + ν4(2F2) 10255.104(2)b 10265.586c

2ν1 + ν2 + ν3(F2) 10291.692(2)b 10302.174c

ν1 + 3ν3(1F2) 11265.827(2)b 11276.309c

aWe give in the first column an approximate vibrational assignment and the symmetry species F2 with a number indicating the sublevel index in the polyad in order of increasing
energy for this species.
bPosition of the (J′ = 0 ← J′′ = 1) transition assigned in our experimental spectra.
cPosition of the (J′ = 0) vibrational level obtained from the direct experimental line position presented in the column 2 of this table and adding the ground state (J′′ = 1) wavenumber.
dS. Albert, S. Bauerecker, V. Boudon, L. R. Brown, J.-P. Champion, M. Loëte, A. Nikitin, and M. Quack, Chem. Phys. 356, 131–146 (2009).43 The lower vibrational levels have been
summarized therein.
eObtained from a fit of rovibrational lines to an effective Hamiltonian.
fA. Nikitin, V. Boudon, C. Wenger, S. Albert, L. R. Brown, S. Bauerecker, and M. Quack, Phys. Chem. Chem. Phys. 15, 10071–10093 (2013).78

gThe value of the unclear origin in the HITRAN database is 6044.1452 cm−1.95

hM. Hippler and M. Quack, J. Chem. Phys. 116, 6045–6055 (2002).80

iObtained from the direct experimental line position presented in the column 3 of this table and adding the ground state (J′′ = 1) wavenumber.
jA. De Martino, R. Frey, and F. Pradere, Mol. Phys. 55, 731–749 (1985).132

kG. Pierre, J.-C. Hilico, C. de Bergh, and J.-P. Maillard, J. Mol. Spectrosc. 82, 379–393 (1980).143

The reason for such a presentation will be discussed in Sub-
section V D.

D. Symmetrized vibrational wave functions

The G-matrix elements obtained in Sec. V C can be
used directly in Eqs. (9) and (10) for the construction of
symmetrized vibrational wave functions of CH4. The wave
functions constructed here can be used in a further con-
struction and diagonalization of the Hamiltonian matrix. By
symmetry,111, 112 the Hamiltonian matrix is divided into sets
of equivalent sub-matrixes for which the basis functions,
Eq. (9), differ from each other only by the index σ of
the line of corresponding irreducible representation. There-
fore, in the Hamiltonian matrix it is possible to consider
only the “E1” sub-matrix and, similarly, only the “F1z”

and “F2z” sub-matrixes and omit the “E2,” “F1x,” “F1y,”
“F2x,” and “F2y” sub-matrixes. Thus, in Table VI we omit-
ted the corresponding G-matrix elements for 5 ≤ J ≤ 8.
As discussed below, for the polyads N = 2.5, 3, 3.5, and
4 we calculated and analyzed only the vibrational states of
F2 symmetry. For this reason, only the J Gm

nF
λ
z-matrix ele-

ments with 5 ≤ J ≤ 8 were calculated and are presented in
Table VI.

Because the number of different symmetrized vibrational
functions is large, on the one hand, and the knowledge of
the general equations (9) and (10), and the necessary G-
matrix elements make the procedure of construction of the
corresponding functions a routine procedure, on the other
hand, we do not present here all the results obtained, but
show as examples only some of them for the polyads N = 2
and 4:
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TABLE V. Band centers for 13CH4 (in cm−1).

Band (J′ = 0 ← J′′ = 1)a Banda Predict.-Ib Predict.-IIc Fit.-IIId

1 2 3 5 6 7

ν4(F2) 1292.2987 1302.7808 1302.56 1302.57 1302.1291
2ν4(F2) 2588.1588 2598.6409 2597.91 2597.72 2598.2363
ν2 + ν4(F2) 2811.9798 2822.4519 2823.33 2823.35 2822.7670
ν1(A1) 2915.4426e 2915.4426 2916.93 2916.84 2916.2625
ν3(F2) 2999.0634 3009.5455 3009.01 3008.96 3009.4484
2ν2(A1) 3064.9640e 3063.9640 3063.85 3063.85 3063.5661
3ν4(1F2) 3837.9048 3848.3869 3847.25 3848.74 3848.1799
3ν4(2F2) 3897.0171 3907.4992 3907.18 3906.46 3907.4321
ν2 + 2ν4(F2) 4116.8742 4127.3563 4127.47 4127.38 4127.7480
ν1 + ν4(F2) 4203.3420 4213.8241 4216.23 4216.12 4214.5730
ν3 + ν4(F2) 4290.8152 4301.2972 4301.43 4301.46 4301.5000
2ν2 + ν4(F2) 4340.9084 4340.9084 4341.73 4341.73 4341.0005
ν2 + ν3(F2) 4523.5725 4534.0546 4533.44 4533.44 4533.7800
ν3 + 2ν4(1F2) 5552.9355 5563.4176 5564.49 5565.36 5564.3582
2ν3(F2) 5976.5658 5987.0479 5986.22 5986.25 5986.2802
ν2 + 2ν3(F2) 7482.6763 7493.1584 7493.52 7493.59 7493.3622
ν1 + ν3 + 2ν4(1F2) 8383.139(2) 8393.621(2) 8394.37 8394.98 8393.1580
2ν1 + ν3(F2) 8779.221(2) 8789.703(2) 8792.75 8792.68 8790.0344
3ν3(1F2) 8870.391(2) 8880.873(2) 8880.92 8880.92 8880.8272
3ν3(2F2) 9009.109(2) 9019.591(2) 9016.17 9016.36 9019.7292
ν1 + ν2 + 2ν3(F2) 10089.331(2) 10099.813(2) 10098.11 10098.11 10099.8375
2ν1 + ν2 + ν3(F2) 10273.831(2) 10284.313(2) 10287.56 10287.60 10284.2582

aThis work, see also caption to Table IV for further explanations.
bPredicted with the parameters from column 4 of Table XII.
cPredicted with the parameters from column 7 of Table XII.
dCalculated with fitted parameters from column 9 of Table XII.
eValue from Raman spectroscopy144 (see also Ref. 42).

TABLE VI. Quantities for the calculations of nonzero G-matrix elements for Td symmetry group (J ≤ 8).a

J k �σ m J Gm
k�σ J k �σ m J Gm

k�σ

1 0 F1z 0 1 5 2 F2z 2 1/
√

2
2 2 F2z 2 i/

√
2 5 2 F2z − 2 1/

√
2

2 2 F2z − 2 −i/
√

2 6 4 F1z 4 i/
√

2
2 0 E1 0 −1 6 4 F1z − 4 −i/

√
2

2 0 E2 − 2 −1/
√

2 6 2 F2z 2 i/
√

2
2 0 E2 2 −1/

√
2 6 2 F2z − 2 −i/

√
2

3 0 F1z 0 1 6 6 F2z 6 i/
√

2
3 2 F2z 2 1/

√
2 6 6 F2z − 6 −i/

√
2

3 2 F2z − 2 1/
√

2 7 0 F1z 0 1
3 2 A2 2 −i/

√
2 7 4 F1z 4 1/

√
2

3 2 A2 − 2 i/
√

2 7 4 F1z − 4 1/
√

2
4 0 A1 0

√
21/6 7 2 F2z 2 1/

√
2

4 0 A1 4
√

5/2
√

6 7 2 F2z − 2 1/
√

2
4 0 A1 − 4

√
5/2

√
6 7 6 F2z 6 1/

√
2

4 0 E1 0 −√
15/6 7 6 F2z − 6 1/

√
2

4 0 E1 4
√

7/24 8 4 F1z 4 i/
√

2
4 0 E1 − 4

√
7/24 8 4 F1z − 4 −i/

√
2

4 4 F1z 4 i/
√

2 8 8 F1z 8 i/
√

2
4 4 F1z − 4 −i/

√
2 8 8 F1z − 8 −i/

√
2

4 2 F2z 2 i/
√

2 8 2 F2z 2 i/
√

2
4 2 F2z − 2 −i/

√
2 8 2 F2z − 2 −i/

√
2

5 0 F1z 0 1 8 6 F2z 6 i/
√

2
5 4 F1z 4 1/

√
2 8 6 F2z − 6 −i/

√
2

5 4 F1z − 4 1/
√

2

aSee text in Sec. V for details.
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These symmetrized wave functions are

(4ν4, 2A1) ≡ |v1 = 0; v2 = l2 = 0; v3 = l3 = 0, v4 = l4 = 4; n = 2γ = A1〉

=
√

21

6
|v4 = l4 = 4m4 = 0〉

+
√

5

24
{|v4 = l4 = 4m4 = 4〉 + |v4 = l4 = 4m4 = −4〉}, (20)

(ν2 + 3ν3 + ν4, 7F2z) ≡ |v1 = 0; v2 = l2 = 1; v3 = l3 = 3, v4 = l4 = 1; n = 7γ = F2σ = z〉

= − i

4
√

7
{|v2 = 1l2 = 1〉 + |v2 = 1l2 = −1〉}

×{|v3 = l3 = 3m3 = 3〉|v4 = l4 = 1m4 = −1〉 − |v3 = l3 = 3m3 = −3〉|v4 = l4 = 1m4 = 1〉}

− i
√

3

2
√

7
{|v2 = 1l2 = 1〉 + |v2 = 1l2 = −1〉}

×{|v3 = l3 = 3m3 = 2〉|v4 = l4 = 1m4 = 0〉 − |v3 = l3 = 3m3 = −2〉|v4 = l4 = 1m4 = 0〉}

− i
√

15

4
√

7
{|v2 = 1l2 = 1〉 + |v2 = 1l2 = −1〉}

×{|v3 = l3 = 3m3 = 1〉|v4 = l4 = 1m4 = 1〉 − |v3 = l3 = 3m3 = −1〉|v4 = l4 = 1m4 = −1〉}.
(21)

The functions on the right-hand sides of Eqs. (20) and (21) are
the elementary vibrational functions of the doubly and triply
degenerate harmonic oscillators.

E. Vibrational Hamiltonian of CH4 including
tetrahedral splittings

The vibrational Hamiltonian of a polyatomic molecule
can be written in the following form (see, e.g., Refs. 110 and
118):

Hvib. = Hharm. + Hcor. + V. (22)

In Eq. (22) Hharm. is the harmonic part of the Hamiltonian:

Hharm. = 1

2

∑
λ

P 2
λ + (2πc)2

2

∑
λ

ω2
λQ

2
λ, (23)

where Pλ = −i¯ ∂
∂Q

λ

. The operator Hcor. has the following

form:

Hcor. = 1

2

∑
αβ

μαβGαGβ. (24)

Here α, β = x, y, z, and μαβ are the elements of the matrix of
the inverse moments of inertia and Gα the vibrational angular
momentum operators (see Refs. 110 and 118). The operator
V corresponds to the anharmonic part of the intramolecular
potential function:

V =
∑
λμν

KλμνQλQμQν +
∑
λμνξ

KλμνξQλQμQνQξ + . . . .

