


Model selection is the task of selecting a statistical model from a set

of candidate models, given data.

Given candidate models of similar predictive or explanatory power,

the simplest model is most likely to be the best choice (Occam's

razor).

In its most basic forms, model selection is one of the fundamental

tasks of scientific inquiry. Determining the principle that explains a

series of observations is often linked directly to a mathematical

model predicting those observations.
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The mathematical approach of model selection decides among a

set of candidate models; this set must be chosen by the researcher.

Once the set of candidate models has been chosen, the statistical

analysis allows selecting the best of these models.

What is meant by “best” is controversial.
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A good model selection technique will balance goodness of fit with

simplicity.

More complex models will be better able to adapt their shape to fit

the data (for example, a fifth-order polynomial can exactly fit six

points).
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However, the additional parameters may not represent anything

useful. (Perhaps those six points are really just randomly distributed

about a straight line.)
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The most straightforward technique of model selection is to prefer

the model with maximum likelihood (log-likelihood) score.

If Λ� Θ�� and Λ� Θ�� are the values of log-likelihood functions for

two candidate models with estimated parameter vectors Θ�� and

Θ��, then the model with greater log-likelihood value should be

preferred.

For various reasons, in statistics usually estimate the value

− 2Λ Θ� , and select the model with minimal score.
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Though this technique accounts for goodness of the fit, it doesn’t

take into account model complexity.

In order to do that, the Akaike information criterion (AIC) was

introduced, which is an estimator of the relative quality of

statistical models for a given set of data.

Given a collection of models for the data, AIC estimates the quality

of each model, relative to each of the other models.
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Suppose that we have a statistical model of some data.

Let k be the number of estimated parameters in the model.

Let Λ� be the maximum value of the log-likelihood function for the

model.

Then the AIC value of the model is the following:

�	
 = 2� − 2Λ�
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Given a set of candidate models for the data, the preferred model

is the one with the minimum AIC value.

Thus, AIC rewards goodness of fit (as assessed by the likelihood

function), but it also includes a penalty that is an increasing

function of the number of estimated parameters.

The penalty discourages overfitting, because increasing the number

of parameters in the model almost always improves the goodness

of the fit.
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Note that AIC tells nothing about the absolute quality of a model,

only the quality relative to other models.

Thus, if all the candidate models fit poorly, AIC will not give any

warning of that.

Hence, after selecting a model via AIC, it is usually good practice to

validate the absolute quality of the model.
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Various developments of the AIC were introduced later. Based on

ideas from statistics and information theory, researchers suggested

different penalties for the number of parameters.

Bayesian information criterion (BIC):

	
 = � ln � − 2Λ�
Hannan–Quinn information criterion (HQC):

��
 = 2� ln ln � − 2Λ�
where n is the sample size.
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Another approach for model selection is to apply various statistical

goodness-of-the-fit tests.

Generally, they are performed in order to validate the model (as a

part of hypothesis testing), i.e. to determine whether the model is

applicable to the given data.

However, these tests can be applied to assess the relative quality of

models.
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Cramér–vonMises Test

Let ��, ��, … , �� be the observed values, in increasing order, and

� � is the CDF of the model under the test. Then, the statistic is:


� = 1
12� + � 2� − 1

2� − � ��
��

���

The smaller the value of CM is, the better the quality of the model.
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Anderson-Darling Test

Let ��, ��, … , �� be the observed values, in increasing order, and

� � is the CDF of the model under the test. Then, the statistic is:

�� = −� − �,
where

� = � 2� − 1
� ln � �� + ln 1 − � �� �!�

�

���
Again, smaller value of A2 indicates better model.
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Statistical models rely extensively on data to make predictions. In

life data analysis, the models are the statistical distributions and the

data are the life data or times-to-failure data of our product.

The accuracy of any prediction is directly proportional to the

quality, accuracy and completeness of the supplied data.

Good data, along with the appropriate model choice, usually results

in good predictions. Bad or insufficient data will almost always

result in bad predictions.
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In the analysis of life data, we want to use all available data sets,

which sometimes are incomplete or include uncertainty as to when

a failure occurred.

Life data can therefore be separated into two types:

 complete data (all information is available);

 censored data (some of the information is missing).
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Complete data means that the value of each sample unit is

observed or known. In the case of life data analysis, our data set (if

complete) would be composed of the times-to-failure of all units in

our sample.

For example, if we tested five units and they all failed (and their

times-to-failure were recorded), we would then have complete

information as to the time of each failure in the sample.
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In many cases, all of the units in the sample may not have failed

(i.e., the event of interest was not observed) or the exact times-to-

failure of all the units are not known.

This type of data is commonly called censored data.

There are three types of possible censoring schemes:

• right censored;

• interval censored;

• left censored.
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The most common case of censoring is what is referred to as right

censored data, or suspended data. In this case data set contains

information on units that did not fail.