(25)

Equations (23)–(25) provide good approximations for a
“normal” (semirigid) polyatomic molecule. In the case of
XY4 (Td) molecules, the general relations (23)–(25) should
be reconstructed using the symmetry properties of CH4.
We shall, however, not consider here the total Hamiltonian,
Eqs. (22)–(25), but will pay attention only to those parts of the
Hamiltonian which are responsible for the tetrahedral split-
tings of the vibrational levels. Following Ref. 57 we notice
that ten tetrahedral splitting parameters, G22, G33, G34, G44,
S34, T33, T34, T44, T23, and T24, have the form given in Ref. 57
as reproduced in Appendix C. Using the symmetry properties
of CH4 it is possible to show that the parts of the Hamiltonian
given by Eqs. (23)–(25), responsible for the ten mentioned
tetrahedral “effects,” have the following form:

1. The parts of the expression W (v1v2v3v4n�v) in Eq. (7)
which are connected with the parameters G33 and G44
arise from the operators

Ĥ1 = Bζ 2
λ

∑
μν

ελμν(QμPν − QνPμ)2

+ dλλλλ
s

(
Q2

λx + Q2
λy + Q2

λz

)2 + V3, (26)

where λ = 3 or 4; B is the equilibrium rotational con-
stant; the symbol V3 in Eqs. (26)–(32) denotes the cubic
part of the intramolecular potential function V ; ελμν in
Eq. (26) is a totally antisymmetric tensor. The notations
of the d-parameters correspond to notations of Ref. 57.

2. The operator responsible for the G22-type splittings is

Ĥ2 = d2222

(
Q2

21
+ Q2

22

)2 + V3. (27)
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3. The splittings connected with the parameter G34 arise
from the operator

Ĥ3 = B

2
ζ 2

34 + 2Bζ3ζ4 + V3. (28)

4. The operator responsible for the T33 and T44 splittings
has the more complicated form:

Ĥ4 = dλλλλ
t

(
Q4

λx + Q4
λy + Q4

λz − 3Q2
λxQ

2
λy

− 3Q2
λxQ

2
λz − 3Q2

λyQ
2
λz

) + V3 (29)

again λ = 3, 4.
5. Similarly, we have for the operators producing the T34

and T2λ (λ = 3, 4) splittings:

Ĥ5
a

= d3344
t

[
3Q2

3xQ
2
4x + 3Q2

3yQ
2
4y + 3Q2

3zQ
2
4z

− (
Q2

3x + Q2
3y + Q2

3z

)(
Q2

4x + Q2
4y + Q2

4z

)
− 4Q3xQ3yQ4xQ4y − 4Q3xQ3zQ4xQ4z

− 4Q3yQ3zQ4yQ4z

] + V3 (30)

and

Ĥ5
b
= d22λλ

t

[
Q21

Q22

(
Q2

λx − Q2
λy

) + (
Q2

21
− Q2

22

)
× (

Q2
λx + Q2

λy − 2Q2
λz

)/
2
√

3
] + V3. (31)

6. For the S34-type splittings, the corresponding operator
has the form:

Ĥ6 = d3344
sb

[(
Q3xQ4x + Q3yQ4y + Q3zQ4z

)2

− 1

3

(
Q2

3x + Q2
3y + Q2

3z

)(
Q2

4x + Q2
4y + Q2

4z

)] + V3.

(32)

If we now use perturbation theory up to the second or-
der to obtain corrections by means of the symmetrized wave
functions derived in Subsection V D, and the operators given
in Eqs. (26)–(32), and compare the results with the equa-
tions for splitting parameters presented in Appendix C, then
it is possible to derive the corresponding tetrahedral split-
tings W (v1v2v3v4n�v) for every vibrational term. It is nec-
essary to take into account that the vibrational levels Ev ,
Eqs. (7) and (8), can comprise more than one sublevel of the
same symmetry �. In this case, the splittings are not deter-
mined by the simple expression, W (v1v2v3v4n�v), but result
from a diagonalisation of matrices obtained from the corre-
sponding W (v1v2v3v4n�v) having the same index � (see also,
Ref. 57). The dimension of such a matrix is equal to the num-
ber of sublevels of a specific symmetry.

F. Vibrational resonance interactions
in the CH4 molecule

The last step in the calculation of the vibrational struc-
ture of CH4 is the analysis of possible vibrational resonance
interactions. As will be discussed in Sec. VI, for the correct
description of the vibrational spectrum of the CH4 molecule

by spectroscopic parameters one can restrict the consideration
of vibrational resonance effects to two main types of interac-
tions:

1. Darling–Dennison interactions between the states
|v1; v2l2; v3l3, v4l4; nγ σ 〉 and |v1 ± 2; v2l2; v3 ∓ 2l3,

v4l4; n′γ σ 〉 (n′ may be different from n). In this case, the
part of the Hamiltonian responsible for such interactions
is

ĤDD = d1133Q
2
1

(
Q2

3x + Q2
3y + Q2

3z

) + V3. (33)

2. Anharmonic-resonance interactions between the states
|v1; v2l2; v3l3, v4l4; nγ σ 〉 and |v1 ± 1; v2l2; v3 ∓ 1l3
∓ 1(∓3), v4l4; n′γ σ 〉. The corresponding vibrational
operator has the following form:

ĤF = d1333Q1Q3xQ3yQ3z + V3. (34)

The matrix elements of the operators in Eqs. (33) and
(34) with the symmetrized wave functions, Eqs. (9)–(13), al-
low one take into account some of the dominant interactions
between different vibrational states of CH4. One might con-
sider also the CH stretching-CH bending Fermi-type interac-
tions in the future, as such interactions are known to be quite
strong. However, the present effective Hamiltonian provides
already a good description of the experimental data as will be
seen from the results discussed below. As discussed in Ref. 76
the inclusion of the Fermi-resonance may become more im-
portant, when considering also intensity information and such
work is in progress. While such a change is not expected to
improve the quality of the fit by much, it should increase the
predictive power of the model and may be needed when more
data become available.

G. Results of calculation of tetrahedral splittings

The considerations of Secs. V A–V F were used for
practical computations of the values W (v1v2v3v4n�v) from
Eq. (7) and of the matrix elements which provide vibrational
resonance interactions. We performed calculations for all vi-
brational states which are comprised in the polyads N = 0.5,
1, 1.5, and 2. For the polyads N = 2.5, 3, 3.5, and 4 calcula-
tions have been performed for the F2-type vibrational states
only.

To check the validity of the scheme of calculations de-
rived here, we first reproduced the results for the states ana-
lyzed already in Ref. 57 and found that our calculations (re-
alized with analytical language MAPLE) exactly agreed with
Table III from Ref. 57. This perfect consistency can be con-
sidered as a confirmation of our scheme of calculation and the
computer code generated on that basis, as well as an indepen-
dent confirmation of the results of Ref. 57.

In a second step, we have computed the tetrahedral split-
ting for all vibrational states discussed above. Due to the large
volume of information, we present here, as an illustration, re-
sults only for two sets of vibrational bands:

1. The bands ν3 + 5ν4 and ν1 + 5ν4.
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FIG. 15. Tetrahedral splitting matrix for the set of F2-type sub-bands of the bands ν3 + 5ν4 and ν1 + 5ν4 of the CH4 molecule.

2. The set of interacting bands ν2 + 2ν3 + 2ν4, ν1 + ν2
+ ν3 + 2ν4 and 2ν1 + ν2 + 2ν4 from the polyad N = 3.5
(the complete results for all polyads, 0.5 ≤ N = ≤4 are
presented in Appendix D, as part of the supplementary
material109).

Because the bands ν3 + 5ν4 and ν1 + 5ν4 comprise 8
and 4 subbands of F2 symmetry, respectively, the tetrahedral
splittings are determined by a matrix of the dimension 12
× 12. The structure of this matrix is shown in Fig. 15 (see also
Table VII). Similarly, the interacting bands ν2 + 2ν3 + 2ν4,
ν1 + ν2 + ν3 + 2ν4, and 2ν1 + ν2 + 2ν4, comprise 8, 3, and
1 sub-bands of F2 symmetry, respectively. The corresponding
matrix is shown in Fig. 16 and Table VIII and has also the
dimension of 12 × 12.

VI. VIBRATIONAL ANALYSIS FOR 12CH4 UP TO
12 000 cm−1: SPECTROSCOPIC PARAMETERS AND
ENERGY LEVELS

As initial data we used experimental values of the band
centers taken both from the earlier references,43, 78, 80, 119 and
the new results from Table IV. The experimental band centers
used are summarized in Table IX (columns 1 and 2). Column
3 indicates the origin of the experimental data.

For practical reasons we do not use the energy terms
Ev + W (v1v2v3v4n�v), Eq. (7) but the values of the band cen-
ters, Ev + W (v1v2v3v4n�v) − Egr., with the ground state en-
ergy Egr. which leads to simpler expressions than given by

Eqs. (7) and (8)

H̃vv = ν̃v + W (v1v2v3v4n�v)/(hc). (35)

where

ν̃v =
∑

i

ω̃ivi +
∑
i,j≥i

x̃ij vivj . (36)

It is easy to show that two sets of parameters, ωi, xij and
ω̃i , x̃ij , provide equivalent representations of energy levels
and, if one does not take into account the third order anhar-
monic coefficients yijk, simple relations between the two sets
of parameters are valid:

ω̃i = ωi + xiidi + 1

2

∑
j �=i

xij dj (37)

and

x̃ij = xij . (38)

The problem of determining the spectroscopic parame-
ters (harmonic wavenumbers, ω, anharmonic coefficients, x,
and parameters of tetrahedral splittings) was solved in three
steps. At first, we used as starting values the highly accurate
values of the 18 band centers marked by an asterisk, *, in
the column 2 of Table IX) and obtained values of the same
number, 18, of spectroscopic parameters: ω̃2, ω̃4, x22,x24, x44,
G22, G44, T24, T44, and ω̃1, ω̃3, x14, x23,x34, G34, T23, T34, S34.
The first nine parameters of the eighteen parameters can be
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TABLE VII. Non-zero elements of the matrix of tetrahedral splittings and resonance interactions for the set of bands ν3 + 5ν4 and ν1 + 5ν4.

i, j v1 v2 l2 v3 l3 v4 l4 v′
1 v′

2 l′2 v′
3 l′3 v′

4 l′4 W
i,j

1, 1 0 0 0 1 1 5 1 0 0 0 1 1 5 1 2(G33 + G44) + G34+ 26
5 ( 1

3 S34 − 2T34)

1, 2 0 0 0 1 1 5 1 0 0 0 1 1 5 3
√

6( 6
5 S34− 208

21 T44 − 8
35 T34)

1, 3 0 0 0 1 1 5 1 0 0 0 1 1 5 3 2
√

30
7 (T34 − 26

3 T44)

1, 4 0 0 0 1 1 5 1 0 0 0 1 1 5 3 2
√

30
7 ( 26

3 T44 + 3T34)

1, 5 0 0 0 1 1 5 1 0 0 0 1 1 5 5 32√
33

T44

1, 6 0 0 0 1 1 5 1 0 0 0 1 1 5 5 −64
√

2
21 T 44

1, 7 0 0 0 1 1 5 1 0 0 0 1 1 5 5 104
√

5
231 T 44

1, 8 0 0 0 1 1 5 1 0 0 0 1 1 5 5 40
√

3
7 T 44

2, 2 0 0 0 1 1 5 3 0 0 0 1 1 5 3 2G33 + 12G44 − 88
9 T44+ 104

15 S34 − 104
315 T34 − 4G34

2, 3 0 0 0 1 1 5 3 0 0 0 1 1 5 3 2
√

35
9 (22T44 + 13

7 T34)

2, 4 0 0 0 1 1 5 3 0 0 0 1 1 5 3 2
√

5(2T44 + 13
21 T34)

2, 5 0 0 0 1 1 5 3 0 0 0 1 1 5 5 4
√

22
77 (52T44 + 5

3 T34)

2, 6 0 0 0 1 1 5 3 0 0 0 1 1 5 5 16
9
√

7
(26T44 + 5T34)

2, 7 0 0 0 1 1 5 3 0 0 0 1 1 5 5 2
√

770
693 (26T44 + 65T34)

2, 8 0 0 0 1 1 5 3 0 0 0 1 1 5 5 10
3

√
2
7 (2T44 + 5T34)

3, 3 0 0 0 1 1 5 3 0 0 0 1 1 5 3 2G33 + 12G44− 14
9 T44 − 26

3 S34+ 13
9 T34 − G34

3, 4 0 0 0 1 1 5 3 0 0 0 1 1 5 3 −√
7(10T44 − 65

21 T34)

3, 5 0 0 0 1 1 5 3 0 0 0 1 1 5 5 2
√

10
77 (26T44 + 5

3 T34)

3, 6 0 0 0 1 1 5 3 0 0 0 1 1 5 5 2
√

5
9 (22T44 − 5T34)

3, 7 0 0 0 1 1 5 3 0 0 0 1 1 5 5 − 115
√

22
99 (T34 − 2T44)

3, 8 0 0 0 1 1 5 3 0 0 0 1 1 5 5 − 5
√

10
3 (2T44 − T34)

4, 4 0 0 0 1 1 5 3 0 0 0 1 1 5 3 2G33 + 12G44 − 26T44+ 26
9 S34 − 169

21 T34 + 3G34

4, 5 0 0 0 1 1 5 3 0 0 0 1 1 5 5
√

110
7 ( 14

9 S34− 52
11 T44 − 26

33 T34)

4, 6 0 0 0 1 1 5 3 0 0 0 1 1 5 5 2
√

5
7 (2T44 − 1

3 T34)

4, 7 0 0 0 1 1 5 3 0 0 0 1 1 5 5 −25
√

2
77 (2T44 + 1

3 T34)

4, 8 0 0 0 1 1 5 3 0 0 0 1 1 5 5 5
√

10
7 (2T44 + 1

3 T34)

5, 5 0 0 0 1 1 5 5 0 0 0 1 1 5 5 2G33 + 30G44 − 260
11 T44+ 52

9 S34 − 52
33 T34 − 6G34

5, 6 0 0 0 1 1 5 5 0 0 0 1 1 5 5 −2
√

154( 10
77 T44 + 1

33 T34)

5, 7 0 0 0 1 1 5 5 0 0 0 1 1 5 5 −10
√

35( 2
77 T44 + 1

33 T34)

5, 8 0 0 0 1 1 5 5 0 0 0 1 1 5 5 10
√

77( 2
77 T44 + 1

33 T34)

6, 6 0 0 0 1 1 5 5 0 0 0 1 1 5 5 2G33 + 30G44 + 80
9 T44− 26

3 S34 − 28
9 T34 − G34

6, 7 0 0 0 1 1 5 5 0 0 0 1 1 5 5 − 85
√

110
99 (2T44 − T34)

6, 8 0 0 0 1 1 5 5 0 0 0 1 1 5 5 − 5
√

2
3 (2T44 − T34)

7, 7 0 0 0 1 1 5 5 0 0 0 1 1 5 5 2G33 + 30G44 − 1180
99 T44+ 10

3 S34 − 295
99 T34 + 5G34

7, 8 0 0 0 1 1 5 5 0 0 0 1 1 5 5 5
√

55
33 (4T44 + T34)

8, 8 0 0 0 1 1 5 5 0 0 0 1 1 5 5 2G33 + 30G44 + 20T44+ 10
3 S34 + 5T34 + 5G34

9, 9 1 0 0 0 0 5 1 1 0 0 0 0 5 1 2G44

9, 10 1 0 0 0 0 5 1 1 0 0 0 0 5 3 − 208√
21

T44

9, 11 1 0 0 0 0 5 1 1 0 0 0 0 5 5 40
√

2
3 T44

9, 12 1 0 0 0 0 5 1 1 0 0 0 0 5 5 8
√

30
7 T44

10, 10 1 0 0 0 0 5 3 1 0 0 0 0 5 3 12G44 + 28T44

10, 11 1 0 0 0 0 5 3 1 0 0 0 0 5 5 −40
√

2
7 T44

10, 12 1 0 0 0 0 5 3 1 0 0 0 0 5 5 8
√

10T44
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TABLE VII. (Continued.)

i, j v1 v2 l2 v3 l3 v4 l4 v′
1 v′

2 l′2 v′
3 l′3 v′

4 l′4 W
i,j

11, 11 1 0 0 0 0 5 5 1 0 0 0 0 5 5 30G44 + 20T44

11, 12 1 0 0 0 0 5 5 1 0 0 0 0 5 5 20
√

5
7 T44

12, 12 1 0 0 0 0 5 5 1 0 0 0 0 5 5 30G44 − 20T44

described as pure deformation parameters, the last nine pa-
rameters can be described as stretch-deformation parameters.
As one can see from the column 2 of Table IX, the 18 initial
bands can also be divided in two groups: the 9 bands of pure
deformation and 9 stretch-deformation bands with a single
excitation of stretch quanta. These 18 parameters have been
used afterwards for an estimation of the band centers of the
higher pure deformation and stretch-deformation levels with
a single excitation of a stretching quantum. The 34 additional
higher experimental band centers known from previous work
are predicted using the set of parameters obtained with the
mean accuracy better than 1.5 cm−1. Considering this accu-
racy we can claim first that 18 spectroscopic parameters are
sufficient for a reliable prediction and that, second, interac-
tions can be neglected at this point.

In a second step of the vibrational analysis we added four
pure stretching parameters: x11, x33, G33, and T33, and the ini-
tial values of four band centers: 2ν1(A1), 2ν3(A1), 2ν3(E), and
2ν3(F2) (they are marked in the column 2 of Table VIII by
a double asterisk, (**)). After this step we were able to as-
sign all the bands listed in Table IV. However, we found that
the accuracy of the prediction of the centers of those bands
which correspond to two and more excitations of stretching
quanta is less good than for the first set of the bands discussed
above because we neglected the strong resonance interactions
discussed in Sec. V F.

The final step of the analysis was the joint fit of 26 spec-
troscopic parameters (two interaction parameters, F1133 and
F1333, and two anharmonic coefficients, x12 and x13, were
added to the 22 parameters) of the experimental band centers
from Table IX. Band centers from Ref. 78, which were based
on less than 5 (and sometimes zero) rovibrational lines for
the given band, were not included in the fit and therefore not
listed. We refer also to Table IX, where the results of the band
center estimations from previous work are presented. One can
see that the results of all theoretical calculations for the bands
mentioned agree with satisfactory accuracy.

The parameters obtained from the fit are presented in
Table X column 2 together with their 1σ statistical confidence
intervals. They reproduce 52 initial experimental term values
(without the band centers from Ref. 78) with a drms = 0.64
cm−1. In this case, as was mentioned above, the calculations
for comparison with the recent data from Ref. 78 can be con-
sidered as a prediction.

After our analysis had been largely completed, we also
learned from Ref. 120 which contains the results of an anal-
ysis of the set of sub-bands of the 5ν4 band (they are repro-
duced in column 2 of Table IX around 6500 cm−1). In the ini-
tial fit (results are presented in column 2 of Table IX) we did
not take into account the values of these four sub-band cen-
ters. As a consequence the corresponding values of the centers
of sub-bands, 5ν4, in column 4 of Table IX should be consid-

FIG. 16. Tetrahedral splitting matrix for the set of F2-type sub-band of the bands ν2 + 2ν3 + 2ν4, ν1 + ν2 + ν3 + 2ν4, and 2ν1 + ν2 + 2ν4. Resonance
interactions between all three sets of sub-bands are also taken into account.
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TABLE VIII. Non-zero elements of the matrix of tetrahedral splittings and resonance interactions for the set of bands ν2 + 2ν3 + 2ν4 / ν1 + ν2 + ν3 + 2ν4/
2ν1 + ν2 + 2ν4.

i, j v1 v2 l2 v3 l3 v4 l4 v′
1 v′

2 l′2 v′
3 l′3 v′

4 l′4 W

1, 1 0 1 1 2 0 2 2 0 1 1 2 0 2 2 G22 + 6G44 − 8T24 − 8T44

1, 2 0 1 1 2 0 2 2 0 1 1 2 2 2 0 4
3 (S34 − 4T34)

1, 3 0 1 1 2 0 2 2 0 1 1 2 2 2 2 − 16√
5
T23

1, 4 0 1 1 2 0 2 2 0 1 1 2 2 2 2 − 8√
5
T23

1, 5 0 1 1 2 0 2 2 0 1 1 2 2 2 2 −8T23

1, 6 0 1 1 2 0 2 2 0 1 1 2 2 2 2 ( 2
3 S34 − 16

7 T23 − 16
21 T34)

√
7

1, 7 0 1 1 2 0 2 2 0 1 1 2 2 2 2 4( 5
3 T34 − 2T23)

1, 8 0 1 1 2 0 2 2 0 1 1 2 2 2 2
√

21( 20
21 T34 − 8

7 T23)

1, 12 0 1 1 2 0 2 2 2 1 1 0 0 2 2
√

3
2 F1133

2, 2 0 1 1 2 2 2 0 0 1 1 2 2 2 0 G22 + 6G33 − 8T23 − 8T33

2, 3 0 1 1 2 2 2 0 0 1 1 2 2 2 2 16√
5
T24

2, 4 0 1 1 2 2 2 0 0 1 1 2 2 2 2 8√
5
T24

2, 5 0 1 1 2 2 2 0 0 1 1 2 2 2 2 −8T24

2, 6 0 1 1 2 2 2 0 0 1 1 2 2 2 2 2
√

7( 1
3 S34 − 8

7 T24 − 8
21 T34)

2, 7 0 1 1 2 2 2 0 0 1 1 2 2 2 2 4(2T24 − 5
3 T34)