For example, if we tested five units and only three had failed by the

end of the test, we would have right censored data (or suspension

data) for the two units that did not failed.
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The term “right censored” implies that the event of interest (i.e.,

the time-to-failure) is to the right of our data point.
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The second type of censoring is commonly called interval censored

data. Interval censored data reflects uncertainty as to the exact

times the units failed within an interval.

This type of data frequently comes from tests or situations where

the objects of interest are not constantly monitored.
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For example, if we are running a test on five units and inspecting

them every 100 hours, we only know that a unit failed or did not

fail between inspections.

Specifically, if we inspect a certain unit at 100 hours and find it

operating, and then perform another inspection at 200 hours to

find that the unit is no longer operating, then the only information

we have is that the unit failed at some point in the interval between

100 and 200 hours.
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This type of censored data is also called inspection data by some

authors.
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It is generally recommended to avoid interval censored data

because they are less informative compared to complete data.

However, there are cases when interval data are unavoidable due

to the nature of the product, the test and the test equipment.

In those cases, caution must be taken to set the inspection intervals

to be short enough to observe the spread of the failures.
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The third type of censoring is similar to the interval censoring and is

called left censored data. In left censored data, a failure time is only

known to be before a certain time.

For instance, we may know that a certain unit failed sometime

before 100 hours but not exactly when.

In other words, it could have failed any time between 0 and 100

hours.
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This is identical to interval censored data in which the starting time

for the interval is zero.

Censoring



Additionally, we can specify another pair of censoring schemes:

Type I censoring occurs if an experiment stops at a predetermined

time, at which point any items remaining are right-censored.

Type II censoring occurs if an experiment stops when a

predetermined number of failures is observed; the remaining

subjects are then right-censored.
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MLE for Right Censored Data

When performing maximum likelihood analysis on data with

suspended items, the likelihood function needs to be expanded to

take into account the information on suspended items, namely,

that at the moments when observations were terminated these

items were still operational (did not fail).

Beyond that, the method of solving for the parameter estimates

remains the same.
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For example, consider a distribution where X is a continuous

random variable with pdf " �, # and cdf � �, # , where # is the

vector of unknown parameters which need to be estimated from K

observed failures $�, $�, … , $% and M suspensions at ��, ��, … , �&.

Then the log-likelihood function is formulated as follows:
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MLE for Interval and Left Censored Data

The inclusion of left and interval censored data in an MLE solution

for parameter estimates involves adding a term to the likelihood

equation to account for the data types in question.

When using interval data, it is assumed that the failures occurred in

an interval; i.e., in the interval from time A to time B (or from time

0 to time B if left censored), where A<B.
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In the case of interval data, and given P interval observations

��, � , ��, � , … , �), ) , the log-likelihood function is

modified by adding an extra term:

Note that for left censored data �* = 0 and � 0, Θ� = 0.
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The Complete Log-Likelihood Function

After including the terms for the different types of data, the log-

likelihood function can now be expressed in its complete form:
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&
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Note, that suspension at time �( can be represented in interval

form �( , ( with �( = �( and ( = ∞. Taking this into account, all

cases of censoring narrow down to the interval type:

where K is the number of observed failure times Ti, and P – the

number of interval observations (Aj, Bj) including right and left

censoring data.
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Ex.: Assume that 15 identical units are being reliability tested. The

observations began at 100 hours by which time 3 items have

already failed. Then the observations were interrupted for the

period of time (500; 600) hours, during which 2 items have failed.

Lastly, the observations were terminated at the moment 1000

hours with 1 item still operational.

Assuming that the data follow exponential distribution, estimate

the value of the parameter λ.
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The failure data is tabulated below:

Nine failures were observed directly and the rest are presented as

the interval censoring data.
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item mode time 1 time 2

1 L 0 100

2 L 0 100

3 L 0 100

4 F 170

5 F 250

6 F 450

7 F 480

8 I 500 600

item mode time 1 time 2

9 I 500 600

10 F 620

11 F 650

12 F 720

13 F 790

14 F 800

15 R 1000 ∞



In order to perform MLE in Mathcad, first, we should prepare the

failure data:
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Then, specifying pdf, cdf, guess value and log-likelihood function,

we get:
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A Note about Complete and Suspension Data

Depending on the event that we want to measure, data type

classification (i.e., complete or suspension) can be open to

interpretation.

For example, under certain circumstances, and depending on the

question one wishes to answer, an item that has failed might be

classified as a suspension for analysis purposes.
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To illustrate this, consider the following times-to-failure data for a

product that can fail due to modes A, B and C:
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If the objective of the analysis is to determine the probability of

failure of the product, regardless of the mode responsible for the

failure, we would analyze the data with all data entries classified as

failures (complete data).
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However, if the objective of the analysis is to determine the

probability of failure of the product due to Mode A only, we would

then choose to treat failures due to Modes B or C as suspension

(right censored) data.
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