2, 8 0 1 1 2 2 2 0 0 1 1 2 2 2 2
√

21( 20
21 T34 − 8

7 T24)

2, 9 0 1 1 2 2 2 0 1 1 1 1 1 2 0 1
4 F1333

3, 3 0 1 1 2 2 2 2 0 1 1 2 2 2 2 G22 + 6G33 + 6G44 + 28
5 T23 + 28

5 T24+ 14
3 S34 − 5G34

3, 4 0 1 1 2 2 2 2 0 1 1 2 2 2 2 4( 6
5 T23 + 6

5 T24 +T33 + T44 + T34)

3, 5 0 1 1 2 2 2 2 0 1 1 2 2 2 2 −4
√

5(T44 − T33)

3, 6 0 1 1 2 2 2 2 0 1 1 2 2 2 2 −4
√

7
5 (T23 − T24)

3, 7 0 1 1 2 2 2 2 0 1 1 2 2 2 2 − 8√
5

(T23 + T24)

4, 4 0 1 1 2 2 2 2 0 1 1 2 2 2 2 G22 + 6G33 + 6G44− 8
5 T23 − 8

5 T24

−6T33 − 6T44 − 16
3 S34 + 4T34

4, 5 0 1 1 2 2 2 2 0 1 1 2 2 2 2 −2
√

5(T44 − T33)

4, 6 0 1 1 2 2 2 2 0 1 1 2 2 2 2 − 16√
35

(T24 − T23)

4, 7 0 1 1 2 2 2 2 0 1 1 2 2 2 2 − 4√
5

(T23 + T24)

4, 8 0 1 1 2 2 2 2 0 1 1 2 2 2 2 −4
√

15
7 (T23 − T24)

5, 5 0 1 1 2 2 2 2 0 1 1 2 2 2 2 G22 + 6G33 + 6G44+8T23 + 8T24 + 2T33 + 2T44

+ 8
3 S34 + 4T34 + 4G34

5, 6 0 1 1 2 2 2 2 0 1 1 2 2 2 2 − 8√
7

(T23 + T24)

5, 7 0 1 1 2 2 2 2 0 1 1 2 2 2 2 4(T24 − T23)

5, 8 0 1 1 2 2 2 2 0 1 1 2 2 2 2 −4
√

3
7 (T23 + T24)

6, 6 0 1 1 2 2 2 2 0 1 1 2 2 2 2 G22 + 6G33 + 6G44+ 12
7 T23 + 12

7 T24

− 16
7 T33 − 16

7 T44 −2S34 − 68
21 T34 − 3G34

6, 7 0 1 1 2 2 2 2 0 1 1 2 2 2 2 4√
7

(4T23 − 4T24 +5T33 − 5T44)

6, 8 0 1 1 2 2 2 2 0 1 1 2 2 2 2 4
√

3
7 (5T33 + 5T44 − 5

3 T34 − 2T23 − 2T24)

6, 10 0 1 1 2 2 2 2 1 1 1 1 1 2 2 1
4
√

35
F1333

6, 11 0 1 1 2 2 2 2 1 1 1 1 1 2 2
√

3
70 F1333

7, 7 0 1 1 2 2 2 2 0 1 1 2 2 2 2 G22 + 6G33 + 6G44 +2T33 + 2T44 − 16
3 S34 − 4

3 T34

7, 8 0 1 1 2 2 2 2 0 1 1 2 2 2 2 −2
√

3
7 (4T24 − 4T23 +5T44 − 5T33)

7, 10 0 1 1 2 2 2 2 1 1 1 1 1 2 2 1
4
√

5
F1333

7, 11 0 1 1 2 2 2 2 1 1 1 1 1 2 2 − 1
4

√
3

10 F1333
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TABLE VIII. (Continued.)

i, j v1 v2 l2 v3 l3 v4 l4 v′
1 v′

2 l′2 v′
3 l′3 v′

4 l′4 W

8, 8 0 1 1 2 2 2 2 0 1 1 2 2 2 2 G22 + 6G33 + 6G44+ 16
7 T23 + 16

7 T24

− 26
7 T33 − 26

7 T44+ 8
3 S34 − 52

7 T34 + 4G34

8, 10 0 1 1 2 2 2 2 1 1 1 1 1 2 2 − 3
4

√
3
35 F1333

8, 11 0 1 1 2 2 2 2 1 1 1 1 1 2 2 − 1
4
√

70
F1333

9, 9 1 1 1 1 1 2 0 1 1 1 1 1 2 0 G22 + 2G33 + 8T23

9, 10 1 1 1 1 1 2 0 1 1 1 1 1 2 2
√

5( 16
5 T24 + 2

3 S34)

9, 11 1 1 1 1 1 2 0 1 1 1 1 1 2 2 −4
√

30( 2
5 T24 + 1

3 T34)

0, 10 1 1 1 1 1 2 2 1 1 1 1 1 2 2 G22 + 2G33 + 6G44 + 4
5 T23 + 28

5 T24 + 14
3 S34 − 3G34

11, 10 1 1 1 1 1 2 2 1 1 1 1 1 2 2 − 4
√

6
5 (3T23 + T24) − 4√

6
(6T44 + T34)

11, 11 1 1 1 1 1 2 2 1 1 1 1 1 2 2 G22 + 2G33 + 6G44+ 16
5 T23 + 32

5 T24

+4T44 + 4
3 S34 + 4T34 + 2G34

12, 12 2 1 1 0 0 2 2 2 1 1 0 0 2 2 G22 + 6G44 −8T24 − 8T44

ered as a prediction, which is considerably better than analo-
gous predictions with other sets of data (see, for comparison,
corresponding results from columns 6–11 of Table IX).

Column 5 of Table IX presents results of the fit with the
four additional terms being included. Of course, in this case,
the agreement between the experimental data and the results
from the fit is much better. However, even in the second fit, the
results for the 5ν4 subbands are less good than for the other
undoubtedly correct band centers. This effect is perhaps due
to the high excitations with five bending vibrational quanta
of the 5ν4 band. For a more correct description of the vibra-
tional structure it is necessary to consider tetrahedral split-
ting of higher order (similar to higher anharmonicities in the
description of unperturbed vibrational energies, and perhaps
also include the CH stretching-bending Fermi resonance ex-
plicitly in the model). To confirm this observation we note
that for the four subbands of the 5ν4 band the largest differ-
ences � between the experimental and calculated values have
different signs. Thus, this discrepancy cannot be removed just
by adding higher order anharmonicity, but one needs higher
order tetrahedral interactions.

As for the initial fit, the results of the second fit are pre-
sented in Table X (column 3). Comparison with the values
from column 2 of Table X shows that the values of parame-
ters fitted are not changed very much.

The values of the band centers calculated with the param-
eters from columns 2 and 3 of Table X are shown in columns
4 and 5 of Table IX. There is good agreement between the
experimental and calculated band centers.

As a further test of our results, we compare the values
obtained for the “stretching” parameters with the general re-
lations which have been derived in the local mode model for
the CH4 −type molecules, see, e.g., Ref. 121. According to
Ref. 121, the following relations apply for some of the spec-
troscopic parameters for CH4:

x11 = 1

4
x13 = 5

9
x33 = −5

3
G33 = −5T33

= 1

4
F1133 = 1

16
F1333. (39)

Table XI presents a test of these relations as applied to the set
of parameters obtained from the fit of the experimental data.
One finds reasonable consistency as expressed in terms of the
values equivalent to x33 in Table XI.

We also compare our results with the results of previ-
ous calculations for methane. We calculated the band centers
from Table IX on the basis of the set of spectroscopic parame-
ters given by Lee, Martin, and Taylor (LMT,122 we reproduce
these parameters in column 4 of Table X). The results of the
two calculations are shown in columns 6 and 7 of Table IX.
In column 6 calculations were made directly with the pa-
rameters from Ref. 122. For the results presented in column
7 we added two resonance interaction parameters F1133 and
F1333 from column 2 of Table X to the LMT-parameters. Also
for comparison, the columns 8–11 of Table IX give the val-
ues of the band centers estimated in Refs. 19 and 123–125.
Columns 8 and 9 present calculations with two different ba-
sis sets from Refs. 19 and 123. One can see that all the re-
sults agree with each other more or less, but our present re-
sults are closer to the experimental values of the band cen-
ters, and they cover a larger spectral range up to higher
frequencies.

We have also checked the efficiency of our model by the
fit of an alternative set of energy levels. The column 5 of
Table X gives also the results of such a test. The parame-
ters presented in column 5 were obtained from the fit of “ab
initio” energies from Ref. 123 (they are reproduced also in
column 4 of Table S1 of the supplementary material;109 see
also Appendix E). As one can see they agree approximately
with our data in columns 2-3 of Table X. The drms devia-
tion is 3.03 cm−1 for the 142 energies used for the parame-
ters from column 5, Table X. Also as an illustration, column
5 of Table S1 (supplementary material109) presents the dif-
ferences � = E − E(fit) (in cm−1) for the set of data from
Ref. 123.

The set of spectroscopic parameters from column 2 of
Table X was used for estimating the vibrational band centers
up to 12 000 cm−1. The results and a comparison with results
from Ref. 123 are presented in Table S1 (compare column 2–3
and 4).
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TABLE IX. Band centers for 12CH4 (in cm−1).

�,a −I, �,a −II, �,a −1, �,a −2, �,a −1, �,a −2, �,a �,a

Band Exp. Ref. twb twb Ref. 122c Ref. 122c Ref. 19d Ref. 123d Ref. 124 Ref. 125
1 2 3 4 5 6 7 8 9 10 11

ν4(F2) 1310.76(*)e 43 0.29 0.26 − 1.93 − 1.93 − 0.98 − 0.98 − 0.99 0.26
ν2(E) 1533.33(*)e 43 − 0.02 0.28 0.20 0.20 0.08 0.08 0.08 − 0.69
2ν4(A1) 2587.04(*)e 43 − 0.71 − 1.41 − 6.68 − 6.68 − 2.73 − 2.73 − 2.73 − 0.41
2ν4(F2) 2614.26(*)e 43 0.64 0.68 − 5.18 − 5.18 − 1.98 − 1.98 − 1.98 0.16
2ν4(E) 2624.62(*)e 43 0.16 0.38 − 5.52 − 5.52 − 2.68 − 2.67 − 2.68 0.21
ν2 + ν4(F2) 2830.32(*)e 43 − 0.72 − 0.07 − 3.02 − 3.02 − 1.21 − 1.20 − 1.21 − 0.04
ν2 + ν4(F1) 2846.07(*)e 43 0.61 0.90 − 1.76 − 1.76 − 0.83 − 0.83 − 0.83 − 0.25
ν1(A1) 2916.48(*)e 43 − 0.15 − 0.56 5.20 5.20 2.55 2.55 2.69 − 1.46
ν3(F2) 3019.49(*)e 43 0.25 0.12 7.84 7.84 5.89 5.89 6.06 − 0.46
2ν2(A1) 3063.65(*)e 43 0.03 − 0.42 − 2.72 − 2.72 0.16 0.17 0.16 − 0.29
2ν2(E) 3065.14(*)e 43 0.07 0.35 0.33 0.33 0.13 0.13 0.13 − 0.67
3ν4(1F2) 3870.49 tw 0.28 − 0.66 − 0.69 − 10.71 − 4.26 − 4.25 − 4.24 − 1.06
3ν4(A1) 3909.20 43 − 0.26 − 0.06 − 11.05 − 11.05 − 3.09 − 3.08 − 3.08 − 0.85
3ν4(F1) 3920.51 43 0.21 0.59 − 10.42 − 10.42 − 3.58 − 3.57 − 3.57 − 0.13
3ν4(2F2) 3930.92 tw 0.03 0.75 0.57 − 10.47 − 4.42 − 4.40 − 4.42 − 0.11
ν2 + 2ν4(1E) 4101.393 43 − 3.59 − 3.26 − 6.71 − 6.71 0.67 0.71 0.74 2.72
ν2 + 2ν4(F1) 4128.76 43 0.13 1.05 − 6.13 − 6.13 − 2.74 − 2.69 − 2.68 0.46
ν2 + 2ν4(A1) 4132.86 43 0.60 1.88 − 5.29 − 5.29 − 2.81 − 2.77 − 2.77 1.04
ν2 + 2ν4(F2) 4142.86 tw − 0.19 − 0.12 0.36 − 6.49 − 2.02 − 1.97 − 1.99 − 0.54
ν2 + 2ν4(2E) 4151.21 43 − 0.46 0.13 − 6.87 − 6.87 − 2.54 − 2.50 − 2.52 − 0.11
ν2 + 2ν4(A2) 4161.85 43 0.75 1.30 − 5.39 − 5.39 − 2.49 − 2.45 − 2.46 − 0.13
ν1 + ν4(F2) 4223.46(* )e tw − 0.35 − 0.87 0.47 0.47 1.61 1.62 1.74 − 3.05
ν3 + ν4(F2) 4319.21(* )e 43 − 0.26 0.81 4.60 4.60 4.98 4.98 5.15 − 0.49
ν3 + ν4(E) 4322.18(* )e 43 0.14 − 0.32 5.70 5.70 4.56 4.56 4.73 0.14
ν3 + ν4(F1) 4322.59(* )e 43 0.62 0.27 5.80 5.80 4.75 4.75 4.92 − 0.22
ν3 + ν4(A1) 4322.70(* )e 43 − 0.12 0.63 4.97 4.97 4.30 4.30 4.46 − 4.47
2ν2 + ν4(1F2) 4348.72 tw − 0.53 0.11 0.07 − 4.60 − 1.33 − 1.30 − 1.30 0.32
2ν2 + ν4(F1) 4363.61 43 − 0.15 − 0.19 − 3.45 − 3.45 − 1.43 − 1.40 − 1.41 − 0.11
2ν2 + ν4(2F2) 4378.95 tw 0.83 0.76 0.72 − 3.36 − 0.67 − 0.64 − 0.65 0.17
ν1 + ν2(E) 4435.12 43 − 0.35 − 0.15 9.28 9.28 2.90 2.90 3.01 − 3.42
ν2 + ν3(F1) 4537.55(* )e 43 0.19 0.39 8.87 8.87 6.20 6.20 6.35 − 0.90
ν2 + ν3(F2) 4543.76(* )e 43 0.32 0.39 8.56 8.56 5.94 5.94 6.09 − 0.42
3ν2(E) 4592.03 43 − 0.24 − 1.75 − 6.16 − 6.16 0.09 0.11 0.10 0.59
3ν2(A2) 4595.27 43 0.11 0.06 0.23 0.23 0.15 0.16 0.16 − 0.04
3ν2(A1) 4595.50 43 0.34 0.29 0.41 0.41 0.12 0.13 0.13 0.19
4ν4(1F2) 5143.36 78 2.41 1.22 − 15.03 − 15.03 − 7.20 − 5.84 − 5.77
4ν4(1E) 5167.20 78 − 0.05 − 0.77 − 17.17 − 17.17 − 8.22 − 6.81 − 6.77

4ν4(2F2) 5210.74 78 − 1.90 − 1.29 − 18.92 − 18.92 − 6.24 − 4.94 − 4.92

4ν4(2E) 5228.74 78 − 1.05 − 0.10 − 17.73 − 17.73 − 7.34 − 6.02 − 6.03

4ν4(F1) 5230.58 78 0.74 1.08 − 15.95 − 15.95 − 6.49 − 5.20 − 5.20

ν2 + 3ν4(1F2) 5370.49 78 − 4.29 − 3.93 − 9.50 − 15.96 − 12.16 − 5.17 − 5.09

ν2 + 3ν4(1F1) 5389.73 78 − 1.98 − 1.87 − 13.74 − 13.74 − 11.91 − 4.48 − 4.42

ν2 + 3ν4(E) 5424.78 78 − 1.34 − 0.23 − 12.90 − 12.90 − 10.66 − 3.78 − 3.71

ν2 + 3ν4(2F2) 5429.87 78 1.99 3.74 − 9.28 − 9.28 − 10.80 − 4.35 − 4.47

ν2 + 3ν4(2F1) 5437.30 78 − 0.51 0.56 − 11.97 − 11.97 − 10.79 − 4.12 − 4.28

ν2 + 3ν4(3F2) 5444.80 78 − 2.28 − 1.15 − 13.71 − 13.71 − 10.26 − 3.69 − 3.89

ν2 + 3ν4(3F1) 5462.90 78 − 0.57 0.38 − 11.95 − 11.95 − 10.63 − 4.23 − 4.40

ν3 + 2ν4(1F2) 5587.98 [tw] − 1.97 − 2.21 − 0.84 − 0.84 2.62 2.99 3.18 − 0.66

ν3 + 2ν4(2F1) 5615.41 78 − 0.47 0.08 3.63 1.05 2.97 3.30 3.46

ν3 + 2ν4(2F2) 5615.99 78 − 0.61 − 0.07 0.76 0.76 3.72 4.20 4.36 − 1.52

ν3 + 2ν4(E) 5618.24 78 2.11 1.53 3.36 3.36 4.59 5.53 5.63

ν3 + 2ν4(1F1) 5626.11 78 0.07 − 0.05 1.38 1.38 2.69 6.42 6.42

ν3 + 2ν4(3F2) 5627.34 78 − 0.72 − 0.41 0.99 0.99 2.02 4.29 4.23 − 3.02

2ν2 + 2ν4(1F2) 5641.86 78 0.58 1.70 − 36.77 − 36.77 − 9.26 − 3.45 − 3.42

2ν2 + 2ν4(F1) 5655.76 78 − 0.67 0.45 − 7.57 − 7.57 − 8.44 − 2.61 − 2.60

2ν2 + 2ν4(2F2) 5668.35 78 − 1.79 − 1.39 18.76 18.76 − 8.28 − 2.40 − 2.41

2ν1(A1) 5790.25(**)e 145 0.30 0.12 − 6.84 9.62 8.00 8.07 8.89 − 3.30
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TABLE IX. (Continued.)

�,a −I, �,a −II, �a −1, �a −2, �a −1, �a −2, �a, �a,

Band Exp. Ref. twb twb Ref. 122c Ref. 122c Ref. 19d Ref. 123d Ref. 124 Ref. 125

1 2 3 4 5 6 7 8 9 10 11

ν2 + ν3 + ν4(1F2) 5823.10 78 − 1.59 − 3.76 4.50 4.50 8.87 9.34 9.47

ν2 + ν3 + ν4(1F1) 5825.42 78 − 1.68 − 0.42 4.28 4.28 4.91 5.06 5.20

ν2 + ν3 + ν4(1E) 5832.02 78 − 1.90 − 1.17 3.89 3.89 3.38 4.19 4.23

ν2 + ν3 + ν4(2E) 5842.56 78 0.04 0.65 6.37 6.37 4.11 4.64 4.69

ν2 + ν3 + ν4(A2) 5843.20 78 1.09 1.09 5.20 5.20 4.72 4.72 4.93

ν2 + ν3 + ν4(2F2) 5844.81 78 − 0.53 − 0.12 4.91 4.91 5.34 5.84 5.89 0.75

ν2 + ν3 + ν4(2F1) 5847.38 78 1.46 1.43 7.02 7.02 4.67 5.21 5.25

ν1 + ν3(F2) 5861.49 78 2.63 2.19 − 8.47 18.41 7.53 7.90 8.21

3ν2 + ν4(1F2) 5867.53 78 2.44 2.38 − 5.05 − 5.05 − 4.94 − 0.64 − 0.85

3ν2 + ν4(1F1) 5879.76 78 − 1.18 − 0.89 − 5.76 − 5.76 − 6.39 − 1.85 − 1.58

3ν2 + ν4(2F2) 5894.39 78 − 1.08 − 1.07 − 5.75 − 5.75 − 6.09 − 1.68 − 0.80

ν1 + 2ν2(E) 5952.44 78 − 0.24 − 0.14 13.27 13.27 2.61 2.88 2.87

2ν3(A1) 5968.15(**)e 119 2.04 0.72 48.22 31.76 7.20 7.33 7.84

2ν3(F2) 6004.63(**)e [tw] 0.04 − 0.13 41.24 14.36 11.18 11.23 12.25 − 0.18

2ν3(E) 6043.87(**)e 132 − 2.38 − 2.06 15.10 15.10 12.00 12.01 12.60 − 0.96

2ν2 + ν3(1F2) 6054.61 [tw] 0.90 0.94 9.66 9.66 6.42 6.67 6.68 − 0.37

2ν2 + ν3(F1) 6060.62 78 0.29 0.50 9.84 9.84 5.76 6.17 6.04

2ν2 + ν3(2F2) 6065.59 78 0.08 − 0.26 7.46 7.46 5.53 6.03 5.92 0.63

5ν4(1F2) 6377.53f 120 6.75 3.92 − 19.17 − 19.17 − 20.39 − 20.09

5ν4(2F2) 6450.06f 120 − 0.52 − 0.18 − 24.31 − 24.31 − 19.57 − 19.24

5ν4(3F2) 6507.55f 120 − 5.43 − 3.77 − 29.45 − 29.45 − 16.84 − 16.49

5ν4(4F2) 6539.18f 120 − 1.44 0.76 − 25.05 − 25.05 − 17.46 − 17.07

ν1 + ν3 + ν4(F2) 7156.72g [tw] 1.38 1.98 − 15.44 12.43 − 0.83 − 0.15

ν2 + 2ν3(F2) 7510.34g [tw] − 1.31 − 0.99 42.71 15.64 11.51 11.56
2ν1 + 2ν4(F2) 8388.00g [tw] − 0.16 − 0.38 − 25.48 − 5.21
ν1 + ν3 + 2ν4(1F2) 8421.00g [tw] − 0.16 − 0.89 − 24.61 5.22
ν1 + 2ν3(F2) 8618.67g [tw] − 0.42 − 0.70 − 8.61 46.20
2ν1 + ν3(F2) 8808.95g [tw] 0.13 − 0.42 39.93 25.70
3ν3(1F2) 8907.30g [tw] − 0.28 − 0.68 112.57 37.90 0.84
3ν3(2F2) 9045.96g [tw] 0.30 1.11 50.01 28.59 0.11
ν1 + 2ν3 + ν4(1F2) 9888.47h [tw] 0.15 0.82 − 80.03 13.49
ν1 + ν2 + 2ν3(F2) 10115.67g [tw] 1.69 1.85 − 74.43 34.19
3ν3 + ν4(2F2) 10265.59g [tw] 1.00 1.09 − 20.30 21.57
2ν1 + ν2 + ν3(F2) 10302.17g [tw] − 1.15 − 1.16 47.32 30.77
ν1 + 3ν3(1F2) 11276.31g [tw] − 0.88 − 1.06 − 235.20 41.27
N/levels 92 92 92 92 81 81 75 46
drms/cm−1 1.49 1.34 33.44 15.01 7.12 6.16 4.74 1.34

a� = νexp. − νcalc. .
bCalculation-1 and calculation-2 were made with the parameters from columns 2 and 3 of Table X, respectively (see text for details).
cCalculation-1 and calculation-2 were made with the parameters from Ref. 122 without and with resonance interaction parameters F1133 and F1333, respectively.
dThe data presented in columns 8 and 9 are differences between the values of column 2 of Table IX and the corresponding values from Table III of Ref. 19 (Basis I) and Ref. 123
(Basis II), respectively.
eBand centers marked by (*) and (**) were used in the first and the second step of the vibrational analysis (see text for details).
fWas not used in the Fit-1. As the consequence, the value from column 4 can be considered as a prediction (see text for more details).
gAssigned in the recorded 80 K spectrum of the present paper and used in the fit with the weight 1.
hAssigned in the recorded 80 K spectrum of the present paper and used in the fit with the weight 1/10.

VII. THE 12CH4/13CH4 ISOTOPE EFFECT AND THE
VIBRATIONAL SPECTRUM OF THE 13CH4
ISOTOPOMER

In this section we use the experimental results obtained
above for 12CH4 for a theoretical estimation of the band cen-
ters of the 13CH4 isotopomer and compare with experimental
results for the latter isotopomer. We briefly mention three gen-
eral equations from Isotopic Substitution Theory (see, e.g.,
Refs. 84 and 126–129. As shown in Ref. 126, the following

three sets of relations can be derived for an arbitrary isotopic
substitution in a polyatomic molecule:

1. A set of equations allowing one to determine all har-
monic wavenumbers, ω′

ν , of an isotopically substituted
molecule as functions of the harmonic wavenumbers,
ωλ, of a mother molecule and a set of coefficients Aλμ:

∑
λ

Aμλω
2
λαλν = αμνω

′2
ν ; (40)
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TABLE X. Spectroscopic parameters for 12CH4 (in cm−1).

Parameter tw-Ia tw-IIb Ref. 122 Ref. 123c

1 2 3 4 5

ω̃1 2929.615(434) 2929.98 (186) 2923.55d 2929.010
ω̃2 1534.161(479) 1533.706(788) 1533.46d 1532.246
ω̃3 3025.806(656) 3026.01 (128) 3016.91d 3026.078
ω̃4 1306.923(428) 1307.172(457) 1308.53d 1304.250
x11 − 12.986(677) − 12.94 (129) − 12.513 − 14.979
x12 − 14.505(578) − 14.620(774) − 18.349 − 12.873
x13 − 51.916(737) − 52.43 (173) − 52.746 − 45.082
x14 − 3.283(342) − 3.204(549) − 0.764 − 3.299
x22 − 1.175(221) − 0.835(267) − 0.332 − 0.472
x23 − 11.989(366) − 12.019(551) − 12.843 − 12.972
x24 − 5.564(272) − 5.765(250) − 5.231 − 4.309
x33 − 25.709(321) − 25.682(456) − 28.469 − 28.173
x34 − 8.465(375) − 8.669(445) − 8.249 − 9.083
x44 − 6.523(212) − 6.472(107) − 5.831 − 5.026
G22 0.361(135) 0.179(176) − 0.390 0.311
G33 9.573(222) 9.521(366) 11.606 9.085
G34 − 0.755(299) − 1.046(429) − 0.747 − 1.566
G44 5.034( 94) 4.899( 52) 4.999 4.721
T23 0.366( 33) 0.380( 51) 0.408 0.377
T24 − 0.901( 35) − 0.924( 23) − 0.906 − 0.904
T33 3.336( 74) 3.292(102) 3.266 3.277
T34 0.257( 80) 0.410(140) 0.189 0.610
T44 0.542( 27) 0.533( 18) 0.535 0.525
S34 0.009( 89) − 0.184(144) 0.019 − 0.006
F1133 − 60.581(963) − 61.93 (275) − 60.581
F1333 − 220.14(179) − 218.38(478) − 220.14
drms/cm−1 1.49 1.34 33.44 3.03

aObtained from the fit of the present work without using four band centers, 5ν4(nF2) (see text for details).
bObtained from the fit in which the four band centers, 5ν4(nF2) (see text for details), were included as the fitted data.
cObtained from the fit of “ab initio” energy values from Ref. 123. In this case, parameters F1133 and F1333 have been constrained
to the values from the column 2 of this Table (see text for more details).
dRe-calculated from the parameters of Ref. 122 in accordance with equation (37).

the ανλ are additional coefficients which are determined
from a solution of a set of equations (40) and additional
relations

Aμλ =
∑

ν

αλναμν. (41)

2. The second set of relations mentioned above has the fol-
lowing form (mN and m′

N are the masses of atoms before
and after isotopic substitution):

Aλμ = δλμ −
∑
Nα

(m′
N − mN )

m′
N

lNαλlNαμ. (42)

They determine the Aλμ coefficients via so-called trans-
formation coefficients, lNαλ, of a main “mother” iso-
topomer. Often these transformation coefficients are
known for some mother isotopomer. In particular, for
CH4 they can be taken from Table 2 of Ref. 130.

3. The third set of relations can be written as

l′Nγλ =
∑
αμ

Ke
αγ

(
mN

m′
N

)1/2

lNαμ(α−1)λμ. (43)

They give the possibility to calculate the transformation
coefficients of a substituted isotopomer as functions of

the characteristics of a mother species. Here Ke
αγ is the

matrix which provides a rotation of the molecular equi-
librium coordinate axes from a mother species to an iso-
topically substituted molecule. In Eqs. (40)–(43), α, β,
γ = x, y, z; λ, μ, ν enumerate the vibrational modes (for
the CH4 molecule λ, μ, ν = 1; 21, 22; 3x, 3y, 3z; and 4x,
4y, 4z).

Because the difference of the 12CH4 and 13CH4
molecules is in the substitution of only one central atom,

TABLE XI. Illustration of the “local mode” relations for CH4.

Parameter Valuea (cm−1) Valueb (cm−1)

x33 − 25.71 − 25.68
9/5 x11 − 23.37 − 23.29
9/20 x13 − 23.36 − 23.59
−3 G33 − 28.71 − 28.56
−9 T33 − 29.97 − 29.62
(9/20) F1133 − 27.26 − 27.87
(9/80) F1333 − 24.77 − 24.57

aCalculated with the set of parameters I from column 2 of Table X.
bCalculated with the set of parameters II from column 3 of Table X.
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12C → 13C, Eqs. (40)–(43) and the transformation coefficients
l′Nγλ from Ref. 130 lead to the following simple results for the
Aλλ coefficients:

A11 = A2121
= A2222

= 1, (44)

A3
x
3

x
= A3

y
3

y
= A3

z
3

z

= 1 − (m′
C − mC)

m′
C

mC

mC + 4mH

4 sin2 γ, (45)

A4
x
4

x
= A4

y
4

y
= A4

z
4

z

= 1 − (m′
C − mC)

m′
C

mC

mC + 4mH

4 cos2 γ. (46)

All the non-diagonal elements in the case of symmetric sub-
stitution can be taken as zero. In Eqs. (45) and (46), sin γ is
an “ambiguity” parameter for the mother species, which for
CH4 can be estimated to be 0.6036.131 Consequently, the nu-

merical values of the A3
α

3
α

and A4
α

4
α

coefficients under the

substitution 12C → 13C can be estimated as A3
α

3
α

= 0.99299
and A4

α
4

α
= 0.98776.

A solution of the set of equations (40) under the
substitution 12C → 13C also leads to set of very simple
relations:

A
1/2
λλ = ω′

λ

ωλ

. (47)

It is interesting to compare the values of the Aλλ coefficients
obtained above using Eqs. (44)–(46) with the analogous equa-
tions obtained using Eq. (47). To do so we make use of the ra-
tios of harmonic wavenumbers for 12CH4 and 13CH4 obtained
from the ab initio calculations in Ref. 122. The correspond-
ing results are: A11 = A22 = 1.00000, A33 = 0.99289, and A44
= 0.98754, which agrees quite well with the results obtained
from the isotopic relations as given above.

Finally, after some mathematical manipulations with the
expressions (40)–(47), and the equations which express the
vibrational spectroscopic parameters as functions of parame-
ters of an intramolecular potential function, it is possible to

TABLE XII. Spectroscopic parameters of the 13CH4 molecule (in cm−1).

12CH4-I,a Shift-I,a,b 13CH4-I,a 12CH4-II,c Shift-I,b,c 13CH4-II,c Shift, 13CH4-III,d

Parameter tw tw tw tw tw tw Ref. 122 tw
1 2 3 4 5 6 7 8 9

ω̃1 2929.615 0.303 2929.918 2929.98 0.306 2930.29 − 1.1 2928.991(743)
ω̃2 1534.161 0.114 1534.275 1533.706 0.108 1533.824 0.2 1534.169(189)
ω̃3 3025.806 − 10.277 3015.529 3026.01 − 10.275 3015.58 − 9.7 3014.936(472)
ω̃4 1306.923 − 7.858 1299.065 1307.172 − 7.867 1299.161 − 8.0 1298.167(369)
x11 − 12.986 0.000 − 12.986 − 12.94 0.000 − 12.94 0.000 − 12.729(254)
x12 − 14.505 0.000 − 14.505 − 14.620 0.000 − 14.620 0.000 − 14.737(470)
x13 − 51.916 0.182 − 51.734 − 52.43 0.187 − 52.24 0.074 − 53.991(808)
x14 − 3.283 0.020 − 3.263 − 3.204 0.020 − 3.184 − 0.812 − 3.818(466)
x22 − 1.175 0.000 − 1.175 − 0.835 0.000 − 0.835 0.000 − 1.193
x23 − 11.989 0.042 − 11.947 − 12.019 0.043 − 11.976 0.148 − 11.936
x24 − 5.564 0.034 − 5.530 − 5.765 0.036 − 5.729 − 0.042 − 5.510
x33 − 25.709 0.180 − 25.529 − 25.682 0.183 − 25.499 0.385 − 24.908(472)
x34 − 8.465 0.082 − 8.383 − 8.669 0.085 − 8.584 0.091 − 8.486
x44 − 6.523 0.080 − 6.443 − 6.472 0.081 − 6.391 0.236 − 6.088(272)
G22 0.361 0.000 0.361 0.179 0.000 0.179 0.000 0.364
G33 9.573 − 0.067 9.506 9.521 − 0.068 9.453 − 0.264 9.710(217)
G34 − 0.755 0.007 − 0.748 − 1.046 0.010 − 1.036 0.012 − 0.641
G44 5.034 − 0.062 4.972 4.899 − 0.061 4.838 − 0.140 5.025(373)
T23 0.366 − 0.001 0.365 0.380 − 0.001 0.379 − 0.001 0.366
T24 − 0.901 0.006 − 0.895 − 0.924 0.006 − 0.918 0.001 − 0.899
T33 3.336 − 0.023 3.313 3.292 − 0.023 3.269 − 0.034 3.298
T34 0.257 − 0.002 0.255 0.410 − 0.004 0.406 0.047 0.242
T44 0.542 − 0.007 0.535 0.533 − 0.007 0.526 − 0.011 0.487(089)
S34 0.009 0.000 0.009 − 0.184 0.002 − 0.182 0.003 0.027
F1133 − 60.581 0.213 − 60.368 − 61.93 0.22 − 61.71 − 60.779
F1333 − 220.14 1.86 − 218.28 − 218.38 1.85 − 216.53 − 210.46(320)

aCorrespond to the set of parameters (I) from Table X.
bThe value of the shift is determined by difference, p(13CH4) - p(12CH4), where p is frequency, ω̃, anharmonic parameter, x

λμ
, or some of the tetrahedral splitting or resonance

interaction parameter.
cCorrespond to the set of parameters (II) from Table X.
dObtained from the fit with the experimental band centers from column 3 of Table V. Values in parentheses are 1σ statistical confidence intervals. Parameters presented without
confidence intervals have been constrained to the values of corresponding parameters from column 7 of Table XII.
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show that the following set of relations is fulfilled under the
substitution 12C→ 13C:

pλμ(13CH4) = pλμ(12CH4) × A
1/2
λλ A

1/2
μμ, (48)

where pλμ is an anharmonic coefficient xλμ, or a tetrahedral
splitting coefficient G. . . , T. . . , or S. . . . Equation (47) can be

rewritten in more convenient form:

pλμ(13CH4) = pλμ(12CH4) ×
(

ω′
λω

′
μ

ωλωμ

)
. (49)

We used then Eqs. (47)–(49) and the equations which ex-
press vibrational spectroscopic parameters as functions of pa-
rameters of an intramolecular potential function, to calculate

TABLE XIII. Isotope shift � ν̃ = ν̃(12CH4)-ν̃(13CH4)).a

� ν̃/cm−1
Level ν̃(13CH4)/cm−1

assignment �
v
(Td) n(�

v
) exp. exp. pred.1 pred.2 CVPT

ν4 F2 1 1302.78 7.98 7.98 8.37 7.95
ν2 E 1 1533.49b − 0.16 − 0.11 − 0.29 − 0.16
2ν4 A1 1 2572.11b 14.93 15.42 16.47 14.89
2ν4 F2 1 2598.64 15.62 15.72 15.34 15.56
2ν4 E 1 2608.74b 15.88 15.86 16.26 15.83
ν2 + ν4 F2 2 2822.45 7.86 7.72 7.62 7.86
ν2 + ν4 F1 1 2838.20b 7.87 7.81 8.02 7.83
ν1 A1 2 2915.44b 1.04 − 0.31 0.78 1.01
ν3 F2 3 3009.55 9.95 10.23 9.92 10.00
2ν2 A1 3 3063.96b − 0.32 − 0.22 0.50 − 0.32
2ν2 E 2 3065.46b − 0.32 − 0.21 − 0.23 − 0.32
3ν4 F2 1 3848.39 22.10 22.98 22.97 21.98
3ν4 A1 1 3886.35b 22.85 23.43 20.93 22.71
3ν4 F1 1 3897.37b 23.14 23.57 21.85 23.07
3ν4 F2 2 3907.49 23.42 23.70 22.92 23.42
ν2 + 2ν4 E 1 4086.20b 15.19 15.24 15.39 14.81
ν2 + 2ν4 F1 2 4113.19b 15.58 15.50 14.35 15.53
ν2 + 2ν4 A1 2 4117.04b 15.82 15.59 15.07 15.88
ν2 + 2ν4 F2 3 4127.37 15.50 15.59 14.74 15.43
ν2 + 2ν4 E 2 4135.53b 15.67 15.70 15.74 15.61
ν2 + 2ν4 A2 1 4146.04b 15.81 15.78 15.87 15.74
ν1 + ν4 F2 4 4213.82 9.64 7.58 9.76 9.60
ν3 + ν4 F2 5 4301.30 17.91 18.04 16.90 17.97
ν3 + ν4 E 3 4304.61b 17.56 18.05 18.43 17.73
ν3 + ν4 F1 3 4304.73b 17.86 18.06 18.58 17.78
ν3 + ν4 A1 3 4304.84b 17.87 18.06 18.31 17.89
2ν2 + ν4 F2 6 4340.91 7.81 7.53 7.60 7.79
2ν2 + ν4 F1 4 4355.88b 7.73 7.63 7.62 7.73
2ν2 + ν4 F2 7 4371.20b 7.74 7.73 8.37 7.71
ν1 + ν2 E 4 4434.23b 0.89 − 0.42 0.60 0.92
ν2 + ν3 F1 5 4527.88b 9.66 10.07 9.44 9.71
ν2 + ν3 F2 8 4534.05 9.71 10.08 9.66 9.75
3ν2 E 5 4592.87b − 0.84 − 0.33 1.65 − 0.48
3ν2 A2 2 4595.91b − 0.65 − 0.33 0.16 − 0.48
3ν2 A1 4 4596.15b − 0.65 − 0.33 0.16 − 0.48
ν3 + 2ν4 F2 7 5563.42 24.55 25.48 25.83
2ν3 F2 18 5987.05 17.58 18.42 18.48
ν2 + 2ν3 F2 41 7493.16 17.18 18.15 17.97
ν1 + ν3 + 2ν4 F2 36 8393.62 27.38 26.78 28.73
2ν1 + ν3 F2 75 8789.70 19.25 16.04 19.34
3ν3 F2 85 8880.87 26.43 26.68 27.15
3ν3 F2 91 9019.59 26.37 29.49 25.12
ν1 + ν2 + 2ν3 F2 116 10099.81 15.86 15.84 13.98
2ν1 + ν2 + ν3 F2 143 10284.31 17.86 15.74 19.08

aThe shift �ν̃ is defined as ν̃
(

12CH4

) − ν̃
(

13CH4

)
, where exp. refers to experimentally determined band centers (directly from J′ = 0 levels, unless otherwise stated), “pred.1” gives

predicted shifts using the model described in section VII, “pred.2” is the shift derived from the levels as obtained by the vibrational effective Hamiltonian fit of the present work,
“CVPT” gives the shift from the perturbation theory in Ref. 42.
bLevel position from a fit to an effective ro-vibrational Hamiltonian.42, 44
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the values of the vibrational spectroscopic parameters of the
13CH4 isotopomer on the basis of the corresponding parame-
ters of 12CH4. The results of such calculations are summarized
in Table XII. In Table XII columns 2 and 5 reproduce the val-
ues of parameters of the 12CH4 molecule from columns 2 and
3 of Table X. The shifts of parameters after isotopic substi-
tution calculated with Eqs. (47)–(49), are shown in columns
3 and 6. Column 8 presents, for comparison, values of the
shifts obtained on the basis of spectroscopic parameters of
the 12CH4 and 13CH4 molecules from ab initio calculations
in Ref. 122. As one can see, there is at least qualitative agree-
ment between three sets of the shift values, with the exception
of the values for x14. If one considers the absolute value of x14,
it seems that the ab initio value of the shift, −0.812 cm−1 in
the column 8 is incorrect. Columns 4 and 7 present the val-
ues of the spectroscopic parameters of the 13CH4 isotopomer
which were estimated on the basis of values from columns 2,
3, 5, and 6.

Finally, the parameters from column 4 of Table XII were
used to calculate the same band centers for the 13CH4 iso-
topomer as for 12CH4. We calculated all the band centers for
the polyads N = 0.5, 1, 1.5, and 2. For the polyads 2.5, 3, 3.5,
and 4 we calculated band centers for the F2 type bands. The
results of these calculation are presented in Table S2 (see Ap-
pendix E and the supplementary material109), and they were
used then as the basis for an assignment of the band centers
in the experimental spectrum recorded in the region of 5500–
12 000 cm−1. In this way we were able to assign beyond doubt
12 new bands for 13CH4 from experimental transitions as pre-
sented in column 3 of Table V. Previously assigned bands of
13CH4 are also presented in Table V. Columns 5 and 6 of this
table give the predicted values of the corresponding band cen-
ters. One finds satisfactory agreement between predicted and
experimental results, considering that the results for 13CH4
are predictions based on parameters derived from 12CH4 and
not fitted to the experimental results for 13CH4. The fit to
the experimental results leads to an even better agreement.
Table XII provides a summary of the spectroscopic effec-
tive Hamilton parameters as obtained by various methods for
12CH4 and 13CH4 and the corresponding isotope shifts. Only
the shifts for ω̃3 and ω̃4 are really large in absolute values.
Table XIII summarizes in a convenient form the measured
and predicted isotope shifts for the 13CH4 levels derived and
discussed in the present work in comparison with the cor-
responding 12CH4 levels. Up to about 8000 cm−1, the iso-
tope shifts follow the simple patterns which would be derived
from the shifts of ω̃3 and ω̃4 by adding the sums of the ap-
propriate multiples of the harmonic shifts. Above 8000 cm−1

higher order terms and resonance interactions in the model
become more important and both experimental and theoret-
ical shifts deviate from the simple pattern. We compare the
shifts in Table XIII also with the shifts predicted from canon-
ical variational perturbation theory (CVPT) in Ref. 42. This
theory is slightly more accurate than the simple approach dis-
cussed here. One can expect that explicit inclusion of the
CH stretching-bending Fermi resonances and some of the
higher order terms in the tetrahedral splittings in the effec-
tive Hamiltonian would improve the results from the simple
model.

VIII. DISCUSSION AND CONCLUSION

Using the strategy39, 40, 80–82 of the direct assignment of
the J′ = 0 levels of excited vibrational states of F2 symmetry
in low temperature spectra of 12CH4 and 13CH4 we have been
able in the present work to extend the accurate knowledge
for a considerable number of the vibrational level energies for
these methane isotopomers up to 12 000 cm−1 (about 20 lev-
els in a range where few previous data existed80, 82, 119, 132). We
have furthermore extended the theoretical formulation for the
effective Hamiltonian for the Td symmetrical isotopomers of
methane to cover excitations up to this range. The effective
Hamiltonian thus derived here provides a good description of
the so far known vibrational energy levels up to 12 000 cm−1

including in the fit of the parameters to experiment also very
recent and accurate experimental data for the lower polyads
up to 6000 cm−1 (see Refs. 42, 78, and 96 and literature cited
therein). These results can find important applications in the
spectroscopy of the earth’s atmosphere as well as other plane-
tary and also interstellar objects. The two most abundant iso-
topomers of methane studied here account for almost 100%
of the natural infrared absorption of methane.

More generally, the accurate spectroscopic results up to
high vibrational excitations provide an important benchmark
for theoretical studies of this important prototype molecule.
They can help to further develop and refine potential hyper-
surfaces for methane based on ab initio calculations, a topic
of considerable current activity.9, 11–13, 16–20, 72, 123, 133–136 They
also provide a testing ground for the corresponding quantum
dynamical models of intramolecular energy flow in methane
isotopomers.10, 137–139

While it is today possible to carry out full dimensional
quantum mechanical calculations for the vibrational levels of
the molecules of the size of methane,135, 136, 139–142 the effec-
tive Hamiltonian description derived in our work has merits in
terms of a simple representation of the experimental spectra
and for a simple understanding of the most important struc-
tures including isotope effects.129 In conjunction with our pre-
vious extensive studies of excited vibrational levels of C3v and
C2v symmetrical isotopomers of methane (CH3D, CHD3, and
CH2D2)39, 40 our results can provide also a starting point for a
purely empirical anharmonic force-field for methane. Finally,
the very complete set of experimental high resolution results
obtained in the present work, combined with our first analysis
of the vibrational level structure is also a starting point for a
more complete rovibrational analysis of the higher polyads,
although such work surely requires further long term efforts
in the analysis.
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APPENDIX A: CENTRAL PARTS OF SOME “F2”-TYPE
BANDS OF THE 12CH4 AND 13CH4 ISOTOPOMERS
OF METHANE

The central parts of experimentally observed and as-
signed “F2”-type bands of the 12CH4 and 13CH4 isotopomers
of methane are presented in part I of the supplementary
material.109 For all bands the (J′ = 0 ← J′′ = 1) transi-
tions are marked which were used for determination of the
“experimental” band center values. In general, the 24 bands
are presented for the 12CH4 species (they are 3ν4(1F2),
3ν4(2F2), ν2 + 2ν4(F2), ν1 + ν4(F2), ν3 + ν4(F2), 2ν2
+ ν4(1F2), 2ν2 + ν4(2F2), ν2 + ν3(F2), ν3 + 2ν4(1F2),
2ν3(F2), 2ν2 + ν3(1F2), ν1 + ν3 + ν4(F2), ν2 + 2ν3(F2),
2ν1 + 2ν4(F2), ν1 + ν3 + 2ν4(1F2), ν1 + 2ν3(F2), 2ν1 +
ν3(F2), 3ν3(1F2), 3ν3(2F2), ν1 + 2ν3 + ν4(1F2), ν1 + ν2 +
2ν3(F2), 3ν3 + ν4(2F2), 2ν1 + ν2 + ν3(F2), ν1 + 3ν3(1F2)),
and 20 bands are presented for the 12CH4 species (they are
ν4(F2), 2ν4(F2), ν2 + ν4(F2), ν3(F2), 3ν4(1F2), 3ν4(2F2), ν2
+ 2ν4(F2), ν1 + ν4(F2), ν3 + ν4(F2), ν2 + ν3(F2), ν3 +
2ν4(1F2), 2ν3(F2), ν2 + 2ν3(F2), ν1 + ν3 + 2ν4(1F2), 2ν1
+ ν3(F2), 3ν3(1F2), 3ν3(2F2), ν1 + ν2 + 2ν3(F2), 2ν1 + ν2
+ ν3(F2)).

APPENDIX B: SYMMETRIZED WAVE FUNCTIONS
OF THE DOUBLY DEGENERATE HARMONIC
OSCILLATOR

|vl = 0A1〉 = |v0〉,

|vl = 6pA1〉 = 1√
2

(|v6p〉 + |v − 6p〉)p �= 0,

|vl = 6pA2〉 = − i√
2

(|v6p〉 − |v − 6p〉);

|vl = 6p + 1E1〉 = 1√
2

(|v6p + 1〉 − |v − (6p + 1)〉),

|vl = 6p + 1E2〉 = i√
2

(|v6p + 1〉 + |v − (6p + 1)〉);

|vl = 6p + 2E1〉 = 1√
2

(|v6p + 2〉 + |v − (6p + 2)〉),

|vl = 6p + 2E2〉 = − i√
2

(|v6p + 2〉 − |v − (6p + 2)〉);

|vl = 6p + 3A1〉 = 1√
2

(|v6p + 3〉 − |v − (6p + 3)〉),

|vl = 6p + 3A2〉 = − i√
2

(|v6p + 3〉 + |v − (6p + 3)〉);

|vl = 6p + 4E1〉 = 1√
2

(|v6p + 4〉 + |v − (6p + 4)〉),

|vl = 6p + 4E2〉 = i√
2

(|v6p + 4〉 − |v − (6p + 4)〉);

|vl = 6p + 5E1〉 = 1√
2

(|v6p + 5〉 − |v − (6p + 5)〉),

|vl = 6p + 5E2〉 = − 1√
2

(|v6p + 5〉 + |v − (6p + 5)〉).

The phases of wave functions are chosen such as to provide
real values of the Hamiltonian matrix elements. The value of
p is 0, 1, 2, . . . . The functions |vl〉 on the right-hand sides
are the ordinary eigenfunctions (proportional to Legendre
polynomials) of doubly degenerate harmonic oscillators, see
Ref. 113.

APPENDIX C: TETRAHEDRAL SPLITTING
PARAMETERS FOR CH4

G22 = −1

2
d2222 + 21

4

c2
222

ω2

− 1

4

c2
122(

4ω2
2 − ω2

1

) , (C1)

G33 = −1

2
d3333

s
+ 1

12

c2
333

ω3

− 1

4

c2
133ω1(

4ω2
3 − ω2

1

) + Bζ 2
3

+ 2c2
233

(
6ω2

3 − ω2
2

)
15ω2

(
4ω2

3 − ω2
2

) + c2
334

(
6ω2

3 − ω2
4

)
20ω4

(
4ω2

3 − ω2
4

) , (C2)

G34 = B

2
ζ 2

34 + 2Bζ3ζ4 + 1

2

c2
344ω

2
4

ω3

(
4ω2

4 − ω2
3

) + 1

2

c2
334ω

2
3

ω4

(
4ω2

3 − ω2
4

)
+ 1

2

c2
134ω1ω3ω4(

ω1 + ω3 + ω4

)(
ω1 + ω3 − ω4

)(
ω1 − ω3 + ω4

)(
ω1 − ω3 − ω4

)
− 1

3

c2
234ω2ω3ω4

(ω2 + ω3 + ω4)(ω2 + ω3 − ω4)(ω2 − ω3 + ω4)(ω2 − ω3 − ω4)
, (C3)

S34 = 1

4
d3344

sb
− 1

40

[
c2

344ω4

4ω2
4 − ω2

3

+ c2
334ω3

4ω2
3 − ω2

4

]
− c233c244

5ω2

+1

4
Bζ 2

34
ω2

3 + ω2
4

ω3ω4

− 3

40

(
c334c444

ω4

+ c333c344

ω3

)

 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:

129.132.218.57 On: Tue, 16 Dec 2014 16:10:57



234302-31 Ulenikov et al. J. Chem. Phys. 141, 234302 (2014)

− c2
134ω1(ω2

1 − ω2
3 − ω2

4)

8(ω1 + ω3 + ω4)(ω1 + ω3 − ω4)(ω1 − ω3 + ω4)(ω1 − ω3 − ω4)

− c2
234ω2

(
ω2

2 − ω2
3 − ω2

4

)
60(ω2 + ω3 + ω4)(ω2 + ω3 − ω4)(ω2 − ω3 + ω4)(ω2 − ω3 − ω4)

, (C4)

T34 = d3344
t
+ 1

10

[
c2

344ω4

4ω2
4 − ω2

3

+ c2
334ω3

4ω2
3 − ω2

4

]
− c233c244

5ω2

− 1

20

(
c334c444

ω4

+ c333c344

ω3

)

− c2
234ω2

(
ω2

2 − ω2
3 − ω2

4

)
10(ω2 + ω3 + ω4)(ω2 + ω3 − ω4)(ω2 − ω3 + ω4)(ω2 − ω3 − ω4)

, (C5)

T33 = 3

8
d3333

t
+ 1

48

c2
333

ω3

+ c2
233

(
3ω2

2 − 8ω2
3

)
20ω2

(
4ω2

3 − ω2
2

) + c2
334

(
8ω2

3 − 3ω2
4

)
80ω4

(
4ω2

3 − ω2
4

) , (C6)

T23 =
d2233

t

8
√

3
−

√
3

4

c222c233

ω2

− c2
233ω3

6
(
4ω2

3 − ω2
2

) − B

16
ζ 2

23
ω2

2 + ω2
3

ω2ω3

+ c2
234ω4

(
ω2

2 + ω2
3 − ω2

4

)
24(ω2 + ω3 + ω4)(ω2 + ω3 − ω4)(ω2 − ω3 + ω4)(ω2 − ω3 − ω4)

. (C7)

Coefficients G44, T44, and T24 can be obtained by mutual sub-
stitution for indices 3 and 4 in Eqs. (C2), (C6), and (C7).

APPENDIX D: TABLES OF TETRAHEDRAL
SPLITTINGS OF VIBRATIONAL LEVELS
OF A SPHERICAL TOP MOLECULE

The information necessary for calculation of vibrational
tetrahedral splittings and vibrational resonance interactions in
the XY4(C3v) type molecules is presented in part II of the
supplementary material.109 As was discussed in Sec. V, vi-
brational tetrahedral splittings are determined by the values
W (v1v2v3v4n�v) (see Eq. (7)) which, in turn, are determined
as a result of the diagonalization of special matrices. The
corresponding matrices which are presented in part II of the
supplementary material109 allow one to calculate tetrahedral
splittings for any type of vibrational states for polyads N ≤ 2.
For the polyads 2 < N ≤ 4, matrices presented in part II of
the supplementary material109 allow one to make calculations
for the vibrational states of the F2 symmetry.

APPENDIX E: ENERGY LEVELS OF METHANE E/(hc)
FOR 12CH4 AND 13CH4 IN cm−1

Part III of the supplementary material109 presents lists of
band centers for the 12CH4 and 13CH4 isotopomers for the
polyads 1/2 ≤ N ≤ 4 (for the polyads 1/2 ≤ N ≤ 2 band centers
are presented for the states of all symmetries; for the polyads
5/2 ≤ N ≤ 4 only F2 −type band centers are presented109).
Band centers of 12CH4, which have been calculated with the
parameters from columns 2, 3 of Table X are shown in Table
S1 of the supplementary material, part III.109 Band centers of
13CH4 are shown in Table S2 (they have been calculated with
the parameters from columns 4 and 7 of Table XII).
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